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ORBITS

PIERRE ALBIN, HANS CHRISTIANSON, JEREMY L. MARZUOLA, AND LAURENT THOMANN

ABSTRACT. We generalize to arbitrary manifolds with elliptic periodic geodesics a quasimode construction
for the nonlinear Schrédinger equation first discovered by the last author.

1. INTRODUCTION

In this result, we study the Nonlinear Schrodinger Equation (NLS) on a compact, Riemannian manifold
with positive curvature and in particular with periodic, elliptic geodesics. From henceforward, we will
assume that these periodic geodesics satisfy a standard, generic nonresonance condition, referred to when
necessary as (NRC), related to the eigenvalues of the so-called Poincaré map, which we state fully in
Appendix[A] Though the Poincaré map is a much studied object with a rich history in dynamical systems,
our presentation will stem from previous work of the second author [Chrll], which contains a thorough
collection of results and references. Specifically, we study solutions to

100 + Ay = ollP,
(L.1) { (,0) = o,

where A, is the standard (negative semidefinite) Laplace-Beltrami operator and the solution is of the form

Y(x,t) = efi)‘tu(x).

To solve the resulting nonlinear elliptic equation, which can be analyzed using constrained variations, we
will use Fermi coordinates to construct a nonlinear quasimode for an arbitrary manifold with a periodic,
elliptic orbit similar to the one constructed for p = 2 on 2-dimensional surfaces presented in [ThoO8b]. To
do so, we must analyze the metric geometry in a neighbourhood of a periodic orbit, for which we use the
presentation in [Gra90]. For further references to construction of quasimodes along elliptic geodesics, see
the seminal works Ralston [Ral82], Babi¢ [Bab6§|, Guillemin-Weinstein [GW76], Cardoso-Popov [CP02],
as well as the thorough survey on spectral theory by Zelditch [Zel08]. For experimental evidence of the
existence of such Gaussian beam type solutions in nonlinear optics as solutions to nonlinear Maxwell’s
equations, see the recent paper by Schultheiss et al [SBST10].

Henceforward, we assume that (M, g) is a compact Riemannian manifold of dimension d > 2 without
boundary, and that it admits an elliptic periodic geodesic I' C M. For 3 > 0, we introduce the notation

Ug ={z € M :dist 4(z,T) < 5}.

Let L > 0 be the period of I'. Throughout the paper, each time we refer to the small parameter h > 0,
this means that h takes the form

(1.2) h=—",

for some large integer N € N.
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Our first result is the existence, in the case of a smooth nonlinearity, of quasimodes which are highly
concentrated near the elliptic periodic geodesic T' satisfying the (N RC). More precisely :

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension d > 2, without boundary and
which has an elliptic periodic geodesic. Let p be an even integer, let s > 0 and assume that
p(% - s) < 1.
Then for h < 1 sufficiently small, and any § > 0, there exists pp(x) € H*®(M) satisfying
(i) Frequency localization : For all v > 0, there exist C1,Cs independent of h such that
C1h*" < lonllar oy < Coh™".
(ii) Spatial localization near T :
lonll (v, /o5y = OBl nll e (n)-
(iii) Nonlinear quasimode : There exists A(h) € R so that ¢y, satisfies the equation
—Agon = Ah)en — olen|Pen + O(R™).

Note, in the above, by O(h*>°) to mean a constant C'(h) such that
C(h) < CyhN
for any N € N.

The quasimode ¢p, and the nonlinear eigenvalue A(h) will be constructed thanks to a WKB method,
this will give a precise description of these objects (see Section [7.3). For instance, A(h) reads A(h) =
h=2 — Egh™! + o(h™1), for some Ey € R.

As a consequence of Theorem [I.1] and under the same assumptions, we can state :

Theorem 1.2. Consider the function ¢y, given by Theorem[I.1l There exists co > 0, such that if we denote
- 1
by Tp, = cohp(%*s) ln(ﬁ), the solution uy, of the Cauchy problem (1.1)) with initial condition ¢y, satisfies

lunl| Lo (0,131 (M\D,, sy < CRUEFD/L

To construct a quasimode with O(h>) error, we need that the nonlinearity is of polynomial type, that
is p € 2N. However, in the special case where d = 2 and s = 0, we are able to obtain a result for any
0 < p < 4, which is a weaker version of Theorem [I.2]

Theorem 1.3. Let (M,g) be a compact Riemannian surface without boundary which admits an elliptic
periodic geodesic and let 0 < p < 4. Then for h < 1 sufficiently small, and any d,e > 0, there exist
on(x) € H®(M) and v > 0 satisfying

(i) Frequency localization : For all v > 0, there exist C1,Cs independent of h such that
Cih™" < lenllaran < Cah™".
(ii) Spatial localization near T :
lenllze (v, 1/a-s) = O llenllL2an),
such that the corresponding solution up to satisfies
llunll Lo o, )52 (M\U, 1 o _s)) < CRY,

for Ty, = kP in the case p € (0,4)\{1}, and T}, = h'*< in the case p = 1.
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Remark 1.1. In our current notations, the H' critical exponent for 1
4 4
SYECiTey
where n is the dimension of the geodesic normal hypersurface to I'. The L? critical exponent is p = 4/d
which is always in our range. The HY/? critical exponent is p =4/(d — 1), which is our endpoint.

p

In general we construct highly concentrated solutions along an elliptic orbit, which is effectively a d — 1
dimensional soliton. Since stable soliton solutions exist on R® for monomial Schrédinger of the type in
precisely for p < %, this numerology matches well that required for the expected local existence of
stable nonlinear states on these lower dimensional manifolds.

In addition, solving on compact manifolds with the power p = 4/(d — 2) plays an important role in
the celebrated Yamabe problem, see [SY94]. Hence, the authors hope that the techniques here can be relazed
to include this critical case and perhaps give insight into the energy minimizers of such a problem related
to the geometry.

Remark 1.2. In [CMI0], the existence of nonlinear bound states on hyperbolic space, H?, was explored.
In that case, it was found that the geometry made compactness arguments at oo rather simple, hence the
only driving force for the existence of a nonlinear bound state was the local behavior of the nonlinearity.
Work in progress with the second author, third author, Michael Taylor and Jason Metcalfe is attempting
to generalize this observation to any rank one symmetric space. In this note, we find nonlinear quasimodes
based purely on the local geometry, where here the nonlinearity becomes a lower order correction, which is
a nicely symmetric result.

Remark 1.3. In a private conversation with Nicolas Burq, he has pointed out that in settings where one
assumes radial symmetry of the manifold, it is possible to construct exact nonlinear bound states.

Notations. In this paper ¢, C denote constants the value of which may change from line to line. We use
the notations a ~ b, a S b if %b <a < Ob, a < Cb respectively.

ACKNOWLEDGMENTS. P. A. was supported by an NSF joint institutes postdoctoral fellowship (NSF
grant DMS-0635607002) and a postdoctoral fellowship of the Foundation Sciences Mathématiques de Paris.
J.L.M. was supported in part by an NSF postdoctoral fellowship (NSF grant DMS-0703531) at Columbia
University and a Hausdorff Center Postdoctoral Fellowship at the University of Bonn. He would also
like to thank both the Institut Henri Poincaré and the Courant Institute for being generous hosts during
part of the completion of this work. L.T. was supported in part by the grants ANR-07-BLAN-0250 and
ANR-10-JCJC 0109 of the Agence Nationale de la Recherche. In addition, the authors with to thank Rafe
Mazzeo and especially Colin Guillarmou for helpful conversations throughout the preparation of this work
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2. COMPARISON TO PREVIOUS RESULTS

The proof of Theorem [I.2] is to solve approximately the associated stationary equation. That is, by
separating variables in the ¢ direction, we write

U, t) = e Mu(z),
from which we get the stationary equation
A+ Ayu = o|ulPu.
For h < 1 of the form , the construction in the proof finds a family of functions
() = A= @D/ g (=12
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such that g is rapidly decaying away from I', C*, g is normalized in L?, and
(A + Ag)un = olunPun + Q(un),

where A ~ h~2 and where the error Q(uy) is expressed by a truncation of an asymptotic series similar
to that in [ThoO8b] and is of lower order in h. To do so, the authors expand the metric using normal
coordinates about the orbit and carefully bound the error terms using a presentation from [Gra90] and
reviewed in Section While the normal coordinate expansion is valid in a neighborhood of any point
on the manifold, the fact that we work near a periodic, elliptic geodesic allows us to expand in normal
coordinates uniformly about the orbit as well as apply the machinery of the Poincaré map in order to
justify the existence of each term in our asymptotic series, see Section Appendix [A| and [Chrll] for
further details.

The point is that Theorem (as well as Theorem [1.3]) is an improvement over the standard Gaussian
beam approximate solution. For instance, it is well known that there exist quasimodes for the linear
equation localized near I' of the form

op(x) = h= @D/ 4eis/h g5 p=1/22), (0 < h < 1),
with f a function rapidly decaying away from I', and s a parametrization around T, so that vy (x) satisfies
(A+ Ag)vn = O(h™)|lvall
in any seminorm, see [Ral82]. Then
(A + Ag)vp = olvp[Pop, + Q2(vn),
where the error Q2 (vy) = |vp|[Pvy, satisfies

|Q2(vr) ||H = O(h—s—p(d—l)/4).

3. A TOY MODEL

In this section we consider a toy model in two dimensions, and we give an idea of the proof of Theorem
[[:3] For simplicity, we moreover assume that 2 < p < 4. As it is a toy model, we will not dwell on error
analysis, and instead make Taylor approximations at will without remarking on the error terms. Consider
the manifold

M =R, /277 x Ry /277,
equipped with a metric of the form
ds* = da* + A%(x)d6?,
where A € C*° is a smooth function, A > € > 0 for some €. From this metric, we get the volume form
dVol = A(x)dzdb,
and the Laplace-Beltrami operator acting on 0-forms
Ayf = (02 +A20; + A1 A'9,)f.

We observe that we can conjugate Ay by an isometry of metric spaces and separate variables so that
spectral analysis of A, is equivalent to a one-variable semiclassical problem with potential. That is, let
S : L?(X,dVol) — L?(X,dxzdf) be the isometry given by

Su(x,0) = AY?(x)u(z, 0).

Then A = SAS~! is essentially self-adjoint on L?(X,dxdf) with mild assumptions on A. A simple
calculation gives

—Af = (=02 — A7)0} + Vi(a))f,
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where the potential
Vi(z) = %A/'ff1 — i(A’)QA*Q.
We are interested in the nonlinear Schrédinger equation , so we make a separated Ansatz:
ux(t, z,0) = e~ ety (1),
where ]j € Z and 1 is to be determined (depending on both A and k). Applying the Schrodinger operator
(with A replacing A) to uy yields the equation
(=D¢ + A)e™MeMp(x) = (A + 07 — K A2 (2) + Vi(2))e" e (z) = olglPe ey (),

where we have used the standard notation D = —id. We are interested in the behaviour of a solution or
approximate solution near an elliptic periodic geodesic, which occurs at a maximum of the function A. For
simplicity, let

A(z) = /(1 4 cos?(z))/2,
so that in a neighbourhood of # = 0, A2 ~ 1 — 2% and A=2 ~ 1 + 22. The function V;(x) ~ const. in
a neighbourhood of x = 0, so we will neglect V;. If we assume () is localized near x = 0, we get the
stationary reduced equation

(A+0; = K (1 +2%))y = o|¢|P.
Let h = |k|~! and use the rescaling operator T4 (z) = Ty ot (z) = h=*p(h~'/?2) (see Lemma [4.5 below
with n = 1) to conjugate:
T AN+ 02 =K (1 +2*)TT ' = T Ho|y|Py)
or
A+ Rh7102 — K (1 + ha?)p = ah P/ 4|p[Py,
where ¢ = T~ 4. Let us now multiply by h:
(0% —a® = B)p = ah|p|Py,

where )
1—Ah
FE =
h
and p
1 P
=1l—-p———=1-—=.
q p 4 1
Observe the range restriction on p is precisely so that
0<g<1/2

We make a WKB type Ansatz, although in practice we will only take two terms (more is possible if the
nonlinearity is smooth as in the context of Theorems and |1.2)):

=90+ hip;, E=Ey+hlE;.
The first two equations are
h?: (=03 +2® — Eo)po = 0,
ht: (=07 42 — By — hE1)¢1 = E1po + olpolPeo.
Observe we have included the h?FE;¢; term on the left hand side.

The first equation is easy:
900('73) = 67I2/27 EO =1
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For the second equation, we want to project away from ¢y which is in the kernel of the operator on the
left hand side. That is, choose F; satisfying

(E190 + alpolP o, o) = 0,

so that the right hand side is in g C L2. Then since the spectrum of the one-dimensional harmonic
oscillator is simple (and of the form (2m + 1), m € Z), the operator (=92 + 2% — Ey — h9FE}) is invertible
on g C L? with inverse bounded by (2 — h9)~!. Hence for h > 0 sufficiently small, we can find ¢, € L?
satisfying the second equation above (here we have used that ¢g is Schwartz with bounded H*® norms).
Further, since g is Schwartz and strictly positive, so is |¢g|Ppo, so by propagation of singularities, ¢ is
also Schwartz. In particular, both ¢y and ¢; are rapidly decaying away from x = 0.

Let now 9(x) = T(po(x) + hlpi(x)), and observe that by the above considerations, ¥ (z) is O(h*) in
any seminorm, outside an h'/2~% neighbourhood of 2 = 0. Let u = e***e**¥3))(x) so that llull 2 (dzagy ~ 1,
and u is O(h™) outside an h'/?~?% neighbourhood of z = 0. Furthermore, u satisfies the equation (again
neglecting smaller terms)

(=D + A)u = h ' ThT ' (A + 82 — K*A~2(2))TT u
= h ' T(ohY T u|PT u + O(h| T tuPT)
= olu|Pu + Q,
where () satisfies the pointwise bound
Q = O(n|ufr*).
We now let @ be the actual solution to (1.1)) with the same initial profile:

(=D; + A)u = olalPa
Uli—o = e™9(x).

Set Ty, = h?, then with the Strichartz estimates of Burq-Gérard-Tzvetkov [BGT04] we prove (see Proposi-
tion that there exists v > 0 so that

lw = @ll Lo (0,1 );L2(ar)) < CR”,

and therefore we can compute:

[@ll oo (0,152 (00, 12— 5)) < Nlloe o120\, 10 5)) + 18 = tll oo (0,122 (0100, 1 25))
=O0(h>™) +O(h") = O(h"),

which gives the result.

Remark 3.1. It is very important to point out that the sources of additional error in this heuristic expo-
sition have been ignored, and indeed, to apply a similar idea in the general case, a microlocal reduction to
a tubular neighbourhood of T in cotangent space is employed. The function g is no longer so simple, and
the nonlinearity |po|Pyo is no longer necessarily smooth. Because of this, the semiclassical wavefront sets
are no longer necessarily compact, so a cutoff in frequency results in a fixed loss.

Remark 3.2. We remark that the Strichartz estimates from [BGT04] are sharp on the sphere S¢ for a
particular Strichartz pair, but this is not necessarily true on a generic Riemannian manifold. See [BSS08]
for a thorough discussion of this fact.
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4. PRELIMINARIES

4.1. Symbol calculus on manifolds. This section contains some basic definitions and results from semi-
classical and microlocal analysis which we will be using throughout the paper. This is essentially standard,
but we include it for completeness. The techniques presented have been established in multiple references,
including but not limited to the previous works of the second author [Chr07, [Chr11], Evans-Zworski [EZ07],
Guillemin-Sternberg [GS77, [GS10], Hérmander [Hor03, [Hor05], Sjostrand-Zworski [SZ02)], Taylor [Tay81],

and many more.

To begin we present results from [EZ0T], Chapter 8 and Appendix E, to which we refer readers for
thorough introduction to the notation of wave front sets, a technique to be applied heavily in the sequel.
Let X be a smooth, compact manifold. We will be operating on half-densities,

u(x)|dx\% eC™ (X, Qi) ,
with the informal change of variables formula
u(@)|da|* = v(y)ldy|?, for y = r(2) & v(x(@))|F (@)|* = u(),

where |+/(z)| has the canonical interpretation as the Jacobian |det(9x)|. By symbols on X we mean the
set

(4.1) Shm (T"X,04. 5 ) =

- {a € C¥(T X % (0,1], Q2. ) :

020fa(w, & h)| < Caph™™ (€)1}

Essentially this is interpreted as saying that on each coordinate chart, Uy, of X, a = a, where is a, € S*™

1
in a standard symbol on R?. There is a corresponding class of pseudodifferential operators ‘Ili’m(X ,0%)
acting on half-densities defined by the local formula (Weyl calculus) in R"ﬂ

w 1 Tty i(x—
Opa)ute) = gy [ [ (5L 6n) O gy
We will occasionally use the shorthand notations a* := Op}(a) and A := Op}’(a) when there is no
ambiguity in doing so.
We have the principal symbol map
T kom % k,m k—1,m—1 * %
op U (X, Q%) =S S T°X,Q%. ¢ ),
which gives the left inverse of Op}’ in the sense that
op 0 Op'}LLU . Sk,m _ Sk,m/sk—l,m—l

is the natural projection. Acting on half-densities in the Weyl calculus, the principal symbol is actually
well-defined in S¥™/Sk=2m=2 that is, up to O(h?) in h (see, for example [EZ07], Appendix E).
‘We will use the notion of semiclassical wave front sets for pseudodifferential operators on manifolds, see

1
Hoérmander [Hor05], [GS77). If a € SH™(T* X, Q2. ), we define the singular support or essential support
for a:

ess-supppa C T*X |_| S*X,

IWe use the semiclassical, or rescaled unitary Fourier transform throughout:

Frul€) = (zwh)—m/e—i@v@/hu(x)dx.
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where S*X = (T*X \ {0})/R4 is the cosphere bundle (quotient taken with respect to the usual multipli-
cation in the fibers), and the union is disjoint. The ess-supp pa is defined using complements:

€SS-SUpp pa =
C{(x,g) €T"X :3¢ >0, (9200a)(a',€') = O(h™), d(z,a)+|¢ ~ €| < e}
||C{(z,&) e T"X\0:3e >0, (950/a)(a’, &) = O(h™(€)~™),
d(z, ') + 1/[€'] +1€/1¢] = §'/I€']] < e}/R.
We then define the wave front set of a pseudodifferential operator A € \Ili’m (X, Q)%()
(4.2) WF(A) := ess-supp p(a), for A= Opj(a).

If w(h) is a family of distributional half-densities, u € C*°((0, 1], D' (X, Q)%()), we say u(h) is h-tempered

1
if there is an Ny so that h™owu is bounded in D'(X, Q% ). If u = u(h) is an h-tempered family of distributions,
we can define the semiclassical wave front set of u, again by complement:

WF,(u) :=
(4.3) C{(z,€): 3A € U)°, with oy,(A)(z,£) # 0,
and Au € h®C®((0,1],C=(X, Q%))}.

For A = Op¥(a) and B = Op¥(b), a € S¥™, b € S*m" we have the composition formula (see, for
example, [DS99])

(4.4) Ao B = Opj} (a#b),
where
(4.5) Sk+k/»m+m, 5 a#b(m,f) — e%w(Dm,Dg;Dy,D,,) (a(x,i)b(y,n)) .

=n
with w the standard symplectic form.

We record some useful results, which are stated and proved as Theorems 8.10 and 8.12 in [EZ0T], to
which we refer the reader for a more detailed discussion of wavefront set analysis.

Lemma 4.1. Suppose (xo,&o) ¢ WEp,(u). Then Vb € C°(T*R™) with support sufficiently close to (xq,&o)
we have
b(x,hD)u = Os(h>).
Here Os(h™) means O(h*) in any Schwartz semi-norm.
Theorem 4.2. 1 Suppose a € S(m) and u(h) is h-tempered. Then
WFp(a¥u) C WEp(u) N ess-supp p(a).
2 If a € §(m) is real-valued, then also
WF,(u) C WFp(a"u) UC{ess-supp pal.

Proof. Assertion 1 is straightforward. The proof of assertion 2 is standard, however we present it here so
we can use it for the analogous result for the blown-up wavefront set.

Using Lemma [4.1] we will show if (z0,&) ¢ WF(a"u) and a(zo, &) # 0, then for all b, b(xz,&) # 0 so
that b“u = Op2(h*°). There exists a neighbourhood U > (x¢, &), a real-valued function x, and a positive
number v > 0 such that suppx NU = () and

la + ix| > v everywhere.



NONLINEAR QUASIMODES 9

Then P = a® + ix" has an approximate left inverse ¢ so that
cP=1id + R",
where R¥ = Or2_,12(h*). Choose b € S so that supp (b) C U and b(xo,&) # 0. Then b*x* = O(h*>) as
an operator on L2. Hence
bYu =b"c® Pu — bY R%u
=b"c"a"u + b x“u — b R u
=0(h*),

where we have used the Weyl composition formula to conclude ess-supp , (c#x) Nsuppb = 0. g

4.2. Exotic symbol calculi. Following ideas from [SZ02], since rescaling often means dealing with sym-
bols with bad decay properties, we introduce weighted wave front sets as well. Let us first recall the
non-classical symbol classes:

(46) Sy (T'X,94.x) =
= {a S COO(T*X X (O, 1], QZ%"*X) : 656?@(3;,5; h) < Caﬁh—6|a\—7\5\—m<§>k—\5\} ]

That is, symbols which lose § powers of i upon differentiation in x and v powers of h upon differentiation in
¢. Note the simplest way to achieve this is to take a symbol a(z,¢) € S and rescale (z,¢) — (h =%z, h=7€),
which then localizes on a scale h°t7 in phase space. We thus make the restriction that 0 < §,v < 1,
0 <d++v <1, and to gain powers of h by integrations by parts, we usually also require § +~ < 1. We can
define wavefront sets using Ss,, = Sg,’g symbols, but the localization of the wavefront sets is stronger.

Definition 4.3. If u(h) is h-tempered and 0 < §,7v<1,0<d+~v <1,
(47) WFh,S,W(u) :E{(x0£0) :da € '55,“/ N Cgo7 a’(x()ag()) 7é 07 CL(.’IJ,S) = a(h_6x7 h_’yé-)
for some a € S and a"u = Or2(h™)}.

We have the following immediate corollary.
Corollary 4.4. Ifa € S5,(m), 0 <5+~ <1, and a is real-valued, then
WF},5~(u) C WFy 5 (a”u) UC{ess-supppa}.

The proof is exactly the same as in Theorem only all symbols must scale the same, so they must
be in Ss5,,. In order to conclude the existence of approximate inverses, we need the restriction d 4+ v < 1,
and the rescaling operators from & which can be used to reduce to the familiar h=% calculus, where

8" = (6 +~)/2, by replacing h with ho~7.

4.3. Rescaling operators. We would like to introduce h-dependent rescaling operators. The rescaling
operators should be unitary with respect to natural Schrédinger energy norms, namely the homogeneous
H* spaces. Let us recall in R, the H* space is defined as the completion of S with respect to the topology
induced by the inner product

() = [ lePa@ede,
]R'n,
where as usual @ denotes the Fourier transform. The H° norm is just the L? norm, and the H' norm is

[ull g = ([ Velll 2

The purpose in taking the homogeneous norms instead of the usual Sobolev norms is to make the rescaling
operators in the next Lemma unitary.
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Lemma 4.5. For any s € R, h > 0, the linear operator T}, s defined by
(4.8) Thsw(z) = h¥/2 "/ 4 (h=12g)
is unitary on H*(R™), and for any r € R,

1T, e = B~ ] gy
—s/2

[Thowll s = h™>=[wl| ..

Moreover, for any pseudodifferential operator P(x, D) in the Weyl calculus,
Th_SlP(‘r; D)T}hq = P(h1/2(177 h71/2D)_

Remark 4.1. Observe that for this lemma, the usual assumption that h be small is not necessary.

Proof. The proof is simple rescaling, but we include it here for the convenience of the reader. To check
unitarity, we just change variables:

(o, Tisw) . = {J€I°6 I T o)
_ hs/2+n/4/|§|25a(§)md§
n/4 3/2/‘§|23 1/2 ( )df
:hn/4—s/2/\g|2su(h1/2-)(§)1f]( )dg

_ /1
= <Th’su, w>HS .

To check the conjugation property, we again compute

x—i—y

;7P D)Th (o) = Ty} 2m) o204 [ temne pEY a2y dyds

_ 1/
=1y tam e ez<ffh”2yﬁf>P<—”h ©)u(y)dyd

. 1/2 —1/2 /
= T o)l [ e ) p Y oy ayas

/
— o | et p( "), 12y g aga

= P(h*?z, h 2 D)w(x).

The purpose of using the rescaling operators T}, ¢ is that if u € H* has h-wavefront set as in (14.7)
WEFp s~ (u) C{lz| < a(h) and [¢] < B(R)},
where, according to the uncertainty principle, a(h)3(h) > h, then T}, su has h-wavefront set
WF) 5-1/241/2(Thsw) C {|z| < a(h)h'/? and |¢] < B(h)h™1/2},

provided, of course, that 6 > 1/2. To see this, we just observe that for any ¢ € CSO(RQ"), ¥ = 0 on
{lz] <1,]¢| <1}, we have

P(x/a(h), D/B(h))u = O(h>)ull L2,



NONLINEAR QUASIMODES 11

or any other semi-norm, and hence
(h=x/a(h), 2D/ B(h)Th st = T stp(x/o(h), D/B(h)T; 1 Th su
= Ths¢(x/a(h), D/B(h))u
= h20(h™)ull 12
= O(h>)|lull 2.
Finally, we note that the symbol of the operator on the left-hand side is zero on the set
{lz] < h'?a(h), and [¢| < n=/2B(h)},

and any such symbol in S5_; /5 ,41/2 as defined in (4.6), elliptic at a point outside this set, can be locally
obtained in this fashion.

5. GEOMETRY NEAR AN ELLIPTIC GEODESIC

Suppose T' is a geodesic in a (n + 1)-dimensional Riemannian manifold. Following [MPO05, §2.1] (cf.
[Gra90]) we fix an arclength parametrization «(¢t) of I', and a parallel orthonormal frame Fj, ..., E, for
the normal bundle NT to I' in M. This determines a coordinate system

= (20, L1, ., Tpn) — expv(%)(a:lEl +...2,E,) = F(x).

We write 2’ = (x1,...,2,) and use indices j,k,¢ € {1,...,n}, o, 3,6 € {0,...,n}. We also use X, =
F.(0z.).

Note that r(z) = y/x? +...22 is the geodesic distance from z to I' and &, is the unit normal to the
geodesic tubes {z : d(z,T") = cst}. Let p = F(x0,0), ¢ = F(zo,2’), and r = r(q) = d(p,q) then we have
[MPO05L Proposition 2.1], which states

9(R(Xs, X;) X0, Xi)pwszp + O(r?),

<
(=)
o
k)
SN—
[
—
|
=N
=
>
3
b
N
!
>
S
3
=
o
=
o~
_|_
o
—
=
w
ol

Tt == > g(R(Xx, X0)X;, Xo)pz; + O(r?),
j=1

where I‘iﬁ = %g‘”’(Xagnﬁ + Xg9an — Xngas)-

In these coordinates, the Laplacian has the form

1

Ay = ———=div(y/det gg~ 'V

g9 \/m IV( et g9 )

= 9% X0 Xo + 29" X Xo — ¢7"T9, Xo + 29" T(; Xy, + Aro,

(5.2)

where Ap. is the Laplacian in the directions transverse to I'.

Denote the geodesic flow on SM, the unit tangent bundle, by ;. Let v(0) = p € T and ¢ = +/(0) € SM.
Associated to I is a periodic orbit ;¢ of the geodesic flow on SM. This orbit ¢.( is called stable if, whenever
Y is a tubular neighbourhood of ¢;(, there is a neighbourhood U of ¢ such that ¢’ € U implies ;' C V.
Given a hypersurface ¥ in SM containing ¢ and transverse to ¢.(, we can define a Poincaré map P near



12 P. ALBIN, H. CHRISTIANSON, J.L. MARZUOLA, AND L. THOMANN

¢, by assigning to each ¢’ the next point on ;(¢’) that lies in ¥. Two Poincaré maps of ¢;( are locally
conjugate and hence the eigenvalues of dP at ( are invariants of the periodic orbit ¢;(.

The Levi-Civita connection allows us to identify TT'M with the sum of a horizontal space and a vertical
space, each of which can be identified with T'M. Thus we can choose ¥ so that T¢X is equal to ¥ @ F,
where F is the orthogonal complement of ¢ in T, M. The linearized Poincaré map is then given by

dP

EQFE E®F, )
(V, W) —— (J(length(v)), Vx, J (length(7)))
where J is the unique Jacobi field along v with J(0) =V and Vx,J(0) = W, i.e., J solves
{VXOVXOJ + R(J, X)X = 0
J0) =V, Vi, J(0)=W.
The linearized map dP = d73|C preserves the symplectic form on £ & E,
w((V1, Wh), (Va, Wa)) = (Vi, Wa) — (W1, Va),

and so its eigenvalues come in complex conjugate pairs. We say that I' is a non-degenerate elliptic closed
geodesic if the eigenvalues of dP have the form {e**® : j = 1,...,n} where each a; is real and the set
{a1,...,an, 7} is linearly independent over Q.

From (j5.1)), the Hessian of the function ggo(g) as a function of #’ is (minus) the transformation appearing
in the Jacobi operator
E3V— R(V, XO)XO € FE.
Notice that if V' is a normalized eigenvector for this operator, with eigenvalue A, then
secy(Xo, V) = gp(R(V, X0) X0, V) = Agp,(V, V) = A.

The very useful property

(5.3) ’p e,V eFE = sec,(Xo,V) >0

)

holds for any elliptic closed geodesic.

Remark 5.1. One can verify by means of the Birkhoff normal form (see [Zel08l, §10.3]). Indeed,
if one of the sectional curvatures were negative, then the Birkhoff normal form of the linearized Poincare
map (in T*M ) must have an eigenvalue off the unit circle. If so, then there is at least one nearby orbit
which does not stay nearby, hence the periodic geodesic is not elliptic. Similarly, if one of the curvatures
vanishes, then the linearized Poincare map has a zero eigenvalue, and hence the logs of the eigenvalues are
not independent from m over the rationals (in other words, the Poincare map is degenerate, and not even
symplectic).

6. COMPACT SOLITONS: THE NONLINEAR ANSATZ

We are interested in finding quasimodes for the non-linear Schrédinger equation
—Agu = u — olulPu,
where 0 = +1 determines if we are in the focussing or defocussing case. We will construct v approximately
solving this equation with u concentrated near I' in a sense to be made precise below.

We take as Ansatz
2N

F(x,h) = e /M f(x h), h~t = T
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where L > 0 is the period of T', and assume for the time being that the function f is concentrated in an
h-dependent neighbourhood of I'. We are going to employ a semiclassical reduction, and we are interested
in fast oscillations (h — 0), so we assume WF}, 1 /5_50f(z,h) C {|2'| < eh'/2=0 |¢'| < €} for some €,6 > 0
The localization property of f as constructed later will be verified in Section [/} We compute from ([5.2)),
with A the non-positive Laplacian,

4 1 9 .
(61) AF =c"/h [goo (—th + 5 Xof + X0X0f> + 205X, (;f + Xof)

—gMTY,; (hf + Xof> +29%T6, X1 f + Are f] .
Remark 6.1. One may initially be inclined to use the Ansatz of the original Gaussian beam from Ralston
[Ral82], which is

ew(m)/h(ao +arth+---+ aNhN),

the standard geometric optics quasimode construction. After all, Ralston is able to make very nice use of
the geometry to construct a phase function of the form

Y(x) =i/h(zo + 33" B(xo)z’)

with Im B(xzg) > 0 (for xg # 0, vanishing otherwise). In such a regime, however, the non-linear term in
the Schrédinger equation (1.1) vanishes to infinite order in h. Thus while such a solution always exists, it
fails to capture the effects of the nonlinearity that we are interested in.

We analyze by applying the operator T}~ ; from in the variables transversal to I'. We normalize
everything in the L? sense, so we take here s = 0. Let z = h~'/22’ and set v(xg, 2,h) = T,:éf(azo, z,h) =
R4 f(x0, h'/?2, ). Notice that the distance to the geodesic r = |2/| is scaled to p = |z| = h™'/?r, as
described above. In particular, now
(6.2) WFp0,120 C {l2] <h7%, [¢] < h'/%e},
as defined in if ¢ is the (semiclassical) Fourier dual to z. We conjugate to get

A . 0; .
T, o ATy 0Ty o F = e'o/" [goo (—th + %Xov + X0X0v> +2¢*0n1/29,, (;v + Xov)

—gkngj (;Lv + Xov> + 2ngF§jh71/28zkv + hlAFu}] ,

where the metric components and Christoffel symbols are evaluated at (zo, ht/ 22). On the other hand,
from (|5.1)), expanding in Taylor polynomials, we know that

9% () = 1+ Ra(x) + Rs(x) + Ra(z) + O(r°)
= 1+ hRo(2) + h*? Ry(2) + h*Ra(2) + O(h*/*p%)

2The reason for the weaker concentration in frequency |¢’| is that the nonlinearity forces working with non-smooth functions,
so some decay at infinity in frequency is lost.
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for some smooth functions Ry, ggk, f?‘u homogeneous of degree ¢ respectively. Hence

_ B o 11 1 2
ThﬁéATh,OTh’éF = € o/h _ﬁU - ERQ(Z)’U — ng(Z)’U — R4(Z)’U + ZX()U‘F
20 _1o L iRm0 . ikT0 1
(6.3) T2 (2)0:,v — /29 Lk (2)v —ig” T (2)v + EAFMJ
+Puv,

where P contains the remaining terms from the Taylor expansion. Let us record the following Lemma.
Lemma 6.1. The operator P has the following expansion:
P o= Oh?2P) + XoXo + O(h|2[)h=/20:, Xo + O(|2*)0z, + O(hY/?|2]*)
FOR 22| + |23 Xo + O(K*2|2]P)h 1?0,
In particular, if v satisfies , then
1Pv]| g2 < Ch==*||v] 2 + C|| X0 Xov] 2 + Ch™ || Xov]| 2.

Remark 6.2. We will show later that for the particular choice of v we construct, the operators Xo and X3
are bounded operators for § sufficiently small, so that the error h® Pv is bounded in L> by v (see Remark
as required in our error analysis below.

For the purposes of exposition, let us then assume for now that the term hz Pv is bounded for some
o > 0 and proceed (justification of the bound will be made clear below). Applying T, é to the equation
—AF = \F — o|F|PF yields

—T, 0 ATh 0Ty, 0 F = AT}, o F — T, o (|F|PF)
= AT, o F — ch™P"/4|T, (F|PT) § F,
so that multiplying by he o/ we get
(6.4) (2iXo+ Aps — Ry(2))v
1—h2X

v+ h'/? (igjkf?kl — 2i§k0(2)8zk + Rg(z)) v+ h(Ry(2) + igjkf‘?m)v
+ hl_p”/4o|v|pv + he~ o/l py,
where P is the same as above.

Remark 6.3. In order to ensure that the nonlinearity appears here as a lower order term, we require

4 4
6.5 :=1—pn/4d >0, <=
(6.5) q pn/ orp< —=-—g

as stated in the theorems.

We want to think of the left hand side as similar to a time-dependent harmonic oscillator where xg plays
the role of the time variable.

Let g =1—pn/4, 0 < ¢ < 1. We would like to assume that v and A have expansions in h?, however
the spreading of wavefront sets due to the nonlinearity allows us to only take the first two terms when
0 < ¢ <1/2 and the first three terms otherwise.

Case 1: 0 < ¢ < 1/2. Assume that v has a two-term expansion

v =1vg + hiv;
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and moreover that there exist Ey, k = 0,1, satisfying
1—h2\
h
Since ¢ < 1/2, then the O(h'/?) term in is of equal or lesser order than the nonlinear term, and
substituting into we get the following equations according to powers of h:
RO :  (2iXo+ Apr — Ry(2) — Ep)vg = 0,
hi:  (2iXo+ Apr — Ra(z) — Eg — h1E1)vy = Eyvg + olve|Pve + hY2=4 Loy,

= Ey + h1E; + O(h*9).

(6.6)

where
Lug = (igi’ffgkl — 2i§"(2)d., + Rs(2) + h"/?Ry(2) + ih}/2g"T0,, + h1/2e‘”°/hP> Yo.
We will show the error terms are O(h??) in the appropriate H* space. See §7.2.1]

Case 2: 1/2 < ¢ < 1. In the case ¢ > 1/2, the O(h'/?) term becomes potentially larger than the

. . . . — 2
nonlinearity, so we take three terms in the expansions of v and E = %:

v =wvg + h'?v; + hlvy, E = Eq+ hY2E; + hiE; + O(h).

We then want to solve
ho: (QiXO + Api — RQ(Z) — E())Uo =0,

h1/2 : (22X0 + Api — RQ(Z) — Eo)’l]l = Fq1v9 + Lug
he . (QiXO + AFL — RQ(Z) — FEy— h1/2E1 — thQ)’UQ = FEovg + hlqulvl + h1/2E2U1
—+ O'|U()‘p'l}() + hl_qLUl.

(6.7)

In this case we will show the error is O(h'/?*9) in the appropriate H* space. See §7.2.2l In this case, we
choose =1—gq

7. QUASIMODES

We begin by approximately solving the h° equation by undoing our previous rescaling. That is, let

wo(xo, 2, h) = Th.ovo(xo, 2, h) = h™ "/ *vg(29, h~ 2z, h), and conjugate the h° equation by Th0 to get:
0= Tho(2iXo + Arr — Ra(2) — Eo)T}, g Th.ovo
= (2iXo + hAr: — h™ ' Ry(z) — Eo)wo,

where now the coefficients in Ap. are independent of h, and we have used the homogeneity of Ry in the x
variables. Multiplying by h, we have the following equation:
(71) (2ZhX() + hQAFJ_ - RQ(Z) - hEo)’LU() = O,
Hence, (7.1)) is a semiclassical equation in a fixed neighbourhood of I with symbols in the h° calculus (i.e.
no loss upon taking derivatives). The principal symbol of the operator in (7.1)) is

pP=T~— |C|_¢27 - RQ(Z)v

where g is the metric in the transversal directions to I', and 7 is the dual variable to the zo direction. If
we let " be the (unit speed) lift of I to T*M, and if exp(sH),) is the Hamiltonian flow of p, then

Fr={(=2=0,z0 =s € R/Z}.

Since, in the transversal directions, p is a negative definite quadratic form, the linearization of the Poincaré
map S is easy to compute:
S = eXP(Hq)7
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where
q=—[¢|2 — Ra(2),
so that
H, = —2a(xo, z)j’k§j3zk + 2bj’k(x0)zj8<k,

where a and b are symmetric, positive definite matrices. Linearizing S about, say, ¢ and z = { = 0 we get
that dS(0,0) has all eigenvalues on the unit circle, in complex conjugate pairs. That is, I' is still a periodic
elliptic orbit of the classical flow of p.

Since p is defined on a fixed scale, we can glue p together with an operator which is elliptic at infinity
so that p is of real principal type so that we can apply Theorem [A1]in the appendix to construct linear
quasimodes. Note that since we have quasi-eigenvalue of order O(h), Theorem implies the quasimodes
are concentrated on a scale |z| < hY/2 |¢| < /2.

This is made precise in the following proposition.
Proposition 7.1. There exists wy € L?, ||wo||zz = 1, and Ey = O(1) such that
(2ihXo 4+ h*Ar: — Ry(2) — hEg)wo = eo(h).

Here the error eg(h) = O(h®®) € L? (or in any other seminorm), and wo has h-wavefront set sharply
localized on T in the sense that if ¢ € \119/275’1/275 is 1 near T, then for any 6 > 0, pwy = wo + O(h>),
and if 0 = 0, |Jowo|| > col|lwol| for some positive ¢o depending on the support of .

Moreover, wy € H>®(M) and satisfies the estimate
llwollzrs (ary = O(A™*/).

Proof. The construction follows from Theorem [A7T] and is well-known in other settings, see for instance
[Ral82], [Bab68], and [CP02]. To get the sharp localization, apply Lemmas and from the appendix
to get the localization on wy. Once we know that wq is so localized, we can replace wg with pwg, where
pE \119/275 is as in the proposition. Then pwq satisfies
(2ZhX0 + h2A1—m - RQ(Z) - hEo)gD”UJO = éo(h),
where
éo(h) = peo(h) + [(2ihXo + h*Ap. — Ra(2)), ¢lwo.

But now geg(h) = O(h™), while the commutator is supported outside of an h'/2~% neighbourhood of T,
so by the localization of wg is O(h*°) and localized in a slightly larger set on the scale h1/2=9, ([l

Now recalling vy = T,Z é wo, then vy satisfies
(2iXo+Ar1 — Ra(2) — Ep)vo
= b, 5(2ihXo + h*Ap. — Ra(2) — Eo)Th ovo
= b, 5 (2ih X + h*Ap. — Ra(2) — Eo)wo
= h7'T; geo(h).
The error h’lTh_; eo(h) = O(h®) in any seminorm still, but the function vy is now localized on a scale h~9

in space. That is,
WEio,1-st0 € {Ja] < eh™ J¢] < eh' =},

again as defined in (4.7)).
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7.1. The inhomogeneous equation. We are now in a position to solve the lower order inhomogeneous
equations in . The quasimode v has been constructed as a “Gaussian beam” (see |[Ral82]); it is a
harmonic oscillator eigenfunction extended in the x( direction by the quantum monodromy operator from
[SZ02], which is defined in (7.4 below. From this construction, the boundedness of the error term h2 Py
follows as stated in Lemma In what follows we construct v; in the case 0 < ¢ < % and v, vy in the

case % < q < 1 and show that a similar bound holds for h?Pv; and h% Puy + h9Pu, respectively.
We want to solve
(72) (ZiXO + Ari — RQ(Z) — Eo)vl = Fiv9+ G,
where Ey = Ey + h"E; for some n > 0, Ey and vy have been fixed by the previous construction, and
G = G(zg, x) is a given function (periodic in zg) with
WF)0,1/2G C {Ja| < eh™,[¢| < en'/?}.
Note, the localization of G follows from the nonlinearity as well as geometric multipliers in the operator
L, see Appendix [E|and (6.2)).
Conjugating by T} o as before, we get the equation
(7.3) (2ihXo 4+ h®Ars — Ry(x) — hE)w;, = Go,
where
Gy = hTh,o(Elvo + G)
We observe then that
WFhJ/Q,(g,OGQ C {|$| S Ghl/zils, ‘§| S 6}.

Specifically, let us parametrize motion along I" by the parameter 0 < ¢ < L. Let M (¢) be the deformation
family to the quantum monodromy operator defined as the solution to:

(2ihXo + h2Ar. — Ry(x) — hEo)M(t) = 0,
M(0) = id,
which exists microlocally in a neighbourhood of I' C T* X (for further discussion see also Appendix [A] and

references therein). From here onward, by the term microlocally, we mean up to terms that are O(h*).
By the Duhamel formula, we write

(7.4)

wp = M(t)wl,o + % /0 M(t)M(E)*GQ(tN, )dlf~

We have to choose wy ¢ and E; (implicit in G2) in such a fashion to make w; periodic in ¢; in other words, to
solve the equation (approximately) around I'. Let L be the primitive period of T, so that ¢ = 0 corresponds
to t = L. Then we require
wl(L7 ) = wl(oa ')a
or
i [ - L
wi o = M(L)wr.o + E/ M(L)M(E)*Ga (i, )di.
0

In other words, we want to be able to invert the operator (1 — M(L)). The problem is that wgo :=
wo(0,-) = Th,0v0(0, -) is in the kernel of (1 — M (L)), so we need to choose E; in such a fashion to kill the
contribution of G2 in the direction of wyg .

Recall that
G2 = hTh o(Evvo + G)
= h(E1w0 + é),
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where

G =T} ,G.

We want to solve microlocally

. L
(1= M(L))wi o = %/0 ML) M@ (h(Eywo + C))di
= i/L M (L)M ({)*(Ey M (D)wo o + G)di
0
(7.5) = iLM(L)Eywoo + i /L M(L)M (t)*Gdi.
0

1 Lo
Bi= -3 ([ My Gaiuna ).
L 0 ’

so that (7.5)) is orthogonal to wo .
quo% ={uec L?: (u,wpo) = 0},

If we denote
then since Eg+h"F; is a small perturbation of Ey by the (NRC) and M (L) is unitary on L2, (I —M(L))~!
is a bounded operator (see [Chrll])

—1.72 2
(1—M(L)) .Lw()L,()—>Lw(J)TO.
Hence .
wyo = (1— M(L))‘l%/ M(L)M (t)*Ga(t, -)dt
0
satisfies
L
[wiollz2 < ChT / M(1)*Ga(t, )dE| < CLY*h™|Gall L2112
0 2
and
w1,0 S Li}L .
0,0
Furthermore, we have the estimate
L
w0l e < Ch™'h™*/? M()*Ga(L,)di| < CLY2h='=%/2||Gall 2112,
0 12

that is, the H® norm is controlled, but not by the homogeneous Sobolev norm.

We have proved the following Proposition, which follows simply from tracing back the definitions.

Proposition 7.2. Let vg be as constructed in the previous section, and let G € H*® for s > 0 sufficiently
large satisfy

WE0.1/2G C {l2] < eh™, [¢] < /%)
Then for any n > 0, there exists v1 € L? and Ey = O(||G||12) such that
(2¢Xo + Apr — Ro(2) — Eg — h"Eq)vy = Eyvg + G,
and moreover

o1l ge < CUIGNEs + [lvollare)-
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Remark 7.3. We note here that by construction of vi we have implicitly microlocalized into a periodic
tube in the xo variable. Using the fact that the Quantum Monodromy Operator is a microlocally unitary
operator (see [SZ02, [Chr1l]), the bound

IXGvillze S llva 2

follows easily for any j, which is required for proof of Lemma [6.1].

7.2. Construction of quasimodes in the context of Theorem We now have all the tools to
construct the quasimodes which will be used to prove Theorem Let d>2and 0 <p<4/(d—1). As
previously, denote by ¢ = 1 — p(d — 1)/4. The main results of this part will be stated in Propositions
and

7.2.1. The case 0 < ¢ < 1/2, i.e. ﬁ <p< ﬁ. In this subsection, we see how to apply Proposition
in the case 0 < ¢ < 1/2. As described previously, in this case, the nonlinearity is the next largest term,
and we have only one inhomogeneous equation so solve (see )

According to Propostion [E:2] and Corollary [E-I] from Appendix [E] if

G = o|vg|Pvo — RY/2749 Ly,
is the nonlinear term on the right-hand side, then G is sharply localized in space but weakly localized in
frequency. That is, if x € C°(T*X) is equal to 1 in a neighbourhood of T, then for any 0 < § < 1/2 and
any 0 < <1,

x(h°z, h*=7D,)G(z¢,z) = G(z0,2) + E,

where for any 0 < r < 3/2,

B g < Ch=71B/2+p=r)

We are interested in the case where v = 1/2, since in that case G is weakly concentrated in frequencies
comparable to h'/2, so by cutting off, satisfies the assumptions of Proposition That is, take v = 1/2,
and replace G with G = x(h’z, h'~7D,)G, and apply Proposition to get v; and E; satisfying

(2ZXO + AFL - RQ(Z) - EO - thl)’Ul = El’UQ + é,

or in other words
(QZXO + AFL — RQ(Z) — E() — thl)vl = Ell}o —+ J|’U0|p1)0 —+ hl/ziqL'UO —+ Ql,
where
HQ1||H7 < Ch(l/Q)(?’/Q-HD_T),
Now letting v = vg 4+ h%v; and E = Ey + h9FE1, we have solved
(ZiXO + AFL — RQ(Z) — E)U = th"Uo|p’U0 + hl/zLUQ + th1
= hio|v|Pv + hY2 Lo + Q,
where - B
Qo = h1Q, — hY/?F 1Ly + O(R*|u|PH).

The remainder Q- satisfies

||Q2||H < OB —3/2+min{2q,1/2+q,q+3/44+p/2} _ C’h_s/2+2q,

since ¢ < 1/2. Recalling the definitions, ¢ = eimO/hTh,ov satisfies

(i)
WEF}, 1/2-500 C {lz] < eh'/279 |¢| < e}
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lellze ~ 1,  ID5 @l ~h™"
and
IDS 2 < CR™*;
(iii)
(A+XNp = h_1e”“/hTh,ohe_m"/hT}:éATh,OT};égo

= hte®0/M, o(2iXo + Aps — Ry — E — hY2L)w

= hte®o /M, o(oh?v|Py 4 Q2),
or

(A + Vg = alolPe+hPQ,
where Q = h™'e*0/"T}, ,Q, satisfies ||Q|| ;. < Ch~* and where
d—1

(7.6) alp)i=—1+2¢=1-p (2> .

We now sum up what we have proven in a proposition. Consider the objects we have just defined :
v =g+ hlvy, oy = e”‘)/hTh@v and A\(h) = h=2 — Egh=! — Eyh~1%9. Then we can state

Proposition 7.4. Let2/(d—1) <p < 4/(d—1) and a(p) be given by (7.6). Then the function py, satisfies
the equation

(A +M(R)pn = alenlPon + h*PQ(h),
where Q(h) is an error term which satisfies [|Q(Rh)| g S h™%, for all s > 0.

7.2.2. The case 1/2 < ¢ < 1, ie. 0 <p< %, We again construct vy as a Gaussian beam using the
quantum monodromy operator. We then set
G1 = E1’UQ + LUO7

which is smooth with compact wavefront set contained in the wavefront set of vy, so no phase space cutoff
is necessary to apply the inhomogeneous argument to get v; with wavefront set contained in the wavefront
set of vg.

Now let
Gy = Eyvg + hl_quvl + hl/QEQ’Ul + 0'|U0|p’l}0 + hl_qul,

and solve for vs as in the previous subsection. This is possible since v; is orthogonal to vy by construction.
We then have

(2’LXO + AFL - RQ(Z) - EO - thl)Ug = EQ’UO + hlinl’Ul + h1/2E2U1 + O'|’U0|p’00 + hliqL’Ul -+ Qh

where
11|l g < CRO/DG/24p=0),

etting v = vg + v1 + h9%v, an = Fkgy + 1+ 2, we have solve
Letti ht/? h d E = FEy+ h'/?E, + h9E h lved
(2iX0 4+ Ars — Ra(2) — E)v = hia|vg|Pvo + h/2Lug + hLv; + Q,

= hio|v[Pv + Y2 Lo + Q,,

where } .
Q2 = Q1 — h'/?T4 Ly, + O(KY/ 2T |y[PT),
We now have the remainder estimate
HQQHHS < Chfs/2+min{1/2+q,q+3/4+p/2} — C«hfs/2+1/2+q.
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Recalling the definitions, ¢ := e”‘)/hTh,Ov satisfies

(i)
WEF}, 1/2-500 C {lz] < eh270 1€ < e}

el ~1, D5 ¢l ~ ™",
and
IDL e < Ch™Y2;
(iii)
(A+ N =h™te™/" Ty he /M LAT, T,

= hte®o/h Ty, (2iXo + Aps — Ry — E — hY%L)w

= ifle”“’/hTh0 (ch|v|Pv + Qg),
or

(A + XN = olpPe + P,
where Q = h™'e0/"T}, Qs satisfies ||Q|| ;. < Ch™* and where
1 d—1
(7.7) a(p) =-1/24+q=5-p(—— |-
2 4
Once again, by construction we have
1X505llz2 S loglee

for 7 =0,1,2.
Consider v = vy + h2 vy + hvy, @y = €#0/"T, qv and A(h) = h™2 — Egh™ — Eyh™2 — Eyh~ 114 defined
previously, then we have proven
Proposition 7.5. Let 0 < p < 2/(d — 1) and a(p) be given by (7.7). Then the function @y satisfies the
equation
(A +A(R))en = alenlPen + h*PQ(h),
where Q(h) is an error term which satisfies ||Q(h)|| g S h™*, for all s > 0.

7.3. Higher order expansion and proof of Thereorem

7.3.1. The two dimensional cubic equation. We first deal with the simpler case d = 2, p = 2 and s = 0.
As in the previous section, we define ¢ = 1 — p(d — 1)/4, thus for this choice we have ¢ = % allowing us
to match powers of the asymptotic parameters in a canonical way. The general algorithm for any smooth

nonlinearity arising when rescaling in the appropriate H® space will follow similarly.

Using (6.4) and the Taylor expansions of the geometric components g and F;k for ¢,5,k =0,...,d in
(6.3), we look for an asymptotic series solution of the form

’U:’U0+h%’01+h1’02—|—"'—|—hm%’l}m+"'+hN%’UN+’l7,

for N sufficiently large.
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Then, we have the following equations:

ho : (QZXO + AFL - RQ(Z) - EQ)"U() = O,
h% : (2ZXO + Api — RQ(Z) — Eo)’l)l = Fiv + (Z’&jkf‘?kl — 2i§koazk + Rg(z))vo + (T|7}()|21}07
Rl (QiXO + AFi — Rg(z) — Eo)’UQ = FEsvg + Ejv1 + (iéjkfgkl — 2i§k06zk + Rg(Z))’Ul

+(i6;6T Yy + Ra)vo + o(2Jvo|*v1 + v301),

m—1 m—1
h% (2iXo+ Apr — Ra(2) Ep_jvj+0( Z CiRVi VL))
j=0 J,k,1=0
m—1
+ (fjm( 2)0s, +fX0XO+fj1,m(Z))vj’
=0
N N N-1
N . J
h=* (2iXo+ Apr — Ra(2) — Eg — Zh%Ej)vN = ZEN—jUj + o( Z ]klvjvkvl
j=1 j=0 7,k,1=0
N-1 5
+ ) (F35(2)0z + 78 X0 + [ 5 (2)v; + Pyv,
=0
where
8. _—
fim = On(z["77),
e = On(z™7),
im = On(2]™77)

for jym=0,..., N and
Py = OMON?221N) + XX + OWN?|2|N)h=1/%8., X,
+ORNZ3221M8, + OWN272|N) + OWN2|2|N) Xo + O(BN22|N)h =120,
Note that all constants have implicit dependence upon N relating the number of terms in the expansion

at each order. The expansion is valid provided first of all that
N .
> hiE; < Ey
j=1

in order to justify the solvability of the O(h™/2) equation.

Remark 7.6. We note here that in this expansion, the sign of o can effect the sign and value of Eq,
which will impact the remaining asymptotic expansion and in particular the order of quasimode expansion
possible. It is possible that the focussing/defocussing problem enters in to the stability analysis of these
quasimodes through this point.

Applying Proposition [7-2] at each asymptotic order and bounds similar to those in Lemma [6.1] at order
hN/? as in Section we have by a simple calculation that v is a quasimode for the nonlinear elliptic
equation with remainder @y such that

Qw7 < Onh™ 72,
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As a result, for sufficiently smooth nonlinearities, one is capable of constructing higher order asymptotic
expansions and hence a quasimode of higher order accuracy.

7.3.2. The general case. Let d > 2, p € 2N and s > 0. We define here g; = 1 + p(s — %). Assume that

p(% — 8) < 1, or equivalently that g > 0. Firstly, write w = h®v. Then v has to satisfy (6.4]) but where
the power in front of the nonlinearity is h?s. Hence, we can look for v and E of the form

N N
v = Z i/t vje+?v and E = Z B2+t Ejo+ E.
4,6=0 4,6=0
Since g; > 0, the nonlinearity does not affect the equation giving vy, and we have
(2iX0 + AFL — RQ(Z) — E070)1}070 =0,

which is the same equation as before. Then, using Taylor expansions, we write all the equations, similarly
to the previous case, in powers of h7/2+¢% Again, we can solve each equation and obtain bounds of the
solutions and of the error terms. Moreover, it is clear that we can go as far as we want in the asymptotics,
so that we can construct a O(h™) quasimode, and this proves Theorem 1.1

8. ERROR ESTIMATES

8.1. The regular case. In this section, we assume that p is an even integer.

Fix an integer k > d/2 (the fact that k is an integer is not necessary). We then define the semiclassical
norm

k/2
11 = 12— B2A) " Fll 2 ary-

In the previous section we have shown the following : Given a € R, there exist two functions ¢, € H*(M)
and Q(h) € H*(M) and A(h) € R so that

(A +X(h))en = alenPen + h*Q(h),

where

d+1
(8.1) a> T+s+p(—T+s).

Moreover, microlocally the function ¢y, takes the form

(8.2) on(o,2’ h) = h_d%“eia/hf(a, =22 h),

and we have [|Q(h)| g1 < C.

We set Uapp(t,-) = e "My, Then if we denote by Q(h) := e~ #*Q(h), the following equation is satisfied
(8.3) (Opttapp + Mtapp = Olttapp[Ptapy + h*Q(h).

Proposition 8.1. Let s > 0. Consider the function v given by . Let u be solution of

i0yu + Au = olu|Pu,
(8.4)
u(O, ) = @h-
Assume that « is as in (8.1). Then there exists C > 0 and co > 0 independent of h so that

[t = app || oo (0.1 ]s 25 (ary) < CRUETV/A

for 0 < Ty, < co P55 =) In(1).
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This result shows that 4y, is a good approximation of u, provided that the quasimode ¢, has been
computed at a sufficient order «.

Proof. Here we follow the main lines of [Tho08al Corollary 3.3]. With the Leibniz rule and interpolation
we check that for all f € H*(M) and g € Wk>°(M)

k/2
(8.5) 1F gl S 1z gl ary + 1 z2can | (1 = B2A) gl o ary-
h h
Moreover, as k > d/2, for all fy, fo € H*(M)
(8.6) 11 Fallzg S P21 il g | foll g

Let u be the solution of (8.4) and define w = u — uapp. Then, by (8.3)), w satisfies

{ (0w + Aw = 0 (|w + tapp P (W + Uapp) — [Uapp [PUiapp) — R Q(h)

®.7) w(0,z) = 0.

We expand the r.h.s. of (8.7), apply the operator (1 — hQA)k/2 to the equation, and take the L?- scalar
product with (1 — th) %2 Then we obtain

d p+1 ‘ .
(88) el S 3 I sy ™ g + 1
dt h h
j=1

We now have to estimate the terms |[w’ w2}~ gy, for 1< j <p+1. From (8.5) we deduce

. o . s . k/2 o
(8.9) o Wl = e < M g iy ™ oo ary + llw? L2 | (1 = A2A) k=7 L o).
By , and as we have
. Cay(—d=1 g k/2 —j D=4t +s
(810)  Jutd ooy S BEHIETED(1 = W2A) Pt ey S RIS,

thus inequality yields

[’ Uﬁ;fs_jHH;; < h—d(j—l)/2h(p+1—j)(—‘§;1+s)||w||{m.
h

Therefore, from (8.8 we have
d _d=1 - 1
gl S AT wll gy + AP w7 + R
Observe that ||w(0)[|gzx = 0. Now, for times ¢ so that
— 1 _d=1_
(8.11) WP wl < R | g

Le. Jlwllgr < Ch\@+D/4+5 we can remove the nonlinear term in (8-9), and by the Gronwall Lemma,

d—1

(8.12) lwll g < CROP= ST CR7

+)y

d—1
4

If ¢o > 0 is small enough, and ¢ < ¢oh?"T —%) In %, then

—1

d—1_
Chocfp(f%+s)eChP(7 T Tt S Ch(d+1)/4+s’
so that inequality (8.11) is satisfied. By the usual bootstrap argument, we infer that for all

d—1_ 1
t < coh?C3 )lnﬁ
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we have
|wl| e < ChldFD/4+s,
h

Finally, by interpolation we get ||w|zs < h™*||w|gx, hence the result. O

We are now ready to complete the proof of Theorem Consider uy,, the exact solution to (1.1) with
initial condition ¢, then by the previous proposition and the description of wugpy, We can write

[l Lo (0,122 (M\U, 1 o)) < appll Lo (o,11:22(0M\U, 1 jo—s)) F [[th = Uappll Lo (0,71, L20\U 1 2 5))
(8.13) = O(h™) + O(R\HHD/4) = O(pld+D/4),
which was the claim.
8.2. The non regular case and d = 2.

In this section we compute the error estimate in the case of a non smooth nonlinearity in dimension
d = 2. Moreover we restrict ourselves to the case s = 0 in (8.2)) (case of an L2-normalized initial condition).

Proposition 8.2. Let pj be the function given by (8.2)) with s = 0. Let u be solution of
10 + Au = o|ulPu,

Let € > 0. For p € (0,4)\{1}, we set T}, = h?, and in the case p = 1, Ty, = h'**¢. Then there exists C > 0
and v > 0 independent of h so that

[t = ttapp || L= (0,7 1522 (1)) < CR”.
Remark 8.3. Note the difference between the results of Propositions (8.1) (when s =0 and d = 2) and
(8.2). In the first case, we have Ty of order hP/% . which is better than Ty, ~ hP obtained in the second
result. However, in this latter result, there is no restrictive condition on the size of the error term in the
equation.
Proof. First, we follow the strategy of Burq-Gérard-Tzvetkov [BGT04], Section 3.] Let 0 < p < 4, choose
1
r > max(p,2) and take 1 — — < s < 1 (there will be an additional constraint on s in the sequel). Then
r
take g so that % + % = % and s1 = s — % For T > 0 define the space
Y* =C([0,T]; H*(M)) N L" ([0, T]; W*-4(M)),
which is endowed with the norm

= - 81/2 I . .
llly+ = jmax Jlu(®)][m + 111 = A" Zull L o,1y:0)

By the Sobolev embeddings, we have Y* C L" ([O7 7], L‘X’). Now, define w = u — uqp,. Then w satisfies the
equation

(5.14) { 00w + Aw = 0 (|w + Uapp|? (W + Uapp) — [tappPtiapp) — AP Q(R),
w(0,2) =0,

with a(p) =1 — p/2 when 2 < p < 4 and a(p) = 1/2 — p/4 when 0 < p < 2 (see and (7.7)) and

1Q(h) || g+ < Ch*.

e Case 0 < p < 1. In [CFHI10, Estimate (2.25)], Cazenave, Fang and Han prove that for all 0 < s < 1

(8.15) ’Hw + “app|p(w + uapp) - |“app‘puapPHHs < CHuappHHus”poo + Cllwl| s ( |Uapp||p<x> + ”proo)
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Indeed, in [CFHIQ], the estimate is not stated exactly with these indices, but the proof still holds true.

Moreover, in [CFHI0], (8.15) is proved for € R%, but the inequality can be adapted to the case of a
compact manifold thanks to a partition of unity argument.

Assume that w satisfies the equation

0w+ Aw=F, w(0,z)=0,
then with the Strichartz estimates of [BGT04], the estimate [[w[lys < C[[F'[|1 g+ holds true. Thus, with
the notation v =1 — g, with and we have

T T
[wlys < C/O [tapp | e w7, +C/O [wll s (ltappllf o + [w]fee) + CTRP Q) 50 1o
< CT|[wappllge e |[wllfe + Cllwllys (TlluappllF o o + T [w]%2) + CTRP Q| 150 115
(8.16) < OT h™*||w|fy. + Cllwlys (Th™P/* + TV ||w|}..) + CTh=*+/2=p/4,
Similarly, we obtain
(8.17) lwll e r2 < CT|[wlfe + Cllwll g 2 (Tl tapp e oo + T [w0ll5.) + CTRYZ7PA,

Therefore, if we define the semiclassical norm || |

(8.18) [l

thanks to and (8.17) we infer

(8.19) ||w||y} < CT"h*||wly

v by

vy = h*[lullpsore + [Jullys,

b+ Cllwlly, (Th™P* + T wlf.) + CTh /2P,
h

1 1 1
Next we use the inequality ab < —eP*aP* + —e P2bP2 which holds for a,b,e > 0 and — + — = 1. With
h1 D2 p1 P2
a suitable choice of € and p; (here we use that 0 < p < 1) we get

(8.20) CT ™" w|y,: < 5 Hw||ys + C(T7h=5)Y/(=p),
Now, re-inject (8.20) into (8.19) and obtain
(8.21) [wlly; < Cllwlly; (Th™* + T7|Jwlf..) + C(TTh™*)V =) 4 OTR>H/27P /4,
1
We now perform a bootstrap argument : Fix ¢ > 0 and set T, = hP. Fix 1 — - < s<1—=. Then it is
1—
possible to pick v > 0 small enough so that v =1 — P > s+ u Assume that
r p
—s+v
(8.22) [wlly;: <h .
Then

Tih P+ T w5 < B/ 4 PO,

which tends to 0 with A, thanks to the assumption made on v. Hence, for h > 0 small enough, with (8.21]
we get
wllys < C(T}jhﬂ)l/(lfp) + CTyh—stV2=p/4 < opley=9)/(=p) 4 O =5+3p/4+1/2,
s S <
v(1—p)
p

Finally, observe that —s + 3p/4 + 1/2 > —s + v, and the assumption v > s + is equivalent

—s+v

o (py—s)/(1 =p) > —s +v. Hence for h > 0 small enough, we recover [lwly;: < Eh , and by

the usual bootstrap argument, the condition (8.22) holds for T, = h?. Now we can deduce the bound
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[ullpzere < h*|lwlly,; < h”, which was the claim.

e Case 1 < p < 4. Here we have, by [CFHI10, Estimate (2.25)], for all 0 < s < 1

H|w + Uapp P (W + Uapp) — |Uapp‘p“apPHHs =
Olluappl = ([uapp |z + Il lwll L + Cllw]| a2 (
With the same arguments as for we get, with 3y =1—1/r
“app“i;olLoo”wHYs + CT uappll e e wl§« +
+O(Tl[tapplle e + T [l ) [[w]ly= + CTRY Q) Lie 12
< O(TTh= ==V L TP ) |w|lys + CT R |w|y. + CTY |w||3t! + CTh=sTo®),

with a(p) =1 —p/2 when 2 < p <4 and a(p) = 1/2 —p/4 when 1 < p < 2 (see ([7.6) and (7.7))). Then, by
the same manner, we get the following a priori estimate with the semiclassical norm || ||y, (recall definition
(8-18) )

(8.23)  [lwl

|Uapp||poo + ||w||poo)-

[wllys < CTWHUappHL%OHS

vp < C(T:’h_s_(p_l)M‘ + Th—P/4) [|w|

v +CTh™*||w]

Vot CTY||w|[VEh + CTh™ @),

1
We now perform the bootstrap : Let r > max (2, p) (there will be an additional constraint on r). Fix 1—— <
r

s < 1and set T, = hP. Then if r is large enough (recall that 7 = 1—1/r), the term T,?h_s_(p_l)/4+Thh_p/4
tends to 0 with h, therefore if A > 0 is small enough, from (8.23) we deduce that

(8.24) lwlly: < CTR [wlly. + CT] |3 + CT, A=+,
Choose 0 < v < p+ a(p). As previously we assume that

(8.25) lwlly,s <h™5F".

Then with we get

|wlly: < CpP—stp(=stv) L oprpte+l)(=s+v) | opp—stalp)

Next when r > 0 is large enough (and under the assumption 0 < v < p+a(p)), we have yp—s+p(—s+v) >
—s+v, yp+(p+1)(—s+v) > —s+v and p—s+a(p) > —s+v. To see this, observe that y — land s — 1

when r — 4o00. Therefore for A > 0 small enough, we recover ||w|
(8-25) holds for T}, = h?, and similarly to the previous part, we deduce that ||lu[[zer2 < h*[lw|ly; < A"

e Case p = 1. By (8.23) we have
lwlly; < C(T"*h™ + Th™ ) wlly, +CT' lwl§; + CTh™**4,

v < —h~%" hence the condition

here we set T}, = h'*€ with € > 0, and we perform the same argument as in the previous case. O

Thanks to this proposition and the same argument as (8.13]), we can conclude the proof of Theorem

APPENDIX A. QUASIMODES FOR LINEAR EQUATIONS NEAR ELLIPTIC ORBITS

In this section, for completeness we recall verbatim without proof an important theorem on existence of
quasimodes near elliptic periodic orbits of the Hamiltonian flow. A full proof can be found in [Chrll].

Let X be a smooth, compact manifold, dim X = n, and suppose P € \Ilk’O(X)7 k > 1, be a semiclassical
pseudodifferential operator of real principal type which is semiclassically elliptic outside a compact subset
of T*X. Let ®, = exptH, be the classical flow of p and assume there is a closed elliptic orbit v C {p = 0}.
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That + is elliptic means if N C {p = 0} is a Poincaré section for v and S : N — S(N) is the Poincaré map,
then dS(0,0) has eigenvalues all of modulus 1. We will also need the following non-resonance assumption:

if etion etiaz eFiak are eigenvalues of dS(0,0), then
a1, Qa,...,qr are independent over 7wZ.

(A1)

Under these assumptions, it is well known that there is a family of elliptic closed orbits v, C {p = z}
for z near 0, with 79 = . Consider the following eigenvalue problem for z in a neighbourhood of z = 0:

n { (P — 2)u=0;

||u||L2(X) = 1.
As a result, we have the following

Theorem A.1. For each m € Z, m > 1, and each cy > 0 sufficiently small, there is a finite, distinct
family of values

{2} € [~eoh/™, coht/™]
and a family of quasimodes {u;} = {u;(h)} with
WFru; =,
satisfying

(A.3) {
Further, for each m € Z, m > 1, there is a constant C' = C(co,1/m) such that
(A.4) C~tpm(=Ym) < N(h) < Ch™™.

(P = zj)uj = O(h™)||u;l L2 (x);
lujllz2(x) = 1.

Remark A.1. The proof is essentially to construct quasimodes on the Poincaré section as eigenfunctions
for the semiclassical harmonic oscillator, and then to propagate them around the orbit I'. This shows that
the quasimodes have the localization property as in Lemmas[B-1] and [B.3

APPENDIX B. SOME COMMUTATOR ESTIMATES

In this section, we prove two results which we have used in the above computations. Specifically, we
have constructed approximate solutions to the homogeneous and inhomogeneous equations associated to a
semiclassical operator of the form

Q =hD; — P(t,z,hD,),
where P is a “time-dependent” harmonic oscillator,
P(t,z,hD,) = —h*A(t) + V,

where

V=uY (t).%ll’]
is a positive definite quadratic form. Both A(t) and V have t-periodic coefficients of period T' (the same
as I'), and we seek periodic solutions to equations

Qu = Ev, (Q_E)U:fy

where F is an eigenvalue to be determined and f is periodic in . The constant-coefficient semiclassical
harmonic oscillator is well-known to have eigenfunctions of a semiclassically scaled Hermite polynomial
times a semiclassical Gaussian. These eigenfunctions, for small eigenvalues, have semiclassical wavefront
set at (0,0). Moreover, for any €,0 > 0, if |(z,£)] > eh'/?79, these eigenfunctions are O(h>) in the
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Schwartz space. The purpose of this section is to prove that for the periodic orbit case, similar localization
occurs.

Lemma B.1. Suppose v solves
Qu=Euv+0(h)|oll, E = O(h),
[oll =1,
v(0) = v(T) = vo,
where vy satisfies the localization property:
Vo, e > 0,3 € C(R), s =1 on {|(x,&)| < eh'/?7%},
with supp ) C {|(x,€)| < 2¢h'/?79}, we have
Op n(¥)vo = vo + O(h>)][vol|-
Then there exists €1 > 0, e — 0 as € — 0, such that for all 0 < t < T, if p € C(R), ¥(r) =1 for
{|r| < 1} with supp v (r) C {|r| < 2}, then
Op (W (p(t, 2,)/(e1h'~*)))u(t) = v(t) + O(h>)[lu(t)]].

Proof. Let 9(r) = 1 for |r| < 1 be the standard Littlewood-Paley cut-off function to the unit interval.
Then for any €, > 0,

Oph(

(0,2,8)/(€?h' 7)) vo = vo + O(h™),
since p(0,x, &) is comparable to | |2

(p
,€)|?. Let I(t) be the forward propagator for P:
th—i—Pt @, hD))I(t) = 0,

=id L2512
Let ¥ = Op , (4(p(0, 2, £)/(2h1=27)), and set

L(t) =1(t)wI(t)™!
We have hDiT" = [P(t,z,hD),T'(¢t,x, hD)], and by Egorov’s theorem, WF,,I" is contained in the flowout
by exp(tH,) of {p(0,z,&) < 2¢2h1=2°}. Now the flowout of exp(tH,) no longer preserves the level set of p
because p depends on ¢, however, if (z(t),£(t)) is an integral curve, then

d
ap(t :E(t), f(t)) = pt(t7 x(t)v §(t)),
so that there is a constant C' > 0, independent of A so that
d
—Cp< —

D p(t.2(0),€0) < O,
by the homogeneity of p for (z,&) in a neighbourhood of (0,0). Hence there is a constant cg so that

co 'p(0,2(0),£(0)) < p(t, (1), £(1)) < cop(0,2(0),£(0))

on the flowout for 0 < ¢ < T. Hence a neighbourhood of (0,0) of order pi/2=96 stays of the same order,
although the size of ¢ > 0 may increase.

We have yet to show the asserted identity property acting on v. But for this, we simply note that
v(t) = I(t)vo, and I(t)* = I(t)~! to write

To(t) = I(t)Tvy = I(t)(vo + O(h®)12) = v(t) + I()O(h™) 12

and since I(t) is unitary, we have proved the Lemma.
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We now know that modes and quasimodes are concentrated on a scale of h'/2=9 for any § > 0. We can
measure the distance to I' in the transversal direction at the point ¢ on I" using p(t, z, £), so it is convenient
to have cutoffs which in a sense depend only on p, and more specifically nearly commute with P(¢, x, hD).

Lemma B.2. Let P(t,x,hD) be as above and fix N > 0. Fix e > 0 sufficiently small and fir 0 < a < b < ¢,
and suppose @° € C=°(R) has support supp ¢° C [a,b]. Then for each § > 0 and for each 1 < j < N, there
exist symbols @) € Si1/2-5 such that
i If @t 2,6, h) = @Op(t, 2, §) /' 720), then @° € Sy 55 and ¢° = Op (¢°) satisfies
[Pa 11/}0] = O(h1/2+5)L2—>L23
ii suppy’ C {ah'/?7% < p < bh'/?7°} Nsupp V@, for each 1 < j < N, and
ili if Y7 = Opp(p?), then
N
=0+ Z R (1/2+8) 5
j=1
satisfies
[P, y] = RVUZHOR,
with R : L? — L? bounded with compact h-wavefront set.

Proof. The proof is relatively standard, however the addition of the periodic “boundary conditions” in ¢
adds a small difficulty, so we reproduce the basic argument here.

The principal symbol of P is
p(t,, &) = a¥ (t, 2)6:&5 + bY () w5,
with both a%, b" positive definite matrices. By the homogeneity of the quadratic forms, we clearly have

e s /2—s- The symbol calculus then implies the assertion (i), once we observe that 1[)0 cuts off to a
compact region, and hence p is bounded there.

We now proceed to construct the (7 satisfying (ii)-(iii). For notation simplicity, denote
A= {ahl/Q*‘s <p< bh1/2*5} N supp V4 C T* M.

From (i) and the symbol calculus, we have

h
[Pa 11[}0] = ;Op h({pa ¢()}) + ROa

where Ry = h'*2°0p 1,(ro) + Ro,n, where 7o € Sy /25 with supprg C A, and Ry ny = ORNA/240)) 15 1o
has compact h-wavefront set. We now compute for an arbitrary choice of 7 € S /2—s with compact
support:

. _ . h . .

[P, 0200 = WO 0pa({p, 7)) + WO R,
where R; = h**290p n(r;)+R; n. Asin the case of ©°, here r; € 81 /25 has support contained in supp Vi
and Ry = Oz 12 (RN (/279 has compact h-wavefront set.

We observe that {p, 7} has a prefactor of h=1/219 since 7 € S1/2-5 but p € Sp, so we want to construct
@’ so that hI/2+)h{p, ©I} /i cancels the term of order hU+D(1/2+0) = Assume for 1 < k < j — 1 we have
found " satisfying (ii) such that

B, F) — s = O(19)
with the 7,_1 and the error in Sy /55 with support in A. Then if IV~ = ch;é hEQ/2+0) )k satisfies
[P,T771] = h(jfl)(1/2+5)}~gj_1,
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where Rj,1 = h1+260p h(fjfl) + ijl,N with Ti—1 € 81/2_5, supprj—1 C A, and ijl,N = O(hN(1/2+5))
with compact h-wavefront set. Then we want to solve

i 2 p @7} — 11 = O(RY270).

If rj_1 0 is the principal symbol of r;_;, we apply the Frobenius theorem to find such a @7, The support
properties follow from the assumed support properties on r;_; and the observation that we can always
multiply ¢/ by a function of p to ensure it is supported in A, at the expense of another compactly supported
error of order h'/2+%, The symbolic properties follow from the assumed symbolic properties of Tj_1.

O

APPENDIX C. REAL PRINCIPAL TYPE

Let us quickly show that our local principal symbol near I' can be glued into a symbol of real principal
type. Let us recall that a symbol p is of real principal type if the principal symbol is real valued, smooth,
has compact level sets, is elliptic outside a compact set, and dp # 0 on {p = 0}. Our local model near T is
of the form

pi(t,x, &) = —7 + a¥ (¢, x)&& + b (H)xiz;,
a” and b¥ are positive definite symmetric matrices, t € S' and 7 is the dual variable to t. Let py =
a’(t,x)&&; + b (t)z;x;, which is a suitable measure of the distance squared to I'. Fix 6 > 0, and let
x(r) € C¥(R) be equal to 1 for |r| < 4, and x(r) = 0 for |r| > 26. Let ¢ = 72 + pg, which is elliptic outside
a compact set, and set
p2 = x(po)p1 + (1 — x(po))q-

The function ps satisfies all the requirements of real principal type, once we show that dps # 0 on {ps = 0}.
For this, first note that

{p2 =0} C ({7 =po} N{po < 25}) U ({g =0} N{po > }).
The latter set is empty, but the first is not. We observe that
dpz = (14 X' (po) (=7 — 7%))dpo + (2(1 = x)7 — x)d,

and that dpyp = 0 only if x = £ = 0. Now ¥ is a non-increasing function of pg, so on {7 = pg} N {py < 26},
X' (po)(—7 —72) > 0. Hence if (x,£) # (0,0), dps # 0. If z = £ = 0, we have py = 0, so on {7 = pg} N {py <
26}, 7 =0 also. But

(2(1 = x)7 —x)dr #0
for 7 in a neighbourhood of 0, which shows dps # 0 on {ps = 0}.

APPENDIX D. RESCALED WAVEFRONT SETS: AN EXAMPLE

In this section, we provide for the reader’s convenience an example where one encounters the rescaled
wavefront sets. Let us consider the quantum harmonic oscillator

P = (hD,)* + 22
The eigenfunctions Pu; = Fju;, are semiclassical Hermite polynomials times semiclassical Gaussians. If
up(z) = coh=/4e="/21 is the (L%-normalized) semiclassical Gaussian, and if y(z) € C2°(R) is equal to 1
near 0, then clearly
11 = x(h™°2))uoll = O(A*)
in any seminorm, provided 6 < 1/2. On the other hand, a simple computation shows that the semiclassical

Fourier transform of ug

Fiulug)(€) = chh™ /e /20,
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so that Fj(ug) has the same localization in £ as ug did in z. In other words, for any 0 < § < 1/2,

WFE 55 (u0) = {(0,0)}.

A similar argument implies the same is true for any u; provided E; = O(h).

On the other hand, let us see how to use Corollary to prove the same localization. If E; = O(h),
then the principal of P — E; is p = £ + 2. By homogeneity, we can rescale

p=h((h7°6)* + (h™°x)?),

which is a symbol in S?’_%. As this symbol is O(h*°) only at (z,£) = (0,0), we get the same result as
above.

APPENDIX E. HARMONIC OSCILLATOR EIGENFUNCTIONS

Let Py = —d?/dxz* + 22 be the one-dimensional quantum harmonic oscillator operator. The theory of
the eigenfunctions of Py is well established, however we need several important facts recalled here.

Proposition E.1. Each eigenfunction u,, n =0,1,2,..., of Py is a polynomial times a Gaussian:
up () = Hn(l’)67x2/2,
with eigenvalue A, = 2n + 1.
The u, can be taken to be real-valued, they form a complete orthonormal basis of L?(R), and the zeros

of up are simple.

The proof follows from the standard creation/annhilation operator analysis. We are interested in these
properties of the quantum harmonic oscillator eigenfunctions because, for the nonlinear problem studied
in this note, we will take a non-smooth function of these eigenfunctions, and we want to understand the
singularities. Let p > 0, let u,(x) be an eigenfunction of the quantum harmonic oscillator, and set

v(z) = [un (2)[Pun(z).
Proposition E.2. The function v(x) is rapidly decaying, v(z) € C* N H!, and
0(&) € S 7P,
where Sy~ is the space of classical symbols of order —2 — p.
In particular, we are interested in semiclassical rescaling, and to what extent v is localized in phase
space. The function v is not smooth, so it does not have compact semiclassical wavefront set, but because

of the symbolic assertion in the previous proposition, there is some decay at infinity, as described in the
next corollary.

Corollary E.1. For any ¢ > 0, the function v(zx) satisfies:
HU(Z')HHl(B(O,h*f;)C) =O0(h™).
Moreover, for any 0 <y <1 and 0 < s < 3/2, the semiclassical Fourier transform satisfies

”|£/h|s‘7:hru||L2(B(0,h'y)c) < C’h(177)(3/2+17*5).

In particular, if x(z,£) € C(R?) is 1 in a neighbourhood of (0,0), then
xRz, W'~ "Dy)v = v+ E,

where for any 0 < s < 3/2,
1B e < OB B/2+p—s)
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Proof of Proposition[E.2 Each zero of u,, is a simple zero, so we can write

n

(@)= ulx),

1=0
with vg € S, and for 1 <1 < n, v; has compact support containing a single zero of u,,. If z; is a zero of u,
contained in the support of v;, then

vz + ;) ~ |zPz
near x = 0, and v;(x + z;) is smooth and compactly supported away from from x = 0. Then v;(z + ;) is

conormal at z = 0, which implies ; is a symbol in class So;2~?. Summing in [, and using that 6y € Se~>°,
we get 0 € Sq 2P as claimed.

O
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