NONCONCENTRATION IN PARTIALLY RECTANGULAR BILLIARDS

LUC HILLAIRET AND JEREMY L. MARZUOLA

ABSTRACT. In specific types of partially rectangular billiards we estimate the mass of
an eigenfunction of energy F in the region outside the rectangular set in the high-energy
limit. We use the adiabatic ansatz to compare the Dirichlet energy form with a second
quadratic form for which separation of variables applies. This allows us to use sharp one-
dimensional control estimates and to derive the bound assuming that E is not resonating
with the Dirichlet spectrum of the rectangular part.

1. INTRODUCTION

We study concentration and non-concentration of eigenfunctions of the Laplace opera-
tor in stadium-like billiards. As predicted by the quantum/classical correspondence, such
concentration is deeply linked with the classical underlying dynamics. In particular, the
celebrated quantum ergodicity theorem roughly states that when the corresponding clas-
sical dynamics is ergodic then almost every sequence of eigenfunctions equidistributes in
the high energy limit (see [15, 8, 16] and [9, 17] in the billiard setting for a more precise
statement). In strongly chaotic systems such as negatively curved manifolds, it is expected
that every sequence of eigenfunctions equidistributes. This statement is the Quantum
Unique Ergodicity conjecture (Q.U.E.) and remains open in most cases despite several re-
cent striking results (see for instance [4, 12, 1, 2]). On the other extreme, the Bunimovich
stadium, although ergodic, is expected to violate Q.U.E.. Indeed, it is expected that there
exist bouncing ball modes i.e. exceptional sequences of eigenfunctions concentrating on the
cylinder of bouncing ball periodic orbits that sweep out the rectangular region (see [3] for
instance). The existence of such bouncing ball modes is still open and only recently did
Hassell prove that the generic Bunimovich stadium billiard indeed fails to be Q.U.E. (see
[10]).

Our work is closely related to the search for bouncing ball modes but proceeds loosely
speaking in the other direction. We actually aim at understanding how strong concen-
tration of eigenfunctions in the rectangular part cannot be. We thus follow [7] in which
Burg-Zworski proved that even bouncing ball modes couldn’t concentrate strictly inside
the rectangular region. This was made precise by Burg-Hassell-Wunsch in [6] where the
following estimate was proved :

[ull L2y > E7Hul| 20
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in which |Ju|| 2wy (resp. |lul|z2(q)) denotes the L? norm of the eigenfunction w in the wings
(resp. in the billiard).

Our main result for the Bunimovich stadium is the following theorem

Theorem 1. Let ) be a Bunimovich stadium with rectangular part R := [—By, 0] x [0, Lo].
We set W = Q\ R and denote by ¥ the Dirichlet spectrum of R, i.e.

k272 1?72
Y = {— + —, k,lGN}.
Lg B3

For any € > 0 there exists Ey and C' such that if u is an eigenfunction of energy E such
that E > Ey and dist(E, ) > E~¢ then the following estimates holds:

548«

ullz2) < CE s |lull 2wy,

This bound improves on the Burg-Hassell-Wunsch bound provided that ¢ < é. It is

natural that the smaller ¢ is the better the bound is. Indeed, the condition on the distance
between E and X is comparable to a non-resonance condition and should imply heuris-
tically that u must have some mass in the wing region. It is quite interesting to have
a quantitative statement confirming this heuristics. We will actually give a more general
statement concerning more general billiards (see Theorem 2). In particular we will consider
billiards with smoother boundaries (see Def. 2) disregarding the fact that these may not be
ergodic. Here again we expect the bound to be better when the billiard becomes smoother
and this statement is made quantitative in Theorem 2.

The method we propose relies on comparing the Dirichlet energy quadratic form with
another quadratic form arising from the adiabatic ansatz presented in the numerical study
of eigenfunctions by Bécker-Schubert-Stifter [3]. This adiabatic quadratic form has also
appeared recently in the works of Hillairet-Judge [11] in the study of the spectrum of the
Laplacian on triangles. These two quadratic forms are close provided we do not enter too
deeply into the wing region so that the non-concentration estimate really takes place in
a neighbourhood of the rectangle that becomes smaller and smaller when the energy goes
to infinity (see Sections 4.3.3 and 4.6.1). Since the new quadratic form may be addressed
using separation of variables, we will show precise one-dimensional control estimates and
then use them to prove our results. We have separated these one dimensional estimates
in an appendix since they may be of independent interest. Finally, we remark that the
method can be applied to quasimodes with some caution (see Remark 5.2) but there are
no reasons to think that the bound we obtain is optimal.
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2. THE SETTING

Take L a function defined on [— By, B;] with the following properties :

- For non-positive z, L(z) = Ly > 0.

- On (0, By), L is smooth, non-negative and non-increasing.

- When x goes to By, L' has a negative limit (either finite or —00).

- For small positive x, we have the following asymptotic expansions:
{ L(z) = Ly — cpa” + o(a7),

(21) L/(gj) = —CL’)/'TPY_l + O<x’y_1)

for some positive ¢, and v > 3/2.

\\ L(x)
(=B, Lo) /

(_B()?O) (b070> (Blao)

FIGURE 1. An example of the billiard €.

The billiard €2 is then defined by
Q= {(z,9), | —Bo<x<B;, 0<y<L(x)}.

See Fig. 1 for an example of an applicable billiard. For any b < B;, we will denote by
Qy:=QN{x <b} and by W, .= QN {0 <z <b}.
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We study eigenfunctions of the positive Dirichlet Laplacian, A, on €2. Namely, we study
solutions, ug such that

uglaq = 0,

where E > 0.

We may formulate this equation using quadratic forms. We thus introduce ¢ defined on
H'(Q) by

q(u) = /|Vu|2d:)3dy.
0

The Euclidean Laplacian with Dirichlet boundary condition in €2 is the unique self-adjoint
operator associated with ¢ defined on H{(€2). We denote by ¢, the restriction of ¢ to H'(€2)
and by A, the Dirichlet Laplace operator on €2,. We will also denote by D,, the set of smooth
functions with compact support in 2.

3. ADIABATIC APPROXIMATION

Motivated by the well-known eigenvalue problem on a rectangular billiard and compu-
tational results in [3], we introduce a second family of quadratic forms a, and compare it
to Qp-

For any b < By and any u € Dy, Fourier decomposition in y implies that

(3.1) u(x,y) = ;uk(:c) sin <%y) .

Since
L(x)
. Yy 2 L(x)
km—— dy = —~
| ‘$“<”M@)'y 2

each Fourier coefficient uy is given by

() = [%} /0 " ) sin <%y) dy.

For such u, we define

ap(u) = Z/ e

@ + o)) s,
>/, eEl

N = Y [ o A

keN ¥ ™

b
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Observe that for each fixed x, Plancherel’s formula reads

. L(x)
Sl = [ ek dy

keN

so that we get Ny(u) = HUH%Z(Q,)) by integration with respect to .

Fixing some 0 < by < By, and using that L is uniformly bounded above and below on
[— By, by] we find a constant C' such that for any b < by and u € L*(£2) :

(3.2) CM B, < D llurllzzpyp < Cllullg,:
k=1

The quadratic form a, appears as the direct sum of the following quadratic forms a;
(that can be defined on the whole function space H'(—By,b)) :

(3.3) ao (1) = /b <|u'|2+ fjg)|u|2) @d;p.

—Bo

Recall that, on an interval I, the standard H' norm is defined by

1
(3.4 fullr o= (e ey + lulir)
so that, for any k£ and b < By and any u € C§°(—By, b) we have
/{?2 2 /{?2 2
50 wmin (200, 55 ) Bl < o) < mox (Lo, )l

1
The norm ag, thus defines on H 1(—By,b) a norm that is equivalent to the standard H!
norm.

3.1. Comparing a, and ¢,. To compare a;, and ¢, we introduce the following operators
D and R defined on D, by

yL'(z)
Ru = =—2%0
U () L,
Du = 0,u+ Ru.

Using Plancherel formula for each fixed x and then integrating, we obtain

ap(u) = g | Dul? + 0, u|*dzdy.
b

from which the following holds for any u,v € D,.
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ap(u,v) — qp(u,v) = (Du, Dv) — (Oyu, 0,v)
(3.6) = (0yu, Rv) + (Ru, Dv),
(3.7) = (Oyu, Rv) + (Ru,d,v) + (Ru, Rv).
We thus obtain the following lemma.

Lemma 3.1. Let § be the function defined by

§(b) = sup |L/(z)| + sup |L'(z)|*.
0.] (0,5]

Then for all u,v € D,

|ap(u, v) = gy(u, v)| < 6(b) - g5 (u) - ¢ (v)-
Remark 3.1. The function ¢ is continuous on (0, By) and §(b) = O(b"~1) when b goes to

0.
Proof. In (3.7), we use Cauchy-Schwarz inequality, max(||Dull, ||0,ul|) < ab% (u), and the
fact that % is uniformly bounded by 1 on €. O

The following corollary is then straightforward.

Corollary 3.2. For any 0 < b < By and any u € H* (), the linear functional A defined
by A(v) := ay(u,v) — qp(u,v) belongs to H=1(Q). Moreover

A1) < 0O ulle )

4. NON-CONCENTRATION

4.1. Preliminary reduction. Let u be an eigenfunction of ¢ with eigenvalue E. And
define the associated linear functional A using corollary 3.2.

Integration by parts shows that for any v € HJ(€,) we have
qb(U‘?U) =LK <U,’U>L2(Q),

so that we have

(4.1) ap(u,v) — E - Ny(u,v) = Av).

We now deal with this equation using the adiabatic decomposition. We thus define Ay
as the distribution over D, such that, for any v € D,

(4.2) Ap(v) i= A (v(x) sin <m$)) .
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Remark 4.1. From now on, u will always denote the eigenfunction that we are dealing
with. We will denote by u, the functions entering in the adiabatic decomposition of u, by
A the linear functional associated with v and by Aj the one-dimensional linear functionals
that are associated with A.

A straightforward computation yields, that for any v € D, we have

app(ug,v) — B / uk(x)v(x)@dm = Ag(v),

—Bo
where ap is the quadratic form defined in (3.3).
An integration by parts then shows that, in the distributional sense in (— By, b), we have

1d k2m? ~

where the linear functional Ay is defined by
~ 2

Remark 4.2. Since L is not smooth, this definition of A doesn’t make sense as a distri-
bution. However, in the next section, we will prove that A; actually is in H~! and, since
multiplication by % is a bounded operator from H!'(— By, b) into itself, we thus get that Ay
is a perfectly legitimate element of H~!. Moreover, for any by there exists C'(by) such that
for any b < by, and v € Dy, we have

2
||EU||H1(—Bo,b) < Cbo)||v] z1(=Bo p)-

We denote by Py the operator that is defined by
1d

, k22

and we try to analyze the way a solution to equation (4.3) on (—By,b) may be controlled
by its behaviour on (0, b).

The strategy will depend upon whether £ is large or not, but first we have to get a bound
on A in some reasonable functional space of distributions.

4.2. Bounding A;. In this section, we prove that each Ay is actually in H~!(—By,b) and
provide a bound for its H~! norm.

We first note that, using (3.4), for any £ € H=*(—By,b) :

F F
$€Dy ||¢||H1 $eDy ||¢ ||L2

Using (3.6) in the definition of Ay -see (4.2)- we obtain
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Ap(v) = (Byu, R <v(x) sin (mﬁ)) + (Ru,D <v(x) sin <k”ﬁ>>>

Denote by Ax(v) the first term on the right and By (v) the second term. By inspection,
we have

Ap(v) = %” /0 bv(:c) i((;”)) Fi(z) dr

B =5 [ V@@
where we have st
(4.6) Filx) = % /0 N - yBu(z.y) - cos (m%) dy
(4.7) Gilx) = % /0 " e ydu(z,y) - sin (lmﬁ) dy

Since u € H'(Q), F), and Gy are L?(0,b) and we can estimate the H~! norm of A, using
them.

Lemma 4.1. For any by < By, and given Ay and Fy, G) defined as above, there exists
C=C(,)

(4.8) 1Akl -1 < CER[| Fillr20p) + 07 I Gllzz(0))-
Proof. We estimate Ag(v), using first an integration by parts
ko [* < / " L(E) )
Ar(v) = —— V' (w F.(&)d¢ ) du.
=5 [ v ([ el
Using Cauchy-Schwarz inequality, and the fact that L'(£) = O(£7!) we have

[ Hen© | < or s,

Inserting into Ag(v) and using Cauchy-Schwarz inequality again we get
[Ar(v)] < C - (k)1 Fkl z208) - 101 22 Bo.b);
which gives the claimed bound using (4.5).

The second term is estimated using directly Cauchy-Schwarz estimate and the fact that
supp ) |1/ (2)] < CH =1 We get

1 B(v)] < C -0 H|Grll 20 - 110 22~ 5oty
That gives the claimed bound using again (4.5). O
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Define F' := 1y 0,u and G := ly0yu. By definition, Fj(z) is the Fourier coefficient of

the function F(x,-) with respect to the Fourier basis (y — COS (knr ))>
keNU{0}

Using Plancherel formula we get

S ae@ D < [ et

k>1

For the same reason, but using this time the sin basis we have

2 L(z) o) 2
> Grla)'== = / |G (z,y)[Pdy.
0

k>1

Integrating with respect to 2 and bounding y from above and L(z) from below uniformly
we get the following lemma :

Lemma 4.2. For any by there exists C' depending only on the billiard and by such that, for
any b < by,

(4.9) Z 1F:)1 720 < CllOwull 22w,
k>4

(4.10) Z 1Gkll7208) < ClOyull 2w,
k>1

We now switch to the control estimate. We begin by dealing with the modes for which

k272

4.3. Large modes.

4.3.1. A control estimate. Equation (4.3) may be rewritten

k22
(4.11) —uy + (LQ—@) - E) ur, = hg,
where hy, is the element of H~! defined by
N
(4.12) hi == Ay + fu;

The H~! norm of hy, is now estimated using the following

Lemma 4.3. There exists a constant C' := C(by) such that for any b < by and any k such
that °2° — E > E the following estimate holds:
0

(4.13) il -1 (=Bopy < C(bo) (k0[|Fillz2p) + 071Gl rz0m) + 07 lwnllz20p)) -
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Proof. Using remark 4.2, the norm of A, is uniformly controlled by the norm of Ay and

the latter is estimated using Lemma (4.1). To estimate the H~! norm of £ uk, we first set

/
v = ), and remark that

L

I/ ! L (L/)2

(B ()
We choose a test function ¢ and estimate
b L /
I = / ( ) o dx.
1 e 7Y
L'(z)
L(x)
[ L@
—Bo I;Cﬁ) g

< OV ukll 200) 91| L2(— Bo -

| (- s,

We perform an integration by parts, use that
L"(z) (L'(x))?
L(z)  L*(z)

then twice apply the Cauchy-Schwarz inequality to get

+>0, then apply the Cauchy-

Schwarz inequality to get
b / !
L
—ug | ¢dx
L, (5)

We then estimate

-2
< Cz| 7,

posof ([ertuoie)wmia
Bg
< OO Mullzop 161 20
The claim follows using (4.5). O

The variational formulation of equation (4.11) is given by

b b k‘27T2
4.14 ' - —FE — )
( ) /—Bo upv dr + /_BO <L2(x) ) uRv dx hy(v)

k22

L3
dratic form on H}(—DBy,b) so that, using Lax-Milgram theory, there exists a unique vy, in
H}(—By,b) that satisfies (4.11) in the distributional sense.

The following lemma allows us to estimate the L? norm of this vy.

Since — E > E, the left-hand side of the preceding equation is a continuous qua-
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Lemma 4.4. There exists a constant C' depending only on by but neither on b < by, k, nor
E such that, if E > 1 and K B> E then the variational solution vy, in HY(— By, b) to

Lg
equation (4.11) satisfies

(4.15) |vell2—Bowy < Clbo) (bVHFkHL%o,b) + E_%by_1||Gk||L2(o,b)

_lo._
+ BT g2 ) -

Proof. Since vy, is a variational solution, putting v = vy in (4.14) we get
b ) ) b ]{7271'2 )
4.16 / vy (x dx—l—/ (——E) vp(x)|“de = hy(vg).
(1.16) | k@lde+ [ (3~ B) i) ()
In the regime we are considering the second integral on the left is positive so that we obtain
b
| i@Pds < el < Wl ol
—By

Since vy, is in Hg(— By, b), Poincaré inequality gives ¢(b) a positive continuous function of b
such that

b
| e = )l
— Do
This gives a constant C' depending only on by such that, for any 0 < b < by, we have
[orllr < Cllhwl[ -
We now use again equation (4.16) to obtain

k‘271'2 b
C——@/|mm%smmwwmsmw%

By

with the preceding bound. Using estimate (4.13) we obtain

1

k22 2 _ _

(55 - 2) lonliscan < € (91 Fulloon + 7 WGilon + 5 ulizan).
0

1

— E) ®. The coefficient in front of VY| Fill 20,5 is bounded

We divide both sides by (7"
0
by using the fact that

k2 L2 < " E )
sup P E— = Sup — —
%—EZE 2 - b z>E T z
2/ E
= (142,
=(+z)
For the two other terms, we use simply that FPr _ F > E. This gives the lemma. O

Ly
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We can now let wy = ui — v,. By construction, wy is a solution to the homogeneous
equation

(4.17) —w" + (ij—zr;) - E) w = 0.

Moreover, since both wu; and v, satisfy Dirichlet boundary condition at —By we have
that wy(—By) = 0.
Since the 'potential” part in equation (4.17) is bounded below by E, concentration prop-

erties of solutions may be obtained using convexity estimates.

Lemma 4.5. For any b < by, any solution w to (4.17) such that w(—By) = 0 satisfies

b-/b w2 (x) dz < (By + bo) /0b|w\2(a:)dx

—Bo

Proof. Multiplying the equation by w we find
k*7? 9
—w”w+ (Lz—(l’) - E) w* = 0.
It follows that
(w2)// Z 62w2,

for some positive 3 (here 5% = 2F).

Since w(—By) = 0, using the maximum principle on [—By, £, we obtain for all —By <
<<y
sinh(G(z + By))
sinh(B(€ + Bo)) '
For any t € [0,1], define z(t) = —By + t(By + b) and £(t) = tb. Since for any ¢ we have
—By < x(t) <£(t) < by, we may integrate the preceding relation :

J et e Sy

Since sinh is increasing the quotient of sinh is bounded above by 1 and we obtain

w’(z) < w?(€)

b-/b w?(z) dr < (By + b) /Obwz(:v) dr.

—By

Putting these two lemmas together we obtain the following
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Proposition 4.6. There exists a constant C' depending only on by such that for any b < by,
for any k and E such that k*n*/Li — E > FE and E > 1

_1 1,3
(4.18) lurll2(—Bop) < C(b” N Frllezo) + E72072||Grll 22(0,0)

53 unll o))
for C = C(by).
Proof. According to Lemma 4.5 we have

1
1wk L2(=Bop) < CO 2 ||wi||L2(0),

where wy, = up — v and vy, is the variational solution constructed above. Using the reverse
triangle inequality, we obtain

_1 i1
]| z2(-Bopy < O 2 [Jupl|L20,) + (C 4 b5 )0 2 ||vg | L2~ By 1) -

The claim will follow using estimate (4.15) of Lemma 4.4. Observe that the prefactor of
||| 2= Bo by is at first (up to a constant prefactor)

b3 4 bIETIDL
Since E-2b7! is uniformly bounded we obtain the given estimate. O

4.3.2. Summing over k. We will now sum the preceding estimates over k. We thus introduce

iy = S uk(x)sin<%)

k272
Lo —E=

and prove the following proposition.

Proposition 4.7. There exists by and Ey and a constant C' depending only on Ey and by
such that if u is an eigenfunction with energy E > FEy and b < by, then :

lusl|Z2m < C [(bz'y_lllﬁxUIlév,, + BT 0yullTa gy + 07 lullZeq,)
Proof. We square estimate (4.18), sum over k, and use (3.2) and Lemma 4.2. O

Observe that the controlling term in the preceding estimate is supported in the wing
region. However, compared to the usual bounds (such as in [6]) there is a loss of derivatives
since we need J,u and d,u in the wings.

We also obtain the following corollary.

Corollary 4.8. Let by and Ey be fized. there exists C' depending on the billiard by and Ey
but not on the eigenfunction nor on b < by such that

luslZamy < C|077E + 027 ulliag) + 07 lullZamw, | -
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Proof. We bound [|0,ul|3, y and [|0, u||L2 wy) PY E||u||%2(ﬂ) and use the fact that the norm
over Wy is less than the norm over W. O

It remains to choose b in a clever way to obtain the desired bound.

4.3.3. Optimizing b. We will choose b to be of the form M~'E~% for some constants M
and a to be choosen. As long as « is positive, there is some large Fy such that for any
E > Ey then b = ME~® < by so that we can use the preceding proposition.

We obtain
(419)  Jus ey < C [(MDEED 4 Bo@ ) ufZ ) + MEullfagr) -

It remains to make good choices to obtain the following proposition.

Proposition 4.9. There exists Ey and C' depending only on the billiard such that for any
u eigenfunction with energy E > FEy the following holds :

1
(4.20) ||u+||2L2(R < lullze) + CEm 1HUHL2(W
Proof. We choose o := 5=— and M such that CM'=?" = 1. For E large enough, £~*27=3)
goes to zero. It is thus bounded by for F large enough Replacing in (4.19) we get :
1
leslzem < Fllelize + CET ull3a ).
The claim follows. O
4.4. Small modes. We now consider modes for which k2’§2
rewrite the equation Py(uy) = Ay in the following form:
(4.21) —uy — zpu = hg,
in which we have set z;, := E — ki’f and
0
~ r kK [ 1 1
th: Ak + —Ul —i——(———)uk
L% w2 \12 12

4.4.1. The control estimate. Since z, > —FE we can use the results of the appendix to
control [|ug| z2(— 5, p)-

To do so, we need to estimate the norm of hy, in H~'(—By, b).

Lemma 4.10. There exists some constant C' depending only on by such that, for any b < b
and any k such that kQ ‘_E< E, the following holds :

(422) ||h'k||H71(—Bo,b) S C (kb’yHFkHLZ(O,b) + b’y_1||Gk||L2(0’b)
-+ (bﬁ{_l + kzbﬁH—l)HukHLQ(O’b)) .
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Proof. We use the definition of h;, = L(x Ak + —uk + fj—z <# — ﬁ) uy, and estimate each
term separately. The first term is estimated using (4.1) and remark 4.2. The second term
is estimated as in the proof of lemma 4.3.

The same method applies to estimate the third term. We introduce

and observe that (% — L%(x)) is O(z2). Integrating by parts and using twice Cauchy-Schwarz
0

inequality gives

Iy < OO ¢ 20wkl 200) -

Using the definition of the H~! norm (see (4.5)) and putting these estimates together

yield the lemma. O
For any F € R, denote by v(F) :=m {’E kz - % , (k1) e Nx N}.

Remark 4.3. Observe that v(E) < min{‘E — %’(2:2 - g—zg , ke N}, so for E large, we

have

(4.23) v(E) < VE

for some constant c.

Lemma 4.11. For any 3 > 0, there exists some ¢ such that the following holds. For any

k such that z, = E — ki’gz > 32

V(E)
NeR

[sin(Boy/E)| 2 c-

Proof. First we use that there exists some ¢ such that
Ve € R, [sinz| > c- dist(z, 7Z).
We denote by [; the integer such that

lkﬂ'

i (v 5.2) = Vi -
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so that we have

Ly
Isin(Boy/zr)| > c-‘@—%
0
_ L
> 0-7&C 5o
IERVES S

_ K Gim?

N M

where, for the last bound, we have used the lemma 4.12 below.
The claim follows by definition of v(F). O

Lemma 4.12. Fiz a > 0 and denote by | the (step-like) function on [0,00) that is defined
by

IA—=1(N)a| = dist(\, aZ)
Then there exists some C' such that

VA € [0,00), A+I(N)a < CA.

Proof. Define f by f(\) = % First, since [ vanishes on [0, 5], we have f(A) = 1 on

this interval. Second, the function f tends to the limit 2 when A goes to infinity. Finally,
on [§, M] we have f()\) = 1+@a§1+%. O

Putting these estimates together, we get the following

Proposition 4.13. There exists by and Ey and a constant C := C(by, Ey) such that the

following holds. For any E > FEy, for any k such that kzgz — FE < E and for any b < by, we

have the following estimate

1

E> 101 1
(424) HukHLz(—Bo,b) S Cm |:E2b'Y+2HFkHL2(O7b) +bﬂy QHGRHLQ(O,b)

+(1 + Ep?) b‘%llwllm(o,w] :
k2n?

L2
with the bound on hj given by Lemma 4.10. For k such that 2z corresponds to estimates

Proof. For any k we let 2z, = E — and use the estimates of the appendix combined



PARTIALLY RECTANGULAR BILLIARDS 17

(A.10) and (A.12) of Theorem 3 we obtain :
lurll2-opy < C [b%HthH*(—Bo,b) + b_%||uk||L2(o7b)}
< [ Bl + 0 HIGrllzzon
(07 R 1) b |
We now use that k£ = O(E%) in the regime we are considering. We also remark that
(b7 + k2072 + 1) = O(1 + E02).

Otherwise (i.e. for k such that z; corresponds to estimate (A.11)), we have to add a
global | sin(Byy/z;)| ™" prefactor. Using Lemma 4.11, we have

| sin(Boy/zr)| " < CI/(E) < CV(E)'

We thus obtain that for any & the following holds :

El
lurllz(-posy < C-max <1, 2>[E%w*%annL2mvw

v(E)
2 1Grll20) + (1 + Ebﬁ/+2) b2 ez | -

E1/2

o (B) is bounded from below, so that the claim follows.

U

Using (4.23), for large E we have

4.5. Summing over k. We use the estimates of the preceding sections to obtain a control
on [[u-[|7zg in which we have set

u_(zy) = Y uk(x)sin<%).

We prove the following proposition.

Proposition 4.14. There exists by and Ey and a constant C' depending only on Eqy and by
such that if u is an eigenfunction with energy E > Ey and b < by, then

E
v(E)?

(0 B )

lu-ley < Cos [ BV 0pulEaw) + 8 10yulliary
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Proof. We square (4.24) and sum with respect to k. The Lemma 4.2 controls > || F}|* and
S ||GR]|?. Plancherel formula takes care of Y ||ux|[?>. We also use as before that the norm
over Wj is smaller than the norm over W. O

As for the large mode case, we get a corollary using the fact that ||0,u||* and [|9,ul|? are
bounded above by Elful|72 -

Corollary 4.15. There exists by and Ey and a constant C' depending only on Ey and by
such that if u is an eigenfunction with energy E > FEy and b < by, then
3

2 < C E b2’y+l E2 bZ'y—l 2
||u—||L2(R) = V(E)Q + V(E)2 ||u||L2(Q)

2 Eb~!
+ (1 + Eb7+2) V(E)2 HUH%Q(W)] .

4.6. A non-resonance condition. We now want to make the previous estimates explicit
with respect to E and b so that we can use a similar optimization procedure as for the large
modes case. We thus impose some condition on v(E). Namely, for any ¢ > 0, we introduce
the following set

Z. = {EeR,|V(E)>cE "}

kK*m?  1Pn?
— {EER|W{:,Z€N, |E_Tg_F§| > o 5}.

In other words, the set Z. consists in energies that are far from the Dirichlet spectrum
of the rectangle [—By, 0] x [0, Lo]. It is natural to say that such energies are not resonating
with the rectangle. The coefficient ¢y which is irrelevent when ¢ > 0 has been chosen in
such a way that Weyl’s law for the rectangle implies that Z; is not empty. Note however
that, although expected, it is not clear that there actually are eigenvalues in Z;, nor for
that matter in Z..

Once ¢ is fixed, the estimate of the corollary 4.15 becomes :

HU—H%Z(R) < C - [ (b2~/+1E3+25 4 b2fy—1E2+25) ||u||2L2(Q)

(4.25) , )
(14 BDH2) 5 B Ry

4.6.1. Optimizing b. As before we let b = M E~® for some positive o and try to optimize
the bound.
Proposition 4.16. Define o by

. 342 24 2¢
o = max .
2y +172y—1
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There exists Fy and C' such that for any u eigenfunction with energy E in Z. such that
E > Ey, the following holds :

1 (0%
(4.26) lulZ2r) < ZHUH%z(m + OB lul| T gy

Proof. With the given choice of « it is possible to choose M so that the prefactor of ||ul|2, @
is i for F large enough. The claim follows remarking that the definition of « implies

a> Til > % so that the prefactor (1+ Eb*2)” is uniformly bounded above. O

5. NON-CONCENTRATION ESTIMATE

We now put all the estimates together to obtain the following theorem.

Theorem 2. Fix ¢, and define p by
24+ v4+2(v+ e 142y +4ye
p = max , .
2v+1 4y —2
There exists Ey and C' such that any eigenfunction u of Q0 with energy E in Z. such that
E > Ey satisfies :

ullz2) < C - EP||ul| 2w

Proof. We first remark that whatever the exponent « is we always have 1 + 2 + a > 1 >

27%1 so that the exponent for the small modes is always larger than the exponent for the

large modes. Thus, adding the estimates from propositions 4.9 and 4.16, we obtain
1 (6%
lellzery < gllellzeg + CET Tl
Since 4l = lell3ai0) — 1l we get

1 «
§HUH%,2(Q) < (14 CB"** )||u||2L2(W)

When F is large the constant 1 can be absorbed in the term with a power of E. The claim
follows by computing 1+ 2¢ + « for both possible choices of o and taking square roots. [

We state as a corollary the corresponding statement for the Bunimovich billiard (see
theorem 1).

Corollary 5.1. In the Bunimovich stadium, for any e > 0 there exists Ey and C such that
if u is an eigenfunction of energy E in Z. such that E > FEy then the following estimate
holds:

5482

ullz2) < CE s ||lul|p2owy.

Proof. We let v = 2 so that o = max(*£%, 25 For any non-negative £, £% < 58 thig

makes the proof complete. O
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Remark 5.1. The bounds in [6] gives a similar control with 1 as the exponent of E.

Our bound thus gives a better estimate as long as ¢ < %. As it has been recalled in
the introduction, it is quite natural that the non-resonance condition allows to get better

bounds.

Remark 5.2. We could deal with quasimodes by adding an error term to A that is con-
trolled by some negative power of E. There will be mainly two differences in the analysis.
First the second term A will not have support away from the rectangle anymore and second,
in the optimization process, we will have to take care of the new error term (which will
possibly change the range of applicable exponents).

Remark 5.3. By adding the estimates in propositions 4.7 and 4.14, we get a different
control estimate, where the control still is in the wings but now with a loss in derivatives.
We haven’t tried to optimize this bound.

APPENDIX A. ONE DIMENSIONAL CONTROL ESTIMATES

The aim of this appendix is to provide a control estimate for the equation
—u" —z-u=nh
on [—By, b] of the following type
lullz2(=Bo,0y < Cillbllz-1(=Bopy + CollullL2(0),

in which we want an explicit dependence of the constants C; and C5 on 2z and b. It is now
standard (see [7]) that if b is fixed then we can choose C) and C5 to be independent of z
but what we need is an estimate when b goes to 0.

We first need a few preparatory lemmas.

Lemma A.1. For any ¢ > 0, there ezists a constant C' := C(g) such that for any b, for
2
any h € H'(=By,b) and any z such that z < %, there exists a solution v, € H(0,D)
to
—vy — 2v, = h,

in D'(0,b) and
(A1) vpllz20) < CO|R||-1(=Bo.p)-

Proof. First we note that h, when restricted to (0,b) also belongs to H~'(0,b) and that
1Al =104 < [|Pl-1(=Bo - The proof follows from a standard resolvent estimate since,
on (0,b), the bottom of the spectrum of the self-adjoint operator v — —v” with Dirichlet

boundary condition is 2—22 We include it for the convenience of the reader. We decompose

v, in Fourier series :
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We have
k272 o kw
h(z) = Z( 7 —z) ag sm(?x),
E>1
hence
2
: G
||h||H*1(0,b) = ZTW
k>1 B2
or

( zb?

2
. — o7)
1Bl 10y = 7072 [}f;fl Tk]ﬁ] opll 1 0.

> b2 ||vpl 2200

The claim follows since the inf is bounded away from zero in the regime we are considering.
O

Lemma A.2. For any z < (1%)”2 Let w € Hi(—By,b) be a solution to

—w" = zw =0
in D' ((—Bop,b) \ {0}). Then there exists a constant A such that w = AG, in which the
function G is defined by:

Sln(\/z\(/wE+B0)) Sin%b)’ T < 07

(A.2) Glz) =
sm(\/_\z/(zb—:c)) sm(ﬁBo)’ > 0.

Proof. Let w be such a function then necessarily there exist two constants A4 such that
A sin(Vz@E+Bo)) . 0,
w(z) = { vz

PR R

By assumption w € H' and hence is continuous at 0, so

sin(y/zBy) sin(4/zb)
A ——— = A, ——.
NE; NE;
In the regime we are considering Smf\[fb) # 0, hence we can divide by this expression and

express A_ in terms of A, . The claim follows. O

We finish these preparatory lemmas by establishing the control estimate for multiples of

G.
Lemma A.3.
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(1) For B such that 0 < 8 < £, there exists By = Bi(f8) and C := C(B) such that for
any z < 3% and any b < By the following estimate holds

(A.3) G| 2(—Boo) < Cb™ (|G| 120

(2) For any [,e > 0 there emsts By = By(f) and C := C(B,¢) such that, for any
b< B and f* <z < (1 ™ the following estimate holds :

1

b™z2
A4 G|l 2~ < C—F———|G .
(A1) G100y < Crps Gl
Proof. In case (1), we first assume that z < —Z2 for some positive Z;. we set z = —w? and
compute

w?

/|G Wdr = M/bsmh?(w(b—x))dx,

0

/0 |G (@) dv = SiMhQM/;sinhQ(w(Bo+x))d:r,

By a straightforward change of variables we get

0 . 2 wBo
/ G@)Pdr = M/ i (€) de
0

w3

b
/ Clafdr = ) | sy de.

0

X Gnh2
We set FI(X) := %&;d& so that finally, we obtain :

/_B G(z)[Pdz = };(zﬁ;) /0 G(x) ]2 da.

It is straightforward that F'(X) is positive, tends to 1 at infinity and that F/(X)/X tends
to % at 0. As a consequence, there exists some C'(Zy) such that, for any z < —Z2,

0 b
/ |G (z)]* dz < C'max(1, (cub)_l)/0 |G (z)|* du,

— By

For b < By and w > Zj, we have max(1, (wb)™!) < max(1,w )b~ < Cb~! which gives the
claim for this range of parameters.
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We now assume that we have —Z3 < z < 32. We have

0
/ G dr = sin \/77 ‘ / sin(y/z(z + By)) | i
—Bo By \/7
_ sin \/7) ‘ / sin(y/z(z + By)) |” (2 + By)? de
Bo Zlf + BQ)
S C )
sin(w)

where the constant C comes from the fact that the function is continuous and its
argument belongs to a fixed compact set. On the other hand, by a simple change or
variables we have

b 5 _|sin(y/2By) 2 [ sin(yza) |
/0|G(z)| de = — /0 — d
> cng—g,
- 3

in which ¢ is given by

sin(v/zBo) | sin(y/zz) |
\/EBQ \/EZIZ'

Using that &Sﬂ) is continuous and does not vanish on (—oo, 7) and choosing B; accordingly
we obtain the first bound.

CcC =

0<z<B;

For case (2), we first use homogeneity and prove the bound for G := 2G. We have

/0 é(m)‘z dr = ‘sin(\/zb)‘2/_(;o |sin(v/z(z + Bo))‘2 dx

—Bo

< By lsin(X)[*,
in which we have set X := /zb. On the other hand we have

b ) ,
[ le@| ar = pinvzBo)f* [ fsin(vzn) ] as
= befsin(vEB)* /OX [sin(€) g

with the same X. Under the assumptions, X belongs to a compact subinterval of [0, 7).
Since on this interval the function X m fOX | sin(€)]?d€ is continuous, the claim
follows. O

We can now prove the following
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Proposition A.4. There exist 3 and By := By(3), such that if b < By and v € H}(—By,b)
satisfies

—" —z2v = h,
with h that vanishes on (—By,0), then the following estimates hold:

(1) If = < 32, then

1 _1
(A5) [olleesaoy < Cr (b3 lAllsson + b7 0lon]

b2 b3
A6 _ <C h ——
(A.6) [vllz2(—Bo0) < [sin(Bo \/7)||| l-1(-Bop) + |Sin(BO\/E)|HUHL2(O,b)]>
(3) If 5 < z then
(A7) lollz-poey < Cs [b 1Al sposy + 0 lvllzzon | -

Proof. In the first two cases, we have z < b2 <% b2 We may thus consider v, as given by
lemma A.1 and define v, by extending v, by 0 for negative x. Observe that w := v — v, is
in H}(—By,b) and satisfies

—w” — zw =0
in D((—By,b) \ {0}) so that v — 0, = AG for some A according to Lemma A.2. Using
Lemma A.3 we obtain in the first case

- _1 -
[0 = Oyl L2(=Bo,0) < Cb™2[[v = Ty L2(0,0)-
We use the triangle inequality on the right-hand side and the fact that v, is 0 for negative
x and coincide with v, for positive v. We obtain
_1
[0l 22(-b0,0) < C72 ([[0]lz200) + vpllzzoy) -

The claim then follows from the estimate on ||v,||12( ) in lemma A.1. We prove the second
case by following the same argument, inserting the corresponding bound for G.

The third case will follow the same lines but we will introduce a different particular
solution v,, following then even more closely the proof of [7]. We set A\ = /.

Denote by H the unique L? function on (— By, b) that vanishes on (— By, 0) and such that
H' = h in the distributional sense. The L? norm of H is related to the H~! norm of h by

the relation b
1~ (/0 H(y)dy) 2250y = [[Alla=1(-Bo,0)-

The Cauchy-Schwarz inequality then implies that
(A.8) 1 || 2= oy > (1+02) 7[Rl -1 oty
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Set

o) = [ =G ) ay

then v, satisfies
" 2 Ty
—v, — A, = H

in D'(—By,b) and v,(—By) = 0 but the boundary condition need not be satisfied at b. We
thus have

sin(A(x + B
(o) = ) ~ 0 oy
The function v — v, is thus a multiple of sin(A(z + By)).
We have
/0 sin(A(z 4+ Bo))|* dz < By
—By
and

Hence, in the regime under consideration we have
1
(A9) [0 = vpll2(-Bopy) < CO7Z v — vl L2(0)-

We perform an integration by parts in v, and observe that the boundary contributions
vanish because H vanishes near — By and sin(A(y — x)) vanishes at y = z.

Finally, we obtain

0y(z) = / " cos(A(a — o) H(y) dy.

By
It follows that v, is identically 0 on (—By,0) and that, on (0,b), it satisfies

[vp(2)| < | H ]| 2(- By, V-
Squaring and integrating, we get
[vpllz2(0,8) < DI H [ 2= By ,1)-
Using the triangle inequality in (A.9) and inserting this bound, the result follows for b < %
using (A.8). O

In the paper, we will need to relax the condition that v(b) = 0. This can be done using
a standard construction related to a commutator method. We will get the following
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Theorem 3. There exist § and four constants By, Cq,Csy, C3 depending only on (3 such
that the following holds. For any b < By, for any function u in H'(—By,b) that satisfies

—u" — zu = h,

with h € H™'(=By,b) and such that u(—By) = 0 and h vanishes on (—By,0). Then, the
following estimates hold:

(1) If = < 32, then
(A.10) ooy < Cr (B3 IRl + 678 fullzzon) -
(2) If 8% < 2z < 35, then

1

H—1(— + ——lu :
| (=Bo.b) | sin(Bov/z)] L2(05)

D=

. 2 - < | sin(Byy/z)|
A1) ullzemo < O g

(3) If & < z, then

1 1
(A.12) lullzepoey < Cs |21l oy + b Hlullzzon) |-

Proof. Define a smooth cutoff function p; such that p;(z) is identically 1 if + < 5 and
identically 0 if # > 1 and let p, be the function x + p;(3). Define v := pyu then v €
H}(—By,b) and satisfies

N[

—v" —zv = h + 2(pu) — pyu.
The right-hand side vanishes on (— By, 0) so that, in order to use proposition A.4, we have

to estimate its H~! norm. The strategy is the same as in the proofs of lemmas 4.3 and
4.10.

An integration by parts followed by the use of the Cauchy-Schwarz inequality gives

‘ / (pyu)'e

< p'ull 2009l 2

C
< EHUHLQ(O,b)HQS,HLZ-

Thus,

C
(opa)' |-+ < - llull 20

The third term can be estimated using the same method. Indeed,

/pé’ucb /b (/xpé’( Ju (y)dy> ¢'(z) dx

H / )yl 2019 2

IN
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Using again Cauchy-Schwarz inequality and the fact that |p} (y)| < Cb~2 we get

/ pz:<y>u<y>dy\ < OV ull o) V-
0

We obtain
II/ oy (uW)dyl 2o < CO2[ull 20,8 1V 220
0

< Cb_1||u||L2(o,b)-
It follows that

1B+ 2(phu) = prull a1 (Bowy < 1Pl (=Bosy + CbHullL20p)
We obtain the theorem by plugging this bound into the estimates of the proposition A.4. [
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