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Abstract

This article was published in Multiscale Model. Simul., 16(4), 1684-1731
(2017). In this updated arXiv version we correct the statement and proof of

Corollary 4.2. Clarifying edits were also made in the statements of Corollaries 5.4
and C.1.

The dynamics of waves in periodic media is determined by the band structure of the under-
lying periodic Hamiltonian. Symmetries of the Hamiltonian can give rise to novel properties of
the band structure. Here we consider a class of periodic Schrodinger operators, Hy = —A+V,
where V is periodic with respect to the lattice of translates A = Z2. The potential is also
assumed to be real-valued, sufficiently regular and such that, with respect to some origin of
coordinates, inversion symmetric (even) and invariant under /2 rotation.

1. We present general conditions ensuring that the band structure of Hy contains dispersion
surfaces which touch at multiplicity two eigenvalues at the vertices (high-symmetry quasi-
momenta) of the Brillouin zone. Locally, the band structure consists of two intersecting
dispersion surfaces described by a normal form which is 7/2—rotationally invariant, and
to leading order homogeneous of degree two. Furthermore, the effective dynamics of wave-
packets, which are spectrally concentrated near high-symmetry quasi-momenta, is given
by a system of coupled Schrédinger equations with indefinite effective mass tensor.

2. For small amplitude potentials, eV with € small or weak coupling, certain distinguished
Fourier coefficients of the potential control which of the low-lying dispersion surfaces (first
four) of H® = H_,, intersect and have the above local behavior.

3. The existence of quadratically touching dispersion surfaces with the above properties
persists for all real £, without restriction on the size of €, except for ¢ in a discrete set.

Our results apply to periodic superpositions of spatially localized “atomic potentials” centered
on the square (ZQ) and Lieb lattices. We show, in particular, that the well-known conical plus
flat-band structure of the 3 dispersion surfaces of the Lieb lattice tight-binding model does not
persist in the corresponding Schrodinger operator with finite depth potential wells. Finally, we
corroborate our analytical results with extensive numerical simulations. The present results
are the Z>— analogue of results obtained for conical degenerate points (Dirac points) in the
band structure for honeycomb structures.
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1 Introduction

The dynamics of waves in periodic media are determined by the band structure of the underlying
Hamiltonian; see, for example, [2, 12, 19, 13, 14]. Symmetries of the underlying Hamiltonian give
rise to novel properties of the band structure. An important example is the band structure of the
single electron model of graphene and its artificial analogues. Here, Hy = —A + V, with V a
real-valued potential with the symmetries of a hexagonal tiling of the plane. It is well-known that
the band structure contains Dirac points, conical singularities at the intersections of dispersion
surfaces which occur at the vertices (high-symmetry quasi-momenta) of the hexagonal Brillouin
zone; see, for example, [17, 8, 6, 4]. A consequence is the massless Dirac dynamics of wave-packets
(quasi-particles) which evolve from initial data which are spectrally localized near Dirac points [17,
9].

In this article, we consider a class of periodic Schrédinger operators on R?, whose underlying
period lattice is Z? and such that the potential is real, inversion symmetric, and invariant under
7 /2 rotation. We call such potentials admissible; see Definition 2.3. The class of potentials to which
our results apply includes those which are superpositions of localized potentials (say potential wells
or potential barriers) centered on a discrete structure with the appropriate symmetries. Two such
examples are illustrated in Figure 1.1; the square lattice (left) and the Lieb lattice (right) are
displayed together with corresponding choices of fundamental cells. We call these two types of
potentials square lattice potentials and Lieb lattice potentials; see Examples 2.5 and 2.6 and the
potentials in Figures 7.1-7.5.

Our goal is to study symmetry-induced characteristics in the band structure of such operators
and to explore these in the context of the above two examples. The present results are the Z?—
analogue of results obtained in honeycomb structures [20, 10, 8, 7, 15, 4]. Our proofs make use of
the framework developed in [8, 7].

For the class of potentials we consider, the nature of band degeneracies at high-symmetry quasi-
momenta is described by two intersecting dispersion surfaces which are locally characterized by a
normal form which is 7/2—rotationally invariant, and to leading order homogeneous of degree two.
A consequence is that the dynamics of wave-packets, which are spectrally concentrated near such
high-symmetry quasi-momenta, is given by an effective system of coupled linear time-dependent
Schrodinger equations with indefinite effective mass tensor. This is in contrast to the case of hon-
eycomb structures where the band degeneracies at the high symmetry points are conical (so-called
Dirac points) and the effective dynamics is given by a time-dependent system of Dirac equations.

1.1 A quick review of Floquet-Bloch theory; [19, 13, 14, 5, 12]

Consider the periodic Schrodinger operator, Hy = —A + V| where V' is real-valued and periodic
with respect to a lattice A = Zvy @ Zvo; for all x € R? and v € A, we have V(x + v) = V(x).
Introduce the dual lattice, A* = Zky & Zks, such that k; - v,,, = 27;,,,, and spaces of A— periodic
and k— pseudo-periodic functions:

loc

L*(R?*/A) = {f € L3 (R?) : f(x+v)=f(x) almost everywhere in x, for all v A }

and
1 = {f L (®) : e f(x) € IAR?/A) ).
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Figure 1.1: An illustration of the square (left) and Lieb (right) lattices with corresponding fun-
damental cells, , (shaded). The Lieb lattice is the union of 3 interpenetrating sublattices, labeled
A (red), B (black), and C' (blue).

Functions f € L satisfy f(x +v) = e**f(x) almost everywhere in x for all v.€ A. The inner
product on L?(R2?/A) is given by (f, g)LQ(Rz/A) = [, fg, where Q C R? is a period cell. Since

f,g € L} implies that fg € L*(R?/A), the same expression defines an inner product on L2 .
Floquet-Bloch states are solutions of the self-adjoint k—pseudo-periodic eigenvalue problem:

Hy® =ud, ®clLi. (1.1)

Since this boundary condition satisfied by f € L is invariant under k — k + K, for any ke A*, we
may restrict to k varying over a fundamental period cell in the dual variable. This Brillouin zone,
B, is often taken to be the set of all points in k € R? which are closer to the origin than to any
other point in A*. For the case of the square lattice, A = Z?

B={k=kWYk?): -7 <k <x, -7 <k® <a}; (1.2)

see Figure 1.2.
An alternative formulation is to write ®(x) = e *¢(x) and seek, for all k € B, solutions of the
self-adjoint periodic eigenvalue problem:

Hy (K)o(x) = (~(Va+ik)® + V(x))é = po(x), ¢ e L*(B2/A). (13)

For each k € B, the self-adjoint elliptic eigenvalue problem (1.3) has a discrete set of eigenpairs
(o (k), dp(x;k)), b=1,2,3,..., where the eigenvalues may be listed with multiplicity, in order:

p1(k) < po(k) <o < pp(k) < - -

where {¢p(x;k)}»>1 can be taken to be a complete orthonormal sequence in L?(R?/A). Moreover,
the family of states ®p(x;k) = e’ *¢y(x;k) where b > 1 and k € B are complete in L2(R?). The
eigenvalue mappings pp: B — R are Lipschitz continuous [3, 9] and are called dispersion relations,
and their graphs are called dispersion surfaces. The collection of all dispersion relations is called
the band structure of the periodic Schrédinger operator, Hy . The spectrum of Hy acting in L?(R?)
is the union of the closed real intervals: o(Hy) = p1(B) U pe(B)U -+ U pp(B) U - - -.
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Figure 1.2: Brillouin zone, B, for the square lattice I' = Z2. The points ' = (0,0), M = (r, ), and
X = (m,0) are labeled, along with successive /2 rotations of M by R; see (2.5). An irreducible
Brillouin zone is shaded in blue. In later figures, the graphs of dispersion relation are plotted along
the cyclicpathT' - X - M — T.

1.2

Summary of results

We summarize our main results:

1.

Theorem 4.1:

(A) We present general conditions on the admissible potential, V', for the following sce-
nario: there exists pug € R, such that for all vertices, M, of B, ug is an L%\/I*_ eigenvalue of
Hy of geometric multiplicity two, with L3; — kernel(Hy — psI) = span{®;, ®>}.

(B) There exist dispersion maps k — p_(k) and k — p(k), defined for k € B with
p— (k) < py (k) and such that for all vertices, M,, of B we have us (M, ) = ug; the dispersion
surfaces associated with p_ and p4 touch at the energy / quasi-momentum pairs (M., ug).

(C) The two touching dispersion surfaces are locally described by a normal form which
is m/2—rotationally invariant and, at leading order in |k — M, |, homogeneous of degree two.

In particular, for [k| = |(k1, k2)| = /K7 + K3 small:

peM+ k) —ps = (1= a)|s[* + (k) * \/‘ V(KT — K3) + 2BK1 K2 g Qs(k) , (1.4)

where o € R and 3,7 € C are constants, and Qg(k) = O(|x|®) and Qs(k) = O(|x[®) are
analytic functions of £ and invariant under 7/2—rotation: (K1, k2) — (—K2, K1).

(D) Corollary 4.2: If V' is, in addition, assumed to be reflection-invariant with respect to
the diagonal of the fundamental cell, © (see Figure 1.1), then (1.4) reduces to

peM+ K) = ps = (1 = a)|x]* + Qg(r)

/A2 (5 — K3)2 + 452383 + Os(k), (1.5)

where o, 8 € R and 4 € R, and where Qg(x) and Qg(k) are now also invariant under the
reflection: (K1, K2) — (K2, K1)-
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. Theorem 5.3: Consider H®* = H.y = —A + €V, where V is admissible and ¢ is real. Let V7 ;

and V; o denote the (1,1) and (1,0) indexed Fourier coefficients of V' (see (2.4)) and assume
the (generically satisfied) non-degeneracy condition: Vi 1 # Vi 9. Then, for all non-zero and
sufficiently small ¢, there are 2 dispersion surfaces of H¢, among the lowest 4, that touch at
the vertices of B. In a neighborhood of each vertex, the local character given in (1.4) or (1.5).

. Theorem 6: There exists a discrete set C C R, such that if € ¢ C~, then 2 dispersion surfaces

of H¢ touch at the vertices of B with local behavior described by (1.4). The constants
a® € R, ¢ € C, and ¢ € C in Theorem 5.3, and o and ¢ in Theorem 6, displayed in
(4.60), depend on the degenerate eigenspace, span{®$, 5}, for quasi-momentum. Hence, the
property of quadratically touching dispersion surfaces with local behavior given by (1.5) holds
for generic, even arbitrarily large, values of €.

. Lieb lattice potentials: tight-binding vs strong binding: The well-known conical plus flat band

structure dispersion surfaces of the 3-band tight-binding model for the Lieb lattice does not
persist in the Schréodinger operator with periodic Lieb lattice potential consisting of potential
wells centered on the Lieb lattice; see Section 1.3.

. Numerical studies: In Section 7 we discuss numerical simulations for various admissible po-

tentials for a full range of coupling parameters, € small to ¢ large. These include potentials
which are superpositions of spatially localized potentials, centered on vertices of the square
lattice or the vertices of a Lieb lattice. Our simulations corroborate our analytical results and
are discussed in this context.

. Wave-packet dynamics; Appendixz B: A multiscale analysis demonstrates that the envelope of

the solution of the time-dependent Schrédinger equation, i0,9(x,t) = (—Ax + V(x))¥(x, 1),
for wave-packet initial data: (x,0) = C1p(X) ®1(x) + Ca0(X) Po(x), where X = dx =
(X1,X2), and Cjo(X), j = 1,2 are in Schwartz class, evolves on large but finite time scales
according to a coupled system of Schrodinger equations (T' = §%t):

0 L 9 0
; x T) = Ip’q x T —
Za Cp( s ) - q§:1 72:1 aXT T,8 axs Cq( ) )7 p = 1, 2. (1.6)

Here, Y74 are the matrix elements of an (indefinite) inverse effective mass tensor; see Section
4.1. The branches of the dispersion relation of (1.6) are given by the expression in (1.4).

A derivation of (1.6) is presented in Appendix B. A rigorous proof of the long (finite) time
validity would be along the lines of [1] or [9], for example.

The Lieb lattice; tight-binding versus continuum models, a band
structure instability

Our original motivation for the present study was to contrast the band structure of the Lieb lattice
tight-binding Hamiltonian (see, for example, Nitd et al in [18], Weeks and Franz in [22]) with that of
the corresponding continuum Schrédinger operator with Lieb lattice potential in the high-contrast
(strong binding) regime, as studied via simulation in Guzmén-Silva et al in [11].
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Figure 1.3: (left) Dispersion surfaces of the 3-band tight-binding model for the Lieb lattice. The
Brillouin zone is [—, 7r]2 (right). A plot of the dispersion surface along the pathT' — X — M — T,
as described in Figure 1.2. At the vertices of the Brillouin zone, the dispersion relation has the
structure of a conical intersection and a flat band. Our analysis shows that this structure does not
persist in the continuum Schrédinger operator which limits to the tight-binding model.

Our results demonstrate that the well-known flat-band plus conical structure near the vertices of B
does not persist in the regime of strong-binding (finite deep atomic wells at each lattice site) for the
continuum Schrédinger operator.

This is in contrast to the case of honeycomb structures, where the Dirac (conical) points of the
tight-binding model of Wallace [21, 17] persist in the continuum honeycomb Schrédinger operators
[6, 8]. We now explain this in some detail.

The tight-binding model for the Lieb lattice is given by a Hamiltonian acting on wave functions
Y € 12(Z%C3); for each (m,n) € Z?, ¥y, € C3 is a vector of 3 complex amplitudes assigned to
the A, B and C sites in the (m,n)™ cell; see Figure 1.1 (right). This model has m/2—rotational
invariance about any B— site. The detailed setup is presented in Appendix A. The band structure
has three band dispersion relations, whose graphs (dispersion surfaces) intersect at the vertices of
the Brillouin zone, B. Figure 1.3 reveals that the three dispersion surfaces which meet at the vertex,
M, of B consists of a constant energy dispersion surface (a flat band, k Eg : (k) = 0), and two
other dispersion surfaces, k — EiB (k), which meet conically at M. An analogous picture applies
in a neighborhood of each vertex of B, as seen in the left plot of Figure 1.3. The latter observation
follows from symmetry considerations.

It is natural to contrast this behavior with that of the two-band tight-binding model of P.R.
Wallace (1947), introduced in his pioneering work on graphite [21, 17]. In this model, there are
two dispersion surfaces which meet conically at the high-symmetry quasi-momenta, located at the
vertices of the (hexagonal) Brillouin zone. These conical points are called Dirac points.

The tight-binding model gives an approximation to the low-lying spectrum of the continuum
Schrédinger operator —A + A2V, where V is a superposition of identical potential wells, centered
at the sites of a honeycomb structure and X is sufficiently large. It was proved in [6] for this
strong binding regime that Dirac points occur at the vertices of the Brillouin zone and that, after
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Figure 1.4: Dispersion surfaces for —A 4 V, sampled along a two different quasi-momentum seg-
ments through the high symmetry quasi-momentum, M. Here, V7, is the periodic potential whose
restriction to the primitive cell is: Vi (x) = —Vp (e XI’/7 4+ e=Ix=(1/2.0)1 /o | o=[x=(0.1/2)]*/o) Geg
ments are of the form k = M =+ A(cos6,sin6)’ for A € (=Xg, Ag) with 6 = T (left) and § = L2F
(right).

a rescaling, the first two dispersion surfaces converge uniformly to those of Wallace’s two-band
tight-binding model. It had earlier been proved in [8, 7] that generic Schrédinger operators, for
the class of honeycomb lattice potentials, have Dirac points within their band structure and that
these Dirac points persist against small perturbations of the potential which break inversion or
complex-conjugate symmetries; see Definitions 2.3(ii) and 2.3(iii).

Question 1.1. Consider a potential Vi, (x), formed as a superposition of identical deep potential
wells centered at the points of the Lieb lattice. Does the local band structure near the vertices of
B (a flat band plus two conically touching surfaces) of the tight-binding model persist in the band
structure of —A + Vi, i.e. does this local structure persist into the strong binding regime?

The answer is no, and the precise character of the local band structure is a consequence of our
analysis of m/2—rotationally invariant potentials. Figure 1.4 displays the family of 3 curves obtained
by sampling 3 dispersion surfaces of —A + V},, two surfaces that touch at the vertices of B and the
nearest to these among all others, for a choice of deep atomic potential wells. The two curves which
intersect are locally described by (1.4).

Remark 1.2. In [1, Section 6] results on homogenized effective equations were obtained for the
dynamics of wave packets, which are spectrally localized near an isolated (quadratic) spectral band
edge. The authors also consider both the cases of simple and degenerate eigenvalues occurring
at a band edge, derive a system of coupled Schridinger envelope equations, and remark on the
non-genericity of degenerate eigenvalues at a band edge. Although non-generic in the space of all
potentials, the results of this article show in the presence of symmetry, for example the symmetries
of our P o C and w/2—rotationally invariant (admissible) potentials, such systems are realized in
many physical settings of interest.
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1.4 Outline of the paper

In Section 2, we define the class of admissible potentials considered here, characterize the Fourier
series of such potentials, and develop tools for Fourier analysis in the spaces, L for k € B. In
particular, L3, has direct sum (orthogonal) decomposition into eigenspaces, L12v[,a (0 = %1, +4), of
the 7/2—rotation operator, R, which acts unitarily on L3;.

In Section 3 we study spectral properties of the free Laplacian, —A, in L3;. In particular, we
show that —A has four-fold degenerate L3, eigenvalues (we consider the least energy such), which
correspond to four simple eigenvalues, one in each of the invariant subspaces, L%/LU .

In Section 4 we state and prove Theorem 4.1 and Corollary 4.2 which give sufficient conditions for
the quadratic touching of two dispersion surfaces at the high-symmetry quasi-momenta, situated
at the vertices, My, of B. These results also display the detailed expansion of the dispersion maps
in a neighborhood of these quasi-momenta.

In Section 5 we verify the hypotheses of Theorems 4.1 and Corollary 4.2 for Hamiltonians of the
form H¢ = —A + eV, where V is admissible, for all € real, sufficiently small and non-zero. This
then proves the existence of quadratic degeneracies at high-symmetry quasi-momenta as described
in Theorem 4.1 and Corollary 4.2 for the regime of sufficiently weak-coupling (low-contrast).

In Section 6, we consider H® = —A + ¢V, where ¢ is real and non-zero, but not restricted by size.
Theorem 6.1 states that the small e—results persist for all non-zero real ¢ except for a possible
discrete set of e—values. The proof, based on arguments in [8, 7], is sketched.

Section 7 summarizes a range of computational experiments that corroborate our analytical results.

Appendix A summarizes the formulation of the tight-binding for the Lieb lattice; see Section 1.3.

Appendix B summarizes a multiple scales asymptotic expansion yielding a coupled system of time-
dependent Schrodinger equations, which govern the evolution of wave-packets, which are spectrally
concentrated in a neighborhood of high-symmetry quasi-momenta, M, € B5.

Finally, in Appendix C we provide the details of a calculation of coefficients occurring in the leading
order expression for the touching dispersion surfaces in the weak coupling (¢ non-zero and small)
regime; see also Corollary 5.4.

1.5 Notation

We remark on some frequently used notation and conventions.
1. Repeated indices are understood to be summed unless otherwise specified.

2. For m € 72, mk = m1ky + msokso, where ki and kg are the dual lattice basis vectors defined
below in (2.2).

3. {f, g)Lz(RQ/A) = (f,g); if not indicated the inner product is understood to be taken in
L?(R2/A).
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2 The Lattice A and Admissible Potentials

2.1 The Square Lattice
We begin with the lattice A = Zv; @ Zv,y, where

w:a<®zmjw=a<®. 2.1)

The constant, a, is the lattice constant giving the distance between nearest neighbor sites. The
dual lattice, A*, is generated by the vectors

1 (27 1 (0
k1:a1<0) and kg:a1(27r>. (2.2)

For simplicity, we assume a = 1. The Brillouin zone, B, is given in (1.2); see Figure 1.2. We have
the relations k; - v,,, = 276, for I,m =1, 2.
Let R be the 7/2—clockwise rotation matrix

R—<ﬂ @. (2.3)

We record the elementary relations: R*vy; = vy and R*vy = —vq, and Rk; = —k, and Rks = k.
It follows that R and R* map A to itself and A* to itself. Denote the vertices of B by:
M=M,_, =(rmn", M, =(@@-n" M _=(rn-n" M, =(mnn".

+— ——

Then, the set of vertices of B is mapped by R to itself,
M, =RM=M-k;, M =RM=M-k;—-ks, M, =RM = M-k .

n
Furthermore, R maps the affine sublattice M + A* one to one and onto itself. See Figure 1.2.

Remark 2.1. Note that the pseudo-periodic boundary condition associated with quasi-momenta
located at the vertices of B are the same and correspond to M-pseudo-periodicity, i.e. for any
choice of (a,b) € {+,—}, we have P(x + v;Map) = eMVY(x;Myp), x € R, v € A Therefore,
for any M, € M + A, the space L%/[* can be identified with L3;. Furthermore, the local character
of dispersion surfaces in a meighborhood of any vertex of B determines the local character in a
neighborhood of any other vertex of B.
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2.2 Admissible Potentials

For any function f defined on R?, we define the 7/2—rotational operator

RIf(x) = f(R™),

where R is the 7/2—clockwise rotation matrix displayed in (2.5).
We consider smooth (say C°) periodic potentials V(x) = V (x1,22) defined on R?, with funda-
mental period cell = [0,1] x [0,1]. Any such V can be represented as a Fourier series:

V(X) — Z Vmeimﬁ-x — Z urllm262wi(mlz1+m212)’ (24)

meZ2 (m1,mo)€Z?

where Vi = (2m)72 [ e’imﬁ'xV(x)dx, and mk = mk; + moks.

Definition 2.2 (P, C and R invariance). 1. Given a point x € R?, its 7/2— counterclockwise
rotation about X, denoted Xz, satisfies: Xg — x. = R* (x — x¢). If

RIVI(x) = V(xr) =V(x) (2.5)
for all x € R? we say that V(x) is R—invariant, or 7/2—rotationally invariant, with respect
to X..

2. Given a point x € R?, its inversion with respect to X., denoted Xz, satisfies: X7 — X, =
—(x—x.). IfV(xz) = V(x) for all x € R? we say that V (x) is P-invariant, parity invariant,
or inversion symmetric with respect to X..

3. We say that V (x) is C-invariant or invariant under complex conjugation if V(x) = V(x) for
all x € R2.

We shall study potentials which are real-valued, smooth and invariant under PoC and R—invariant
(invariant under /2 rotation). We call such potentials admissible.

Definition 2.3 (Admissible potentials). An admissible potential is a smooth function, V(x), defined
on R? with the following properties.

i. A-periodicity: V(x +v) =V (x) for all x € R? and v € A\;
There exists x. € R? with respect to which (in the sense of Definition 2.2)
1. V is C—invariant;
1. V is P—invariant; and
w. V is w/2—rotationally invariant.

Throughout this paper we shall assume, with no loss of generality, x. = 0.
In some of our results we consider admissible potentials which are also reflection invariant. Such
potentials have the full symmetry of the square lattice.

Definition 2.4 (Reflection Invariance). An admissible potential, V (x), defined on R? is reflection
invariant if V(x1,x2) = V(x2,21).
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We introduce two basic examples of admissible potentials, each obtained as a sum of translates
of a fixed atomic potential:

Example 2.5 (Square lattice potential). Let V(x) = > 2 Vo(x + m), where Vo = Vo(|x]|) is
real-valued, radially-symmetric, sufficiently rapidly-decaying “atomic potential” . We call V(x) a
square lattice potential. It is easily seen that this class of potentials is admissible with x. = 0.

Example 2.6 (Lieb lattice potential). We fix the fundamental period cell to be the square with side-
length one. Within a fized cell are three points, labeled A, B and C; see Figure 1.1 (right). The Lieb
lattice, L, is the union of three sublattices: A + 72, B+ 7Z? and C +Z2. A Lieb lattice potential
is given by V(x) = > o Vo(x + w), where Vo = Vy(|x|) is real-valued, radially-symmetric and
rapidly-decaying atomic potential. Lieb lattice potentials are admissible with x. = 0. An example
of an atomic Lieb lattice potential is displayed in Figure 7.4.

The next proposition states that if V' is an admissible potential in the sense of Definition 2.3
then the operator Hy acting in LI, has an additional symmetry, for k € M + A*.

Proposition 2.7. Assume V is an admissible potential in the sense of Definition 2.3. Then
Hy = —A+V and R map a dense subspace of L3, to itself. Moreover, restricted to this dense
subspace of L3y, the commutator [Hy,R] = HyR — RHy = 0. In particular, if ®(x) is a solution
of the M—pseudo-periodic eigenvalue problem for Hy for energy E, then R[®](x) is also a solution
of the M —pseudo-periodic eigenvalue problem for Hy with energy E.

Proof. Note first that —A commutes with rotations and the operator ® — V&, where V is an
admissible potential, commutes with 7/2 rotations. Furthermore, assume ®(x) is M—pseudo-
periodic and define ®p(x) = ®(R*x). Then, for all v.€ A = Z? and all x € R%: ®p(x+v) =
O(R*x + R*V) = eMEVH(R*x) = ¢ IMVP(R*x) = !M-k)VPH(R*x) = M VP p(x). For more
detail, see an analogous result in [8]. O
2.3 Fourier series of admissible potentials
The following proposition implies constraints on the Fourier coefficients of admissible potentials.
Proposition 2.8. Let V(x) be in C®(R%/A). Then, for all m = (my,ms) € Z>

i. V(—x)=V(x) = Vi =V_m,

i. Vx)=V(x) = Vm=V_m,
111, R[V] (X) = V(X) — leﬂnr‘, = V-?’I’Lzﬂfh'

Proof. Parts (i.) and (ii.) are straightforward. Part (iii.) makes use of the action of R on the dual
lattice basis {ki,ka} or equivalently R* on the lattice basis {vy, va}. O

Note that we may iterate the relation in part iii of Proposition 2.8 to obtain:
Vmumz = V—m27m1 =Vom,—m, = sz,—mr (2'6)

Introduce the mapping R : 72 — 72 defined ﬁ(ml, mz) = (—ma,my) and therefore ﬁz(ml, ma) =
(—ma1, —ma), R3(m1,mz) = (ma, —m1), and R*(my, ma) = (m1, ma). Thus, R* = R = Id, and
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Note that 0 is the unique element of the kernel (and fixed point) of R and furthermore that every
m # 0 lies on a non-trivial 4-cycle of R, the set {(mq,ma), (—ma, m1), (—m1, —ma), (ma, —m1)}.
Let m and n be elements of Z? \ {0}. We say that m ~ n if m and n lie on the same 4-cycle
of R. The relation ~ is an equivalence relation and partitions Z2 \ {0} into equivalence classes,
(z2\ {0}) / ~. Let S denote a set consisting of one representative element from each equivalence
class.

Proposition 2.9. (a.) Let V denote an admissible potential in the sense of Definition 2.3 and let

Vin = Viny.ma, for m € Z2, denote its Fourier coefficients; see (2.4). Then,

V(z1,22) = Vo0 + Z 2Viny ms | cos (2m(Mmaz1 + maxa)) + cos (2m(maxy — maze)) .

(m1,m2)€S
(2.8)
(b.) If V is also reflection invariant ( V(z1,x2) = V(z2,21) ), then
V(zy,22) = Voo + Z 2Vin.m [ cos (2mm(z1 + x2)) + cos 2am(z1 — z2)) . (2.9)

meZ

Proof. Expanding V(x) in a Fourier series, and using the relations in (2.7), we obtain:
V(X) =Vp + Z Vin (eimﬁ-x +ez(7€m)lzx +ei(7€2m)ﬁ~x +ei(ﬁ3m)ﬁ-x ) )
mes
Adding this expression to its complex conjugate and dividing by two and using that the coefficients
Vi are real (Proposition 2.8 (i) and (ii) ) implies:
V)= Vo + Z Vin ( cos(mk - X) + cos ( (Rm)k - x ) + cos ((ﬁ2m)E . x) + cos ((ﬁ3m)§ . x) ) ,
meS

which reduces to the expression in (2.8). Thus Part (a.) is proved.
Suppose V additionally is reflection invariant in the sense of Definition 2.4. By (2.8) this is
equivalent to:

Z 2Viny ms [ c0s (2T (maz1 + mixe)) + cos (2m(meze — mix1)) |
(m1,7n2)6§

= Z 2Viny ms [ €08 (2T (myz1 + mox2)) + cos (2m(mezy — mize)) | -
(ml,mz)Eg
It follows that for all xq, x5 :
cos[2m(maex1+mix2)] + cos[2m(maze—myxy)] — cos[2m(myx1+mexs)] — cos[2m(maxz1—miz2)] = 0
(2.10)
Using trigonometric identities, (2.10) reduces to:

fi(x1, x2) = sin(2mmaxy) sin(2rmy zo) = sin(2rmy xq) sin(2rmoxe) = fo(x1, 2).

This implies that the Fourier coefficients of f; and f match and therefore m; = mso.
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2.4 Fourier analysis in L},

In this subsection, we characterize the Fourier series of functions ¢ € L};. Such functions may be
expressed in the form ®(x) = e™*¢(x), where ¢(x) is A = Z2—periodic. Thus, ® has the Fourier
representation:

o(x) = M Z c(m1,T)”Lz)ei(mlklJ”T”l‘Z)"‘7 (2.11)
(m1,ma)€EZ?
which we rewrite as
b(x) = Z co(m1, my)el(MAmiki+tmake)x Z co(m)e ™M™ X, (2.12)
(m1,m2)€Z? meZz?

where M™ = M + mk = M + mik; + maoks € M + A*. We denote the Fourier coefficients of a
specific ® € L%, shown in (2.12) as ce(m) or c(m; ®).
Next, observe that the transformation R: f — R[f](x) = f(R*x) is unitary on L} and so its

eigenvalues lie on the unit circle in C. Furthermore, if R® = 0® and ® # 0, then since R* = Id,
we have that ® = R*® = 0%®, so that 0* = 1. Therefore, o € {+1, —1, +i, —i}.

This induces a decomposition of L3, as an orthogonal sum of eigenspaces of R:

LQM == L%\/Ll @ L%/[,fl @ LQM)Z @ LQM)fi ) (213)

where
L%/I,o = { f € le\/I : R[f] = Jf }7 o€ {1a _177;7_7;}‘ (214)

Remark 2.10. The spectral theory of H in L3, can be reduced to its independent study in each of
summand subspace in the orthogonal sum (2.13).

Our next goal is to characterize Fourier series of functions in the orthogonal summands L%,I)U
for o = 41, £i. We first apply R to @, represented as a Fourier series in (2.12). Note that

RMm = R(M + mE) = RM + R(m1k1 + mgkg) =M + m2k1 + (—1 - ml)kg = Mm2’_1_m1 5
and define (taking some liberty with notation)
Rm = R(my,ms) = (Mo, —1 —my)

and hence R™'m = R~ (my,ma) = (—=m2 — 1,my) . The mapping R acting on L3, induces a
decomposition of Z? into orbits of minimal length four:
(ml,mg)R — (mg, —1-— ml)R — (71 —m, —-1- m2>R — (71 — ’ITLQ,TTLl)R — (ml,mg) (215)
and we write: R?m = (—1 — my, —1 —my), R3m = (=1 — ma,my) and R*m = (my, my).
For m,n € Z? we write m ~ n if m and n lie on the same orbit under R. We denote by S any

set containing exactly one representative from each equivalence class in Z?/ .

Remark 2.11. One such equivalence class is {(0,0),(0,—-1),(=1,-1),(=1,0)} and we choose
(—1,0) as its representative in S. In Section 5 we shall define S* = S\ {(0,—1)} and write
S={(-1,0}ust.
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In terms of the above notation we have

RM = M™2—1l-m1 — pfRm (216)
RI®)(x) = e™M* 3" cq(my,my)ellmelatClmmila)x - N o ()M
(m1,m2)€Z? meZ?

Therefore, cry(Rm) = c¢y(m). Note that

R7'm=R3m = (—my — 1,m,), (2.17)
R?m =R*m = (-1 —my,—1 —msy), and (2.18)
R73m = Rm = (my, —my — 1). (2.19)
Hence,
crio(m) = cp(R™m), 5=0,1,2,3. (2.20)

The Fourier series of ® € Li, satisfying the pseudo-periodic boundary conditions may be expressed
as a sum over 4-cycles of R:

_ iM™.x iRM™.x 2 iR*M™ .x 3 iRPM™.x
p(x) = n%:sc@(m)e + ca(Rm)e + cs(R°m)e +cp(R°m)e - (2.21)

We next study the Fourier representation (2.21) in the case where ® € L12v[7(7 for o0 = £1, 4.
Proposition 2.12. Let ® € L3;. Then,
delyy, = co(R'm) = 0"/ co(m), j=0,1,2,3.

In particular,

RO®=3 <= c¢(m)=c(Rm)=c(R?’m) = c(R*m)

RP=-0 <= c¢(Rm)=—c(m), c¢(R’m)=c(m), c¢(R’m)=—c(m)

R =i® <= c¢(Rm)= —ic(m), c¢(R’m)=—c(m), c¢(R*m) = +ic(m)

RP = —i® <= c¢(Rm)=+ic(m), c¢(R*m)=—c(m), c¢(R®m)= —ic(m).
Proof. Suppose ® € L3, , and R® = 0®. Then, R*® = 0>® and R*® = ¢°®. Correspondingly,

crio(m) = olcg(m) for j = 0,1,2,3. By relations (2.20) we have co(R*Im) = crigp(m) =
o’cy(m) for j =0,1,2,3. Replacing j by 4 — j completes the proof. O

Applying Proposition 2.12 to (2.21) we obtain:

Proposition 2.13. Let o € {+1,—1,+i,—i}. Then, ® € Ly, , if and only if there exists {c(m)}mes
in 12(S) such that

3 .
O(x) = > c(m)) ot THMTx, (2.22)

mes §=0
In detail,
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1. ®e L}y, <= there exists {c(m)}mes € I*(S) such that

_ iM™.x ;o iRM™-x iRPM™-x | ; iR*M™x
P(x) = ze:sc(m) (e — e —e + ie ) : (2.23)
2. ®e Ly ;, < there exists {c(m)}mes € I*(S) such that
D(x) = Y cfm) (M7 g e RMTx  (IRIMT i ROMT ) (2.24)
meS

3. ®eLiy, < there exists {c(m)}mes € 1*(S) such that

B(x) = Z c(m) (eiMmAx 1 RM™ x| GiRPM™x eiR3Mm-x) ) (2.25)
meS

4. ®eLyy , <= there exists {c(m)}mes € I*(S) such that

B(x) = Z ¢(m) (eiMm-x L IRM™ x|y iRPM™x eiR3Mm-x> . (2.26)
meS

Finally, P oC is a bijection between L%/h and le\/l,—i' If co(m),m € S are the Fourier coefficients
of ® € Ly, , then c(pocys(m) = ca(m), m € S are the Fourier coefficients of (PoC)® € Ly, _;

i

3 HOY =_A on L};: A Four-fold Degenerate Eigenvalue
We consider the eigenvalue problem (1.1) for the case V = 0. Let H®) = —A.
HO9© = ,0x)0® o ¢ 12, (3.1)
Equivalently, take ®(© (x; k) = % *¢(%) (x), where ¢(©)(x) € L?(R?/A). We have (see (1.3))

HO )" = —(V +ik)?6" = @ ()9,

pV(x+v)=9¢0(x), veA. 3.2)

For my, mo € Z, the eigenvalue problem (3.2) has solutions of the form:

¢(0) (X;k) _ 67;(77L1k1+m2k2)‘x’ k e B,

my,m2

with corresponding eigenvalues

M’Eroli,mg (k) = |k + mlkl + m2k2|27 k ¢ B.
The dispersion relation for the free Hamiltonian, H(®), is plotted in Figure 3.1.
The following result concerns the spectral problem for the high symmetry quasi-momentum k = M
(and by Remark 2.1 all vertices of B):
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Theorem 3.1. Let k =M and o = £1,4i. Then,

1. ,u(;) = |M|? = 272 is an L3;—eigenvalue of multiplicity four with corresponding four-dimensional
eigenspace given by

L%\/I — Kernel ( H(O) o ,ug))ld ) _ Span{ eiM-x’ eiRM~x’ eiRi’M.x’ eiR3M.x } (33)

2. HO qgcting in L%/[,g has simple eigenvalue Mgo) = |M|? with corresponding eigenspace:
L%VLJ — Kernel ( HO — ,u(SO)Id ) = span {<I>§,0>} ,

where <I><(70) are defined as follows.

‘I)SSE(X) — ¢Mx | iRMx | iR'Mx | iRPMix o L%\/I,H (3.4)

<I>(,Oi(x) — ¢Mx _ iRMx eiR2M~x . eiR3M~x c L%v[,—1 (3.5)

(x) = eMx g iMx _ GRIMx 4y (M e g2 (3.6)

<I>(_02(x) = Mx | giRMx _ iRMx _ iRMx o L%,Lﬂ- (3.7)
Furthermore,

L3; — Kernel ( HO — u(SO)Id )

= span{ @Eﬂ(x) } & span{ @@(x) } & span{ (I’SSZ-) (x) } & span{ (Dg) (x) } .
3. ,u(;) = 272 is the lowest eigenvalue of H®) in L.

Proof. The function e’ is an L —eigenvalue of —A with eigenvalue |k|2. Since vertices of the
Brillouin zone, M, RM, R?M and R3M, are equidistant from the origin and are all equivalent

modulo A*, we have ,u(;) = |MJ? = 27? is an Li;—eigenvalue of multiplicity at least four with
eigenspace contained in the span of the functions e®™M*, ¢!BMx, FMX and iR*Mx Tq ghow

that 1 is of multiplicity exactly four, we seck to find m for which |M™|2 = [M]2. Using M™ =
M + m1ky + maoka, we have |[M™ |2 — |M|? = (2)? [m% +m3 +mq + mg} , which vanishes only if
m = (0,0), (0,—1), (=1, —1) or (—1,0). These four possibilities correspond to the four vertices of B.
Thus, ugo) is of multiplicity exactly four. This proves part 1. Part 2 is a consequence of Proposition
2.13 and its proof. Part 3 holds because m? +m3 + my +mg > 1 > 0 for m = (my,mz) ¢

{(0,0),(0,-1),(=1,-1),(—1,0)} and therefore [M™|? > [M|? + (2m)? > |M|2. O

4 Two-fold Degenerate L}; Eigenvalues Imply Quadratic Touch-
ing of Dispersion Surfaces

Theorem 4.1. Let H = —Ax + V(x), where V(x) is an admissible potential in the sense of
Definition 2.3. Assume that p, is a two-fold degenerate L3, eigenvalue of H. More specifically,
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Figure 3.1: Dispersion surfaces of H(®) = —A. (left) The first five dispersion surfaces are plotted
over the Brillouin zone, [—, 7r]2. Each surface is plotted using a different color. (The first is blue,
the second is red, etc.) Some level sets of the dispersion surfaces are indicated with black lines.
(right) The same dispersion surfaces are plotted along the circuit I' - X — M — I, displayed in
Figure 1.2. The colors match the plot on the left. As shown in Theorem 3.1, there is a multiplicity
four L};—eigenvalue p(®) = |M|? = 272

(H1) H has a simple L%\/I,Jri eigenvalue pg with corresponding normalized eigenfunction ®1(x) =
eiM-x ¢1 (X)

(H2) H has a simple L3; _; eigenvalue pg with corresponding normalized eigenfunction

—i
’132 = (P o C) [@1]()() = ‘I)l(—X) = eiM'ngSQ(X).
We shall also use the notation ®1 = ® ;) and g = & (_;.
(H3) ps is neither a L3y ,, nor a L3y _, eigenvalue of H.

Then, there exist dispersion relations: k — puy (k) associated with the Li—eigenvalue problem
for H, whose local character in a neighborhood of the high symmetry quasi-momentum, M (and
therefore all vertices of B), is given by:

pe(M+ k) = ps = (1 = )|l + (k) + \/‘ V(KT — K3) + 2Bk1k2 g Qs(k) , (4.1)

for |k — M| = \/k? + k% small. The constants o € R and S, € C are inner product expressions
which are quadratic in the the entries of Vx®1 and VxPs; see equations (4.60). The functions
Q6(k) = O(|x|®) and Qs(rk) = O(|k[®) are analytic functions of k and invariant under 7/2 rotation:
(Hl, HQ) — (—/ig, /11).

The proof of Theorem 4.1 is given in Section 4.1.
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Corollary 4.2. Assume hypotheses of Theorem j.1. Assume further that with respect to the origin
of coordinates, x. = 0, we have, in addition, that V is reflection invariant in the sense of Definition
2.4, i.e. V(x1,22) = V(xa,21). Then, the coefficients 8 and v in (4.1) are constrained to satisfy:
B €R and v =1y € iR and we have:

pe(M+ k) = ps = (1 = a) s + Qs(k)

/3252 — k3)2 + 482k3K3 + Q) - (4.2)

Here, Qg(k) and Qs(k) are now also invariant under the reflection: (ki,k2) — (K2, K1).

Before presenting the proofs of Theorem 4.1 and Corollary 4.2, we state a result on the instability
or non-persistence of the quadratic degeneracies of Theorem 4.1 against a class of real-valued
perturbations which preserve Z2?—periodicity and inversion symmetry, but break 7/2—rotational
invariance.

Theorem 4.3 (Non-persistence of quadratic degeneracy). Consider H?" = —A +V + nW, where
V' is admissible. By Theorem /.1,
o HO has an L3;—-eigenvalue us of geometric multiplicity two, and
e ug has an associated orthonormal basis {®1, Po} with P1 € Lfvu and P(x) = 1 (—x).

We introduce a class of perturbations, W, consisting of real-valued functions which are Z2—periodic
and even, but which do not respect w/2—rotational invariance, i.e. RIW| # W. In particular, we
assume that

(@), Wds) £0 . (4.3)

Then, the two-fold degenerate eigenvalue splits into two simple eigenvalues, vy, given by:
ve = ps +1(®1, W) £ 1| (®1, Wos)| + O(n°). (4.4)

We omit the proof of Theorem 4.3, which follows from degenerate perturbation theory argument;
see Section 9 (particularly, Remark 9.2) of [8] and Section 5 of [16].

Remark 4.4. It is easy to verify that if W is real-valued, Z*—periodic, even and 7/2—rotationally
invariant, then (&1, Wdq) = 0.

Remark 4.5. We provide an example of such potential W that is even, is not w/2—rotationally
invariant and has the property: (B, Wd5) # 0. We set

Wo(x) = 2 cos((k1 + ka) - x).

Then, R[Wy] = 2cos((ky + ka) - R*x) = 2cos(R(k; + ko) - x) = 2cos((k; — ko) - x) # Wy(x). We
obtain (P, Wo®5) = -2+ O(e) # 0 for € small.

Other examples which satisfy the hypotheses of Theorem 4.3: Wi (x) = 2cos(k;y - x), Wa(x) =
2cos(ks - x) and W3(x) = 2cos((k; — ko) - x). We omit the lengthy but elementary verification. A
numerical illustration of Theorem 4.3 is presented in Figure 4.1.
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Figure 4.1: The admissible potential V' in Figure 7.4 with the additional perturbation W =
2 cos((k1 + ko) - x).

(a) Plot of Potential V + nW (b) Dispersion Curves; Inset Shows Splitting at M
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4.1 Proof of Theorem 4.1 on conditions for quadratic degeneracy

4.1.1 Reduction to the study of det M(u,x) = 0, for a 2 x 2—matrix-valued analytic
function (u, k) — M(u, k) in a neighborhood of (0, 0)

The proof follows closely that of Theorem 4.1 of [8]. For ® € L as ®(x;k) = e™*¢(x; k), where
#(x;k) is A—periodic. Let H(k) = (—(Vx + ik)? + V(x)). We study the eigenvalue problem
H(k)p(x; k) = pp(x; k) for k =M+ k and | k |[< 1. In particular,

[—(Vx+iM+£)>+V(x)] ¢ =po,

) (4.5)
p(x+v) =¢(x), forallve A, xeR
We seek a solution of (4.5), p = u(M + k) and ¢ = ¢(x; M + k), in the form
pM+ k) = ps +ut, dsM+r) =6 + 60, (4.6)
where
¢ € kernel(H(M) — psI), ¢ 1 kernel(H(M) — ugI),
and p) are to be determined. Substituting (4.6) into(4.5), we obtain:
(H(M) — psI)op") = (2m A(V+iM) — k- K+ u(”) (¢<0> + ¢<1>) = FO, (4.7)

The right-hand side of (4.7) depends on ¢(®) € kernel(H(M) — pol), which, by hypothesis, is
expressed for constants aq, as to be determined,

00 = a1 (x) + azda(x),

) 4.8
¢j (X) = eiszx(pj (X)vj = ]-7 23 ( )



R.T. Keller, J.L.. Marzuola, B. Osting, M.I. Weinstein 20

We next construct ¢(*). Introduce the orthogonal projections Q) onto the two-dimensional
kernel of H(M) — psI and @, = I — Q). Note that: Qv =0, Q¢ =0, and @ yV =y,
Equation (4.7) is of the form (H(M) — psl)¢™™) = FM (ay, ag, k, M, ¢(M) and can be expressed
as an equivalent system for (¢, u(1):

(HM) — psDo® = QLW (an, a2, 5, 4D, D), (4.9)
0=@Q FW(ar,a9,k,u", M), (4.10)
We proceed as in [8]. Introduce the resolvent Ry (ps) = (H(M)—pusI)~1, which is a bounded linear
map from Q L?(R?/A) to Q, H?(R?/A). Equivalently, R(us) = (H — pusI)~! is a bounded linear

map from Q, L3; to Q1 H3y, where Q and @) are the orthogonal projections onto span{®y, s}
and its orthogonal complement. For |«| and ’ p(l)‘ sufficiently small, we have:

¢(1) = Q1 C(l) [H? /’L(l)](x) + g 6(2) ["@a :U/(l)](x)’ (411)

where

DNk, V] (x) = (I + R (ps)Q L (—21'/1 A(V+iM)+ K-k — ,u(l))>71

o (Rm(ps)QL (2ik - (V +iM)) ¢;) .

(4.12)

where (k, M) — @[k, uM] is a smooth mapping from a neighborhood (0,0) € R? x C into
H?(R?/A) satisfying the bound [|c\9) | g2 < C( |&[> + |pW] [k]); 5 = 1,2.
Substituting (4.11) into (4.10), we obtain a homogeneous system

MW, k) <O‘1> =0.

Q2

We therefore have the following characterization of eigenvalues, u = pug + u® for || small and
k = M + k, with k near zero.

Proposition 4.6. Let k = M+x with |k| < Kmax sufficiently small. Then, for with , u = ps+pt),
with \,u(l)\ in a small neighborhood of 0, is an L3;—eigenvalue if and only if det./\/l(u(l), k) =0.

The matrix M(u(V, k) is given by

M, 1) = MO @D, k) + MDD, k), (4.13)
where
1) _ . ik - ik -
© ¢, 1) = (M K-k (P, 20k - V) (®1,2ik - Vdy)
M 7"5)< (B, 2ir - V1) H(l)_ﬁ'ﬁ+<q>2,2ili~vq)2> ) (4.14)
and

(@1, 2ik - VOO (s, 1)) (@1, 2i - VOO (1, u<1>)>) _ (4.15)

W, M =
M w) = <<<I>2, 2ik - VO (k, u M) (®2,2ik - VC (k, D))

Using the relations (V + iM)¢; = e"™M*XV,eM*Xp, = ¢ MxXYy &, we have OW [k, pM](x) =
eMxcl) [k, n(M](x), where (®;, C1)) =0 fori,j = 1,2.



R.T. Keller, J.L.. Marzuola, B. Osting, M.I. Weinstein 21

Remark 4.7. Given real pV) and r, the matrices M, M© and MDY are Hermitian matrices.

We conclude this section with an elementary lemma which we use, along with symmetry, to
simplify the matrix entries of M(p™), k). We denote Mﬁ)jz (Y, k) = (@5, 2ik - VOU (5, uD)) .

Lemma 4.8. Suppose f: R? — R? f € L?(Q) satisfies f(R*x) = f(x), where R* is the counter-
clockwise rotation matriz by 7/2. Then,

VxR[fI(%) = R R[Vy fl(x) or O, RIfI(X) = Rar R[Dy, f](x) (4.16)

Proof. Let y = R*x or y, = R;x;. Therefore, gf(’; = Ry, Fix a € {1,2}. Then,
Oz RIf1(x) = Ou,, f(R"X) = RarR[0y, fl(x) ={RR(V[)}.. (4.17)

O

4.1.2 Symmetry implies det/\/l(,u(l),/f) has no linear in x terms for |k| < 1

Proposition 4.9.
MOGEO Ry = (1D =k ) x L, (4.18)
and therefore

M R) = (B0 k) Ty MO, 5) (119)

Recall from the hypotheses of Theorem 4.1 that ®; € L12\/I,+i and ¢, € L%/I,—z’ and therefore
R[®,](x) =% Dy(x), ¢ = 1,2.

Proposition 4.10. For ji,j5. = 1,2,
(@),,VPj,)r2(0) = 0.

Proof. Choose ji, j2 € {1,2}. Using that R is unitary and Lemma 4.8, we have

(@50, V3 @5} o = (RO LRIV, @] ) = (RIB, | R VLRI®,,))

= R (i1, , Vyi?2 D, )

L2(Qy) L2(Qx)

— 202=3) R* (@ . .
L2y ¢ R <¢J17VX¢J2>L2(QX)~

It follows that either i%(72791) is an eigenvalue of R or (®;,, V<®,,) = 0. But the eigenvalues of R
are £i, and since j, — j; is an integer, i2U2771) is real. We conclude that (®;,, Vx®;,) = 0 for all
j1,72 = 1,2. The proof of Proposition 4.10 is complete.

Remark 4.11. As observed in Section /.1.1, ||CY) (k, u™) || g1 < |6] + |62 + ||, we have from
Proposition 4.9 that M(p™ k) = (1) — |k|?) Loxa + Oaxa(|k|?> + [6]> + [uMV)] |k]). Therefore,
det M (™, k) = 0 has solutions Mgl:l) = O(|k|?). We neat obtain the precise quadratic dependence
on K of MM (uM | k) and then give a more precise expansion of solutions to det M(u™), k) = 0.

= R*(R[®},], V< R[®;,])

L2(Qx)
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4.1.3 Quadratic in  terms of det M(uV), k) for x| < 1

We next expand ./\/ljl)j2 (u™, ) |/£| and || small. Recall first (4.12), the relations listed after
(4.15). Then, QL CW [k, uM] = CD [k, V)], where

O, V) = (14 R(us)Qu (~2in V45— D)) o (R(us)Qu (20 V) ;)
= (140,02 (lr 1+ 110 D) o (R(us)@u (20 - ) ;). (4.20)
Furthermore, recalling that éLax,@m = 0y, P, (Proposition 4.10), we have
Mﬁ,]z( M, K) = <<I>j1,2m : VC’UQ)(K;,M(D)> = <QVL22'/<; . V‘Iyl,inLC'(”)(/i, u(l))> )

Therefore, by (4.20) we have for ji,jo = 1,2 and s € R?:

-1

2

MDD, k) = 437 (@102, D5, R(115)Q 10, @3,) Ht i + O |+ |u V] || )
l,m=1
2
=43 (00, @51, R(115)0,, D32) it i+ O ([ 4 |6V || ) (4.21)
l,m=1
= 47 Ali2 g o o( I + )| m) : (4.22)

where (4.22) defines the matrix 47172 with entries:

af/l’” = (02,9, R(15)0s,, Pj,), (4.23)
We proceed now to use symmetry to deduce the structure of the matrices A7172,
Lemma 4.12. For fized j1,j2 € {1,2}, we have the following:
RT A2 R = 202=01) giniz (4.24)
where R denotes the w/2—rotation matriz displayed in (2.5). Therefore,
ji=j2=j = RT AW R = AV
j1#j2 = RT AR = —AlvD

Proof. We will use Lemma 4.8, R[0y, f](x) = RuR[0y, f](x). Since R is unitary and commutes
with R(ps) ,

kT Ad1d2 e — (0y, @y, (Ns)aqugzmmy)mm

= (R[0y, ®;,], R(ns) R[aym‘ijDLz(Qx) KiKkm
= (Bni02, R[®;,], R(1s) RgmR[0z, Pjol) 2 .,
(00,7 7105, R(ps)0, 1271 @),) oy, | Rutkii Rgmbion
= 202290, @, R(1s)Ds, ;)
= i2(j27j1)(R/<:)TAj1’j2 (Rk).

RiKm

RE)n(RE)q

LQ(QX)(

Since & is arbitrary, AJ72 = 202=i1) RT Ajvi2 R, O



R.T. Keller, J.L.. Marzuola, B. Osting, M.I. Weinstein 23

Lemma 4.13. Assume R is the w/2—rotation matriz, (2.5), and A = (ai;). Then,

(j1=j2) RTAR = A = A:<a11 a12>

—a12 G11

(]17&]2) RTAR: —A — A:(all a12>’

a1z —ai
Claim 4.14. Let A" conjugate-transpose of A. Then,
(Al,l)T _ Al’l, (A2,2)Jr _ A2’2, and (A2,1)T _ A1’2.
Proof. Pick j1,j2 € {1,2} and I,m € {1,2}.

(AP, = () = | 0, @, R(1is)00, @)
= [ {00, Pjay R(15)0a,, @j0) | = (af3;]) = (A729)
and therefore (A71:72)T = AJ2:1, O
Claim 4.15. AV = (4227, In particular, a1 = a37.

Proof. Recall ®1(x) = (P o C)[®1](x) = ®2(—x). For I,m € {1,2}, using that 9,,(P oC) =
—(P o C)0,y,, we have

al m <a$1(1>17 (HS) aﬂcmq)1>
= (02, (P 0 C)[®3], R(ps) Oz, (P © C)[®a])
= (P 0 C)[8y, P2], R(ps) (P o C)[Dy,, P2])
= (C[0y, @2, R(us) €[y, ®2]) (= apy )
= (0, @2, R(ps) Dy ®2) = a7
Therefore, AV = A22 = (A22)T, O
By (4.22) we have
T A1,1 T f2.1 ,
ME@E ) =4 (:TME nr A2,2:> + Onea I+ [u DI ) (4.25)

. Ny . . . 1,1
Simplifying the leading term in (4.25) we observe, by the above claims, that a;’; € R and
P TS R a2 g2 s ol
1,1 _ 1.1 2. 412 _ 731 [ %11 12 ). 422 _ [@G11 —Q12
AV = _in 11 )5 AVS =A%l = 12 12]; A = 11 1,17 ] -
A1o Q13 ay o a1 ayy Ay

o (K3 + K3) v (k] — K3) + 206 Kiko
MDD k) = B + O, (6P + [uM|s] ),
5 (K3 — K3) 4 28 K1k o (K3 + K3)
(4.26)
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where, by (4.23),

o 1:} =4 <8931(I)15R(MS)8:E1(I)1> ) (427)
B = dayy = 4 (05, @1, R(ns)0s, ®2) |
v 1:? =4 <8931(I)15R(MS)8$1(I)2>-

Remark 4.16. Observe by Claim (4.14), the terms a = 4aﬂ are real.

4.2 Symmetries of dispersion maps k — p. (k) for k near a vertex of B

Before deriving a detailed picture of the local character of dispersion surfaces near vertices of B,
we prove a general result on the structure of dispersion surfaces in a neighborhood of a vertex
quasi-momentum of B for which the eigenvalue problem has a degenerate eigenvalue.

Assume that the potential V' is admissible in the sense of Definition 2.3, where without loss of
generality we take the centering x. = 0. Suppose that in addition that V is reflection invariant, i.e.
V(x) =V (z1,22) = V(x2,21) = V(px), where

() () () w2

To prove Corollary 4.2 we need to show that v =4 (9, ®1, R(115)0x, P2) (see (4.60)) vanishes. We
first deduce that either 8 = 4 (9, P1, R(1g)0x, P2) or 7y vanishes based on the following symmetry
argument; then, we prove that, in fact, v = 0 using the properties of p. We write

Tplf] = f(p™x) = f(px) = f(z2,21). (4.29)

Proposition 4.17. Let V be an admissible potential in the sense of Definition 2.3; we take x. = 0
without any loss of generality. In particular, V(R*x) = V(x) and V(—x) = V(x). Assume the
hypotheses of Theorem J.1 which imply that Hy has a degenerate (multiplicity two) L3;— eigenvalue,
us € R.

Then, for allk = M + k with 0 < |k| < ko sufficiently small there exist two eigenvalues given
by pe(M + k) = ps £ pM (k).

1. For all 0 < |K| < Ko, we have

{p-M+ k), pr (M +£K)} = {p-(M+ Rk), pp. (M + RK)} . (4.30)

2. Suppose in addition that V(p*x) = V(px) (recall p = p*). Then, for 0 < || < ko, we have
(i (M), s (M4 9)} = (i (M4 pi), o (M + )} (431)

Proof of Proposition 4.17: Let (ux, %) denote an L%/I-m eigenpair of —A + V| where p, is assumed
to be near pus. Then, g, = pu_ (M + &) or p. = ps(M + k). Consider now ¥(x) = R[Y](x) =
W(R*x). Note that (—A + V)¢ = p,1p since R commutes with —A + V. Moreover, for all v € Z2,
we have ¢(x + v) = p(R*(x + v)) = h(R*x + R*v) = /MR By (x) — ci(BMERR)vy)(x) —
¢! MFRR) V(%) where we have used that RM € M + A. Therefore, . is a L1, R, cigenvalue
in a neighborhood of ug. Hence, {p-(M + k), us+ (M + )} C {u—(M + Rk), u+(M + Rk)}.
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To prove the reverse inclusion, assume (fi,, ¢) is an L3, L Rx €igenpair with [, near ug. Now let

b=TR3 [¢](x) and note that b e L34, ,.- Hence (fis, 5) is an L3, . —eigenpair of —A+V. Therefore,
{—(M+ Rk), p+ M+ Rr)} C {p—(M+ k), u+-(M + k) } and the proof of Part 1 is complete. The
proof of Part 2 is analogous. This completes the proof of Proposition 4.17.

4.3 Local behavior of degenerate dispersion surfaces near the M—point

We need to study the solutions of det(M (u1), k)) = 0 for x in a neighborhood of zero. Our strategy
is based on a general approach used in [6] (Section 13). We extend M (uV), k) to be defined as a
matrix-valued analytic function of (u(*), ) in a neighborhood of the origin in C x C? and which
agrees with M(u"), k) as defined above for (), k) € R x R?:

m11(f€7M(1)) m12(f€7,u(1))
MW, k) = : (4.32)

maa(F, p M) maoa(k, ut))

Here,
mi(k, pM) = (a—=1) [ £ ]? +uP + O, (|6 + M |s])
mas(k, uM) = (ki — k3) + 2Br1k2 + O, ([6]* +|u®||x] )
mor(k, i) = mup(® p®) = F(k} - K3) + 2Br1k2 + O, ,( |6+ [uD]|x])
maa(k, pV) = ma(k, p V)

Note in particular that M(u™), k) given by (4.32) is Hermitian for real u") and .

We first make the simple change of variables
v = (a—1) (k] +r3) + pV. (4.33)

Define

M, k) = M(v, k1, 52) = M( v — (a—1) (K1 + K3) K1, k2 ), (4.34)
and study the equivalent equation of det(M(u, k)) = 0 for v:

det(M(v,k)) = 0. (4.35)

The entries of M(v, k) are analytic functions of (v, k) in a neighborhood of the origin in C,, x C2.
The matrix M(u, k) has the expansion

M(v, k) = Mapp(v, k) + Oy (|6 + 10| [8] ), (4.36)

where
. v q(k1, k2)
Mapp(v,K) = (4.37)
¢y (K1, K2) v
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and

q(k1,K2) = 'y(nf — n%) + 2Bk Ko (4.38)
(K1, k2) = q(R1,F2) = (K] — K3) + 2Bk1ko. (4.39)

Calculating the determinant of M (v, k) we obtain:
D(v,k) = det (Mv(u, n)) =12 — q(k) gg(x) + g(v,K) , (4.40)

where g(v, k) and hence D(v, k) are analytic in a neighborhood of the origin in C x C2. Note also
that g(v, k) and 9,9(v, k) satisfy the following bounds for |x| and |v| small:

Co (16> + [ 16> + v |s]) (4.41)
Cy (Isl® + [v] |sl) (4.42)

l9(v, )|

<
10vg(v, k)| <

for some positive constants C, and Cf.
The problem of finding eigenvalues p = pus + v near pg for k = M + k near M has been reduced
to the study of the solutions to the equation

D(v,k) = 0

for x near (0,0) € R2. We shall study the roots of D(v, k) using Rouché’s Theorem.
Consider x € R? such that |k| < Kkmax. We shall eventually take kpax to be small. For such x
we have
V2 = 4(m) as(8)| = v = Coppliman®

where C, g is a positive constant depending only on v and 5. Note also that for v constrained to

the circle |v| = 2C, gr2,,, we have the lower bound:

V2 = 4(0) @5(9)] = Copliman® - (4.43)

Thus, if |v| = 2C, K2, then .
max °

lg(v, k)| < Cy g gk

Note also that C. 5 k2, > Cy 5.9 Kiax provided k3, < C, 3/Cy 4. Therefore, if we choose
Kmax t0 be any constant satisfying

ol

1
0 < Kmax < 5 (C%B/C 7579) , (4.44)

then for |k| < Kmax we have:

2
max

2

V] =20, g2 = L) < |2 = q(r) g5(x) (4.45)

2

max-*

for all |v| = 2C, gr Therefore by Rouché’s Theorem, the functions

v? = q(r) g(5) and  D(v,k) =v* —q(K) g5(K) + g(v, %)
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have the same number of zeros in the disc: |v| < 2C, grZ,,. We denote these zeros: v (x) and

v_(k). For real x these zeros are real by self-adjointness and we have:
V+(K)7 V—(K’) € [_C’Yﬁ"{?nax?()%ﬁ"i?nax] ’ ‘H| < Kmax, K € R2'

Next, observe by a residue calculation that for [ = 1, 2:

1 v 0,D(v, k)
(ve(B) + (_(r)) = — 0 . (4.46)
* 2mi [v|=2C K2 .x D(Va K)
Since 0, D(v, k) = 2v+ 0,9(v, k), we have
l l
(i (r)) + (v-(r))
1 2 +1
- ~ v dv (4.47)
2mi [v|=2C4 grZ . ve = Q(R) QH(R) + g(l/a H)
n 1 V'0,9(v, k)
2mi [v|=2C gK2 05 v — Q(H) Qh(hj) + g(V, H)
1 2p!F1
= — 3 dV
2mi Jjyj=2c, pr2,. V2 — 4(K) (k)
1 2t (v, k) v
21 Jiyj=2c, pr2. - (V2 = q(k) qy(k) + g(v, k) - (v — q(K) gy(k))
i ylaug(lj, ’i)
2m [v|=2C gKZ a5 v — q(H> qh(’{> + g(”» [{)
(4.48)
We can use the identity, for r > a,
1 2t 0 ifl=1
i dz = 4.49
210 J |y 2% —a? : {a2 if 1 =2, (4.49)

to evaluate the first integral and bound the remaining two integrals using (4.41) and (4.42). This
gives

l l O(Hrélnax |K|) =1
+ (v- = 4.50
(v4(k)) (v-(k)) {Zq(n;) G(k) + OGS |n) =2 (4.50)
for Kmax sufficiently small.
Now note
1 1

vils) v () = 3 (mel)+ v ()P = 5 [P o] s

Therefore, x — vy (k) - v_ (k) is analytic in a C? neighborhood of £ = 0. Moreover, we have

1
vi(e) v (k) = =5 (2a(k) @4(k) + OKnax K])) + OlkaxIsl?)

= —q(K) g3(k) + O(kpay |5])- (4.52)

Consider now the equation (v — vy (k)) (v —v_(k)) = 0 satisfied by v = vy (k).
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Lemma 4.18. The roots of D(v,k) = 0 in the disc |k| < 2C,, gK2,, coincide with the roots of the

quadratic equation: v — t(k)v + d(k) = 0, where t(k) and d(k) are analytic and

t(s) = vi(k) + v-(5) = O(Kpax |5])
d(k) = vy (k) v (k) = —q(r) g:(K) + O(kay |K]).
Solving for v we have, for |k| < 2C, gk2 ., two roots:
1 1
vi(k) = 575(/%) +4/—d(k) + ZtQ(m) (4.53)

= co(k) £ \/q(ff) q5(k) + c1 (k) (4.54)
where co(x) and c; (k) are analytic in x in a C? neighborhood of the origin satisfying:

o) S Fmax I8l ler(R)] S Kl |5
for all |k| < Kmax and Kmax 1S any constant satisfying (4.44).

Since k can be taken arbitrary and |k| = Kmax can be an arbitrarily small positive number, it
follows that the analytic functions co(k) = Qs(k) and ¢1(k) = Q7(x) which satisfy, for || — 0:
(k) = O(s[").

If we now restrict to real kK = (k1, k2), then from (4.38)-(4.39) we have that

a(R) @) = laR)P = | 703~ R3) +2Bmams | (455)

2
Therefore, vy (k) = Q5(k) + \/) (k% — K3) + 28K 1Ko ‘ + Q7(k).

We finally return to (4.33) which relates v to our eigenvalue parameter p: p(M + k) = (1 —
a)|k|? +v(k). Proposition 4.17 implies constraints, due to symmetry, on the mappings k — p+ (k)
for k near M. Clearly |q(x)|? is invariant under the 7/2 rotation: (k1,k2) + (—k2,%1), and by
part (1) of Proposition 4.17 we must have: ¢o(k) = Qg(x) and ¢1 (k) = Qg(k). We therefore have

pr(M+ k) = (1 —a)|s* +Qs(k) £ \/’ Y(K? — K2) + 2BK1 kK2 ’ + Qg(k) . (4.56)

This completes the proof of Theorem 4.1. U

4.4 Dispersion Surfaces Near M for V Admissible and Reflection Invari-
ant; Proof of Corollary 4.2

In addition to V' being admissible in the sense of Definition 2.3, we now assume that V(z1,z) is
reflection invariant about the line 1 = x».

Lemma 4.19. Suppose f: R* — R?, f € L*(Q) satisfies T,[f](x) = f(p*x) = f(x), where p = p*
is the reflection (permutation) matriz mapping (x1,x2) — (x2,21). Then,

aﬂ?n Tp[f](x) = Pnm Tp[aym f] (X) = Tp[pnmaym f](X) (457)
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Proof. Let y = p*x. Then y,, = pnmXn, and furthermore % = ppm- Thus,

= {Tlp VA0 .

n

(VoA = 5o %) = puny—F0] = {01751

m

nly=p*x

O

Claim 4.20. Let o € {£1,+i}. If 9(x) solves the Floquet-Bloch eigenvalue problem with V' ad-
missible and reflection-invariant, and ¥(x) € L%/La, then ¥ = Y(xe,x1) is also a solution where

Y e LM 4s- That is, p maps L}, , — L%/I o3

Proof. First we’ll show if 1(x) € L3, o then ) =(xg, 1) € L3, 5. Observe that p is self-adjoint,
and note

pP"R*p=R (4.58)
since

. (0 —1\/0 1\ (=1 0y _ [0 1\[0 1\ _
Rp_(l 0)(1 0)‘(0 1)‘(1 0) <—1 0>_pR'
We seek to show R ~
R[] = o*,
or, equivalently, R[p[«]](x) = o®p[1)](x). If that holds, then 1 € L12\/[,03'

/E)

= (R px ¥ (pRx) = ¥(p(R*)*x)
=p(Y((R ) x)) = p(R*¥(x))
= *plY](x) = 0.

Therefore, if ¥(x) € L3, o then ¥ =1(xy,11) € LM 53+

O

Now consider the setting of Theorem 4.1; g is an eigenvalue of H = —A 4+ V acting
in L%, of multiplicity 2. In particular, ugs is simple L12\4,i eigenvalue with corresponding
eigenfunction ®,, and ug is a simple L%,[)ﬂ. eigenvalue with corresponding eigenfunction
Oy, with ®5(x) = ®1(—x). By Claim 4.20, p®, € L%\/I,
we have that p®, is an L%/I,fi eigenvalue. Thus, p®; = ¥ ®,, for some v € R. Suppose
that v # 0. Then, note that pe '2®, = ¢’ ®,. In this case, we define ®; by ¢~'2®, and
to obtain the relation

_; and since if p commutes with I

pdy = Dy . (4.59)
Recall from (4.60) that

Ul = 4 (00,1, R(p5)0s, D1) (4.60)
B = day; = 4 (00,01, R(1s)0, 02)
%:? =4 <811(I)17:R(/~LS)61’1(I)2>~

a = 4a

v = 4da

‘We have shown that o € R. Using (4.59) we have the following constraints on  and ~:
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Claim 4.21. Assume [p, H] = 0. Then,

B eR (4.61)
v =iy, F€R (4.62)

Proof. We first prove (4.61). Since with [p, H] = 0 and pd,, = 0., p, we have:

B = 4(0z,P1,R(1s)0r, P2)
(p O, 1, pR(p15) Oz, P2)
(Oz,p @1, R(p5)0z, p P2)
(O, 2, R(p15) 0, P1)
(
(

:R(Ms)aaiz ®o, 8I1¢1>
8I1¢17 (MS)8$2¢2> /B

To prove (4.62), let k € R? be arbitrary. Using that R[®;] = i®; and R[®3] = —i®2, we have
for j1.J» € {1,2):

KTAT 5 = (0, Dy, R(1) Dy, P ) o 1
= (R(p[0y,®;,]), R(ps) Rip [aqu)jz]»ﬂ(nx) Rifm
= (Rnspin0u, R[p®j, ], R(115) Ryt PO, R0 o) oy, Fikim
= (0,17 Dy, R(pa) 0, i @5 1) s ) Bons(pinkit) Rt (Prmatim)
= §20h=32) (g, ¢J2’R(u*)amt@jl>L2(ﬂx) Rus(pr)nRat(pr)q
— 20132 (Rpk)T A7 Rpr,

for any choice of pairs (ji,j2) with j1,j2 € {1,2}. Since « is arbitrary,
Adrdz — 7:2(j1—j2)p RT Ad20 R p.

For any pair ji, jo € {1,2}, let 47172 = A = (Z Z) Then,

d —c
T _
R"AR = (—b a ) (4.63)
Consider j; =1 and jo = 2. From the above analysis,

A =AY = pRA™RT p = —pRAY RT p = —pRATRT p

SO
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: _ - _ 3 i 12 12 12 _ 12
In particular, a = —a and d = —d. That is, a;’] = —a;’], and ay’5 = —ay’3, so that

Ry = 4R(ay]) = 4R(az73) = 0.

Corollary 4.2 is now an immediate consequence of Part 2 of Proposition 4.17. !

5 Spectral band degeneracies for small amplitude potentials

In this section we apply Theorem 4.1 to the case of small amplitude potentials. Our analysis
follows that of Section 6 in [8] in the case of honeycomb potentials. We consider the Floquet-Bloch
eigenvalue problem:

H®(x) = (—A+eV(x)P(x) = pd(x), @€ Ly, , (5.1)

where o € {41, —1,+4,—i}, and ¢ is small and non-zero.
By Proposition 2.13, we may seek an L%\/I,U eigenstate of the form:

. m . m -2 m -3 m
B(x) = 2: co(m) (0461M X 4 BgiRM™x | (2 iRPM™x o iRPM -x) .

meS

We use the notations ¢(m) = cp(m) = ¢(m; ®). Applying (—A — ) to ® and using that R is an
orthogonal matrix yields

3 .
(—A—p)®= Z (\Mm\Q - u) c(m; D) <Z 04ieiRsz'x>
i=0

meS

Since V(R*x) = V/(x), we have that V(x)®(x) € L3, ,. Therefore, by Proposition 2.13, V® has an
expansion

VE)Dx) = Y [ ot T M o(m; V), (5.2)
meS | j=0

where
i Ve) = o [ IV (y)a(y)ay. (5.3)

Imiw: still need to fix Corollary 4.2. See previous footnote.
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Recall that gk - x = (q1k1 + ¢2ks) - x and RM* = MR*; see (2.16). Thus,

1 vy
clmi V) = o /Q MY (y)B(y)dy

3
1 —'L m i —i 4 j T,
:7|Q| i M E Veqky E c(r; D) g oIt M Y dy

q€eZ? res j=0

Q Z Z/Vcr D) 204 7t (M7 M™ k) -y dy

q622 res
1 / 4— RIr))k-
- o(x; ®) Z jgila(m=R'r)) y)d
| @ | QEZQ res
= Z ch(r;q))z [04*J 5(qf (mfRJr))] = Z Z ot Ver_wix | c(r; ®)
q€Z? reS j=0 reS |j5=0
_Z Viner + 0 Vin-re + 0°Vin_ger + 0Vin_gsr ) c(r; @)
res
Thus,
c¢(m; V) ZIC m,r)c(r; D). (5.4)
res
3 .
=" Vi (5.5)
§=0

= Vm—r + O—d Vm—"Rr + 02 Vm—’R2r + o Vm—'R3r
3
Vini—ri,ma—ra + 07 Ving—rp motr 41

+ 02 Vm1+T1+1,m2+T2+1 + o Vm1+7‘2+17mz*7“1'
We have the following analogue of Proposition 6.1 of [8]:

Proposition 5.1. Let o € {+i,—i,+1,—1}. The le\/l,o—spectml problem (5.1) is equivalent to the
following algebraic eigenvalue problem for {c(m)}mes and u:

(M™P—p) e(m) + ¢ Z Ko(m,r) ¢(r) = 0, meS. (5.6)
resS

For each o, we next solve (5.6) for £ — {¢*(m)}mes, ©°, perturbatively in e.
We first set € = 0 in (5.6). Then, (5.6) reduces to eigenvalue problem:

( |M + m1k1 + m2k2|2 - /.L(O) ) co(m) = 0, m = (ml,mg) S S, (57)

which has a simple eigenpair:

O = IMP =27% = i O (m) = s, (5.8)
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In arriving at (5.8), recall from Theorem 3.1 that :“s = |[M[> = 272 is an cigenvalue of
multiplicity four with four dimensional eigenspace spanned by the eigenvectors: ¢(m1,mz2) = 6y ms >
Oma mat1s Omi+1,ma+1 aNd Oy +1,m,, corresponding to those (mq,mo) such that M™ = M+m1 1k, +
maks is a vertex of B and to the orbit under R : {(0,0), (0, 1), (—=1,—1),(-1,0)} € Z?/ ~ . Recall
from Remark 2.11 that (mq,mg2) = (—1,0) is the representative from this equivalence class, and
hence the choice of eigenstate in (5.8).

8)
ul

Note also that the solution (5.
(e=0)

of the e = 0 algebraic eigenvalue problem corresponds the

simple L3 ,—eigenpair of H 0 = |M©~D2 = |M|?, with corresponding eigenstate

Hle= 0) 204 Jei(RFPM® ™) x _ o iMex (1 4 geikix | 20 —i(kitka)x _}_O,Se—ikQ-x). (5.9)

We next proceed to solve the system (5.6) for smooth curve of eigenpairs: € — pf, {¢*(m)}mes
for all £ sufficiently small. We write {¢(m)}mes € 13(S) = (¢|,c1) € C x [*(S*), where

¢ =c(0,~1), and ci = {ci(m)}mest, St =8\ {(-1,0)}.

Then (5.6) is equivalent to the following coupled system for ¢ and ¢ = {c1 (m)}mest:

[|M|2 —p+eks(0,-1,0, —1)] ol +e Z Ks(0,—1,r)c, (r) =0. (5.10)
reS+
eKo(m, 0, —1)cy + (IM™]* — p) ¢y (m) + ¢ Z Ky(m,r)cy(r) =0, meSt. (5.11)
reS+

For ¢ small, we shall solve (5.10)-(5.11) in a neighborhood of the solution to the ¢ = 0 problem:

I(I ) = =1, u(o) IM|?, ¢ )( ) =0, r € St. We proceed by a Lyapunov-Schmidt reduction strategy

in which we first solve (5.11) for the mapping ¢ +— ¢ [¢||, ] in a neighborhood of y = u = M2,
and then substitute this mapping into (5.10) to obtain a closed equation for ¢|. We prov1ded a
sketch of the argument. For the details, see [8].

Equation (5.11) for ¢, may be expressed in the form:

(I+€T}CU (,LL))CJ_ =€ Fg(u), (5.12)
with the definitions: Fj,(u) = {Fy(m, ) }mest, Fo(m,p) = %, and
€
[(I+eTic,(w)ei](m) = |6myr+ ™R p > Ko(m,r)| ci(r), meSt (5.13)
reSt

For all ;2 in a fixed neighborhood of u(%) = |M|?, we have for all m € S+ that ’|Mm\2 — u’ >0>0

independent of e. It follows that for all |¢| < €° sufficiently small, (I +e7x, (u)) ™! is well-defined as
a bounded operator on 1?(S*). Solving (5.12) for ¢4 [¢|, 1] and substituting into (5.10) we conclude:

Proposition 5.2. For all |e| < &°, p is an L%/La eigenvalue if and only if M,(u, ) = 0, where

MU(:UﬂE) E| M |2 —pte ]CU(O’ _1707_1) +€2 Z ICU(Ov_lvr)[(I+€ TKU(M))ilFa(maU)}(r)
reSt

(5.14)
is analytic in a neighborhood about (g, u) = (0, u(o)) (0, |M[?).
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Since M,, (us ,0) =0 and 9, M, (us ,0) = —1 # 0, the implicit function theorem, implies that
there is a function ¢ — p®, deﬁned and analytic for |e| < ! < &Y, such that M, (u%,e) = 0. Thus
taking ¢j = 1, the solution of the coupled system (5.10)-(5.11), for |e| < el is

ps =| M [ +eK, (0, -1,0,~1) + O(e?) (5.15)

d=c0,-1)=1

L ={(M)}mest =l + Tk, (1) Fo(m, p), m € ST, (5.16)
—Ks(m,0,-1)

where Fo (ms 1) = g e
From (5.15) we may now make explicit the splitting of the four-fold degenerate L3, eigenvalue of

He = —A + €V for € non-zero and small. By (5.5) and the relations among the Fourier coefficients
of V displayed in (2.6) we have

Ko(0,—1,0,-1) = Voo + (®+0) Vou + o*> Viy (5.17)
Therefore,

Kil(oaflaoafl) = %,0i2V0,1 +V1,1 (518)

K+i(0,—-1,0,—-1) = £_;(0,—-1,0,—-1) = Voo — Vi1 (5.19)

This establishes that for typical choices of Fourier coeflicients — specifically Vo £ 2Vp1 + Vi1 #
Voo — Vi or equivalently Via # Vo1— and for € small and non-zero, the multiplicity four L12v1
eigenvalue, u = |MJ?, splits, at order ¢, distinct L3, ,; and L%/L_l eigenvalues and an L3;—double
eigenvalue in the subspace LM,-H & L3, M, —;- Note in fact that the latter is an exact (to all orders)
double eigenvalue in L3y ;@ Ly, ;. Indeed, consider the simple L3, , ; eigenvalue, whose existence
is guaranteed by the above proof for ¢ = +i. Applying P oC to the corresponding eigenfunction we
obtain an eigenfunction in the space L%v[, ; with the identical eigenvalue. This must coincide with
the simple eigenvalue constructed for ¢ = —i. Summarizing we have:

Theorem 5.3. Consider H® = —A + eV, where V is admissible (Definition 2.3) and 0 < |e| < €3
is sufficiently small. Assume the non-degeneracy condition on distinguished Fourier coefficients:

Vipn #+Vou, (5.20)

where Vi, m, denotes the (m1,mg) Fourier coefficient of V. Then the 4—dimensional eigenspace
of H® corresponding to the eigenvalue Mgo) = |M|? perturbs to a 2—dimensional eigenspace with
eigenvalue ng and additionally two 1—dimensional eigenspaces with eigenvalues ufﬂ) and :“?71) as

follows:

1. p% is of geometric multiplicity 2 eigenvalue, with a 2—dimensional eigenspace X; C L%/I,i and

X_; C L%\/I,—i’ and has the expansion

us =M + (Voo — Vi) + O(?). (5.21)

Associated with it are the eigenstates ®5 € L3, M, and @5 € L%/[,ﬂ': related by the symmetry:

Dy(x) = (P o) [@1](x) = P1(—x),
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which we also denote <I>‘z +4) and @ff i) respectively. Their Fourier expansions are:

O, = 0i(x) = Z ¢ iy (m) (eime _ jeiRM™x _ GiRPM™x Z'61‘1%31\/1m.x) . and
mcS
(5.22)
Ly =05x) = > ¢, (m) (e”M‘“"‘ e M X G RTMT ieiR3Mm'x) . (5.23)
meS

2. The distinct eigenvalues ”f+1) and :“?—1) is each of geometric multiplicity 1, with corresponding

1—dimensional eigenspaces X1 C L%/I,ﬁ:l; and they are given by :
Wiy = IMP? + (Voo £ 2o + Vi) + O(e?), (5.24)

with associated eigenstates (I)fil)"

(%) = Z ¢4y (m) (eime 1 iRM™x g iRPM™x eiRSMm.x) _ (5.25)
mecS
Theorems 5.3 and 4.1 imply

Corollary 5.4. Consider the setup of Theorem 5.3. There exists €1 > 0 and k1(e) > 0, which
tends to zero as ¢ — 0, such that the following holds. Fiz e € (—e1,e1) \ {0}. Then,

1. for all |k| = \/Kk? 4+ k3 < k1(e), the two dispersion surfaces which touch at M (and therefore
the vertices of B) are locally described by:

2
M ) = 5 = (1= 0O+ Q500 1] 722 — ) 250m0ms | + %5000 (520

If [Vi1] # |Voi], then coefficients ac, 5% and v¢ are expressions which depend on {q)eri), @ffi)}
and have the following expansions for € positive and small:

327‘1’2 ( ‘/11 )
af = + O(1); 5.27
€ VA = Vi o ( )
3271'2 ‘/11
B = ( ) +0(1); 5.28
€ VA = Vi o ( )
3272 ( Vou )
v == i + O(1). 5.29
€ VA - Vo o ( )

The functions Q(r) = O(|k|%) and Q§(k) = O(|k[®) are analytic in a complex neighorhood of
the origin in C2; see Theorem 4.1 for more discussion.

2. Let V be admissible and assume the following (generically satisfied) conditions on Fourier

coefficients:
Vit #+Vor, Vit #0 and Vor # 0.

Then, for all e € (—e1,e1) \ {0}, the coefficients af, 8¢ and ¢ are all non-zero.
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8. In the case where V is admissible and also reflection invariant, by Corollary 4.2, we have
€ = 0 for any €, and in particular Vo1 = 0. If Vi1 # 0, then the coefficients for all € €
(—e1,e1) \ {0}, the coefficients o and 3¢ are both non-zero.

The proof of Corollary 5.4 is completed in Appendix C with the derivation of expansions (5.27),
(5.28) and (5.29).

6 H°=-A+¢eV for V admissible and ¢ generic

Theorem 5.3 considers degeneracies among dispersion surfaces for all € non-zero, real and small. In
this section we extend this result to generic real values of ¢, with no constraint on its size. Thus,
generic large (high contrast) potentials are included.

Theorem 6.1. Let V denote an admissible potential (Definition 2.3). Let €1 be as in Theorem 5.3
and Corollary 5.4. Consider either of the two scenarios:

(1) V admissible with Vi1 # £Vo1, Vi1 #0 and Vo1 #0, or
(II) V admissible and reflection invariant with Vi1 # 0.

Then, there exists a discrete set Cc R\ (0,e1) such that if € ¢ 5 the conditions of Theorem 4.1 are
satisfied and two dispersion surfaces touch at the vertices of B. Moreover, in scenario (I), af, p°
and ¢ are all non-zero for all € ¢ C and o and B are both non-zero for all ¢ ¢ C.

Remark 6.2. For ¢ € (—e1,e1) \ {0}, Theorem 5.3 ensures that a pairs of dispersion surfaces,
amonyg the first four, touch at band degeneracies for quasi-momenta at the vertices of B; for the
specific scenarios see Section 7. For general € ¢ C we make no assertions about which of the
infinitely many dispersion surfaces touch at high-symmetry quasi-momenta. But in analogy with
the honeycomb setting studied in [6], we expect for the case of a potential which is a superposition
of potential wells, that in the strong binding regime there will exist quadratic degeneracies at the
intersection of the first two dispersion surfaces.

We discuss the strategy for the proof of Theorem 6.1, but do not present all details. Arguments
of this type, rooted in complex analysis, were developed in [8] and Appendix D of [7]. The strategy
is based on a continuation argument in the parameter e, starting with € varying in the open
interval (0,¢1); analogous arguments apply to negative values of . Eigenvalues, u, of the operator
H® = —A 4 ¢V, in the spaces Ly ,, for ¢ = £1, +i, are realized as zeros of a modified Fredholm
determinant £, (u, €). The mapping (i, €) — &, (u, €) is analytic. For € real, y is an LM . cigenvalue
of geometric multiplicity m if and only if u is a zero of &, (u, €) of multiplicity m. The strategy of
8] (see also Appendix D of [7]) can be used to establish that there is a discrete set C C R\ (0,1)
such that for all € ¢ C, there exists 1% € R such that

1. p=p% € Ris a simple zero of £4;(u,e) and of E_;(u,€).
2. &1(pg.e) #0 and E_1(pG,¢) #0.

3. For scenario (I), o, 5 and ¢ are all non-zero and o and for scenario (I7), a® and ¢ are
non-zero.

Therefore, by Theorem 4.1, for all & ¢ C there exist quadratic degeneracies at the quasi-momentum
/ energy pairs (ug, M, ), where M, varies over the four vertices of 5. These are locally described
by (4.1) of Theorem 4.1; see also (4.2) of Corollary 4.2.
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7 Computational Experiments

In this section, we describe numerical computations of the spectrum of periodic Schrédinger opera-
tors with admissible potentials in the sense of Definition 2.3. We discuss these numerical results in
the context our analytical results. First, in Section 7.1, we consider examples of admissible poten-
tials which exhibit quadratic intersections of dispersion surfaces at M; see Theorems 4.1, 5.3 and
6.1. In order to observe clear numerical separation of the bands, we work here with £ generically
not so small, meaning many of our results fit more into Theorem 6.1 but display many of the effects
described in the small € setting.

In Section 7.2, we consider large amplitude potentials and revisit the question posed in Section
1.3 regarding Lieb lattice potentials.

To numerically approximate the dispersion surfaces for the Schrodinger operator, we use the
periodic formulation of the self-adjoint eigenvalue problem (1.3). For the numerical experiments of
Section 7.1 we discretized the fundamental period cell, 2, and used a finite difference approximation
to Hy (k) for a fixed k € B. In the numerical experiments of Section 7.2, we discretized the mapping:
= [—(0s +iky)? — (9, + iky)?]f in Fourier space, and the operator f ~ V f in physical space.
For both approaches, we used the MATLAB function eigs using the ’sr’ flag. For each fixed k
varying over a discretization of an appropriate subset of B, i.e. the irreducible Brillouin zone or
the circuit I' -+ X — M — T outlined in Figure 1.2, we compute the five smallest eigenvalues.

7.1 Computations of quadratic degeneracy of dispersion surfaces near M
and comparison with Theorem 5.3

We consider a class of periodic potentials, which are the Z2?— periodic extension of the function

V(x) =Zsif(|x—xi|), x e Q=01 (7.1)

Here f(z) = (1 + cos(mz/r)) X{z<r} is a compactly supported, C' function and r = 0.2. The
points {x;} are lattice points within the primitive cell, [0, 1]2. The binary variables, s; € {+1, —1},
determine the sign of the potential at the lattice points. We choose {x;} and {s;} so that V(x) is an
admissible potential; see Definition 2.3. By varying {x;} and {s;}, we show that the combinations of
Fourier coefficients: Vgo, Vo1 and Vi; (Vi = (2m) 72 fol fol V(z,y) e~ 27me+ny) dydy), appearing
in Theorem 5.3 can be varied in order to exhibit different local behavior of the first four dispersion
surfaces near M. We remark that, while Theorem 5.3 describes the dispersion surfaces for the
operator Hy = —A + €V near the point k = M for sufficiently small and non-zero and real ¢, our
computations are performed for e = O(1).

In each of Figures 7.1 — 7.5 we plot, over one period cell, an admissible potential of the form in
(7.1) and the first five dispersion curves for Hy = —A+&V, and compare the numerically computed
results with the assertions of Theorem 5.3. For each potential, the lattice sites, {x;}, and signs,
{si}, are easily inferred from the plot of the potential. They are also summarized in the following
table:
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Figure || € | x; S;
7.1 21 1(0,0), (1/2,0), (0,1/2)] (1,-1,-1)
7.2 |12 | [(0,0), (1/2,0), (0, 1/2)] (—1,1,1)
7.3 2| [(1/2,1/4), (1/4,1/2), (3/4,1/2), (1/2,3/4)] | (1,1,1,1)
7.4 4| [(0,0), (1/2,0), (0,1/2)] (-1,-1,-1)
7.5 2 [(1/2 1/2)] (-1)

The potentials in Figures 7.1, 7.2, and 7.4 are Lieb lattice potentials (see Example 2.6) while the
potential in Figure 7.3 is a square lattice potential (see Example 2.5); see Figure 1.1. The dispersion
curves which pass through pf, u° ;, 5 and p° ; are plotted for quasi-momentum K along the cyclic
pathT' — X — M — T in B; see Figure 1.2. In all dispersion plots, we observe saddle-like touching
of the dispersion surfaces as described in Theorem 4.1.

We note that the ordering of the dispersion surfaces, specified by certain Fourier coefficients of
the potential, in Theorem 5.3 (which applies to ¢ sufficiently small) persists for larger (order 1)
values of . These dispersion surface orderings are summarized in the following table.

Fourier Coefficient Condition Dispersion Surface Ordering
(la) V171 > 0, Vo71 < 0 and |V0,1| < ‘/1,1 ,u‘fH- = [/fii < :UJi-l < ,Us_l
(Ib) | 0 < Voa <Via ,uii =ps, <pty < H’i—l
(2a) | Vi1, Vo1 <0 and [Vou| > [Vi,] Py < pig = psy < pty
(2b) V171 < 0 and V071 > |V171‘ ,uil < ,uii = /’Lii < /J,i_l
(3a) | Vi1, Vo1 <0and [Vou| <[Via] Biy < ply < pg=psy
(3b) | Vi1 <0, Vo1 >0, and [Vou| <|Via| | pSq <pfy <pg,=ps,;

Here, we’ve enumerated the various cases so that, e.g., the multiplicity occurs in the first eigenvalue
for cases (1a) and (1b). For larger values of ¢ this ordering may be violated. However, by Theorem
6.1, quadratic degeneracies in the band structure of —A + ¢V will still occur for all but a discrete
set of e— values.

The potential in Figure 7.1 satisfies condition (1b) and we observe that the first two surfaces
intersect at M, with the others separated and laying above. The potential in Figure 7.2 satisfies
condition (3a) and we observe that the third and fourth surfaces intersect at M, with the others
separated and laying below.

In Figure 7.3 the coefficients satisfy (2a), except that V; ; = 0. Here, the first and fourth bands
are strongly separated, but the second and third bands not only intersect at M, but, interestingly,
remain touching on the M — T interval.

In Figure 7.4, the potential consists of potential wells centered on the Lieb lattice sites and
satisfies condition (2b). Consequently, we observe an intersection at M between the second and
third surfaces. The coefficients satisfy Vj 1 ~ —Vi,1, so the first dispersion surface is quite close
to the second and third surfaces at M, but does not touch. The first three bands are separating
from the fourth and we observe the emergence of the tight-binding dispersion relation, as shown in
Figure 1.3. This will be further investigated in Section 7.2; see Figure 7.6.

Finally, in Figure 7.5, we consider a potential that consists of potential wells centered on the
square lattice sites and satisfies condition (2a). We see that the second and third band remaining
touching with the fourth band close but laying above. The first band is well separated and lays
below. Interestingly, the linear prediction is that pS; = 272 + 0.0005¢ + o(), but for this value of
g, we have pS | < 272 so we are already in a higher-order regime. This will be further investigated
in Section 7.2; see Figure 7.7.
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Figure 7.1: Eigenvalue ordering, up to O(e): pS,; = ps; < psy < ps,.

(a) Potential (b) Dispersion curves for Hy

1 2
1.5
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0.5
0.5 - 0
-0.5
0.25 -1
-1.5
' - .
0 0.25 0.5 0.75 1

Figure 7.2: Eigenvalue ordering, up to O(e): p5, < pu; < pg,; = p,;.

(a) Potential (b) Dispersion curves for Hy
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7.2 Periodic arrays of deep potential wells; the strong binding regime
We will consider here potentials which are a sum over translates of a fixed potential V, which is
localized within a unit cell: }
V(x) = Z V(x —m).
meZ?

The potential V' is taken to be a finite sum of well-localized identical negative Gaussians (potential
wells) with centers located within the primitive cell [0, 1], i.e. an arrangement of “atoms” within
the unit cell. The regime where the depth of the atomic potentials is large is the regime of strong
binding. The spectral properties associated with the “low-lying” bands are expected to be well-
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Figure 7.3: Eigenvalue ordering, up to O(e): pS, < pS; = p; < p .

(a) Potential (b) Dispersion curves for Hy
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Figure 7.4: Eigenvalue ordering, up to O(e): p®, < p; = ps; < pi.

(a) Potential (b) Dispersion curves for Hy
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approximated, after appropriate rescaling, by a tight-binding limiting model; see, for example, [2].
A rigorous analysis of the low-lying dispersion surfaces and their approximation by those of the
tight-binding model was carried out for honeycomb structures in [6].

Figures 7.6 — 7.8 of this section display dispersion surfaces for —A + V', for different choices of
V', each for increasing atomic well-depths. We now discuss these examples.

Example 7.1 (Superposition over the Lieb lattice of Gaussian wells).
To address the structural stability Question 1.1 in the Introduction, we consider a periodic potential,
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Figure 7.5: Eigenvalue ordering, up to O(e): p%, < pS; = p; < ps .

(a) Potential (b) Dispersion curves for Hy
205 :
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10
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Vi(x) = —Vo(e X7/ 4 == (/200 /0 4 o=bx—(01/2)P /o) ;5

whose restriction to the primitive cell is:

As a typical value of o we take o = .001 and vary the depth of the atomic wells by increasing Vy.
In Figure 7.6, we observe that as Vy is increased the first 3 (the low-lying) dispersion surfaces come
together in a manner approaching that of the tight-binding limit shown in Figure 1.3; see Appendix
A for a discussion of the tight-binding model. Also related is the discussion around Figure 7.4.

However, as indicated in Theorem 4.1 for finite Vi, there are only two surfaces touching at
M = (m,7m) and the 2nd band has hyperbolic character. The inset in Figure 7.4 displays this
character.

Example 7.2 (Superposition of Z?—translates of Gaussian wells). We consider the potential, whose
restriction to the primitive cell is given by:

V(x) = —Voe X/,

For Vi positive and large, we expect that the lowest dispersion surfaces will be governed by a tight-
binding model with a single band, namely the discrete Laplacian on a square lattice. Indeed, Figure
7.7 shows that the first (lowest) dispersion surface separates from the other (higher) dispersion
surfaces and takes on a quadratic character in a neighborhood of k = 0. The second and third
surfaces intersect for all Vi as is consistent with the curves in Figure 7.5.

Example 7.3 (A potential which is not invariant under reflection about the line 1 = x3). In
Figure 7.8 we demonstrate how the absence of reflection symmetry about the line x1 = xo in the
physical domain manifests itself in less symmetry in the dispersion surfaces. In this case, Theorem
4.1 anticipates lesser symmetry, manifested in the non-zero cross-term, 3, in then normal form
(4.1). Hence, we take a simple potential of the form

V(x) = —Vo(cos(2m(zy 4 2x5)) + cos(27m (21 — x2))).
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Thus, in Figure 7.8, we observe a lack of reflection symmetry about the line k1 = ko even as we
take Vi — oo to account for the fact that the potential studies here is in reality periodic on a sub-cell
of the primitive domain on which we work here.
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(a) Vo = 10.0

(c) Vo = 1000.0 (d) Vo = 2000.0

Figure 7.6: A plot of the dispersion surfaces for the Gaussian Lieb Lattice potential with depth
Vo = 10 (top left), 500 (top right), 1000 (bottom left) and 2000 (bottom right).

A Tight-binding model for the Lieb lattice

Denote by \I/E4m’n), \Ilsgm’"), \Il(cm’n) the amplitudes associated with the sites of the three sublattices
comprising the Lieb lattice; see Figure 1.1(right). We consider the nearest neighbor tight-binding
model for the Lieb lattice is given by (HT2W),,,, = EV¥,,, for m,n € Z:

lI/(Bm,n) + \Ilggm,n+1) \Ij(Am,n)
gl pglmn) L glr=tn) glme=D | = g | gl | omon e 2. (A.1)
‘I](Bm,n) + \I](Berl,n) \II(Cm,n)
Quasi-periodic (plane-wave) solutions with Bloch momentum k = (kq, k2) € B = [—7, 7]? are of the

form: Wmn) = egilmkitnk2)y, where ¢ € C? is independent of (m,n). Substituting into (A.1) we
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Figure 7.7: A plot of the dispersion surfaces for the Gaussian Square Lattice potential with depth
Vo = 10 (top left), 500 (top right), 1000 (bottom left) and a close-up of the bottom surface at
depth Vp = 1000 (bottom right).

obtain the algebraic eigenvalue problem: ( A(k) — E(k) I, , )¢ = 0, where

0 1+ etk 0
Ak) = [1+4e 0 14 ek
0 1+ et 0

The three bands of the tight-binding model are given by the three solution branches of the algebraic
equation: det(A(k) — E(k)I) = 0, which are given explicitly:

Eo(k) =0, Fi(k) = +£1/4+2cosk; +2cosks. kB,

These three dispersion surfaces are plotted in Figure 1.3.
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Figure 7.8: A plot of the dispersion surfaces for the Non-Reflection Symmetric potential with depth
Vo = 10 (top left) and 100 (top right), V5 = 500 (bottom left) showing the lack of reflection
symmetry in the surfaces. To highlight the asymmetry, we have included a plot of cross-sections of
the first three dispersion surfaces with V5 = 100 along the line from X = (0,7) to p(X) = («,0).

B Dynamics of wave-packets spectrally localized near M

In this section, we study the Schrodinger evolution: i0;% = Hy 1 for wave-packet initial conditions
which are spectrally located near the M-point. In particular, denote by ug a multiplicity two L3,
eigenvalue with corresponding eigenspace given by span{®;,®s}; see Theorem 4.1. We consider
initial conditions of the form ¢(x,t = 0) = C1o(6x)P1(x) + Ca(6x)P2(x), where 0 < § < 1 and
Cio and Cy are smooth and localized functions on R2. The Floquet-Bloch components of such
initial conditions are concentrated near M.

Here we derive a formal multi-scale solution. A proof of the validity of this expansion can be
derived along the lines of [9] in the context of honeycomb structures; see also [1].

We seek a solution depending on multiple spatial and temporal scales: 1 = 9°(x, t;i,f),
where X = (X1, Xg,...) = (0x1,02%a,...) and T = (11, Ty, ...) = (6t1, 6%t2, ... ). In terms of this
extended set of variables, the time-dependent Schrédinger equation becomes:

i(0y + 801, +6%0n, + .. W0 = — (Ve +6Vx, +0°Vx,) ¢ + V(x)P +....  (B.1)
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We seek a solution which is time-harmonic with respect to the fast time variable, ¢:
P° = eTinst Z 5 wj(x;i,f).
3=0

Substitution into (B.1) and equating terms of order O(67), j > 0 we obtain the following hierarchy
of equations at each order in the small parameter §. The first several are:

0% :  (us—Hv)o=0; (B.2)

O(6):  (us—Hyv)r =—(i0r, +2 Vx - Vx,) ¢ ; (B.3)

0% :  (us — Hy)pg = —(i0p, +2 Vi - Vx, + Ax, )b — (i0p, + 2V - Vx, )1 . (B.A4)
We regard each equation as a linear elliptic equation (non-homogeneous for j > 1) in the variable
x € R2, depending on slow variables (X, T'), treated as frozen parameters . The precise dependence
of ¢; on these parameters is determined through solvability conditions for the above hierarchy.
In fact, to the order in § that we solve, O(§?), we find it necessary to modulate only the scales

X1, X5, T7 and Ty, and so henceforth we assume X = (X1,X3) and T = (Th,T5).
Consider the O(6°) equation (B.2). By assumption, the general solution is

Yo(x: X, T) = C1(X, T)01(x) + Co(X, T)Pa(x) , (B.5)

where O ()Z, T ) and Co (X, T ) are to be determined. The expression (B.5) satisfies the M—pseudo-
periodic boundary condition 1y (x + v; X, T) = e™Va)y(x; X, T) for all v € Z? and all x € R? and
we shall impose this same pseudo-periodicity at all subsequent orders:

bi(x+v; X, T) = ™MV (X, T) , j> 1.

Continuing on to O(62), we have from (B.3) that

(s — H)pr = Z [ —i01,Cq q(x) + 2Vx,Cy - Vi Pq(x) | (B.6)
q=1

V1(x + v; X, f) = ™MV (x; X, f)

Solvability of (B.6) requires that orthogonality of the right hand side of (B.6) to the span of
{®1,®2} . Using the orthonormality relations: (®,,®,) = d, 4, p,q = 1,2 and Proposition 4.10:
(®p, VxPg) = 0, p,g = 1,2, we obtain that 0r,C, = 0, p = 1,2. Therefore, in terms of the
resolvent operator R(ug) = (H — usI)~!, we have

2
D16 X1, X, To) = 2 R(us) D Vx, Co(Xi, X, Th) - Vic®y(x) - (B.7)
q=1
We proceed finally to the equation and boundary conditions for iy at (B.4):
(/J/S - H)wg = —(i8T2 + 2Vx . sz + AXl)’(/JO - 2Vx . VX1 wl (BS)
Yo(x + v; X, T) = ™MV (x; X, T),

where the expressions for ¢y and ; are displayed in (B.5) and (B.7).
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Proposition B.1. A sufficient condition for the solvability of (B.8) is that the pair of amplitudes
Cy = C1(X1,Ts) and Cy = C2(X1,To) satisfy the coupled system of constant coefficient homogenized
Schrédinger equations:

= pa ___— 4 =
i0r,Cp = —Ax,Cp + 4 Z Z ab aXITaXls p=1,2. (B.9)

qg=1r,s=1

Here, a1 are the matriz elements of (AP9),, displayed in (4.23): al:d = (0,®p, R(us)0sP,) which
were simplified using symmetry arguments in Section 4.1.

As a consequence of Proposition B.1, we have item 6 in our summary of results, Section 1.2.
Namely, solutions of the time-dependent Schrodinger equation with initial conditions of the form:

U(x,0) = ¥h(x) = Ci(X) P1(x) + C2(X) z(x),

evolve on large, finite time scales according to:
2 2
0
Ted — O, =1,2
o33 g T gy G p=12

where T' =T, = 6*t and T2¢ depend on (AP9),, as stated above.

Proof. Taking the inner product of the right hand side of (B.8) with ®,(x), p = 1,2, substituting
in the expressions for 1y and v, recalling that dr, C, = 0 and applying Proposition 4.10, we have:

2
(i0r, + Ax,)Cp — 4 > (Vy®, - Vx,, R(ps) Vil - Vx,Cy) = 0, p=1,2. (B.10)
qg=1
Expansion of the dot products yields (B.9). O

Remark B.2. The dispersion relation for system (B.9) is
det Mgy (v, 5) = 2 = |q(k)]> = v* — |y(s} = K3) + 2Brimal® = 0,

for k = (K1, k2) € R? yielding two branches given by the leading order expressions in (1.4).

C Calculations for —A + ¢V, V admissible and ¢ small

Theorem 4.1 and Corollary 4.2 give a precise description of touching dispersion surfaces at the
vertices of B. The local expansions of these dispersion surfaces are given in terms of coefficients
a, B and «. In this section we consider H® = —A + eV, where ¢ is real, non-zero and sufficiently
small, and we obtain the leading order expressions of o¢, 8¢ and ¢ for |¢| > 0 small, required to
complete the proof of Theorem 5.4. The expressions for o, 8¢ and 7 are displayed in (4.60) and
are given by:

@ = (00, @0, R (H5)0r,, OF), 1 € (=i}, Lm € {12} (C1)
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In (C.1) we have used the notation ®; = &, ;) and ®; = ®&(_;y of Theorem 5.3. We now seek the

leading order behavior of (LZT)T;(S) for € small and non-zero.

Recall by Theorem 5.3 there are four L3, eigenvalues counting multiplicity on an O(g) neigh-
borhood of ;g. Two correspond to multiplicity one L12v[, 4+ and L%\/I . eigenstates <I>( +4) and @f_ 0
with corresponding eigenvalue which we denote ug. The other two elgenpalrs consist of two dis-
tinct L%/I, 41 and Li/{,q eigenstates @7, ;) and ®{_;) with corresponding eigenvalues we denote
iy = ms + O(e) and p{_;) = ps + O(e), respectively; see equations (5.21) and (5.24). All other
eigenvalues of H® are at a distance of order 1 from u% for € small, and hence we express a( ()
as dominant parts coming from these “nearby” eigenvalues, with a remainder which is 5maller for
e > 0 and small.

We have

af" ) = (0,, 9, R(15)0s,, ¥F,)

. {2y O 25y (B> O 2y iy

g _ € E_
g€{+1,—-1} Hq) = Hs b>5 Ky

<q>g,auq>§r)><q>g,azm<1>( ) (C.2)

Observe the terms of (C.2), for ¢ € {+1, -1}, are of order O(1), while the contributions from the

()()

higher-order bands b > 5 are O(1). From the expansion of a, , we show, in fact:

Proposition C.1. Assume |Vi1| # |Vo1|. Given e sufficiently small and non-zero,

N 3272 \%
& — 4 L1 = 4 (+l)’(+l) = 1 O 1 ; C3
o a’l,l a/l)l c V121 — V021 + ( )’ ( )
N (s 3272 Vi
e = 4al3 = 4a{5H0 = 1 O(1); C4
B Qqo aj 2 - V121 — V021 +0(1); (C4)
- 3272 %
e ggl? = 40D _ ; o1 o(1). C.5
y al,l al,l - 1 V121 — V021 + ( ) ( )

C.0.1 Derivation of Terms in Summand

First, note that k; = (27,0)7 and ko = (0,27)T are the dual lattice basis vectors for A = Z2.

(@041): 0, P04 )) = (k1 — ko) +i(ks + ka)e + O(e); (C.6)
(D7_1): 0, P(4y) = (k2 — k1) +i(ki + ko)e + O(e); (C.7)
(@041): 0, P7_y)) = (k2 — k1) +i(kn + ko)o + O(e); (C.8)
(D7_1), 00, @(_;)) = (k1 — ka)e +i(ks + ka)e + O(e). (C.9)

We have derived the expressions

¢?+’L) (X) = Z Cf+l) (m)(eiMm»x o z’eiRMm,x . eiR2Mm'X + ieiRBMm'x)

meS
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02,8, (x) = > €{45y(m) {z(M +muiky + moks)ee™ " — i2(M + moky — (my + 1)ka) e M7
meS

— (M~ (my + Dk; — (ma + ko) e’ M™% 4 i2(M — (1 + mg)ky +myky) el M7

(I)?:tl)(x) = Z Cfil)(m)(eiMm'x 4 RM™x | G RIM™ x| eiR3M“‘-x)
meS

Now we proceed to prove the results in (C.6)-(C.9).
<(I>E:+1)7 O, (I’?+i)> =

/ Z Z C?H)(n)cfﬂ)(m)(eiMn'x My REM Xy eiRgMn'x)
Q neS meS

e {E(MI) e IM™ X (RMIM) o RM™ X (RN oI REM™x _((RINmY 1 ROM™ Ky o

:/ Z Z m0f+i)(m)(eiM“-x+eiRM“.x+eiR2M"-x+eiR3M“-x)
2 neSmes

’ [i(M + miky 4 moks)ee™” X — i2(M + moky — (my + 1)ky) et M7 X
—i(M = (my + 1)ki — (ma + 1ka) ™™ M™% 4 2(M — (1+ ma)ky +miky)ee™ M™%

The leading-order term is associated with n = m = (0,0) € S, for which ¢{, \(n) = ¢{_;)(n) =

{44 (m) = 1. Then,

(B4 1)5 02, 1)) :/Q(eiM".x 4 RM x| R | iROM"x)

(IMe™M™ X (M — k) M™% — (M — K — k)M
— (M — k) M™ %) dx + O(e)
=[(M —kp) — (M —ky)¢ +i[M — (M — k; — ko), + O(e)
= (ki —ko)¢ +i(ks + ko) + O(e).

Similarly, we have
<¢?_1)78W@f+i)> :/Q(eiM“Ax _ EM™x | GRPM™x eiR3M“<x)

(IMe™M™ X (M — ko) e/ FM™ X (M — K — k) et FM™x
— (M — kl)geiRst'x)dx + O(e)
=—[(M—ko) = (M —ky)]o +iM— (M —k; —ko)], +O(¢)
= (ko — ky)¢ +i(k; + ka)e + O(e).

The inner products of ® 1y and ®_;) with d,,P_;) are calculated similarly. Recall that

?—i) (X) = Z Cf—i) (m)(eiMm.x + ieiRMm_x . eiRQMm-x B ieiR3Mm'x)

meS
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Then,
02,27 (x) = Z ¢(_iy(m) [Z(M + miky + moky) ™ X 43 2(M + moky — (my + 1)kg) et FMT*

— (M — (m1 + Dky — (me + 1)k2)geiR2Mm'x —i2(M — (1 +mo)k; + mlkg)geiRSMm'x

Expanding (®7, ), 0z, ®{_;)), we obtain

<‘1)f+1)a6wz¢’f—i)> :/Q(eiM“Ax 4 @AM x _|_eiR2M“-x + eiRBM"Ax)

(IMee™™ % — (M — ko) ™M™ _ (M — Ky — kgo)e!FM™ >
+ (M~ k)M %) dx + O(e)
_[(M - k2) - (M - kl)}f + ’L[M - (M -k — kg)]g + O(g)
= (ko — ki)¢ +i(ks +ka)¢ + O(e).
Similarly,

<¢f71),aweq)?7i)> = (eiMn.x _ eiRMn.x + eiR2Mn~x B eiRSMn~x>

S~

(iMge™M™ X — (M — k)& FM™ X (M — k; — ky) e M™x
+ (M — k)l BM™ %) dx 4 Oe).
= [(M — ko) — (M — k;)]¢ +i[M — (M — k; — k)] + O(e)
= (k1 — ko) +i(ky + ko )¢ + O(e).

Collecting the results, we have the equations (C.6)-(C.9). That is,

(DT11), 02, P(4)) = (k1 — ko) +i(ks + ka)e + O(e);
(D1, 02, P(4s)) = (k2 — ka)e +i(ks + ka)e + O(e);
<(I>(+1),8UCI>( i) = (ka2 —ki)¢ +i(ki + ko)e + O(e);
(DT_1), 0, P(_;)) = (k1 — ko)¢ +i(ki + ko)e + O(e)

C.0.2 Coefficient Calculations: of, 5%, ¢

For ¢, m € {1,2} and r, s € {+4,—i}
a(r)’(s):<8 Pe :R( 5)8 Pe >
0,m xp P (7)) UG ) Oz, P (5)
(@5 ), 00,97 ) 02, P(y))

- ¥ (2> 02 2y (Bl +0(1).

qe{+1,-1} ’u(Q) K
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Further, recall o = 4agjr1i),(+i) — 4<awl¢f+i), R(MES)GIILI)fH)}. From the analysis above,

<<I)(+1)a 8:81 (I)?+¢)><(I)(+l)7ax1¢)?+i)> (kl — k2)1 + i(kl + k2)1[(k1 — k2)1 + i(kl + k2)1] + O(E)

N (Voo +2Vor + Vi) — (Voo — Vir) + O(e2)
A (T+4)(1+14) + O(e)

2e(Vor + V11) + O(e?)
_w( 114> + O(e) )

e\ (Vo1 + Vi) + O(e)

27r2( 24+ 0(e) ) (C.10)

7 Vor+ Vi1 + O(z’:‘)

i1y — Mg

We calculate the inner products now with ¢ = —1:

(D(=1), O, O, NP (=1, O, DT ) _ (e — )y (ki + ko)[(ke — ko)1 + (ki + ko)a] + O(e)
e(Voo — 2Vo1 + Vi1) — (Voo — Vi1) + O(e?)
_An? (=1 +4)(—1+1i) 4+ O(e)
2e(Vi1 — Vo1) + O(e?)
2n2 [ |-1+i]* + O(e)

T e ((VHVm)JrO(E))

_2n? 2+ 0(e)
G <V11 — Vo1 + O(é)) ' (G.11)

Substituting (C.10) and (C.11) into the expression for agﬁi)’(ﬂ) ()

0= (s om) * (v som)] oW

8w (2(Vin — Vou) + 2(Vor + Vir) + O(e)
‘e( VA V) 100 )*“”

3277 Vi1 + O(e)
T« ((V121 - ‘/021) + 0(5)> o).

;uffn - /‘ES

)

Therefore, we have (C.3):

S

3272 Vi1 + O(e) ) 322 ( V11 )
€ <(V121 - V021) +O(e) +ow) € V121 - Vo21 +oW

The results for g and ~* follow similarly. First, consider /3°.
B = 4ay," 7V () = 400, 25, R(45) 0, 7))
AP (11), 02, BT (P (41): 02, PT_y))  HP(—1), Oy O HP(-1), O, @

4
= -
Hivn ~ HE i)~ H

(C.12)

i) + o).
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Following the analysis as for a®, we find the following.

<(I)(+1)a aLE1 (D‘(i+l)><¢)(+1)’ awz (bf*l)> _ ﬁ ( 2+ O(E) ) : (C 13)
My — M e \Vo1+Vi1+0(e) )’ .

<(I)(,1), am (I)‘(E+i)><¢)(*1)7 83”2(I)f71)> _ 277T2 ( 2+ 0(5) > (C 14)
i = 1% v rom ) |

Combining (C.13) and (C.14),

- . . R B 82 2+ 0O(e) 2+ 0(e)
B = 400, Py, R(15) 0, D) = —- KVm VLt (9(@) + <V11 — Vo1 + (9(5))]
(87#) 2(Vi1 — Vo) + 2(Vor + V1) + O(e)
(V121 - V021) + O(e)
(87T2) 4V11 + O(e)
€ (V121 - V021) +0(e)

Thus we have (C.4):

3272 Vi1 + O(E) 3272 ( Vi1 )
¢ = = O(1).
g ( € ) (VA = Vg) +O(e) € VA - V& +ol)

Finally, consider the decomposition for ~*.

")/5 —_ 4ag'j'li)’(_i)(5) = 4<8m1 (I)EE+1),R(/LES)811¢)?—1)>

_ HP1), 00y BTy (P (41), Oas BT)) . (D (1), D, BT 1D (1), 0, BF_) Lo (C.15)
M?Jrl) — K5 fol) — K5

Again, similarly as for af, the first two terms of (C.15) yield the following.

(®(11), 0, B ) (P(1), 0 @) 2m ( 2i + O(e) ) - (C.16)
Mf.:,_l) — U5 € Vo1 + Vi1 + O(e) ’ .

(@(-1) 00, 97, ) (@(-1): 0 DF_) 202 < —2i+ 0(¢) > (C.17)
HE_1) — i e \Viu—Vau+0()/) '

Combining (C.16) and (C.17),

R . R B 272 2i+ O(e) —2i+ O(e)
<8x1<1>(+i)79%(ﬂs)5m1‘1’ 7i)> T e |:(V01 + Vi + O(€)> + (VH — Vo1 —|—O(€)>:|
<2772> 2i(Vis = Vor) = 2i(Vor + Vi) + O(e)
(V121 - V021) + O(e)

B <27T2> (—4i)Vo1 + O(e)
B € (V121 - V021) +0(e)
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Therefore, we have (C.5):

322 ) Vo1 + O(e) 3212
5

Vo1
+0(1) = — 2( )—l—@ 1).
(V121 - V021) +O(e) M) € V121 - V021 @

With the coefficients o, ¢, and +¢, expanded, the description for the expression (5.26):

V= 400,05 ) R(u)0, BF) = — (

2
"+ 95w,

N ) — s = (1= ol + 0500) /] 17062 — 2) + 281,

described in Corollary 5.4 is complete.
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