WAVE OPERATOR BOUNDS FOR 1-DIMENSIONAL SCHRODINGER OPERATORS
WITH SINGULAR POTENTIALS AND APPLICATIONS

VINCENT DUCH]:]NE7 JEREMY L. MARZUOLA, AND MICHAEL I. WEINSTEIN

ABSTRACT. Boundedness of wave operators for Schrodinger operators in one space dimension for a class of
singular potentials, admitting finitely many Dirac delta distributions, is proved. Applications are presented
to, for example, dispersive estimates and commutator bounds.

1. INTRODUCTION

Wave operators provide a means for converting operator bounds for a “free” dynamics generated by a
constant coefficient Hamiltonian, Hy = —A to analogous operator bounds about “interacting” dynamics
associated with a variable coefficient Hamiltonian, H = —A + V| on its continuous spectral subspace.
Indeed let Wi and Wi denote wave operators associated with the free and interacting Hamiltonians Hy
and H (defined by (2.1) and (2.2)). Then we have

(1.1) WoW; =P, WiW.=Id
(1.2) f(H)P. =Wy f(Ho)W3, f(Ho)=Wif(H)Wyx, fBorelonR .

It follows that bounds on f(H)P. acting between W*1:P1(R?) and W*2:P2(R%) can be derived from bounds
on f(Hp) between these spaces if the wave operators W.. are bounded between W#1:P1(R?) and Wk2:P2 (R?)
for kj; > 0 and p > 1. Here, WFP(RY), k > 1, p > 1 denotes the Sobolev space of functions having
derivatives up to order k in LP(R?).

Boundedness of wave operators in WP (R%), under smoothness and decay assumptions on V(x) was
proved by Yajima [31] in dimensions d > 2. Weder [30] proved boundedness in dimension one; see also the
article of D’Ancona and Fanelli [3]. In [30] it is assumed that V' € L(R), the space of all complex-valued
measurable functions ¢ defined on R such that

(13) I8l = [ lo@)|(1+ falydo < oc.

For V in a class of generic potentials, the assumption is 7 > 3/2, and otherwise it is assumed v > 5/2.
Wave operator bounds can be used to establish dispersive estimates, namely

||efthPC(H)f||Lp(]Rd) = HWiefiH“tWifHLp(]Rd) < C’|t|_%_% ”fHLQ(]Rd)v piHat =1 p2 L

Applications of wave operator bounds for singular potentials appear in [21, 5, 16]. Schrédinger opera-
tors with singular potentials arise in several mathematical models, which have recently been extensively
investigated. For example, see [9, 16, 12, 13, 14, 8, 19, 7, 21|, where Dirac delta function potentials are con-
sidered. Boundedness of wave operators in W2(R) for singular potentials is used implicitly in references
[16] and [9], but this property appears not to have been addressed previously. This gap in the literature
is addressed in the present work. Another motivation for the present work is the study of scattering for
highly oscillatory potentials, containing local singularities, in the homogenization limit [5]. In this work,
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bounds on (m? + H)"*P.(H)(m? — §?), where H = —92? + V(z) is a Schrédinger operator with a singular
(distribution) part to the potential V' (z), are required; see section 8.

This article is devoted to an extension of the one-dimensional results [30] to the case of singular potentials.
Specifically, our results apply to Hamiltonians of the form

H = 0% + V(2),
where V' (z) satisfies:
Hypotheses (V)
(1.4) V(z) = Viing() + Vieg(),
N-1
(1.5) Ving(®) = > 4j 0z —y;), ¢,u5 €R, y; <yjp1, ¢ #0,
j=0

3
(1.6) ||VregHL1,é+(]R) /R(l + |s|)2+|VTeg(8)| ds < oo.

The paper is structured as follows. In section 2 we state our main result, Theorem 1, concerning
boundedness of wave operators. In section 3 the strategy of proof is outlined. Section 4 summarizes facts
about Jost solutions, distorted plane waves, reflection and transmission coefficients, etc. In section 5 we
state a general result, Theorem 3, from which Theorem 1 follows. The proof of Theorem 3 is given in
section 6, and the completion of Theorem 1 in section 7. Finally, in section 8 we present examples (multi-
delta function potentials) and applications to dispersive estimates, commutator bounds and well posedness.
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2. MAIN RESULTS

We first define and review properties of the wave operators. For basic results on wave operators see, for
example, [1, 23, 25].

Introduce the self-adjoint operators Hy = —A and H = —A + V. Here, V is a real-valued potential,
satisfying assumptions given below; see Section 5. Let P. = P.(H ) denote the continuous spectral projection
associated with H. The wave operators, W4 and their adjoints Wi are defined by

We=s— I itH —itHo

(21) =9 t—l)lﬂ:moo € €
T itHo ,—itH

(2.2) Wi=s tgimoo e"oe P..

The wave operators satisfy the properties (1.1) and (1.2). The notion of wave operators is intimately related
to the idea of distorted Fourier bases, which are discussed in detail in [1], [15], [22]. In one dimension, this
2
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is directly related to the Jost solutions, studied in general self-adjoint Schrodinger operators in [22, 4] and
for a certain class of non-self-adjoint operators in [18].

Theorem 3 of section 5, combined with the calculations of section 7, implies the following:

Theorem 1. Consider the Schridinger operator with a potential, V(x), satisfying Hypotheses (V). Then
Wy and W} originally defined on WP N L2, 1 < p < oo, have extensions to bounded operators on WP,
1 < p < oo. Moreover, there are constants C), such that:

23) W fllwrom < Cpllfllwrr@y, IWifllwise < Collflwism, f€WHP(R), 1<p<oo.

Remark 2.1. In general, the wave operators are not bounded on L. The constraint p > 1 is due to the
Hilbert transform, H not being bounded on L'; see [30].

3. STRATEGY OF PROOF

We use the approach for wave operators on R initiated by Weder in [30]. The heart of the matter concerns
the detailed low and high frequency behavior of Jost solutions, worked out by Deift and Trubowitz [4],
or a consequence of their methods. The idea is to split the wave operators into high and low frequency
components:

W:I: = W:i:,high + W:i:,low-

For the high frequency component we prove for ¢ € S,
W =3 8,0, where 516.= | Aot
For each A = A;, we use the criterion (Young’s inequality [6]) for L?, 1 < p < oo boundedness:

= sup/ |A(z,y)| dy + sup /|A(z,y)| dr < o0
z€R yeR JR

= [|Sadllr < Ca [9llLs-

to prove
(3.1) Wt high®llwis < Cp lollwes, 1 <p<oo, k=0.
For the low frequency components, we have
Wi tow ~H + Y Sa,,
J
where 54, is as above and H denotes the Hilbert Transform

(3.2) (Ho)(z) = %P.V. / wdy _ / Tk (i san(k)) d(k)dk

— 00

Here, F and F~! denote the Fourier Transform on R and its inverse, defined by

N 1 . - .
(3.3) o(k) = Fo(k) = Q—/e_mzqﬁ(x)dx, d(z) = Flo(z) :/em@(kz)dk.
7r
Thus, for low frequencies, boundedness
(3-4) IWetowdllyrr < Cp ll9lwrr, 1<p<oo, k=0

reduces to the boundedness properties of the Hilbert transform [27]:

Theorem 2. H : WP — WP for 1 <p<oo and k>0, with [Hollwrom < Kp [Ollwrem)-
3
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Estimates (3.1) and (3.4) then imply the theorem. The proof of (3.1) and (3.4) is given in section 6.
We now develop some background for implementing the strategy.

4. BACKGROUND SPECTRAL THEORY OF H = —92 +V

4.1. Distorted plane waves, e (7;k). Consider the operator H = —92 + V (z), defined as a self-adjoint
operator on L?(R). Denote by P; and P. the discrete and continuous spectrum projections. P; and P. are
orthogonal projections with P, = Id — P;.

Denote by Ry the outgoing “free” resolvent operator Ro(k) = (—02 — k?)~! with kernel
Ro(k) (2, 5) = —(2%)~" exp(ikl — )
and finally introduce the distorted plane waves, ey (x; k):
Definition 4.1. The functions u = e (z; k) are the unique solutions to (H — k?)u = 0 satisfying
(4.1) et(z:k) = % 4 outgoing(x),
where a function U is said to be outgoing as |z| — oo if
(0 F ik)U — 0, z — 0.
Thus, ey (x; k) is given by the integral equation:
(4.2) ex(z;k) = eF* — Ro(k)Vesy(2;k)
or equivalently

(4.3) ex(m; k) = % — Ry (k)Vetike,

The continuous spectral projection, P,, is given by

1 o0 - _
(1.4) Pof@) = 5= [ [ (etoh) SR + e (o k) &) )i
see, for example, [29].
We write
P.f = F{ Fy f, where it follows from (4.4) that

(4.5) Fof = | TR f) dy P = [ Uak) £ db and

R R

1 .
(4.6) i y.k) = E{ s N

We also define U_(z, k) = U, (z, —k).

4.2. Jost solutions. To make direct use of the arguments in [30] and [4], we express the results of the
preceding subsection in terms of Jost solutions, commonly introduced for one-dimensional Schrodinger
operators.

Given the Schrodinger equation

2

d
(47) —FU +Vu= k2u, k € C,
X
4
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we define the Jost solutions, f;(z, k), j = 1,2, Imk > 0, to be the unique solutions of (4.7) satisfying the
conditions:

fi(z, k) — *® -0, z— o0, and

(4.8) foz, k) — e ™ 50, z— —ooc.

The Jost solutions are linearly independent solutions of (4.7) for k # 0. Therefore, there are unique
functions T'(k), R;(k), j = 1,2 such that for k € R\ 0

(1.9 flek) = ) file) + s Ao -b),
(4'10) fl(xak) ??((kk;) f2(‘rak)+ ﬁ f2(x’_k)

For a potential, V', with compact support within (—r,r), R;(k) and T'(k) are defined via the solutions:

e*® 4+ Ro(k)e™ = x < —r,
(a.11) R CYICTORS e
. — . — T(k/,)e—ikz, r<-r,
(4.12) e—(z;k) = t(k) f2(x; k) = { e~ 4 Ry (k) x>
Generically,
(4.13) T(k)=ak+o(k), 1+R;(k)=cajk+ok), j=12, k—0.

T'(k) is called the transmission coefficient associated with H. Ry (k) is the right to left reflection coefficient,
and Rz (k) the left to right reflection coefficient.

Finally, it is convenient to denote by m;(z, k), j = 1,2

(4.14) myi(z, k) = e *f (x, k), and ma(z, k) = e*fy(z, k).
It follows from (4.1), (4.8) and (4.9) that

1 { T(k) e* my(z,k) k>0,
T

(415) \IIJr(:Cvk) = E (7]€> Zikm m2(1', 71€) k<0,

where my(z,k) —1 — 0 as ¢ — oo and ma(z,k) —1 — 0 as x — —oo. The detailed smoothness and
decay properties, in « and k, of m;(x; k) — 1 are required in estimates. These are given in section 7.

5. STATEMENT OF THE CENTRAL THEOREM

Our central result, from which Theorem 1 follows, is:

Theorem 3. Let H = —92 + V(x) be self-adjoint on L*(R) for which the transmission and reflection
coefficients (see (4.9)) satisfy the bounds:

(5.1) Ri(B)| + [Ra(k)] + [T(R)—1] < %
(5.2) BB+ [uBa(k)] + 16T(R)| = O(ﬁ) k] = oo,

5
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Let S and Ss be defined by

(5.3) (5,9 @) = [ Bife.y) ) dy. where

(5.4) Rj(z,y) = /}Reikz (mj(x, k) — 1) e~ ™" dk.

and assume, for 1 < p < oo, that Sy is bounded on WHP(R,) and S is bounded on WP(R_) .

Then Wy and Wi originally defined on WP N L%, 1 < p < oo, extend to bounded operators on WP,
1 < p < oo. Furthermore, there are constants C,, such that:

(5.5)  IWefllwrr < Cpllfllwrn, IWEflwre < Cpllfllwre, feWHPNL2 1<p< oo

Remark 5.1. Deift and Trubowitz [4] establish the hypotheses of the Theorem for any potential V' (z),
for which (1 + |z|)3+ |V ()| € L'(R) (see section 7). We show in section 7.2 that their proof also applies
to a potential of the type in Hypothesis (V), V = Viing + Vieg, Wwhere Vg has a finite set of Dirac masses
within an interval (—A, A), and such that (1 + |x|)%+ [Vieg(z)| € L1(R).

Remark 5.2. In fact, less restrictive bounds on V,., as developed in [3] would suffice. However, for
simplicity we will follow the work of [30] as it makes some computations more explicit.

6. PROOF OF CENTRAL THEOREM 3

We follow the strategy described in section 3. Theorem 1 will follow from 3 by verifying the hypotheses
of Theorem 3 for V' = Vg + Vieg. This verification is computed in section 7.

Let x(z > 1) € C*°(R) denote non-decreasing cut-off functions such that
0 z<1i
>1) = = 2
(6.1) x(x >1) { 1 z>1.
To localize in frequency space, introduce v (|k| < ko) € C5°(R) be a compactly supported cut-off
function, depending on a parameter, kg, to be chosen, such that
1 |/{3| < ko,
. < = -
(62) s i) ={ g =0

We decompose any ¢ € L%(R) into its low and high frequency parts:

(6.3) d(x) = bow(r) + Gnigh(x), where using D = —id,,
(6.4) Diow(x) = V(D] < ko)p(x) = /}Reik%ﬂﬁ < ko) G(k) d,
(6.5) Pnigh(z) = (1 — Y (ID] < ko)) ¢(z) = /Reikm( L= (k| < ko) ) (k) d .

6.1. Bounds on W, ¢;,,. For > 0, we can express W, @ (1), in terms of my(z, k), and for x < 0, we
can express Wi diow (), in terms of mo(z, k). Since the cases > 0 and « < 0 are very similar, we only
6
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carry this calculation out in detail for > 0. We have, using the notation Pf(z) = f(—x),

Widiow = FIF (D] < ko)o
o 0
- / e T(k) ma (2, K) (K] < ko) G(K) dk + / e T(—k) ma(ar, k) o (k] < ko) d(k) dk
0

— 00

-/ e (k) ma (o, k) o (k] < ko) B(k) di

0

b [ e R (o, k) 4 (o)) (k] < o) SE) d

— 00

00 0
= /O e my(x, k) [T(k) + Ri(k)P] ¢ (Jk| < ko) (k) dk +/ e my(x, k) (k) dk, >0,

— 00

where we have applied (4.5) and (4.15).

We continue by using that [;° [...] dk =1 [*° (1 +sgn(k)) [...] dk, we have
©6)  Wedww = 3 [ °;<1 +sgn(k)) ¢ (i (k) — DT () @ (k] < ko) $(k)dk
+3 /0;(1 +sgu(k) e (ma (@, k) = DR (k)P v (k] < ko) (k)dk
= / ‘:(1 —sgn(k)) €™ (m (@, k) = 1) ¥ (k] < ko) $(k)dk
¥ /0;(1 +sgn(k)) e T (k) v (K| < ko) d(k)dk
+3 /Zu +sgn(k)) ¢ Ra (k)P (k] < ko) (k) dk

43 [ =) € 6 (4] < ko) bRk, >0

For 2 < 0 an analogous representation holds with m(x, k) replaced by ma(x, k).

We now show that W 10, is a bounded operator on Wk’p(RJr). Each term in the first three lines
of (6.6) is of the form:

(6.7) ¢ — S 0 IL+iH) o ¥(D)o,
and each term in the last three lines is of the form
(6.8) o — (I+iH) o U(D) o,

where Sy, is defined in (5.3)-(5.4), H denotes the Hilbert transform (3.2), and
U(D)= F L Uk)F and
U(k) = T(k) w(k| < ko) or Ri(k) P (k| < ko) or & ([k| < ko).
(For z < 0, the argument is parallel with S7 replaced by Ss.)

By hypotheses on T'(k) and R(k), ¥ (k) is a multiplier on W¥?(R) for 1 < p < oo [27]. The Hilbert
transform is bounded (Theorem 2), so that the boundedness of the operators in (6.7) and (6.8) on W
for 1 < p < oo follows from boundedness of S, that holds by hypothesis. Therefore, one has
(69) ||W+¢low||W1’P(]R) <C ||¢||W1’p(R) ’

and this completes the low frequency analysis.
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6.2. High Frequencies. We have, using (4.9) and the notation Pf(x) = f(—x),
Widnign = FIF(1—=v9(D]<k))o

= [ w0~ (4 < ko))

+ [ TRt e, )1~ (K < F))dk)ak

— 00

= [ w0~ (4 < ko))

+ /_ MR (—k)e > ma (2, —k) + ma (e, k)L — o (Jk] < ko)) (k)dk

- /Oooe“”mmx,k)[T(k)+R1<k>P]<1—w<|k|Sko»é(k)dm / €%y (2, k) (K ) .

— 00

For = > 0 we rewrite this expression as

Webnign = / Z e (14 sgn(k)) (mi(w, k) = DT () (1 = (k| < ko)) d(k)dk
s /Z €™ (14 sgn(k))(ms (z, k) = )Ry (k) P(L =t (k| < ko)) d(k)dk
+3 /Z e (1= sgn(k))(m1(x, k) = 1)(1 = ¢ (|k] < ko))$(k)dk
T / Z e (1 -+ sgn(k)T(k) (1 — o (K] < ko))d(k)dk
. % /_‘: e* (14 sgn(k)) Ry (k)P(1 — o (|k| < ko))d(k)dk
+3 /O; e (1= sgn(k))(1 = (k] < ko))d(k)dk, ©> 0.

An analogous expression, with mq (z, k) replaced by ma(z, k), is used for < 0. We proceed now to show
that each term is bounded on W1P(Ry), p > 1.

Each summand in this decomposition of W ¢p,gp is of the form:
(6.10) o Syop(D) 6, or 6> p(D)s.

where p(D) = F~1p(k)F. Here, Sj, j = 1,2, defined in (5.3) and (5.4), is bounded on W1P(R,) for
1 < p < oo by hypothesis. Moreover, p(k) is a multiplier on WP(R) for 1 < p < oo due to hypotheses on
R(k),T(k) — 1,0, R(k) and 0xT(k), and the fact that 1 — ¢ (|k| < ko) is smooth, asymptotically constant
as k — oo and vanishing in a neighborhood of 0. It follows that

(6.11) W dnighllwirm,) < C||V||L1§+(]R) pllwrr®,)-
2
An estimate analogous to (6.11), similarly proved using a representation of W ¢pign(x) for 2 <0, in terms
of Sy, also holds. Thus,
(6.12) Wi bnignllwe ) < C||V||L1§+(]R) pllwr(w) -
2

The decomposition (6.3) and the bounds (6.9) and (6.12) imply the result. This completes the proof of

the central result, Theorem 3.
8
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7. COMPLETION OF THE PROOF OF THEOREM 1

This section is devoted to the completion of the proof of Theorem 1, as a consequence of Theorem 3. The
hypotheses of Theorem 3 are satisfied for potentials V € L} +(R), by results in [4]. We briefly recall the

argument below, and then we generalize it to potentials of the form (1.4), V' = Ving + Vieg, in section 7.2.

7.1. The case of regular potentials. From the relation m;(x,k) = e~ f)(x,k),k € C, we have that
mq (z, k) is the unique solution of

d? d
(7.1) 3 smi + 2ik d—mleml, and mq(z;k) = 1, asx — o0 .
i X

Consequently, we have

2 m@R =1+ [ Dy oVmilykdy, where Dife)= [y,
€T 0

n!

Indeed, for V € L} . (R), the iterates of the Volterra integral are bounded by 22)"  with

W)= [ -Vl
. Summing on n, we find that the majoring series converges and mq (z, k) satisfies the bound
ma(z, k)] < ().

By a careful analysis for x — —o0, one has the improved estimate

oo

(7.3) [mi(x, k)] < C(1 +max(—x,0))/ (14 1tV (t)] dt.

x

As a consequence, the function m; (z, k)—1 is in the Hardy space, and therefore there exists By € L?(RxR.)
such that

(7.4) my(z, k) =1+ /OO Bi(x,y)e**Vdy.
0
Now, the function By (z,y) is equivalently defined with
(7.5) Bi(z,y) = /OO V(t) dt + /y /OO V(t)Bi(t, z) dt dz
T4y 0 Tt+y—=z
(7.6) = Ku(z,y),
n=0

where K, is defined by induction with

0o Yy 0o
Kole,y) = / VOt ,  Kusi(zy) = / / V(8K (t, 2)dtde.
T4y 0 r+y—z

It is then easy to prove by induction that

Koo < Tnary). withy@) = [ vl

This allows us to confirm that the sum in (7.6) is well-defined and satisfies (7.5), plus the estimates

(7.7) |Bi(z,y)] < (e +y), ||Bi(e, )| < € y(a).
9
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From (7.7), taking the z—derivative of (7.5), we have

oo

(7.8) |0 B (z,y)| < C @ <V(:c+y) + / |V (t)|dt ) zeR, y>0.

+y
The construction above, and (7.4) with the estimates (7.7) and (7.8), are sufficient to prove

Lemma 7.1. S; is bounded on WYP(R,) and Sy is bounded on WHP(R_) for 1 < p < co.

Proof. We focus on the bound for S; on W*?(R.). The bound for Sy is bounded on W#P(R_) is similar.
To prove boundedness of S7 and 957 on LP of the operator we use that the operator

SR(I)(.T) - /]RR(‘T’Q) (I)(y) dy,

is bounded on LP with estimate

(7.9) [SR® [lp, < Cr [|®llfp, 1<p=<o0

if

(7.10) CREsup/ |R(z,y)| dy + sup /IR(w,y)I dr < oo
z>0 JR y>0 JR

Using the representation formula (7.4) we have

Rj(xz,y) = /eik(z*y)/ e?* % B (z,2) dk dz = B (z, y2:c>.
R 0

Thus, the operator S simplifies to

($19) (z) = /:031 (z,y2z><b(y)dy = /00031 <zg> O(C—z)d¢C, ©>0.

Since we must estimate S; on WP we also compute

o596 = [ B (w%) (—0)®(C - 2) dC + /OooazBl (xg) (¢ - 2) dC

[ (5 250) copeay + [T o (0 255) e i az0.

Note that by (7.7) and (7.8) we have for large enough x that

(7.11) Bi(z,2)] < /+

Therefore,
sup/lyzm By (x,yfc)‘ dy + sup/lyzm
>0 2 y>0

oo oo

[V(s)lds and |0,Bi(x,2)| < |V(x)| + / [V (s)|ds.

xr+z
QSup/ / [V (s)lds dy
e>0Jo Jzfu

-
B4 (w,y2 )‘ dx
3

2/ <1+“y) / (1+8) 3|V (s)|ds
0 2 xty

2

IN

IN

< const X [V (-
3+
10
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A similar bound applies to the kernel 1,>,0,B1 (x, %) Thus, we have
1512 wrrr,) = [191®|Lrr,) + |02 (S19) [ Lr(r,) < C|‘VHL1§+(R) @llwir®,) -
2
Applying similar arguments with S; replaced by S, for £ < 0 yields boundedness of S, on WP, O

Lemma 7.2.

C C
[R;(F)[, |T(k)—1] < 0] VEeR,  [OT(K)|, [OxR1(K)], |OxRa(k)| < W k| = oo.
Proof of Lemma 7.2 for V = Vieq:
We follow again the method of [4]. From (7.2), one has
1 o,
mi(a k) =1+ 5o [ (@M — DV (y)ma(y, k) dy
27;]{: 0
_ 672ikm L e e?ikyml(y k)V(y) dy
2ik J_ ’
L[t
+ <1 ~ 5 m1(y, k)V (y) dy> +o(1), x— —o0.
Moreover, one has from (4.8) and (4.9)
—oikn R2(k) 1
k) = 2ikx 1 —00.
mq (z, k) e Ao + W + o(l), z— —0
This, and the same study on ma(x, k), leads to the following integral representations:
(7.12) L L V) d
. T(k) = %k . mily, Y Y,
Ry(k) L™
1 - iky
(7.13) T o m1(y, k)V(y) dy,
Ry (k [t
(7.14) 1(k) = > my(y, k)V (y) dy.

T(k) 2ik |

These integral representations, together with the L} n decay assumption on the potential and the uniform
2

bounds (7.3), lead immediately to
C
[R;(R)], [T(k) = 1] < 7.
! (k)

Now, differentiating (7.4) with respect to k leads to the uniform estimate
| Opma(z, k) | < Clk)(z),

so that (7.12) yields
C
|0k T (k)] < T as |k| — oo.

The equivalent estimates for Ry (k), Ra(k) follow similarly from (7.13) and (7.14), and Lemma 7.2 holds.
11
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7.2. The case of potentials with a singular component. In this section we prove that one can
generalize the construction above for generalized potentials, satisfying Hypothesis (V), with equivalent
estimates, so that Lemma 7.1 and 7.2 hold. As a consequence, the hypotheses of Theorem 3 are satisfied,
and Theorem 1 is proved.

Proof of Lemma 7.1 for V satisfying Hypotheses (V ):

We prove the desired estimates for mq(z, k), > 0, and similar results apply to ma(z, k), z < 0. Let
us define the function B (z,y) with

oo N-1
Bi(z,y) = / Vieg(t) dt + Z al(z; — (z+v)) / / Vieg(t)Bi(t, 2) dt dz
T4y T+y—=z

=

(7.15) + / Z aBi(x, 2)1(x — (x+y—2)) dz
O =0

(7.16) = Ku(z,y),
n=0

with 1 the classical symmetric Heaviside function defined such that

1, >0,
1(z)=< %, 2=0,
0, z<0,

and K, defined by induction, with

o N—1
Ko(z,y) = / Vieg(t)dt + Z al(z; — (z +v)),
1=

- y
Kpi1(z,y) / / Vieg(t)Kp(t, 2)dtdz + Z cl/ K (z1,2)1(x; — (x +y — 2)) dz.
sty—2 =0 70

Following the proof of Lemma 3, [4], it is easy to show by induction the following pointwise bound

Ea(ey) < 290 0y,

- nl
with v, and 7; defined as
N-1
n@) = [T Wag@l dt + 3 o - 2101 - )
x =0
o N-1
ma) = [ Wiyl dt + Y lali(e - )
x =0

This allows us to confirm that the sum in (7.16) is well-defined and satisfies (7.15), plus the estimates
(7.17) |Bi(z,y)l < ez +y), |Bilz,)]rr < ()

and, differentiating with respect to =z,

oo

(7.18) |0, B1 (z,y)| < C en@ (V(Jc—i-y) + /

|V (t)|dt ) , x €R, y>0.
z+y
12
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Abusing notation (see justification below), we define

(7.19) ma(z, k)

1+ / Bi(z,y)e*™ dy,
0
it is easy to deduce from (7.15) that
Oxmy(x, k) = / (0.B1(z,y) — 8, By(2,y)) €2 dy + / 8, B1(x, )€™ dy
s N—1
/ / V;‘eg Bl t y) dt 621ky dy _/ Z ClBl(-Tl,
0 =0
R
0

[e%e) 0o N-—-1
2mi(eih) = [ Vig@)Bi(w)e dy + [ > anie.
0 0

x)e%ky dy
(7.20)

§(zp — z)e* ™™ dy
00 N-—-1

(7.21) — /0 2ik0, By (z,y)e Ziky gy + Vieg(x) + Z cd(x; — x)
=0

Therefore, my(x, k) is the unique function satisfying

d? L od
el + 2ik o= ;clé(ac —21) + Vieg ma, ke C
with my(z;k) — 1 as © — oo. Equation (7.19) is thus justified

Finally, Lemma 7.1 follows from (7.19), with the estimates (7.17) and (7.18)

Proof of Lemma 7.2. We follow again the method of [4]. The generalization of (7.2) to potentials satisfying
Hypotheses (V) is

L™ oiky—a) pl=
mq (z, k)*lJr— (Gl

21k

,_.

YWy ()ma(y. k) dy + ——

Qik(ml—z)
szz ale

— Dymq(x, k)1 (x; — )

=

=0
e—Qka +oo ) 1 )
57k / ey (y, k) Vyeg (y) dy + cre®™*rmy (zy, k)

_ l
1 e
+1- ﬂ / ml(y, k)vreg(y) dy +

Moreover, one has from (4.8) and (4.9)

(]

Il
(=}

1

=0

ama (zy, k)) +o(1)(z — —0).

ml(z k) _ 6721'sz2(]€) 1
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This, and the same study on mq(z, k), leads to the following integral representations:

1 1 [t 1 =
(722) m = 1- ﬂ mq (y, k)‘/reg(y) dy - ﬂ clml(xlv k)a
—oo 1=0
Ro(k 1, 1=
(7:23) ) o [ N Ve ) dy 4 g S e, ),
—oo 1=0
Ry (k) L[ LS o
(7.24) = — e (y, k) Vieg(y) dy + — e ima(ay, k).
T(k) 2ik J_o 2ik —

The identity (7.19), with the estimates (7.17), guarantees the uniform bounds
Imi(z,k) < Clx),  |Oema(z, k)| < C(k)(z).
Therefore the L% n decay assumption on the potential V.., leads immediately to

C

|R;(k)|, [T (k) = 1] < W

Now, differentiating (7.22) with respect to k yields

|8kT(k)|§|—§|, as  |k| — oo.

The equivalent estimates for Ry (k), Ra(k) follow similarly from (7.23) and (7.24), and Lemma 7.2 holds.

8. EXAMPLES AND APPLICATIONS

8.1. V(z) = a sum of Dirac delta masses. In this section we verify directly the hypotheses of Theorem 3
for the case of a potential, which is the sum of Dirac delta functions, thereby establishing the applicability
of our main results to this case.

We follow the analysis from [12] and [29], see also [10], [11] for specific examples. Seek solutions of the
form

(8.1) < Hz i — L ) ex(z,k) =0,

where Hg 5 = Zj\[;ol ¢;0(x—y;) when ¢ = (qo, -+ ,qn—-1), ¥ = (Yo, - ,yn—1), and where e4 (z, k) represent
the distorted Fourier basis functions as defined (4.1). Thus,

ekt 1 Boe™™ for x < 1o,
A1 + Bre kT for yo < x < y1,
(8.2) s (o, k) = |

Ane™® for x> yn_1,

where we have taken Ap = 1 and By = 0. With this choice of notation, we have, referring to (4.11)

and (4.12), Ay = T the transmission coefficient and By = R; the reflection coefficient for the “incoming”

plane wave e¢”** from —oo. Then, we have the following system of equations implied by continuity and
14
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jump conditions at the points {y;} for j =0,...,N —1:

ezkyo + Boefzkyo _ Alezkzo + Bleflkyg
ik [A1e™V0 — Brem "0 — e + Boem o] = 2gy [A1e"Y° + Bre ]
ikyn—1 —ikyn—1  _ ikyn —1
An_1e™¥ + By_1e” "™ = Aye"
ik [ANGZkyN71 — AN,1€ZkyU + BNfleizkyO] = 2qNn-1 [ANSZknyl} .

Note, the above system guarantees unitarity, or that
(8.3) |Bol? + |An]* = 1.

We can define similarly

Doe™ ™ for x < 1o,
Cre’f* 4 Die ™ for yo < x < y1,
(8.4) e_(z, k) = )

Cne™r® + e ™ for & > yn_1,

where now the incoming wave is e~*** from oo and the scattering matrix is determined by the transmission
coefficients Dy = T and the reflection coefficient Cy = Ro for the “incoming” plane wave e~ from oo.

8.1.1. Bounds on my, mo: In addition, for general singular potentials with compact support, we have

i k
e zkm% for x < yn_1,

1, for x > yn_1,

my(z, k) =e " f1(z, k) = {

etk —e*T((fc’)k) for x > o,
1, for z < yo.

m?(xv k) - eikme(xv k) - {
Hence, there exists constants CL(yy_1) and C2(yo) such that
(8.5) |02my (2, k)| < CLyn_1) for yny_1 > >0,
(8.6) |02ma(z, k)| < C2(yo) for yo < z < 0.

As a result, we see that an arbitrary collection of § functions satisfies the required estimate for the proof
of Lemma 7.1.

We conclude this subsection with explicit computations of the transmission and reflection coefficients
for single and double § well potentials:

8.1.2. Single § potential (H; = —¢d(x)): Setting up the appropriate equations, we have

(8.7) Ry =rq =-

(8.8) T=t,=

where 1, t, are the reflection and transmission coefficients for H, respectively. We must show the bounds
from (5.1) hold, however such bounds follow clearly for (8.8), (8.7).
15
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8.1.3. Double ¢ potential (H,; = —¢(d(x + L)+ d(xz — L))): Setting up the appropriate equations, we
have

(8.9) Ry = _ (alik = @)™ 4 q(ik + g)e PFEN oy
. 1=TqL = q2e2kL — (ik + q)2e2kL € ’
(8.10) T—1¢ . k2 —2ikL

. = bq,L — q2€2ikL _ (ik+ q)2672ikL € )

where 74,1, 4,1 are the reflection and transmission coefficients for H, 1 respectively.
Again, we must verify Lemma (7.2), hence we must prove for instance
|Owtq,L (k)| < CL+[K)) Y,
provided gL # 1/2. Indeed, we have
2k(k? — 2ikq + ¢*(e*™*t — 1)) — 2ik%(2Lg%e** L — (ik + q))

Oter(k) = (k2 — 2ikq + ¢2(e5FL —1))2 ’

which satisfies
|Oktq, (k)| ~ O(k| ™)

as k — oo and

1
Outan 091~ 0 (=)

as k — 0. A similar computation holds for 7 1.

8.2. Commutator / Resolvent type bounds. In [5], where homogenization of high contrast oscillatory
structures with defects is studied, bounds on (Hy + 1)'(Hz 7+ 1) are required to estimate a Lipmann
Schwinger equation. We have, by our main theorem that

(Hy+1)""(Hgy+ 1)P. = (Ho+ 1)"'"Wo(Ho + )W : L* — L*.
8.3. Dispersive and Strichartz estimates in H' for §-Schrédinger. We may represent

(8.11) e_itHPcfZ% / /0 T (4 (@ k) ex@.k) + e (o, k) e (2, 7)) f(y)dkdy.

From here, we may use direct computations to arrive at Strichartz estimates and apply Weder’s results on
wave operators since the potentials are all in L' with compact support.

Using the properties of wave operators, we have
(8.12) e Pef | o = [Wee™ WL || 1o

and using standard dispersive estimates for the linear Schrédinger operator (see for instance [28] for a
concise overview) arrive at

(8.13) | Pefllze < Cot™ =72 | fllwo.
Define a Strichartz pair (¢, r) to be admissible if
2 1 1
8.14 S _-_Z
(8.14) 3 F

with 2 <7 < co. Then, we arrive at the celebrated Strichartz estimates

(8.15) € Pewol| awrr S Nluollwr.2
16
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and

(8.16) ‘

S ||f($at)||LfW;f
LaW?l.r

t
/ eiH(t—s)Pcf
0

using duality techniques and once again the boundedness of the wave operators.

As a side note, using positive commutators and well crafted local smoothing spaces, from [20] we have
the Strichartz estimate
t
/ eiH(tfs)Pcf
0

Now, by boundedness of wave operators on WP spaces for singular potentials as proved in Theorem 3, we
have the following useful relation

t
/ eiH(t—s)Pcf
0

where (p, §) is a dual Strichartz pair without first going through the dispersive estimates.

,S Hf(xvt)HLng'-
L>L2

(8.17) ‘

(8.18) ‘

<7t g
Lo HY

8.4. Local Well-Posedness in H' for §-NLS. Consider the nonlinear Schrédinger / Gross-Pitaevskii,
with a potential consisting of a finite set of Dirac delta functions:
i0yu+ Hggu — |ul*u =0,
w(x,0) = ug(z) € HY,
for 0 < 0 < 0co. We seek a solution in the following sense:
u=Alul,

where

t
(8.19) Alu](t) = e Haityy — / e Hag(t=5) |y |27 (5)ds.
0

We claim that local well-posedness can be established via the contraction mapping principle in the space
C°([0,T); H(R)) for T sufficiently small. To prove the necessary boundedness and contraction estimates,

it is natural to apply the operator (I + H§7g)%Pc, which commutes with the group e~#7#5¢ to (8.19). Then,
estimates follow in a straightforward way, using that H*(R) is an algebra, provided the space

(8.20) H'R) = {f: (I + Hzp) P.f € I*(R) }

is equivalent to the classical Sobolev space H'. This follows from the relations
(I+H)P,=W(I—-0)W*, W*I+H)>W =(I—0%)3

and our results on the boundedness of wave operators associated with Hg 7 on H'.

8.5. Long time dynamics for NLS with a double § well potential. In [21], the long time dynamics
of solutions to the nonlinear Schrodinger / Gross-Pitaevskii equation

(8.21) 0w =(—A+V(@)u + gK [|u|2} u,

where V' is a symmetric, double well potential, are studied. In particular, under appropriate spectral

assumptions on the operator H = —d2 + V(z), in a neighborhood of a symmetry breaking bifurcation

point, there are different classes of oscillating solutions (8.21) which shadow periodic orbits of a finite

dimensional reduction on very long, but finite, time scales. These solutions correspond to states with mass

concentrations oscillating between the two wells of a symmetric potential well. The proof requires dispersive
17
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/ Strichartz type estimates. The results of this paper imply that the results of [21] extend to (8.21) for the
case of singular potentials, such as
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