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ABSTRACT. The Maslov index is used to compute the spectra of different boundary value problems for
Schrodinger operators on compact manifolds. The main result is a spectral decomposition formula for a
manifold M divided into components €27 and Q2 by a separating hypersurface ¥. A homotopy argument
relates the spectrum of a second-order elliptic operator on M to its Dirichlet and Neumann spectra on 1
and Q2, with the difference given by the Maslov index of a path of Lagrangian subspaces. This Maslov
index can be expressed in terms of the Morse indices of the Dirichlet-to-Neumann maps on . Applications
are given to doubling constructions, periodic boundary conditions and the counting of nodal domains. In
particular, a new proof of Courant’s nodal domain theorem is given, with an explicit formula for the nodal
deficiency.

1. INTRODUCTION

Suppose M is a compact, orientable manifold, and L a selfadjoint, elliptic operator on M. It is of great
interest to compute the spectrum of L, given boundary conditions on 9M, and relate it to the underlying
geometry of M and L. Of particular importance for many applications is the Morse index, or number
of negative eigenvalues. Omne approach to computing the Morse index is to deform M through a one-
parameter family of domains {2} and keep track of eigenvalues passing through 0 as ¢ varies. For instance,
if f: M — [0, 1] is a Morse function on M with f~1(1) = M, one can consider the sublevel sets ; = f~1[0,¢)
for t € (0, 1]. Since

lim Vol(€;) = 0,
t—0

it is easy to compute the Morse index of L on §; once t is sufficiently small. It thus remains to describe the
“spectral flow” of the boundary value problems as t varies.

This was done by Smale in [26] for the Dirichlet problem, assuming the €, remain diffeomorphic for
all ¢, which is the case when f has no critical values in (0,1]. An application of this result to the study
of minimal surfaces was given by Simons in [25], and a generalization was given by Uhlenbeck in [2§],
allowing the topology of ; to change but still assuming Dirichlet boundary conditions. In [12] Deng and
Jones used the Maslov index, a symplectic invariant, to generalize Smale’s result to more general boundary
conditions, but with the additional requirement that the domain be star-shaped. The star-shaped restriction
was subsequently removed in [I0], where the Maslov index was used to compute the spectral flow for any
smooth one-parameter family of domains, with quite general boundary conditions.

To complete the picture, we must describe what happens when t passes through a critical value of f and
the topology of €; changes. More generally, we consider a decomposition of M into disjoint components
along a separating hypersurface X, as in Figure [l} and ask how the spectrum on M relates to the spectrum
on each component. This question is answered in Theorem [I} which says the Morse index of L on M
equals the sum of the Morse indices on each component (with appropriate boundary conditions on X) plus
a “topological contribution,” which is given by the Maslov index of a path of Lagrangian subspaces in the
symplectic Hilbert space H'/2(X) @ H-Y2(S) @ HY2(X) @ H-Y2(Y).

By considering the limit in which either €1 or 25 is small in some appropriate sense, this can be related
to classic results on eigenvalues of the Laplacian with respect to singular perturbations of the underlying
spatial domain. In [7] Chavel and Feldman studied the effect of removing a tubular neighborhood of a closed
submanifold N C M, replacing M by the domain

M, ={z € M : dist(z, N) > €}.
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oM

FIGURE 1. A manifold M with nontrivial boundary OM, separated into components 2
and ) by an orientable hypersurface X.

Assuming the codimension of N is at least 2, they proved convergence of the Dirichlet spectrum on M, to
the spectrum on M as € — 0. A similar analysis was carried out in [§] for manifolds to which a small handle
has been attached, with a sufficient condition given, in terms of an isoperimetric constant, for convergence
of the spectrum as the size of the handle decreases to zero. In [23] Rauch and Taylor considered a rather
weak notion of convergence for Euclidean domains and described the behavior of the Laplacian when one
removes a small neighborhood of a polar set. (The definition of a polar set can be found in [23]; note in
particular that a submanifold of codimension at least 2 is a polar set, whereas a hypersurface is not.) In [I5]
Jimbo considered the case of two disjoint bounded domains connected by a small tube, and gave asymptotic
formulas for the eigenvalues and eigenfunctions in the singular limit as the tube shrinks to a line.

Several other authors have considered the reduction of spectral flows (and other analytic invariants)
through similar manifold decompositions [6] 20, [29]. These results are all for first-order, Dirac-type elliptic
operators which have a particular form in a collar neighborhood of the separating hypersurface 3.

Our symplectic approach to this problem has many applications, which we explore in the last section of
the paper. The first is a new proof of Courant’s nodal domain theorem, with an explicit formula for the nodal
deficiency. Then we compute the Morse indices of operators on “almost-doubled” manifolds, which consist
of two identical (or almost identical) components glued together along a common boundary. We also use
the Maslov index to give a new proof of a well-known theorem relating the Dirichlet and Neumann counting
functions to the spectrum of the Dirichlet-to-Neumann map. Finally, we relate the spectra of Schrodinger
operators on the torus—viewed as a cube with opposing faces identified—to the spectra on the cube with
Dirichlet boundary conditions, and find that the periodic and Dirichlet Morse indices are related by a kind
of symmetrized Dirichlet-to-Neumann map.

Structure of the paper. In Section [2] we define the relevant operators and domains, and state the main
results of the paper. The fundamental relation between Morse and Maslov indices is proved in Section 3] In
Section [4 we study the Maslov index in more detail, and relate it to the Dirichlet-to-Neumann maps of the
manifold decomposition. Finally, in Section [5| these results are applied to a variety of geometric scenarios.
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2. DEFINITIONS AND RESULTS

Throughout we assume that M is a compact, orientable manifold with Lipschitz boundary 0M, and
¥ C M is an embedded Lipschitz hypersurface that separates M into two disjoint (but not necessarily
connected) components: M \ ¥ = Q; UQy. We further assume that ¥ N OM = @. A typical situation is
shown in Figure

Let g be a Riemannian metric on M and V a real-valued function, both of class L>°. We define the formal
differential operator

L=-As+V, (1)
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where A is the Laplace-Beltrami operator of g. (This is a formal operator in the sense that its domain has
not been specified; we will allow L to act on functions on Q, Qs and M.)

Fix i € {1,2} and suppose u € H'(£2;) and Aju € L?(€2;). It follows from Theorem 3.37 and Lemma 4.3
in [I9] that

ou
6 v;

ulyg, € HY2(0%,), e H12(89;) (2)

o9,

and so the following weak version of Green’s first identity

/ (Vu,Vv}z—/ (Agu)v+/ U@u
Qi Qi o, Ovi

holds for any v € H*(Q;), where v; denotes the outward unit normal to ;. Note that 9€; is the disjoint
union ¥ U (092; NOM) and v, = —v on X.

We suppose that either Dirichlet or Neumann boundary conditions are prescribed on each connected
component of M, and correspondingly write 0M = ¥p U Xy. (Thus ¥p and Xy are closed, disjoint
Lipschitz hypersurfaces which need not be connected.)

For i € {1,2} we let L? and LY denote the Dirichlet and Neumann realizations of L on Q;, respectively.
These are unbounded, selfadjoint operators on L2(£2;), with domains

3)

ou

al/i

D(LP) = {u € H'() : Agu € L* (), ulgz,nan,) = 0 and

- o} (4)
X NNON;

Y =0, (5)
EU(EN f‘laﬂi)

D(LY) = {u € H'() : Agu € L*(%), uls, noq, = 0 and o

The operators LZD and Lfv have the same boundary conditions on the “outer boundary” 0M N 90€);; the
superscript refers only to the conditions imposed on the “inner boundary” . We let LS denote the “global”
realization of L on M. This is an unbounded, selfadjoint operator on L?(M), with domain

- 0} . (6)
X NNON;

Each of the operators LY, LP and LY is bounded below and selfadjoint with compact resolvent, and
therefore has a well-defined Morse index (number of negative eigenvalues, counting multiplicity), which we
denote Mor (). We additionally let

%)
D(LY) = {u € H' (M) : Agu € L*(M), uly ~9o, =0 and gt

ov

Morg = Mor + dim ker (7)

denote the number of nonpositive eigenvalues.

Our main result relates the Morse index of LY to the Morse indices of LP and LY. We compare these
quantities by encoding the boundary conditions on ¥ in a Lagrangian subspace, which is then rotated between
global boundary conditions, corresponding to L%, and decoupled boundary conditions, corresponding to LY
and LL; see below. The difference in Morse indices is equated to a symplectic winding number—the
Maslov index—for the rotating path of boundary conditions. The relevant technical properties of the Maslov
index are summarized in Appendix B of [10]; a more complete presentation can be found in [4] or [14]. Some
applications of the Maslov index to boundary value problems for PDE can be found in [T0, [TT], 12} 17, 22 27].

Consider the Hilbert space H = H'/2(X) @ H~1/2(X), with the symplectic form w induced by the bilinear
pairing of H'/2(X) with (HY?(X))* = H~'/2(X), that is

w((z,9), (y,¥)) = v(x) — ¢(y)
for z,y € H'/?() and ¢, € H-'/2(X). To study the decomposition of M by ¥ we use the doubled space
Heg = H DM, (8)

with the symplectic form wg := w @ (—w). The negative sign on the second component is chosen so the
diagonal subspace {(z, ¢, z,¢) : x € H'/?(%),p € H-Y/?(X)} is Lagrangian.
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For each i € {1,2} and A € R we define

0
K} = {u € H* () : Lu = \u, Uy noq, = 0 and o,

u
=0¢, (9)
YNNQ;
with the equality Lu = Au meant in the distributional sense. Thus K" is the space of weak H();) solutions
to Lu = Au that satisfy the given boundary conditions on dM N 9); but have no conditions imposed on X.
We then define the space of two-sided Cauchy data on the separating hypersurface ¥ by

- 8u1 8u2
M()\) = { (Ula TM,UQa 8u2>

We also consider the one-parameter family of boundary conditions on X, given by
B(t) = {(z,t.tx,¢) : v € HY*(X),¢ € H (D)} (11)

for t € [0,1]. It will be shown that p(A) and B(¢) comprise smooth families of Lagrangian subspaces in
Hm, and form a Fredholm pair for every (A,t) € R x [0, 1], so one can define the Maslov index of 5(t) with
respect to (o) for any fixed Ag. This is a homotopy invariant quantity that counts the intersections of the
subspaces §(t) and p(Xo), with sign and multiplicity, as ¢ increases from 0 to 1.

We are now ready to state the main result of the paper.

S € K*} (10)
by

Theorem 1. Let (M, g) be a Riemannian manifold with Lipschitz boundary OM and a Lipschitz separating
hypersurface . The operators LP, LY and LE defined in , and @ satisfy

Mor (L) = Mor(LY) + Mor(L%) + Mas(8(t); 1(0)). (12)

In practice we can view this as a tool for computing the spectrum of L¢ by decomposing M into two simpler
pieces, 1 and Qs. The relation between these spectral problems is given by the index Mas(S(t); 1(0)), so it
remains to understand this term. We take several approaches to this. The first is to use spectral properties

of the Dirichlet-to-Neumann maps for ; and 5, denoted A; and As, respectively, to compute the number
of positive and negative intersections the path S(t) has with the fixed subspace 1(0).

Theorem 2. If the hypotheses of Theorem are satisfied and 0 ¢ o(LP) U o(LY), then
Mas(8(t); #(0)) = Morg(A1 + Ag) — Morg(Ay).

This is particularly useful when combined with the following well-known result on the Dirichlet-to-
Neumann map.

Theorem 3 (Friedlander [13]). Fizi € {1,2}. If0 ¢ o(LP), then
Mor(LYN) — Mor(LP) = Morg(A;).
This result was first proved by Friedlander in [I3], where it was used to establish an inequality between
the Dirichlet and Neumann eigenvalues of a Euclidean domain. In [I8] Mazzeo gave a more geometric proof
and considered the possibility of generalizing Friedlander’s approach to non-Euclidean geometries. In Section

we discuss Mazzeo’s proof in a symplectic framework.
From Theorems [I] [2] and [3] we obtain the following.

Corollary 1. Assume the hypotheses of Theorem[4 Then
Mor (L) = Mor (L) 4+ Mor(LE) + Morg(A; + As), (13)
hence
Mor (L) 4+ Mor(L¥) < Mor(L%) < Mor(LY) + Mor(LY). (14)
It is well known that can be derived by a min-max argument—see Proposition XII1.15.4 of [24], where
it is observed that the operator L increases when one either adds a hypersurface with Dirichlet boundary

conditions or removes a hypersurface with Neumann boundary conditions. Theorem [l| is a quantitative
improvement of this result, since it provides the additional information that the inequality

Mor(L%) > Mor(LP) + Mor(LY)
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is strict when Mor(A; + Ag) > 0, and the inequality
Mor(L%) < Mor(LY) 4+ Mor(LY)

is strict when Morg(A; + Ag) < Morg(A1) + Morg(Aq).

The n-sphere yields a simple example in which both parts of (14 are strict. Define L = —A,; — ¢
for ¢ € R, where A, is the Laplace-Beltrami operator on S", and let L% denote the global realization
of L, and LP, LY the Dirichlet and Neumann realizations of L on the upper hemisphere St. It follows
from a reflection argument (cf. Theorem [)) that Mor(L%) = Mor(LP) 4+ Mor(LY), whereas yields
2Mor(LP) < Mor(L%) < 2Mor(LY). Therefore both inequalities are strict when Mor(LP) < Mor(LY).
This can be achieved by choosing ¢ > 0 smaller than the first Dirichlet eigenvalue of —A, on S%.

In general the question of when Mor(L?) < Mor(L¥) is quite subtle, and is intimately related to inequal-
ities between the Dirichlet and Neumann eigenvalues—see [I3] [18] and references therein.

An immediate application of Corollary[I]is to the study of nodal domains. Suppose ¢y is the kth eigenfunc-
tion of L, with eigenvalue A;. The nodal domains of ¢, are the connected components of the set {¢g # 0}.
We denote the total number of nodal domains by n(¢x), and define the nodal deficiency

6(dk) = k —n(¢x). (15)

Corollary 2. Suppose A is a simple eigenvalue of L and 0 is a regular value of ¢y. Define L(e) = L—(A\g+e€)
and let Ay(e) denote the corresponding Dirichlet-to-Neumann maps on Qy = {x¢r, > 0}. Ife > 0 is
sufficiently small, then

5(6x) = Mor (A4 (€) + A_(e)).

Since the right-hand side is nonnegative, this implies n(¢y) < k, which is Courant’s nodal domain theorem
[9). In [3] Berkolaiko, Kuchment and Smilinsky gave a different formula for the nodal deficiency as the Morse
index of a certain energy functional defined on the space of equipartitions of M.

In some cases we can compute Mas(3(t); 4(0)) by finding conditions that ensure the index vanishes. The
easiest case is when the Dirichlet-to-Neumann maps for €2, and Q9 coincide. In this situation Theorem
yields

Mas(5(t); 1(0)) = Morg(Ay + Ag) — Morg(A1) =0
because A1 + Ay = 2A; has the same Morse index as A;.

The problem of determining when A; = A, is in general quite difficult, even for L = —Ay. If 7: M — M
is an isometry with 7(3¥p) = Xp, 7(Xn) = 7(Xn) and 7|y, = id, then Ay = Ay. In the real analytic case,
Ay = As implies ©; and 5 are isometric [I6], but the smooth case is still unresolved.

However, we are able to prove that §(t) N u(0) = {0} for all ¢, hence Mas(S(t); £(0)) = 0, provided the
Dirichlet-to-Neumann maps are sufficiently close. To that end, it is convenient to view them as bounded
operators

Ai: HY2(2) — H™V2(%),
which are well defined if 0 ¢ o(LP). If 0 ¢ o(LY), by an abuse of notation we let
A7 HV2(D) — HY2(E)

denote the corresponding Neumann-to-Dirichlet map. (If 0 ¢ o(LP) U o(LY), the operators A; and 7\1_ !
both exist and are mutually inverse.)

Theorem 4. Assume 0 ¢ o(LY) U o(LL). If there exists ¢ such that
folxg—CIH <1l+eg,
B(H'/2(%))
then Mas(3(¢); u(0)) = 0, hence
Mor(L%) = Mor(LY) + Mor(LY).

The corollary applies to the cylinder shown in Figure [2] if one prescribes the same boundary conditions
(either Dirichlet or Neumann) on both ends of the cylinder. With mixed boundary conditions it is possible
that the Maslov index is nonzero, as is demonstrated by a simple example in Section [5.2

Using similar methods, we can also describe the spectra of periodic eigenvalue problems and, more gen-
erally, problems in which the boundary is divided into two components, 9M = I'y U9, which are identified
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Iy
F1GURE 3. A manifold M with boundary OM =T'; UT's, as in the statement of Theorem

by a map 7: 'y — I'y as shown in Figure [3l We let L” denote the Dirichlet realization of L, and L* the
“periodic” realization, with domain
oT ;.
I

To state the result we must also define the “periodic Dirichlet-to-Neumann map” A, assuming 0 ¢ o(LP).
For a function f on I'; we let u denote the unique solution to the boundary value problem

Lu=0, wulp, =f ulp,= for L.

D(LY) = {u € H' (M) : Lu € L*(M), u|., = ulp, o7 and %

__Ou
Fl_ ov

and define

Ju
r, ov

_ Ou

ATf_%

oT. (16)
I

It is shown in Section that A, defines an unbounded, selfadjoint operator on L?(T'1), with domain
ou

r, ov

ou

D(A,) = {f € LA(T): D

or € L? (1"1)} .

Iy

Moreover, it is bounded from below and has compact resolvent, and hence has a well-defined Morse index.
For the following theorem to hold, it is necessary that the boundary can be subdivided into pieces on

which the map 7 is Lipschitz. (In general 7 will not be globally Lipschitz—for the cube with opposing faces

identified it fails to be continuous at the corners.) We let duy and dus denote the induced area forms on T'y

and 'y, respectively.

Theorem 5. Suppose I'y can be decomposed as T1 U --- UTYN | where each T'Y is an open subset of OM with
Lipschitz boundary, and the restrictions T|F,i :T% — 7(T%) are Lipschitz. If 0 ¢ o(LP) and t*dps = duy,
then

Mor (L") = Mor (L") 4 Mory(A,).

Thus the periodic problem on M is related to the Dirichlet problem, and the difference in Morse indices
is quantified by the periodic Dirichlet-to-Neumann map A,. This is useful because separated boundary

conditions are often easier to work with than periodic boundary conditions and more techniques are available
for their study.
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3. PROOF OF THE MAIN THEOREM

In this section we prove Theorem |1} We first describe how the subspaces u(A) and §(t), defined in
and (L1)), contain spectral data for the operators L%, L? and LY. Next we prove that u(\) and B(t) are
smooth families of Lagrangian subspaces in Hg (as defined in ) and comprise a Fredholm pair, so their
Maslov index is well defined. Finally, we use the homotopy invariance of the Maslov index to prove the
theorem.

Recall that p1(\) encodes the boundary data of weak solutions to the equation Lu = Au, with no boundary
conditions imposed on X, whereas 5(t) defines a one-parameter family of boundary conditions that does not
depend on L. The significance of the endpoints ¢t = 0,1 is the following.

Lemma 1. Let A € R. Then
dim [p(X) N B(0)] = dimker(LY — \) + dimker(L — \)
dim [p(X) N B(1)] = dimker(LE — \).
The proof relies on a version of the unique continuation principle (Proposition 2.5 of [2]) which says that

there is a one-to-one correspondence between weak solutions in K} and their Cauchy data in H/?(%) @
H~1Y2(%); cf. Proposition 2.2 in [10].

Proof. For the first claim observe that 8(0) = {(z,0,0,¢) : x € H/?(X),¢ € H=/2(X)}, and so u(A) N 3(0)
is nontrivial when there exist functions u; € K}, not both zero, such that

Our

=0 =0.
81/1 » ’ U2|E

Therefore u; € D(LY) and uy € D(LLY), with (LY — A)u; = 0 and (LY — A)uz = 0. Since (at least) one of u;
and uy is nonzero, we conclude that A € o(LY)Uo(LP). On the other hand, if A € o(LY), the corresponding
eigenfunction satisfies u; € K7, hence

(u1|2’05070) € :u(/\) N ﬁ(O),

and similarly when \ € o(L%). This completes the proof of the first equality.
For the second equality we observe that 8(1) = {(z,¢,z,¢) : = € HY*(X),¢ € H-'/?(2)}, and so
w(A) N B(1) is nontrivial if and only if there exist functions u; € K} such that

8U1 - 8’&2

u = U -_— = - —
1‘2 2‘2’ 61/1 ) 8V2

)
But this is true precisely when there exists a weak solution u € H'(M) to Lu = Au (with ulg = u; for
1 € {1,2}) such that

XN

U|ZD = 07

v
which is equivalent to A € o(L%). O

We next show that the set of A for which p(\) and S(t) intersect nontrivially is bounded below uniformly
in ¢.

Lemma 2. There exists Moo < 0 such that p(X\) N B(t) = {0} for all A < A and t € [0,1].

Proof. Suppose () N B(t) # {0}. By definition, there exist functions u; € K7 such that

—¢ 8u1 — 8uz
u2|27 U1|27 8712** 871/22’
hence
ow| __ ou
“ aV1 » 2 8V2 E.
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Integrating by parts, we obtain

ou
/ [|Vu1\2 + (V- )\)uﬂ = / ula—l
o p) n

8UQ

= — = Vug|® + (V = Nu3
/ZU28V2 /QZ [| U | ( )Uz]

/\</ uer/ u%)z/ Vu%+/ Vol
Ql Qz Ql Q2

Ao < inf V(x).
zeM

which implies

and so it suffices to choose

O

To define the Maslov index of p with respect to 8 (and vice versa), we need to prove that p(\) and 5(t)
are continuous curves in the Lagrangian Grassmannian of Hg and comprise a Fredholm pair for each A and
t. We recall that a curve v: I — A(Hg) is said to be C* if the corresponding curve of orthogonal projections,
t > Py, is contained in C* (I, B(Hm)).

Lemma 3. For (\t) € R x [0, 1] the subspaces u(A\) and 5(t) are Lagrangian, and the curves A — u(\) and
t — B(t) are smooth.

Proof. The space () of two-sided Cauchy data can be decomposed as p(\) = p1(N\) @ pe(N), where pq and
wo are the spaces of Cauchy data for weak solutions to Lu = Au on €2y and ), respectively. It was shown
in Proposition 3.5 of [10] that A — w1 (A) and X — ua(A) are smooth curves in A(?), hence their sum p(\)
is a smooth curve in A(Hg).

The fact that S(t) is Lagrangian follows from a direct computation, and the regularity of ¢t — B(¢) is
immediate from the definition. |

Lemma 4. For (\t) € R x [0,1], u(A\) and B(t) comprise a Fredholm pair.

Proof. For convenience we abbreviate y = p(A) and 8 = f(t). Let Pg: Hm — Hm denote the orthogonal
projection onto 3, and Pj = I — P3 the complementary projection. By Proposition 2.27 of [I4], 1 and S
comprise a Fredholm pair if and only if the restriction Pﬁl |#: 1 — Hmg is a Fredholm operator.

By Peetre’s lemma (Lemma 3 of [21]), it suffices to find a compact embedding ¢: ¢ — Y and a positive
constant C' such that

2l < C (I1P5 2ll2g + llezlly)

for all z € p. Since the operator Tr: K @ K3 — p defined by
8u1 6’&2 )

87V1, uz, _37V2
is boundedly invertible by Lemmas 3.2 and 3.3 of [10], it suffices to prove
I (ur, uz) 1 < C (1P Tr(us, uz) |l ag + Ile Tr(u, uz)lly)

for u; € K7, where we have defined ||(u1,us)||%: = Hu1||§{1(Q1) + ||uQ||f11(92). Defining Y = L?(Q) © L?(Q2)
and letting ¢: © — Y denote the composition

Tr(ul, UQ) = (Ul,
2

1 B HN Q) @ HY(Q) — L2(Q1) @ LA(Q),

we need to show that

[(ur, uz)l[ < C (1P5 Tr(ur, uz)|lsg + [[(ur, uz)|22) (17)
for u; € K.
To prove , we first observe that there is a constant C' > 0 such that
6Ui

”uiHiIl(Q,-) < ClluiHQL?(Qi) + (18)

Uj —
b)) Oy,
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for i € {1,2} and u; € K. Using the definition of 3 = 3(t) we can write
P,B Tr(u17 Ug) = (1‘, t¢a tZC, d))) P,BJ_ TI‘(Ul, u2) = (_ty7 7/’7 Y, —ﬁ,[))
for some z,y € HY/2(X) and ¢,¢ € H~'/2(%). Therefore
Ou Oou
[ w5 = 0+ 0)(w — ty) (&~ t0)lta + )
)

oy Ovg
(148 [¥(2) — o(y)]
1+t

IN

(GH»THHU?(E) + 671“¢||H—1/2(Z) + 671”yHH1/2(E) + €H¢||H—1/2(2))
€ 1
= 51Ps Tr(un, us) |3y + ;6|\P§ Tr(ur, uz) |3
for any € > 0, hence implies
€ 1
(w1, u2) 7 < CliCun, u2)ll7 + 5P Tr(un, ua) |3y + EHPE Tr(u, us) |7y -

Choosing € small enough that €||Ps Tr(ul,uz)H%EE < ||(w1,u2)|| g1, which is possible by Lemma 3.2 of [I0],
the desired estimate follows. (]

Remark 1. The proof of Lemma 3.8 in [10], in which certain pairs of Lagrangian subspaces are shown to
be Fredholm, can be greatly simplified by an application Peetre’s lemma as above.

The Maslov index counts signed intersections of Lagrangian subspaces and so, in light of Lemma (1} it is
not surprising that the Maslov indices of p(\) with respect to 5(0) and 5(1) are related to the Morse indices
of the corresponding boundary value problems. This is a consequence of the fact that p(\) always passes
through §(to) in the same direction. This is proved by computing the crossing form—a symmetric bilinear
form associated to a nontrivial intersection—and showing that it is sign definite (c.f. the proof of Lemma
4.2 in [10]). The necessary properties of crossing forms can be found in Appendix B of [10]; see also [14] for
a more thorough treatment.

Proposition 1. For || sufficiently large we have
Mas(pu(A); 5(0)) = —Mor(L{') — Mor(L3)
and
Mas(u(); B(1)) = —Mor(L),
where the Maslov index is computed over the interval [Aoo, 0].

Proof. We use a crossing form computation to show that, for fixed ¢, € [0, 1], every intersection of u(\) with
B(to) is negative definite. This implies

Mas(u(N); 8(to) = = D dim (u(X) N B(to))

A oo <A<0

— Z dim (u(X) N B(tg)) ,

A<0

where in the second equality we have used Lemma[2] and the result then follows from Lemma[I]
To prove monotonicity, we assume there is a crossing at some A\, € R. Then there exist differentiable
paths of functions A — u;(\) € H'(;) such that u;(\) € K for |\ — \.| < 1, hence
ou ou
0 = (0. G2 . ), - G2 )
1

defines a differentiable curve in Hg, with z(A) € u(A) and z(\,) € pu(A) N B(tg). Since wyg = w & (—w), the

crossing form is given by
dz\ dz dzp
[09)==! (Z7dA) = w (Zl,d)\> w (Zg,d)\> . (19)
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To compute the first term on the right-hand side of , we define the quadratic form
D(u,v) = / [9(Vu, Vo) + Vu]
o
for u,v € H* (). Since u1(A\) € K7, Green’s first identity implies
8u1
D (V) 0) = A s (V), 0) g, + /E vt (20)
for any v € H'() with v[g_ 50, = 0. Choosing v = du, /dX, we obtain
dU1 dU1 du1 Bul
P — =X — —_—
(“1’ X ) <“1’ X >L2(Ql) * /E X\ o
On the other hand, differentiating with respect to A and then choosing v = u; yields

duy 9 duq / d Ouy
P L = A — :
( dA ’u1> leallze ) + < dA )U1>L2(Q1) T o

Using the symmetry of ® and recalling the definition of w, it follows that

w2, 92 :/ PR S CRCLUY O W 7
dX A=A, b d\ 6V1 d)\l 6V1 B

The second term on the right-hand side of is computed similarly, and we obtain for the crossing form

w) Z%
22| AN

which is strictly negative. |

= —lur)lIE2(,) = llu2 ()72 ()
A=,

We are now ready to prove Theorem

Proof of Theorem[1 The unitary group acts transitively on A(Hm) and, by Theorem 2.14 of [14], gives it the
structure of a principal fiber bundle, so there exists a continuous family of unitary operators U(t): Hg — He
such that 5(t) = U(t)3(0). We define a homotopy [As, 0] x [0,1] = FAgo)(Hm) by (A1) — U(t)~ u(N).
The invariance of the Maslov index under unitary transformations implies

Mas (U(to) " u(N); B(0)) = Mas(u(A); B(to))
and
Mas (U ()~ 1(Xo); B(0)) = — Mas(B(t); (Ao))
for any fixed to and Ag. The image of the boundary of [A, 0] x [0, 1] is null homotopic in FAgg)(Hem) and
hence has zero Maslov index. This implies
Mas(p(A); 8(1)) = Mas(u(X); 8(0)) + Mas(B(t); u(Aoo)) — Mas(5(t); 1(0)).
The proof follows immediately from the above formula, Lemma [2] (which implies Mas(B(t); (Aso)) = 0) and

Proposition
O

4. THE MASLOV INDEX OF (3(t)
In this section we prove Theorem [2} if 0 ¢ o(LY) U o(LY), then
Mas(B(t); 1(0)) = Morg(A; + Ag) — Morg(Aq).

Instead of directly analyzing the crossings of 3(¢) with x(0), which may be degenerate, we deform S(t) to a
nondegenerate path for which the Maslov index can be easily computed, and then appeal to the homotopy
invariance of the index.

We first define the (unbounded) Dirichlet-to-Neumann map A; for ¢ € {1,2}. This is an unbounded
operator on L?(X) with domain

D(A;) = {f € L*(¥) : Ju € K} such that u|y, = f and g:

e L2<z>}7

b
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defined by A; f = % . Recall from @D that u € K means that

ou

- =0
al/ YNNOQ;

u|2DﬁaQi = 07

and u is a weak solution to the equation Lu = 0 in §2;.
We can also view the Dirichlet-to-Neumann maps as bounded operators
Ay, Ay HY2(R) — HV2(D).
We relate the spectrum of the unbounded operator A; to its bounded counterpart Kz Let J: HY 2(%) —

H~'2(%) denote the compact inclusion.

Lemma 5. Let i € {1,2} and suppose 0 ¢ o(LP). Then s € o(A;) if and only if there exists f € H'/?(X)

such that (A; —sJ)f = 0.

Proof. First suppose that s € o(A;), so there exists u; € K with
8ui
31@

Then f := u;|y; is contained in H'/2(X) and satisfies A;f = sJ £, as required.
On the other hand, suppose u; € K satisfies

= s ui|ly € L*(D).
)

aui _
o sT (uily) € HV2(2).
This implies g—’lﬁ:’ . € H'Y%(%), hence f := w;ly, is contained in D(A;) and satisfies A; f = sf. O

For s < 0 we consider the two-parameter family of boundary data
B(s,t) = {(x,t¢ +sTx,tz,d) x € HY2(S), ¢ € H*1/2(z)} . (21)
When s = 0 this is just §(¢). It is easy to see that
Bls,t)t = {(~ty — 5T 0,0y, —t0) sy € HV3(D), 0 € HVA(R)}.

This modification of § yields a homotopy that relates the Maslov index of 8(t) to the Morse indices of the
Dirchlet-to-Neumann maps. This relies crucially on a certain monotonicity with respect to s, which is shown
in Proposition [2|

Lemma 6. If(s,t) € (—o0,0]x[0,1], then B(s,t) is a Lagrangian subspace of He, and the map (s,t) — B(s,t)
is smooth.

Proof. Since 8(0,0) is Lagrangian, it suffices to find a smooth family of selfadjoint operators A(s, t): 5(0,0) —
£(0,0) such that 3(s,t) is the graph of A(s,t), i.e.

B(s,t) = {z+ JgA(s,t)z: z € 5(0,0)},
where

Jm (@, ¢,y,¢) = (R™'¢, —Rx, —R™'¢, Ry)

and

R: HY2(X) » H™Y2(%) = (HY*(%))*
is the Riesz duality isomorphism (cf. equation (17) in [I0]).

It suffices to choose
A(s,t)(2,0,0,9) = — (R (ty + sJx),0,0,tRz)

which is selfadjoint because the composition R~' o J: H'/?(X) — HY?(X) is selfadjoint.
To prove the selfadjointness of R~ o J we use the identity R~ = R* to compute

<R71\7f79>H1/2(2) =(Jf, R9>H*1/2(Z) =(Jhg = /Efg
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for any f,g € H'/?(X), where (7 f)g denotes the action of the functional Jf € H~/2(X) on g € HY/?(%).
Since the right-hand side of the above equality is symmetric in f and g, we obtain < “17f.q >H1/2 &) =

<R71jg, f>H1/2(E) as required. ]
Lemma 7. If (s,t) € (—00,0] x [0,1], then B(s,t) and u(0) are a Fredholm pair.
Proof. As in the proof of Lemma [4] it suffices to have an estimate of the form

(ur, uz) | < C (1P Tr(un, uz)llpg + [[(ur, u2)]|22) (22)

for all u; € K.
We first decompose an arbitrary element Tr(u,ugz) € p(0) into

Pg Tr(ug, uz) = (z,t¢ + sTx, tx, §), PﬁL Tr(uy,ug) = (—ty — sT ", ¢, y, —t))
for some z,y € H/?(X) and ¢,v € H~'/%(X), and observe that
1P Tr(uus, uz) sy 2 120305y + 1913,
||PﬁL Tr(ul,u2)||%{m > ||y||§{1/2(2) + ||1/’H12q—1/2(2)-
We then compute
[ g = (10 4 sTa + )ty 5T0) ~ (6~ )t + 1)

U2 7—
Ovy
< (L+ %) [W(2) = ¢()] = s[Tx(ty + sT %) + (¢ + ) (T )]

using the fact that sJz(z) = s||z||3. (z) < 0. Using the arithmetric-geometric mean inequality on all but
the last term on the right-hand side, we obtain

0 ou
/ Ly 22 < O (e[ Py Te(un, ua) g, + €I P Te(un, ua) ) — stir(T )
P

You vy
for some constant C' = C(s,t). Finally, we note that (7 *¢) < [|7*|[|¥]3, 2y S 1T (11 Pg Tr(ur, uz) |13,
and choose € sufficiently small, and the estimate follows. O

We next observe that 3(s,t) and p(0) are disjoint for sufficiently negative s; this is a consequence of a
uniform lower bound on the Dirichlet-to-Neumann operators.

Lemma 8. There exists Soo < 0 such that (s, t) N u(0) = {0} for any s < s and t € [0, 1].

Proof. From the definition of p we have
n(0) = {(f171~\1f1,f17—/~\2f2) tfi fa € Hl/Q(E)}7

and so if B(s,t) N u(0) # @ there exists a function f € HY/2(X) that satisfies (Ay + t2A)f = sJf. For
i€ {1,2} let u; € K denote the unique solution to Lu; = 0 with u;|5; = f. Integrating by parts, we have

Ju ou
sl fll7ees) = /z (Ulayi +t2u28u§>

= / [[Vui|* + Vui] +t2/ [[Vus|® + V3],
Q1 Qo
so there exists a positive constant C, independent of s and ¢, such that
I(ur, u2) 170 < Cli(ur, u2)ll72 + sl £l 725)- (23)
Now suppose the conclusion of the lemma is false, so there exist sequences of real numbers s; € (—o0, 0]
and t; € [0,1], and functions f; € H'/2(X), such that s; — —oc and (A; + t?Ag)fj = s;fj. Let u1; and uy;

denote the unique functions in K and K9 that satisfy u1j|y = ugjly, = f;. Without loss of generality we
assume that

(g w2 = llurjlliea,) + luzillizo,) = 1-

Since s; < 0, (23) implies {u1;} and {us;} are bounded in H', so there are subsequences with

(ulj,UQj) — (’ahﬂg) in L2, (U1j7U2j) — (1_1,1,’[22) in Hl.
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It follows that ; € K and 1y € K9, with @]y = 2|y, € H'/2(X). Moreover, the compactness of the
embedding H'/2(X) < L%(¥) implies uq,|y, — 1]y in L*(X). However, since s; < 0 and s; — —oo, (23)
implies uy;]y; — 0 in L?*(X), hence @]y, = 0. Since 0 ¢ o(LP), this implies @, = 0. We similarly find that
g = 0, which contradicts the fact that

||ﬂ1||2L2(Ql) + ||ﬁ2||%2(92) =1
and thus completes the proof. O

Remark 2. If we assume that the metric tensor g is Lipschitz, instead of just L, the above compactness
argument is not needed. With this additional regqularity hypothesis, Theorem 4.25 of [19] gives

[ (u1,u2)ll2 < Ol fllL2(x)
which, together with , immediately establishes Lemma @

We have thus shown that (s, t) is a smooth curve in the Fredholm-Lagrangian Grassmannian FA,,)(Hgm),
so it has a well-defined Maslov index with respect to either s or t.

Proposition 2. If tg € [0,1] is fized, then Mas(B(s,to); 1(0)) = Morg(A; + t3A2).

Proof. As in the proof of Lemma [8] we have that S(s,t) N u(0) # @ if and only if there is a function
f € HY2(X) that satisfies (A1 +12A) f = sJ f. This implies dim[B(s, £) N p(0)] = dim ker(A; +t2A, — s7) =
dimker(A; + t?A5 — s), where the last equality is a consequence of Lemma

We claim that the path s — B(s,tp) is positive definite. Assuming the claim, it follows from Lemma
that

Mas(B(s, t0); 4(0)) = 3 dim[B(s, to) 1 (0)] = Morg(A; + £2A5).
s<0

To prove the claim, suppose that s, is a crossing time, so there is a path z(s) = (z,t0¢ + sz, toz, @) in
B(s) with z(s.) € B(s«,to) N p(0). We compute
dz
wWH Za% = wH ((x,t0¢+81‘,t0$,¢),(0,$,0,0))
= UJ((I, to(b)? (07 .’IJ)) - W((toxa (b)a (07 O))
= llzl2(x),

which is positive unless * = 0. But if x = 0, then ty¢ + s,z = Kllli = 0, which is not possible because
z(s4) # 0, so the claim is proved. O

Proof of Theorem[4 Since the boundary of 3: [so,0] X [0,1] = F0)A(Hm) is null-homotopic, its Maslov
index vanishes, hence

Mas(f(s, 0); 1(0)) 4+ Mas(5(0,1); u(0)) = Mas(B(s, 1); u(0)).
Since B(0,t) = B(t), Proposition [2] implies
Mas(3(t); u(0)) = Morg(Ay 4 Az) — Morg(Aq).
and the proof is complete. O
Lemma 9. Suppose 0 ¢ o(LP)Ua(LY), so A1 and Ay are well defined. Then
Mor(A; + As) < Mor(A;) + Mor(As).

and
MOI‘0<A1 + AQ) S MOI‘()(A]_) + MOI‘()(AQ).

In fact the proof yields the stronger result that Mor(A; + As) is bounded above by the dimension of the
sum of the negative subspaces for Ay and Ag, which is bounded above by the sum of the dimensions.
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Proof. Since A; is selfadjoint with compact resolvent, there is a spectral decomposition L*(X) = E] @ EY ®
E;, and similarly for Ay. Let p = dim(E; ) and ¢ = dim(E, ). Then V := E; + E, has dimension r < p+gq,
and A; 4+ Ay is nonnegative on V+. Therefore

sup inf{<(A1+A2)f’f>:f€UJ‘} Zinf{ww:fevl}zo
dim(U)=r Hf||L2(Z) Hf“LZ(E)

and the minimax principle implies A1 (A1 + Az) > 0, so Mor(A; + As) < r and the proof is complete.
Replacing E; by E; @ E? for i € {1,2} yields A\41(A; + A2) > 0, and the second inequality follows. [

5. APPLICATIONS

We now present several applications of the results proved above. The results in Sections and are
not immediate consequences of Theorems [1| and [2| but follow from similar constructions, so we only sketch
the proofs.

5.1. The nodal deficiency. Our first application is Corollary [2] which gives an explicit formula for the
nodal deficiency of an eigenfunction ¢y corresponding to the simple eigenvalue A.

Proof of Corollary[4 Define
Qp ={¢r >0}, Q- ={¢ <0},

and let n4(¢) denote the number of connected components of Q4, so the total number of nodal domains is

n(or) = n4(ox) + n_(dr).
For € > 0 define L(e) = —A — (A\; +€). On each nodal domain the first Dirichlet eigenvalue of L is Ay, so
for small enough € > 0 the Dirichlet realizations L% (€) are invertible, with

Mor(LE (€)) = n+(¢x).
Moreover, the global realization LG (¢) is invertible as long as Ax + € < Agy1, and so
Mor(L%(€)) = k.

Now let Ay(e) denote the Dirichlet-to-Neumann maps for L(e) on Q. It follows immediately from
Corollary [1| that the nodal deficiency §(¢x) = k — n(¢y) is given by

5(6x) = Mor (A4 (6) + A_(€))
and so the proof is complete. O

5.2. Almost doubled manifolds. We now consider the setting of Theorem |4} in which

AR, — IH 1 24
H 1 A2 —c B(H1/2(2))< +c (24)

for some constant c.
Proof of Theorem[J] As in the proof of Proposition [2| we have that ¢, is a crossing time, i.e. B(t.) N p(0) #
{0}, if and only if ker(I + t2A; ' Ay) is nontrivial. We compute
T+ 2A7 Ay = T+ T + 2A7 Ay — ]
2

t ~ i~
= (1+Ct2) |:I+ m (Al 1A2 _CI>:| s

hence I + ti]\flj\g is invertible if
£2
1+ ct?

|A718, — et <1
H1/2(%)

Since the function ¢ — t2/(1 + ct?) is increasing, it suffices to verify the above condition at ¢+ = 1. This is
just the inequality , so the result follows. O
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A simple case is when 7: M — M is an involution such that 7|y, =id, 7(Q1) = Qq, and L(uoT) = (Lu)oT
for all w € H*(M). If OM is nonempty, it is necessary to assume that 7(¥p) = Xp and 7(Xy) = Ey. For
instance, if the cylinder shown in Figureis given by [0,27] x S, with the involution 7(z,6) = (27 —x, ), we
require either OM = X p or M = X, so both {0} x S! and {27} x S' have the same boundary conditions.
It follows immediately that A; = A, so Theorem [4| implies Mas(8(t); 1:(0)) = 0.

If the involution 7 does not preserve the boundary conditions, it may not be the case that Kl = 7&2,
and Mas(8(¢); 1£(0)) may be nonzero. This can be seen from an elementary computation for the operator
L = —(d/dx)?—C on [0, /], with C a positive constant. We let Q; = (0,¢/2) and Qs = (¢/2, /), and compute
Mas(8(t); 1(0)) assuming Dirichlet boundary conditions at = 0 and Neumann conditions at z = £.

A basis for the weak solution space of the equation Lu = 0 is

sin(vVCz), cos(vC(x — 1))

and so the space of two-sided Cauchy data at ¢/2 (computed according to (L0)) is
1(0) = {(asm(\Fce/z),a C’cos(\/aﬂ/Q),bcos(\/af/Q),b\/asin(\/aﬁ/Q)) Cabe R} .

A crossing occurs at time t, precisely when a = b and t, = cot(v/C¢/2), so there is at most one crossing
time in [0, 1]. In particular, there is a crossing if and only if

Vet w
2

T inr< §§—|—nﬂ' (25)

1 <
for some integer n > 0. The crossing form is given by

202V C sin?(VC1/2) > 0,
and so the Maslov index is either 1 or 0, depending on whether or not is satisfied.

5.3. The Dirichlet-to-Neumann map. We next use the Maslov index to prove Theorem [3] A geometric
proof of this result was given by Mazzeo in [I8]; here we observe that Mazzeo’s proof can be formulated in
terms of the Maslov index.

The naive idea is to define a one-parameter family of Lagrangian subspaces that moves between {0} &
H~'/2(%) and HY?(2)@®{0}, which correspond to Dirichlet and Neumann boundary conditions, respectively.
By a homotopy argument the Maslov index of this path equals the difference of the Dirichlet and Neumann
Morse indices of L. On the other hand, a direct computation shows that the Maslov index equals the Morse
index of the Dirichlet-to-Neumann map A. This depends on a monotonicity property for the eigenvalues of
A, which has a natural interpretation via the Maslov index.

However, this approach suffers from the fact that the path of Lagrangian subspaces that interpolates
between Dirichlet and Neumann boundary conditions fails to be continuous at the Dirichlet endpoint; see
Remark [3] To overcome this obstacle, we interpolate between Neumann and “almost Dirichlet” boundary
conditions, then use asymptotic results for the Robin boundary value problem to relate the Dirichlet and
almost Dirichlet spectra.

Since ¢ € {1,2} is fixed, we restrict our attention to a single domain, which we call , with Lipschitz
boundary 3. We first define the subspace

B(t) ={(z,¢) € H: (cost)Tx + (sint)p = 0} (26)

in H = H'Y/2(X) @ H-'/2(%), where J: H'/?(X) — H~'/2(X) denotes the compact inclusion. We let
K* C HY(Q) denote the space of weak solutions to Lu = Au and define the space of Cauchy data

u(A):{(u,gZ) :ueKA}.

Note that z(0) is the graph of A: HY/2(X) — H-Y/2(%).
Lemma 10. There ezists Aoo < 0 such that B(t) N p(X) = {0} for every t € (0,7/2] and A < A

P

Proof. Suppose B(t) N u(\) # {0}. By definition there exists a function v € H'(Q) such that Lu = \u
weakly and

:O7
P

. ou
(cost) uly, + (sint) W
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t

t=m/2

[
[
>

A=)

FIGURE 4. An illustration of the homotopy in the proof of Theorem [3] A crossing at t =0
or t = /2 occur when A is an eigenvalue for the Dirichlet or Neumann problem, respectively.
A crossing at A = 0 occurs when — cot ¢ is an eigenvalue of the Dirichlet-to-Neumann map.
The assumption 0 ¢ (L") precludes the existence of a crossing at the origin.

ou 9
_— = — <
/Euay (cott)/zu <0

because cott > 0 for t € (0,7/2]. Green’s formula implies

)\/QuZZ—/Eu%-i-/Q [[Vul® + V(z)u’] z/Q[WuPJFV(x)u?}

and the result follows with any A\, < inf V(z). O

hence

Proposition 3. There exists € > 0 such that the subspaces () and B(t) are smooth, Lagrangian, and form
a Fredholm pair for (A, t) € [Aeo,0] X [e,7/2]. Moreover,

Mas(p()); B(€)) = — Mor(L") (27)
Mas(p(A); B(w/2)) = — Mor(LY) (28)
Mas(B(t); #(A)) = 0 (29)
Mas(B(t); 1(0)) = Morg(A). (30)

Referring to the square in Figure |4l the paths in f correspond to the bottom, top, left and right
sides, respectively.

Proof. That p(\) is a smooth curve of Lagrangian subspaces was established in Proposition 3.5 of [I0]. For
t # 0 we can express (3(t) as the graph of the family of selfadjoint operators A(t) = (cott)R=1J on the
Lagrangian subspace p = H'/?(X), where R: H'/?(X) — H~'/?(X) is the Riesz duality operator. That is,

B(t) = G,(AY)) = {z + JA()z : z € p},

with J(z,¢) := (R™'¢,—Rx). It follows (cf. the proof of Lemma @ that £(t) is a smooth family of
Lagrangian subspaces for t # 0.

We next show that p(A) and S(¢) comprise a Fredholm pair, first observing that the result is already
known for ¢ = 7/2 (the Neumann case) by Lemma 3.8 of [I0]. Let P denote the orthogonal projection onto
B(r/2) = HY?(X) and define A(t) = I —(cott)JP: H — H. Since A(t)B(n/2) = B(t) and A(t) is a compact
perturbation of the identity, the result follows from Lemma 3.2 in [I1].

The monotonicity of x4 with respect to A, as was shown in Lemma 4.2 of [10], immediately yields and
the equality Mas(u()\); B(e)) = — Mor(L%), where L is the realization of L with 3(¢) boundary conditions,

Ju
ov

= —(cot €)u.
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We now apply Proposition 3 of [1], which gives that the ordered eigenvalues of LZ converge to the ordered
eigenvalues of L? as e — 0. Since 0 ¢ o(LP) this implies Mor(LZ) = Mor(LP) for sufficiently small ¢, and

follows.

Equality is an immediate consequence of Lemma so only remains.

Suppose t. € [¢,7/2] is a crossing time, so S(t,) N p(0) # {0}. Then there exists a path z(¢
in H such that z(¢) € B(t) for |t — t.] < 1 and z(t.) € p(0). Since t. # 0 we have ¢(t) = —(
follows that

¢ (t) = (csc® t) Tz (t) — (cott) Tz’ ()
and so the crossing form
Q(2(t.)) = w(z, 2=y, = (esc® L) |2 (ta)l|72(x,)

is strictly positive. Since 8(t) N p(0) # {0} if and only if —(cott) is an eigenvalue of A, we conclude that
Mas(5(t), u(0) = Y dim[5(t) N p(0)] = #0(A) N (— cote, 0] = Morg(A)

t€(e,m/2]

for € > sufficiently small. |

Having established 7, Theorem |3[ follows from a homotopy argument as in the proof of Theorem
We conclude the section by justifying the decision to restrict the path 3(¢) to the interval [e, /2].

Remark 3. The path 5(t) defined in is discontinuous at t = 0. By definition this means the correspond-
ing family of orthogonal projections P(t) is discontinuous. It is easy to see that S(t)(z,¢) := x — (cott)Tx
defines a projection of H onto (t) fort # 0. Using Lemma 12.8 of [B] we compute the orthogonal projection

P(t) = S8 [SS* + (I — S*)I — 8"

_ ( IH1/2(Z]) —(COtt)j* > I:IHI/Z(Z) + (COt2 t)j*j}il 0
—(cot )T (cot?>t)TT* 0 [IH—1/2(2) + (cot? t)jj*]_l '

Now consider the component in the upper left-hand corner,
Pyy(t) = [Ippi/2(sy + (cot? t)j*j]fl HY2(S) — HY2()

fort #0. Since Py1(0) = 0, it suffices to prove that |[P11(t)| -+ 0. The operator J*J: HY?(X) — H'/?(%)
is compact and injective (because J is), and hence has a sequence of eigenvalues tending to zero. Thus there
exists {fn} in H/?(X) such that N T*T fullmrrzesy < n’1||fn||H1/2(E). Letting g, = fn + (cot?>t)T*T fn, we
have Pi1(t)gn = fn and ||gnllgri/2(s) < [1+ (cot?t)/n] | full 2 (s, therefore

||9n||H1/2(2)
P11 () gnllgrr2sy = [ fallgrrees) = T+ (cot®)/n

Letting n — oo implies | P11(t)]| > 1 for each t # 0, hence Pi1(t) - 0.

5.4. Periodic boundary conditions. We finally treat the case of a single domain M, with boundary
OM =T UT5 glued to itself via a map 7: I'y — I's, as described in Theorem [5| and shown in Figure |3} The
motivating example is the n-torus T™, which can be viewed as a cube in R™ with opposite faces identified.
We can similarly consider any compact, orientable surface of genus g, which is just a 2g-gon with opposite
faces identified.

We first establish some analytic properties of the periodic Dirichlet-to-Neumann map A, defined in .
Throughout this section we assume the hypotheses of Theorem

Proposition 4. The periodic Dirichlet-to-Neumann map A, on L*(T'y) is bounded below and selfadjoint
with compact resolvent.

Proof. Let f € HY/2(T';). By Theorems 3.23 and 3.40 of [I9], f|ps € Hy/*(T}) and flp o7~ € Hy/*(I)

for each i. Therefore the function given by f on I'y and f o 7~! on Ty is contained in H'/2(9M), so the

boundary value problem

Lu =0, u|r1 =f, u|Fz =for !
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has a unique solution u € H'(M). Moreover, ||lullgi(ary < C|f /250 for some C > 0 that does not
depend on f, and so

QN = [ 1vuP 4 vac] (31)
M

defines a bounded quadratic form on H/2(9M). Since the trace map H'(M) — H'?(0M) is bounded and
V € L*°(M), there are positive constants ¢; and ¢z such that

Q(f) = el fll g2y — callull 2y
By a standard compactness argument, there exists for any € > 0 a constant ¢z > 0 such that

2
ullZ2ary < €llullFran + ¢3 lulonrllz2ery

for any u € HY(M). Tt follows that

QUf) = Aillf L2,y — callfllzacry)

for every f € H'/2(T';), so Q is bounded over H'/?(T';) and coercive over L*(T';).

With B denoting the bilinear form corresponding to @, there exists a selfadjoint operator T', with domain
D(T) C H'?(T1), such that B(f,g) = (Tf,9) 2, for all f € D(T) and g € H'/*(T'1). Integrating by
parts and using the hypothesis 7*dus = du, we find that

B ou 1, 0u Ou  Ou
B(f,g)—/rlgalﬁr/rfgw )ay—/rlg<ay+ayw)

for any g € H'/?(T';), hence

ou ou
Tf= — —| o (32)
ovip — Ovip,
Therefore T'= A, as defined in (16)), and the proof is complete. O

We now sketch the proof of Theorem [5] which closely follows the proofs of Theorems and

Proof of Theorem[j. We first define the symplectic Hilbert spaces H; = HY/?(T';) @ H~/?(T;), with the
usual symplectic form w1, then let H, = Hi & M1, with the form w, = w1 & (—w1).
By K*» C HY(M) we denote the space of weak solutions to Lu = Au (with no boundary conditions
imposed). We define the space of Cauchy data
) 7'1> rue K )‘}
1)

w-{(3)],(6-8)

and the path of boundary conditions
B(t) = {(z,t¢,tz,¢) : (x,¢) € Ha}

as in and .

By a (now familiar) homotopy argument we find that
Mor(LP) = Mor(LP™) + Mas(8(¢); 1(0)), (33)

where LPN denotes the “mixed realization” of L with Neumann conditions on I'y and Dirichlet on I'y. Next,
following the proof of Theorem [2] we define the two-parameter family of Lagrangian subspaces

B(s,t) ={(z,td + sTx,tx,) : (,9) € Hi}.
and consequently obtain

Mas(B(1); 11(0)) = Morg(A,) — Moro(Ay), (34)

where A; is the “partial Dirichlet-to-Neumann map” on I'1, obtain by mapping a function f on I'; to
where u uniquely solves the boundary value problem

Lu=0, wulp =f ulp, =0

ou
$|P17



MANIFOLD DECOMPOSITIONS AND INDICES OF SCHRODINGER OPERATORS 19

Finally, the method of Theorem [3| yields

Mor(LPN) = Mor(L”) + Morg(A;). (35)

Combining 7 and , the result follows. O
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