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ABSTRACT. The Maslov index is a powerful tool for computing spectra of selfadjoint, elliptic bound-
ary value problems. This is done by counting intersections of a fixed Lagrangian subspace, which
designates the boundary condition, with the set of Cauchy data for the differential operator. We
apply this methodology to constrained eigenvalue problems, in which the operator is restricted to a
(not necessarily invariant) subspace. The Maslov index is defined and used to compute the Morse
index of the constrained operator. We then prove a constrained Morse index theorem, which says
that the Morse index of the constrained problem equals the number of constrained conjugate points,

counted with multiplicity, and give an application to the nonlinear Schrédinger equation.

1. INTRODUCTION

Consider the nonlinear Schrodinger equation

—i% = A (P (1)

on a bounded domain  C R™. This admits a stationary solution of the form ¢ (z,t) = e~ !¢ (x)

precisely when ¢ solves the nonlinear elliptic equation

A+ f(¢*)¢ +we = 0. (2)

The existence of nontrivial solutions to such equations on bounded domains can be seen as far back
as the work of Pohozaev [22]. See for instance [4] for a recent generalization to compact manifolds
with boundary and a fairly complete history of the problem (though note that the results therein
specify power-law nonlinearities: f(s?) = sP for 1 < p < ﬁ).

Assuming the existence of a solution ¢ to , we can then study perturbative solutions to of
the form u(z,t) = e ™! (¢(z) + eMw(x)). Plugging this ansatz into and dropping higher-order
terms in w yields the system of eigenvalue equations

Liu=—-X\v, L_v=\u, (3)

where we have written w = u + 4v and Ly are the operators
Lo=-A—f(¢*) ~w (4)
Ly ==A—f(0%) = 2f(¢")9" - w. (5)

The eigenvalue problem is not selfadjoint, even though L, and L_ are. If L_ is invertible,
this system is equivalent to Lyu = —A\2(L_)"'u. However, L_ typically has a one-dimensional
kernel generated by the bound state one is studying, since the standing wave equation is just
L_¢ = 0. This lack of invertibility can be overcome by restricting the problem to the subspace
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(ker L_)* c L?(9), and so one needs to describe the spectrum of the corresponding constrained
L operator. It can be shown, for instance, than unstable eigenvalues (namely those with positive
real part) exist if the number of negative eigenvalues of L, constrained to (ker L_)* differs from
the number of negative eigenvalues of L_. See the early work of Jones [14] and Grillakis [I1], 12] for
analysis of this statement. For a modern treatment that captures many of the important ideas, see
for instance [16l Theorem 3.2]. A thorough discussion of the constrained eigenvalue problem and
its role in stability theory can be found in [21] §4.2] and also in [I7, §5.2], particularly Theorem
5.2.11.

In certain cases, for instance if ¢ is the positive ground state of a constrained minimization problem,
the linear stability or instability can be ascertained from a constrained Morse index calculation. In
other settings for instance involving excited states, linear stability criterion are harder to establish
and generally are computed numerically. However, the nature of the such calculations can often
be related to the Krein signature, which can also be framed in terms of a constrained eigenvalue

problem, see [15] [19].

Motivated by the above considerations, we are thus interested in describing the spectrum, and in
particular the number of negative eigenvalues, of a Schrodinger operator L = —A+V on a bounded
domain €, constrained to act on a closed subspace of L?(€2). In this paper we give a symplectic
formulation of this problem, and use it to prove a constrained version of the celebrated Morse-Smale
index theorem. We begin by reviewing the symplectic formulation of the unconstrained spectral
problem, which first appeared in [9], and was elaborated on in [6l, [7].

Hypothesis 1. Q C R” is a bounded domain with Lipschitz boundary, and V € L™ (Q).

We define the space of Cauchy data for L

w-{(3)

where the equation Lu = Au is meant in a weak sense. That is, D(u,v) = A (u,v) for all v € H(Q),

Lu— Au} , (6)

o0

where (-,-) is the L? inner product and D is the bilinear form
D(u,v) = / [Vu- Vv + Vuvl. (7)
Q

It is known that pu(\) defines a smooth curve of Lagrangian subspaces in the symplectic Hilbert
space H'/2(0Q) @ H~1/2(99).

We let 8 be a Lagrangian subspace that encodes the boundary conditions. For simplicity we take
B to be either

B = {(0.0): 0 € H72(00) (8)
Bn = {(:c,()) ze Hl/Q(BQ)} . (9)

Note that p(\) intersects Sp nontrivially whenever there is a solution to Lu = Au satisfying Dirichlet

boundary conditions. Similarly, the subspace Sy encodes Neumann boundary conditions.
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Let £ denote the selfadjoint operator corresponding to the bilinear form D in , with form domain
X = H}(Q) or X = H*(Q) (for the Dirichlet and Neumann problems, respectively). The subspaces
u(\) and 8 comprise a Fredholm pair for each value of A, so the Maslov index of p with respect to
(3 is well defined, and satisfies

Mas(pu(-); B) = —n(L), (10)
where n(L£) denotes the number of strictly negative eigenvalues (i.e. the Morse index) of L.

We now turn to the constrained problem. We first require an assumption on the constrained space
where the problem will be formulated. To state this assumption, we let v: H'(Q) — H/?(9Q)
denote the Sobolev trace map.

Hypothesis 2. L2(Q2) C L?(2) is a closed subspace such that

(1) v (H'() N LAQ)) = H*(09);
(ii) HY(Q) N L2(Q) = L2(Q);
(iii) Lg(Q)J— is continuously embedded in H'(€2).

Since v is surjective, it satisfies v (H*(2)) = H'Y2(0Q). Part (i) of the hypothesis prevents L2(Q)
from being too small, and guarantees that the space of Cauchy data is rich enough to fully describe
the spectral problem. The density condition (ii) ensures there are enough “test functions” in
H ()N L2(Q) to make sense of the constrained eigenvalue problem. The embedding condition (iii)
means that L2(Q)+ c H'(), and there is a constant C' > 0 so that

0l (@) < Cliollr2(e) (11)

for all ¢ € L?(Q)+. This condition implies that a weak solution u to the constrained eigenvalue
problem satisfies Lu € L?(€2), hence u € HZ_(£2). In Section [3.4 we show that these conditions are
always satisfied when L2(Q2)* is a finite-dimensional subspace of H'().

Now consider the bilinear form restricted to X N L2(Q), where X is the form domain of the
unconstrained operator £. This defines a selfadjoint operator L., with dense domain D(L.) C
L?(€2). This is the constrained operator whose spectrum we want to compute. We define the space
of Cauchy data for the constrained problem by

{2,

Theorem 1. If Hypotheses and@ are satisfied, then pu.(\) has a well-defined Maslov index with
respect to B, and there exists Moo < 0 such that
He [/\0070];B> .

In other words, the Maslov index computes the Morse index of the constrained operator L..

cu € HY(Q)N LA(Q) and D(u,v) = A {u,v) for all v € H}(Q) N LE(Q)} :

n(Le) = — Mas <

The classical approach to the constrained eigenvalue problem (see [I7), 21] and references therein)
is to relate n(£) and n(L.) through the index of a finite-dimensional “constraint matrix.”
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Theorem 2 ([8]). Suppose L2(Y) has finite codimension, with L*(Q)% = span{¢1,...,dm}. The
constrained and unconstrained Morse indices are related by

n(L) —n(L,) = /\li%l, n(M(X)).

where M () is the m x m matriz with entries

Remark 1. A similar result appears in [I7], with the added assumption that ker L C L2(2). This
implies ¢; € L2(Q)*+ C (ker L)+ =ran L, so M(0) = <£*1¢i, ¢j> is defined and the result simplifies
to n(L) —n(L:) =n(M(0)). The observation in [21] is that the limit of the Morse index of M(X)

still exists without this assumption, even though some eigenvalues may diverge to +oo.

This result allows one to compute n(L.) from the unconstrained Morse index n(L) and the con-
straint matrix M. Here we take a different approach, combining Theorem [I| with a homotopy
argument to compute the constrained Morse index directly, without having to first know the un-

constrained index.

To do this we describe what happens when the domain €2 is shrunk to a point through a smooth
one-parameter family {€;}. The result is a constrained analog of Smale’s Morse index theorem
[24], relating the Morse index of the operator to the number of conjugate points. Smale’s result,
which only applies to the Dirichlet problem, was originally proved by variational methods (see also
[25]). A proof using the Maslov index was given in [9] for star-shaped domains, and in [7] for the

general case.

We prove a general result to this effect in Section [ for now we just state the simplest case,
when Dirichlet boundary conditions are imposed and there is only one constraint function, i.e.
L2(Q) = {¢}+. We say that t is a constrained conjugate point for the Dirichlet problem if there
exists a nonzero function u € H%(Q;) N H} () such that

/ up =0, Lu=a¢on

Q4

for some constant a. In other words, 0 is an eigenvalue for the constrained Dirichlet problem on
;. Let d(t) denote its multiplicity, so that d(¢) > 0 whenever ¢ is a conjugate time.

The result is particularly simple when we assume that €2; shrinks to a point.

Theorem 3. Let {0 : 0 <t < 1} be a smooth, increasing family of domains in R™, with Q1 = Q.
Suppose L2(Q) = {¢}+ for some ¢ € HY(Q). If || — 0 as t — 0, then

n(Le) =Y d(t).

t<1

That is, the Morse index of the constrained operator equals the number of constrained conjugate
points in (0, 1), counting multiplicity. The sum on the right-hand side is well defined because d(t)

is only nonzero for a finite set of times.
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We conclude in Section [ by giving a formal application of Theorem [3to the ground state solution ¢
of the one-dimensional NLS. We find that there is a constrained conjugate point (hence a negative

0 R
aw/of

is positive. This is the well-known Vakhitov—Kolokolov condition [26]; see also [13].

eigenvalue) if and only if the quantity
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2. A FINITE-DIMENSIONAL EXAMPLE

We now give a simple illustration of Theorem [3] by computing the constrained Morse index of
L =—-A—C on [-1,1], where C is a positive constant. We do this in three different ways: first by
direct computation, and then using Theorems 2] and [3]

Let £ denote the differential operator on [—1,1] with Dirichlet boundary conditions, and L. the

constrained operator on the space of zero mean functions
1
L}(~-1,1) = {u € L*(-1,1): / u(z) de = 0} .
-1
The constrained eigenvalue equation L.u = Au is equivalent to the conditions

1
Uze + Cu + Au = constant, / u(z)dr =0, wu(—1)=u(l)=0.
-1

From the differential equation and the zero mean condition we obtain the general solution
u(z) = A(cosyr — v~ Lsiny) + Bsinyz

where v = +/C + A. Imposing the Dirichlet boundary conditions at x = £1, we have

1

A(cosy — v “siny) £ Bsiny =0,

Isiny or siny = 0. Finally, observing that A < 0 iff v < v/C, we

find that the number of negative eigenvalues is

n(Le) = # {’y € (0,VC) :siny =0 or tany = 'y} : (12)

which implies either cosy = v~

We next compute the Morse index using Theorem |3 counting the number of conjugate points
t € (0,1) for the family of domains Q; = (—t,¢). The constrained equation on 2 is

t
Ugr + C'u = constant, / u(x)dx = 0.
—t

Setting v = v/C, we can write the general solution as

u(z) = A(cosyz — v~ Lsiny) + Bsinyz.
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Therefore, t € (0,1) is a conjugate time precisely when

A (cost — (yt) ! sin vt) £ Bsin~t = 0.
It follows that either cosyt = (yt)~'sin~t or sinyt = 0. Recalling that v = v/C, we obtain

# conjugate points = # {t € (0,1) : sin VCt =0 or tanVCt = \@t} ) (13)
which agrees with the Morse index computed in .
A similar computation shows that the unconstrained Morse index is
n(L) = # {'y € (0,V/C) :siny =0 or cosy = 0} .

Comparing solutions of cosy = 0 and tany = 7, we see that the constrained and unconstrained
indices are related by
n(Le) if tanv/C >+/C

n(L) = , (14)
n(L:) +1 if tan/C < V/C.

Finally, we verify that this is consistent with the prediction of Theorem [2| by computing the con-
straint matrix M. Since L2(—1,1)" is spanned by the constant function 1, M is simply the 1 x 1
matrix <L‘11, 1>. To compute L™1'1 we must solve the boundary value problem

Upe +Cu+1=0, u(—1)=u(l)=0.

u(z) = — <C°S'Yx _ 1> .

coS 7y

Again setting v = v/C, we find

and so

(L711,1) = /1 w(z)de = = <tan7 - 1) .

-1 Y Y

Therefore M will be nonpositive if and only if tanv/C < v/C, as expected from comparing the
result in with Theorem

3. THE CONSTRAINED MASLOV INDEX

In this section we define the Maslov index for constrained eigenvalue problems in multiple dimen-
sions. After reviewing the Fredholm—Lagrangian Grassmannian and the Maslov index, as well as
some necessary details of constrained operators and boundary value problems, we define the con-
strained Maslov index, and prove that it equals (minus) the constrained Morse index, thus proving
Theorem [I} As is common for such problems, most of the work goes into establishing the existence
and regularity of the relevant paths of Lagrangian subspaces. Once this is known, the main result
follows from a straightforward crossing form calculation.

Throughout the section we assume Hypotheses [1| and
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3.1. The Maslov index in infinite dimensions. Before describing the constrained eigenvalue
problem, we will review the infinite-dimensional Maslov index, following [10].

Suppose H is a symplectic Hilbert space: that is, a real Hilbert space equipped with a nondegen-
erate, skew-symmetric bilinear form w. A subspace p C H is said to be isotropic if w(v,w) = 0
for all v,w € p, and is said to be Lagrangian if it is isotropic and maximal, in the sense that it
is not properly contained in any other isotropic subspace. The set of all Lagrangian subspaces is
called the Lagrangian Grassmannian, and is denoted A(?). This is a smooth, contractible Banach
manifold, whose differentiable structure comes from associating to each Lagrangian subspace its
orthogonal projection operator. Thus a family of Lagrangian subspaces u(t) is of class C* if and
only if the corresponding family of projections P, is Ck.

We assume that the symplectic form can be written as w(v,w) = (Jv,w), where J: H — H is a
skew-symmetric operator satisfying J? = —I. If p is a given Lagrangian subspace, and A: p —
is a bounded, selfadjoint operator, then the graph

Gru(A) ={v+JAv:v e pu}

will also be Lagrangian. Moreover, the orthogonal projection onto this graph can be computed
algebraically from A; see [10, Equation (2.16)]. Therefore, if A(t) is a C* family of bounded,
selfadjoint operators on p, the corresponding family of Lagrangian subspaces Gru(t)(A) will also be
of class C*. This simple observation is our main technical tool for establishing regularity properties
of paths of Lagrangian subspaces.

Since A(H) is contractible, there is no nontrivial notion of winding for general curves of Lagrangian
subspaces, so we must restrict our attention to a smaller space in order to have a useful index theory.
For a fixed Lagrangian subspace 8 C H, we define the Fredholm—Lagrangian Grassmannian,

FAg(H) ={p € A(H) : p and S are a Fredholm pair},

recalling that p and g8 are said to be a Fredholm pair when p N S is finite dimensional and p +
[ is closed and has finite codimension. The Fredholm-Lagrangian Grassmannian is a smooth
Banach manifold, with fundamental group m(FAg(H)) = Z. Thus one can define an integer-
valued homotopy invariant, the Maslov index, which measures the winding of a continuous path
of Lagrangian subspaces p(t), provided it remains Fredholm with respect to 8 at all times. The
utility of this index in eigenvalue problems stems from the fact that it is simply a count (with sign
and multiplicity) of the nontrivial intersections between p(t) and f.

To compute the Maslov index in practice, we use crossing forms. Suppose p: [a,b] = FAg(H) is a
continuously differentiable path of Lagrangian subspaces, and u(t,) N B # {0} for some ¢, € [a,b].
Let v(t) be a continuously differentiable path in #, with v(t) € p(t) for ¢ close to t. and v(t,) €
wu(ty) N 5. The crossing form is a quadratic form defined on the finite-dimensional vector space

p(ts) N B by
Q) =« (0.5 )

It can be shown that this depends only on the vector v(t.), and not on the path v(¢). If @ is

t=tx

nondegenerate, then the crossing time ¢, is isolated. Suppose that ¢, is the only crossing in [a, b]
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and let (n4,n_) be the signature of Q). The Maslov is then given by

—n_ if t, = a,
Mas (,u[a,b]; ,6’) =qng —n_ ift, € (a,b),

The Maslov index is additive, in the sense that

Mas (1(q,1); 8) = Mas (p1q,q; 8) + Mas (pie )5 8)

for any ¢ € (a,b), so we can use the crossing form to compute the Maslov index of any continuously
differentiable curve, provided all of its crossings are nondegenerate.

If F is a real Hilbert space, with dual space E*, then H = E & E* is a symplectic Hilbert space.
The symplectic form is given by

w((z, ), (y,1)) = ¥(x) — d(y),

and the corresponding complex structure J: H — H is
J(.’L‘, ¢) = (Rilgi)? —R.T),
where R: FF — E* is the isomorphism from the Riesz representation theorem.

To study selfadjoint boundary value problems we will take E = H/2(9Q), hence E* = H~1/2(99).
Elements of H = H'/2(9Q) @ H~/2(9Q) will arise as the boundary values (or “traces”) of weak
solutions to the eigenvalue equation Lu = Au, or its constrained analogue, via the trace map

tru:= (u @
= ' B 89.

We will use integral notation to denote the dual pairing between H'/2(9Q) and H~1/2(d9Q), so
Green’s second identity yields

w(tru,trv) = /BQ (ugz —vgz> - /Q(uAv—vAu). (16)

This identity hints at a connection between the Lagrangian subspaces of H'/2(0Q) @ H~1/2(9Q)
and selfadjoint, second-order differential operators on L?(£2). While the current paper utilizes a

(15)

particular version of this correspondence, it is in fact part of a deeper phenomenon, which has been
investigated systematically in [I§].

3.2. Preliminaries on constrained boundary value problems. Recall that L denotes the
formal differential operator —A + V, D is the bilinear form defined in (7)), and L(Q) is a closed
subspace of L?(f2) satisfying Hypothesis 2l To define the trace of a weak solution, as in (5], we
need to know that its normal derivative is well defined. The statement and proof of the next result,
a constrained version of Green’s first identity, closely follow [20, Lemma 4.3].

Lemma 1. Let u € H'(Q) N L2(Q), and suppose there exists f € L?(QY) such that D(u,v) = (f,v)
for all v € HY(Q) N L2(Q). Then there is a unique function g € H='/2(9Q) such that

D(u,v) = (Lu,v) +/ gu

o0N
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for allv € HY(Q), and g satisfies the estimate
191l g-1200) < C ([[ull 1 @) + 1 Fll 2@ -
Proof. By Hypothesis (1) the constrained Dirichlet trace map
Ve : =] gy HH(Q) N LEQ) — H'Y?(00)
is surjective, and hence has a bounded right inverse, E: H/2(dQ) — H'(Q) N L%(Q). Now g €
H=12(0Q) = HY/?(9Q)* can be defined by its action on h € H'/2(99Q):
From the boundedness of D and E we obtain
lg(P)] < C (lull () + 11l z2@) 12l 12 00
for all h € H'/2(9Q), and the desired estimate follows.

If two such functions exist, say ¢1 and g2, we would have

/ (g1 —g2)v=0
o0

for all v € HY(Q) N L(Q). Since 7, is surjective, this implies g; — go = 0. O

When u and v are sufficiently smooth, it follows from the classical version of Green’s first identity

that 5
U
gv = D(u,v) — (Lu,v) = —.

| ov=Dtu) = u = [ 2

That is, g is just the normal derivative of u. Thus in general we will refer to the function g €

H~/2(09) defined by Lemma [1] as the normal derivative of w.

Note that this lemma does not immediately follow from the aforementioned result in [20] because
we do not know a priori that Lu € L?(£). However, using Lemma we can prove a posteriori that
this is the case.

Lemma 2. If u satisfies the conditions of Lemma then Lu € L*(Q)) and PLu = f.

Proof. To prove the result we will construct a function F' € L?(f2) that satisfies

D(u,v) = (F,v) +/ qu (17)

o0
for all v € H'(Q2). Such an F must satisfy (F,v) = (f,v) for all v € H'(Q) N L2(Q2), and hence for
all v € L2(€), which means F' = f + ¢ for some ¢ € L?(Q)*.

We first claim that

HY(Q)= (H' () NLZQ) ® L2(Q)* .
This follows from writing v = Pv + (I — P)v. Since (I — P)v € L2(Q)* ¢ H'(Q), we also have
Pv=v— (I — P)ve HYQ) as required.

Now decompose v € H'(Q) accordingly as v1 + v2. Using Lemma [1| we obtain

D(u,v) = D(u,v1) + D(u,v2) = (f,v1) + /(m gu1 + D(u,v9).
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Comparing this to the right-hand side of ,

<F,v>+/mgv:<f,111>+(¢,vg>+/mgvl+/mgv2,

we see that ¢ must satisfy

(¢, v2) = D(u, v2) — /BQ gu2 (18)

for all vy € L2(Q)*. The inequality from Hypothesis (iii) implies the right-hand side of is
a bounded linear functional on L2(Q)*, so the existence of ¢ follows from the Riesz representation
theorem. Setting F' = f + ¢ completes the proof of . Then for any v € H(2) we obtain

D(u,v) = (F,v),
hence Lu = F € L?() and PLu = PF = f as was claimed. O

We next give a result on the solvability of a Robin-type boundary value problem that will be needed
in the proof of Lemma {4l Suppose v € H*(Q) N L2()) satisfies
D(u,v) = A{u,v) +¢ [ (Ru)v (19)
0N

for every v € HY(Q) N L2(Q), where R: HY/2(0Q) — H~Y2(9Q) is the Riesz duality map and
¢ € R. Tt follows from Lemmas [T and 2 that PLu = \u and

ou

— —(Ru=0

ay C U 9y
and so we refer to this as a constrained Robin-type problem. Note that this is not a traditional
Robin boundary value problem, even in the absence of constraints, on account of the Riesz operator

R that appears in the boundary conditions.

Lemma 3. For any fixed \g € R, there exists (g € R such that the constrained Robin-type boundary
value problem 1s tnvertible.

In particular, this means the homogeneous problem only admits the zero solution, whereas the
inhomogeneous problem

9
(TZ —GRu=h (20)

has a unique solution for each h € H~/2(9€). This construction is the key ingredient in the proof

PLu = M\yu,

of Lemma |4} where it will be used to write the constrained Cauchy data space p.(A) as the graph
of a selfadjoint operator on a fixed Lagrangian subspace.

Proof. We will in fact prove that (5 can be chosen arbitrarily close to 0. Let L be the selfadjoint
operator corresponding to the bilinear form

D¢(u,v) = D(u,v) — Ao (u,v) —¢ | (Ru)v
o0N
on X N L2(Q). By construction, u € ker £ if and only if u solves the homogeneous problem

ou
P(L — Xo)u =0, 3 (Ru = 0.



A SYMPLECTIC PERSPECTIVE ON CONSTRAINED EIGENVALUE PROBLEMS 11

It follows immediately from the proof of Theorem 3.2 in [23] that the ordered eigenvalues of L¢
are strictly monotone with respect to ¢. Therefore, if Ly is not invertible, £, will be for any
0< ¢« 1. O

Finally, we discuss the relation of the selfadjoint operator L. to the operator PL that arises

L2(Q)
in the stability literature. Recall that £ is the operator corresponding to the bilinear form D with

form domain X C H'(f2), whereas L. corresponds to the form D restricted to X NL2(2). While it is
easily verified that PLu = L.u for all u € D(L£) N L2(Q), we require an additional hypothesis on the
constraint space to conclude that the two operators are identical, ie. that D(L.) = D(L£) N L2(Q).

Proposition 1. If L2(Q)* is continuously embedded in X, then L. = PL

LE(Q)°

For the Dirichlet problem this requires L2(Q)+ C HZ(Q), so all of the constraint functions ¢ €
L?(Q)* must satisfy Dirichlet boundary conditions. For the Neumann problem we already have
L2(Q)' ¢ X = HY(Q) by Hypothesis [2[(iii).

Proof. First, suppose u € D(L) N L%(Q), with Lu = f € L?(Q). From the definition of £, this
means D(u,v) = (f,v) for all v € X. Thus for any v € X N L2(£2) we have

D(u,v) = {f,v) = (Pf,v),
hence v € D(L.) and L.u = Pf = PLu. Tt follows that PE‘L%(Q) C L.
To prove the other direction, we first observe that the form domain satisfies
X = (XNLQ) e L)

To see this, we decompose u € X as u = Pu + (I — P)u and note that (I — P)u € L2(Q)* C X,
hence Pu=u— (I — P)u e X.

Now suppose u € D(L.), with Lou = f € L3(Q), so D(u,v) = (f,v) for all v € X N L2(Q2). To
complete the proof we must show that « € D(L), which entails constructing a function F € L?(£2)
such that D(u,v) = (F,v) for all v € X. Such an F' would necessarily satisfy

(Fyv) = D(u,v) = (f,v)
for all v € X N L2(Q), hence (F — f,v) = 0 for all v € L3(f2), and so we seek F in the form
F = f+ ¢ for some ¢ € L2(Q)*.
As noted above, we can decompose v € X as
v=wv +vs € (X NLQ)) & LE(Q)™ .
Then D(u,v) = (F,v) if and only if
D(u,v1) + D(u,v2) = (f + ¢, v1 +v2) = (f,v1) + (¢, v2) .

Since D(u,v1) = {(f,v1) for v € X N L2(Q), we require ¢ to satisfy D(u,v2) = (¢, vq) for all
vy € L2(Q)*. By the continuous embedding hypothesis, the functional vy ++ D(u,vs) is bounded
on L2(2)+, and so ¢ exists by the Riesz representation theorem. It follows that v € D(L) N L2(12),
and PLu= PF = f = L.u, hence L. C P/J‘L%(Q). O
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3.3. Construction of the Maslov index. We now have all of the ingredients in place to define
the constrained Maslov index, and prove that it equals (minus) the Morse index of the constrained

operator L..
The space of weak solutions for the constrained problem, in the absence of boundary conditions, is
K.(\) ={ue H'(Q)NLAN) : D(u,v) = A{u,v) for all v € Hy(Q) N L(Q)}, (21)

where the bilinear form D is defined in (7). Any u € K.()\) satisfies the hypotheses of Lemma
with f = Au, and so the boundary trace

tru = %
u = u’f)y o

is a well-defined element of HY/2(0Q) @ H~Y/2(0%), cf. [7], and

pe(N) ={tru:ue K.(\)} (22)

(Q), and so

loc

defines a subspace of HY/2(9Q) @ H~'/2(9%). In fact, from Lemma [2 we have u € H?
it follows from a unique continuation argument (as in [2]) that

tr: K.(\) — HY2(8Q) @ H™'/2(00)
is injective.
Lemma 4. A — p.(A) is a smooth family of Lagrangian subspaces in H.

Proof. We first prove that p.(A) is isotropic. Let u,v € K.(\). Then

w(tru,trv) = / u@ - v@
’ N o0 ov v

= D(v,u) — (Av,u) — D(u,v) + (Au,v)
=0

because D is symmetric.

We now use the strategy of [7, Proposition 3.5] to prove that u.(\) is Lagrangian and is smooth
with respect to A\. The idea, as described in Section is to realize each subspace ji.(\) as the
graph of a bounded, selfadjoint operator A(\) on a fixed Lagrangian subspace. This will imply
each subspace is in fact Lagrangian, and the family {u.(\)} is as smooth with respect to A as the
family {A(X\)} is. The operator A(\) will be a constrained Robin-to-Robin map for the L — X. (The
Neumann-to-Dirichlet map suffices whenever it is defined, i.e. when the constrained operator with
Neumann boundary conditions is invertible.) The main modification to the argument in [7] stems
from using Lemma [3] to find a Robin-type boundary condition for which the constrained operator

is invertible.

Since smoothness is a local property, it will suffice to construct A(\) in a neighborhood of a fixed Ag.
By Lemma 3| there exists (p € R so that the constrained boundary value problem is invertible
for A = Ao, and hence for any nearby A. Using this fixed value of {y we define the subspace

p={(f.9) €H: f+ (R 'g=0},
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By construction, for any (f, g) € p there is a unique weak solution v € H'(2) N L2(2) to (20), with
h=g— CRf € H'/2(d). From this solution u we define

AN, 9) = Tl = £ R (ulpg — 1)).

Since (ulpa — f, (oR(uloq — f)) is contained in the subspace Jp = {(f,g) : ¢ = (oRf}, we have
A(N): p — p as desired. The proof that A()) is selfadjoint follows directly from Green’s identity,
as in [7]. O

We next consider the boundary conditions. Since we have assumed f is either fp or [y, the

following result is immediate.

Lemma 5. The boundary space 8 C H is Lagrangian.

Next, we study the intersection properties of p.(A) and 5.

Lemma 6. For each N\ € R, u.(\) and  comprise a Fredholm pair, with dimpu.(A\) NG =
dimker(L. — A).

Proof. We follow the proof of Lemma 4 in [5]. Letting Ps denote the orthogonal projection onto
the boundary subspace § C H, and PBL = I — P3 the complementary projection, it suffices to prove
an estimate of the form

lullir o) < € (2 + | Pirw)]| ) (23)

for all u € K.(\). Since we have assumed that 5 = fp or 8 = [, as defined in and @, the
boundary term is either

HP/gJ‘(tru)HH = H ul g HH1/2(BQ) or Hpﬁj‘(tru H 5

ol 172 aQ)

Now suppose u € K.(A). Letting v = w in Lemma [1, we obtain

/Q Va2 + (V - A?] = /M2 u%.

The energy estimate now follows from the arithmetic—geometric mean inequality, as in [5].
Finally, the fact that dim u.(A) N B = dimker(L. — A) follows from the definitions of both spaces

and the fact that the trace map is injective. O

Remark 2. In general, an estimate of the form only implies that p.(\) + B is closed and
te(N) N B is finite dimensional. However, since p.(\) and B are already known to be Lagrangian

(by Lemmas |4| and @), we have
(:U/c(/\) + /B)L = ,U/C(A)J_ N BL = J(/’[/C()\)) NnJpg= J(Uc()‘) n 6)

Since J is an isomorphism and p.(\)+ B is closed, this implies codim(pe(N\)+3) = dim(pu.(A\)NB) <
00, 80 le(N) and B are indeed a Fredholm pair.
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Combining Lemmas and [6 we see that p.()) is a smooth path in FAg(#), so its Maslov index
is well defined. In the final lemma of this section we relate this Maslov index to the Morse index
of the constrained operator L., thus completing the proof of Theorem

Lemma 7. There exists Aoo < 0 such that p.(\) NG = {0} for all A < A\, and

[Awm;ﬂ)'

Proof. We first prove the existence of Ao. Suppose u.(\) N5 # {0}, so the constrained eigenvalue
problem has a nontrivial solution. That is, there exists u € H(Q)NL2(Q) satisfying P(L—\)u = 0,
with either Dirichlet or Neumann boundary conditions. It follows that

)\/u2:/ [[Vul]* + Vu?],
Q Q

so A > inf V. Therefore any Ay < inf V' will suffice.

n(L.) = —Mas (uc

We next claim that the path u.(\) is negative definite, in the sense that is always passes through 3
in the same direction. This means the Maslov index is equal to (minus) the number of intersections
of p.(A) with g, hence

[AOO,O};B) = Z dim(NC()‘) N B) = — Zdim(uc()\) n ﬁ) = —n([,c).

Moo <AL0 A<0

Mas (uc

The second equality follows from the fact that there are no intersections for A < Ay, and the third

equality is just the definition of the Morse index.

It only remains to prove the claimed monotonicity of p.(A). We do this using crossing forms, as
described in Section 3.1l

Suppose u(A) is a smooth curve in K.()), so D(u,v) = A{u,v) for all v € H}(2) N L%(Q), hence
D(u',v) = (A + u,v), where ’ denotes differentiation with respect to A. It follows from Lemma

that
/
w (tru,tru’) = / <u0u — u/au)
o0 ov ov
= (D(u',u) — (M +u,u)) — (D(u,u) = Au,u'))
= —/ u2
Q

and so the path is negative definite as claimed. O

3.4. The case of finite codimension. Before proving the constrained Morse index theorem,
we show that Hypothesis [2|is always satisfied when L2(Q2)* is contained in H'(2) and has finite

dimension.
Lemma 8. If L2(Q)* = span{¢y,..., ¢} for functions ¢; € H'(Q), then
v (HY Q)N L2(Q)) = H'/*(09).

and

HJ(Q) N L2(Q) = L2(9).
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Proof. Let x¢ be a smooth cutoff function on (2 that vanishes on the boundary and satisfies x(z) = 1
whenever dist(z, dQ) > e. We assume without loss of generality that the {¢;} are orthonormal.
Suppose f € H'Y2(9Q) is given. Since v: H'(Q) — HY?(9Q) is surjective (see, for instance,
Lemma 3.37 of [20]), there exists u € H(Q) with yu = f. Now define

m

Uc = U+X62ai¢i

i=1
with coefficients aq,...,a, to be determined. Since x. vanishes on the boundary, u. satisfies
Yue = yu = f. Moreover, u. € L?() if and only if

gai/gxe@% = —/waj

for each j. This is a linear equation for the coefficients {«a;}, and will have a solution if the matrix
M;j(e) = /Qxeébifﬁj
is invertible. The dominated convergence theorem implies

lim [ Xxepigpj = /Q Pid; = 0ij,

e—0 0

hence M;;(e) is invertible for sufficiently small e.

The second claim follows from a similar construction. Suppose u € L2(), so there exists a sequence
(ug) in HE(Q) with up — u in L?(Q2). To obtain a function in H}(2) N L2(£2), we replace each uy
by
m
g = wp+ Xe Y A5,
=1
where (a¥) solve the linear equation

;Mz‘j(ﬁ)af = —/Qukqu

and € is chosen small enough to ensure M;;(e) is invertible. The fact that u; — u implies

/Quk(bj—>/gu¢j:0,

for each j, hence af — 0 as k — oo. It follows that u; — ugp — 0, and so iy — u. O

4. THE CONSTRAINED MORSE INDEX THEOREM

Now consider a one-parameter family of domains {€;},<¢<p in R™. For simplicity we will assume
that each ; has smooth boundary, that the domains are varying smoothly in time, and that the
domains are increasing, in the sense that Qs C Q; for s < ¢. See [7, §2.2] for a description of the
nonsmooth case (in the unconstrained problem).

The idea is to define a Maslov index with respect to the ¢ parameter, then use a homotopy argument
to relate this to the Maslov index defined in Section and hence to the Morse index of the

constrained operator. There is some freedom in how one chooses the constraints on §2; in relation
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to the original constraints on 2. Our choice is motivated by the requirement that the resulting
path be monotone in ¢, which is necessary for the proof of Theorem

4.1. The general index theorem. First, we must describe the domain of the constrained operator
on . Let E;: L2(Qy) — L?(Q) denote the operator of extension by zero, and define

L2(y) = {ue L*(): BEjue LA(Q)}. (24)
In other words, L2(€2;) consists of function whose extension by zero satisfies the constraints on the

larger domain . To motivate this, suppose L2(Q) = {¢}* for some function ¢. Then for any
function u € L?(Q;) we have

ue L) <= EBucLX(Q) «— /Q(Etu)cﬁzo = | ug = 0,
t

and so L2(€) = {¢|a,}+. We then define L. to be the selfadjoint operator corresponding to the
bilinear form (7)) with form domain H*(Q;)NL2(£2) (for the Neumann problem) or Hg (Q:)NL2(£2)
(for the Dirichlet problem). Our index theorem computes the spectral flow of the family {£L}, i.e.
the difference in Morse indices, n(L2) —n(L£%). To describe this, it is convenient to reformulate the
problem in terms of a t-dependent family of bilinear forms on a fixed domain.

To that end, we define the bilinear form
D) = [ [Flwow!) - Viwowr) + Viwo g )wo )] (25)
t
for u,v € H*(Q), and define the subspace
12,(9) = {wo g s u e TX(Q)} C LAQ).

Suppose ¢ € L2(Q)*. Then for any u € Lz’t(Q) we have u o ;' € L2(Q), hence

0= / (uo g = / u(¢ o py) det(Dpy).
o} Q
In other words, the rescaled constraint space in L?(Q) is

L2,()* = {det(De) (g0 1) : 6 € L)} (26)

This explicit description of the rescaled constraint functions will be used below in the crossing form
calculation for the Dirichlet problem.

There is a formal differential operator L, and a boundary operator By, so that a version of Green’s
first identity
Dy(u,v) = (Lyu,v) —l—/ (Bru)v
o0
holds if we additionally assume that Lyu € L?(£2). We thus define the space of weak solutions to

the (rescaled) constrained problem
Kc(A\t) ={ue€ H'(Q)NL2,(Q) : Dy(u,v) = A(u,v) for all v € Hy(Q) NLZ,(Q)},
and the space of Cauchy data
pe(A 1) = {trru: u € Kc(A 1)},
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using the rescaled trace map

tryu = (u, Byu)|yq -

Theorem 4. Let {4} be a smooth increasing family of domains, defined for a < t < b. If the
family of subspaces H'(Q) N L2 ,(2) is smooth, then

n(£2) = n(£L) = Mas <uc<o, )

i) 27)

In other words, the Maslov index computes the spectral flow of the constrained family {£.}. The
smoothness assumption means there is a smooth family of H'-bounded operators, Ty: H(£2) N
L2(Q) — HY(Q), with ran(T}) = HY(Q) N Lat(Q).

Proof. The proof is a standard application of the homotopy invariance of the Maslov index. The
space Kc(A,t) of weak solutions is defined in terms of the form D; on H'(Q) N LZ,(Q2). Using the
smoothness assumption, this is equivalent to the form D, o T; on the fixed (¢-independent) domain
HY(Q) N L(Q). Since Dy o T; is a smooth family of forms, we can use the theory developed in [7]
(which is reviewed in the proof of Lemma , to see that

He: [)‘0070] X [a7 b] — 'FAB(/H)
is a smooth two-parameter family of Lagrangian subspaces.

This means the image under p. of the boundary of [As, 0] X [a, b] is null-homotopic, hence its Maslov
vanishes. Summing the four sides of the boundary with the appropriate orientation, we obtain

Mas (M("a)‘[/\oovo]> + Mas (,u(O, ) [a»b]) = Mas (N(/\om ')‘[a,b]> + Mas (/i(', b)‘p\w,o]> :

The monotonicity computation in Lemma [7] shows that

Mas (,u(-,t)‘p\woo = —n([é)

for any ¢ € [a,b], and the choice of Ao implies that

Mas (H(Aom ')‘[a,b]> =0.

This completes the proof. O

4.2. The Dirichlet crossing form. We now complete the proof of Theorem [3| by computing the
right-hand side of when ( is the Dirichlet subspace. This closely follows the crossing form
computation in [7, §5]. In particular, it suffices to prove that the crossing form is negative definite
at any crossing.

Let {u;} be a smooth family of solutions to the constrained problem with A = 0, i.e. tru; € K.(0,t).
This means [, usp; = 0 and Liu; o< ¢y, where

¢ = det(Der)(d © @) (28)

is the rescaled constraint function. More concretely, we can write Lyu; = a;¢¢, where a; depends
only on ¢, so that

Dy(ug,v) = ag (¢, v) + /@Q<Btut)v
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for all v € H(Q).
Letting v = u}, we obtain
Dy(u, uy) = ag { e, uy) +/ (Brug)uy
On the other hand, differentiating with respect to ¢t and then plugging in v = u;, we obtain
D,’:(Ut, ug) + Dt(u;,ut) <¢>t,ut> + at <¢t,ut> +/ Btut)
Therefore, the crossing form is
Q(trt Ut) = U.)((tl't Ut), (tI‘t U,t)/) = /89(Btut)’ut (Btut)ut Dt(ut, Ut) — 2at <¢t? ut> (29)
where we have used the fact that (u:, ¢¢) = 0, hence (¢, uy) = — (&}, ut).

To complete the computation we must find Dj. Differentiating Dy (u,u) for a fixed u € H' (), we
have

Dg(u,u) = -2D; (u, Vx(uo Spt_l) ocpt) + /BQ [‘V(UO¢;1)‘2 +V ‘UO (pt—lﬂ (X -1y). (30)

Here, X = ¢} and hence we have used the fact that

obtained by writing

d d _
0= S(wog ow) = S (uog ) o+ Vx(uog o

We now assume that ¢ is a crossing time, so tr; u; € 5. Evaluating the first term on the right-hand
side of at u = u; € H} (), and defining 4 = u; o ¢; !, we obtain

D, (Ut, Vi (ugo 90;1) ° <Pt) = Dy(ut, (Vx) o pr)

— (Lous, (V@) o ) + /a (B (V@) o

= at (¢r, (Vx) 0 pr) + /mt (gZ)Q (X 1)

Since u vanishes on 0€);, the boundary term in simplifies to

/Mt [V + Vi) (x ) = /m <§Z)2 (X )

and so
/ e ou\?
Di(ue, ue) = —2a¢ (¢, (Vxu) o ¢r) — o) (X -w)dpy. (31)
o0, \ Ot
Combining this with , we find that
_ AN
Qlery ) = 201 60, (V) o 00) — 20 )~ [ (G0) (X -w) (52)
o vt

This expression for the crossing form is generally valid, in the sense that it holds for any smooth
family of constraint functions {¢;}. We now show that our choice of ¢; is such that the first two
terms on the right-hand side cancel, resulting in a form that is sign definite.
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Differentiating , we obtain
¢, = det(Dey) div(X) (¢ o pr) + det(Dpy)(Vxd) o pr = det(Dey) div(gpX) o ;.

On the other hand, we can use the divergence theorem, together with the fact that u vanishes on
08, to write

(61 (V) 0 1) = /Q det(De)(6 0 01) (V) o g

= / oV xu
Q

= - /Q adiv(6X)

_ /Q wp det(Depy) div(¢X) 0
= — <uta ¢2> .

Thus the first two terms on the right-hand side of cancel, and the crossing form simplifies to

ou\?

Qtrug) = —/ <8> (X - 1). (33)
o Vi

Remark 3. The above computation readily generalizes to any number of constraints. The con-

strained equation becomes Lyus = > aigt, where {¢t} are the rescaled constraint functions, and the

right-hand side of simply becomes

23 (¢ (9x) ) + () - [ (gﬂ) xw=-[ <§a> (X ),

where each of the terms in brackets vanishes, as in the case of a single constraint.

5. AN APPLICATION TO THE NONLINEAR SCHRODINGER EQUATION

As a final application of Theorem [3] we study the stability of the ground state solution of the
nonlinear Schrodinger equation . Under a mild condition on f and w (see, for instance, [3,
Appendix]), there exists an even, positive solution ¢ to

box + [(8°)0 +whp =0, lim ¢(z) =0 (34)
Tr—00

that is decreasing for x > 0. It follows that L_¢ = 0, hence n(L_) = 0. We are interested in
computing the Morse index of L., constrained to (ker L_)* = {#¢}*. We do this by applying
Theorem (3| to the semi-infinite domain ; = (—o0,t).

Remark 4. The following computation is not, strictly speaking, an application of Theorem[3, which
was only proved for bounded domains. A Morse—Maslov index theorem for semi-infinite domains
recently appeared in [1]. Instead of focusing on technical details, we simply compute the conjugate
points, and observe that a formal application of Theorem|[3 yields the well-known stability criterion
of Vakhitov and Kolokolowv.
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(A)p=1 (B) p=3

FIGURE 1. The function c(t) for the power-law nonlinearity f(¢?) = (p + 1)¢?P.

Differentiating with respect to x, we obtain L, (¢,) = 0. Moreover, assuming the map w — ¢
is O, we also have L (¢,,) = ¢. The homogeneous equation L, u = 0 has one linearly independent
solution that decays as © — —o0, namely ¢;, and so any solution to the inhomogeneous equation
L,u = ¢ that decays at —oo is of the form

u = Ad’af + ¢w
for some A € R. The constraint on (—oo,t) is
t t 1 ) o t )
0= [ wo= [ (o +00) =5 (a0 + L [ o) (35)
—00 —00 —0o0
and the Dirichlet boundary condition at ¢ is
A¢x(t) + ¢w(t) = 0. (36)

By definition, ¢ € R is a conjugate point when both and are satisfied.

u) :ul/uf(v)dv, u >0,
0

so that ug’(u) + g(u) = f(u). It follows that ¢2 + [w + g(#?)]¢? is constant for any solution to (34]).
Since ¢ € H'(R), we have ¢2 + [w + g(¢?)]¢? = 0. Differentiating this equation with respect to w,
we find that

Now define

Gubr + ()60 + 56 + [+ 9(6")]6 = 0. (31)

Since ¢ is positive, this implies ¢, and ¢, do not simultaneously vanish. Together with , this
implies ¢, (t) # 0 if ¢ is a conjugate point, hence A = —¢,(t)/¢,(t). Substituting this into (35)), we
find that ¢ is a conjugate point precisely when it is a root of the function

2
o(t) = -0 / () (39)

This function is plotted in Figure |1| for the power law f(¢?) = ¢P. In this case it is easily verified
that there is a conjugate point if and only if p > 2.

It is not difficult to verify that the function ¢ has the following properties:
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(i) tlil—noo c(t) = 0;
(ii) lim c(t) = oo;
L 0
(iii) tli%i c(t) = —o0;

(iv) lim o(t) = — /_ " 2 (a) da

— 00 W

(v) ¢(t) >0 for t # 0.

In particular, for (v) we differentiate to obtain

C/(t) — (Z)Z <¢w¢1x¢%¢wx¢x>

r=t

for ¢t # 0. Using and to compute ¢z, and ¢y, we find that

_ 1
¢w¢zx - ¢wx¢x - 2¢ .

Since ¢ > 0, this implies ¢/(¢) > 0.

It follows immediately that there are no conjugate points in (—o0,0), and there is a single conjugate

point in (0,00) if and only if the “slope” 8,, [ ¢? is positive.
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