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ABSTRACT. The Zakharov system was originally proposed to study the propagation of
Langmuir waves in an ionized plasma. In this paper, motivated by the work of the first
and third authors in [7], we numerically and analytically investigate the dynamics of the
dissipative Zakharov system on the torus in 1 dimension. We find an interesting family of
stable periodic orbits and fixed points, and explore bifurcations of those points as we take

weaker and weaker dissipation.

1. INTRODUCTION
In this paper we study the dissipative Zakharov system with forcing:

iug + Uy +iyu =nu+ f, z€T=R/(2xZ), te€[0,00),

Nt — Nga + 00y = ([uf?) 2,

u(z,0) = up(z) € HY(T),

n(x,0) = no(x) € L*(T), ny(x,0) =nyi(x) € HYT), fe HY(T).

The original Zakharov system (y = 6 = f = 0) was proposed in [19] as a model for the
collapse of Langmuir waves in an ionized plasma. The complex valued function wu(x,t)
denotes the slowly varying envelope of the electric field with a prescribed frequency and the
real valued function n(x,t) denotes the deviation of the ion density from the equilibrium.

Smooth solutions of the Zakharov system obey the following conservation laws:

(2) lu@)ll r2ery = lluollz2(my

and

1 1
(3)  E(u,n,v)(t) :/\(%Cu]zdx—i-—/nzdaz+—/u2dz+/nlu\2daz:E(uo,no,nl)
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where v is such that n; = v, and vy = (n + |u|?),. These conservation laws identify
H' x L? x H™! as the natural energy space for the system. Local and global well-posedness
in the energy space was established by Bourgain [3]. Lower regularity optimal results were
obtained by Takaoka in [I6]. The well-posedness theory extends to the dissipative and
forced system without difficulty [7].

In [7], the first and third authors established a smoothing property for the Zakharov
system, and as a corollary they proved the existence and smoothness of a global attractor
in the energy space. For a discussion of basic facts about global attractors see [I7] and [7].
The problem with Dirichlet boundary conditions had been considered in [§] and [9] in more
regular spaces than the energy space. The regularity of the attractor in Gevrey spaces with
periodic boundary conditions was considered in [14].

Here, we primarily focus on the dynamics of solutions to (). For large dissipation we
prove that the global attractor is a single point consisting of a unique stable stationary
solution of the system. Then, we proceed to investigate numerically the case of smaller
dissipation in the spirit of the numerical exploration of damped-forced Korteweg-de Vries
equation in [4] and for the Waveguide Array Mode-Locking Model in [I8]. In particular, we
explore equilibrium and periodic solutions, the branching of solutions, bifurcation points,
period doubling and other interesting dynamical structures that arise.

The paper is organized as follows. In Section 2] we obtain preliminary estimates on the
solutions and study the existence and uniqueness of stationary solutions. In Section [B] we
prove that in the case of large dissipation, the global attractor consists of the unique sta-
tionary solution. In the remaining sections we study the small dissipation case numerically

using nonlinear continuation methods.
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of AUTO and Wilkening’s assisted in implementing a preliminary version of the Adjoint

Continuation Method.

2. EXISTENCE OF STATIONARY SOLUTIONS AND PRELIMINARY ESTIMATES

We start by obtaining a simple bound on the L? norm of the solution. By multiplying

the u-equation with @ and integrating on T and then taking the imaginary part, we obtain

d _
Sl + 22l =23 [ ra

This implies by Gronwall’s and Cauchy-Schwarz inequalities that for sufficiently large ¢

(depending only on the L? norm of the initial data), we have
@ Jufls < 21012,
~y

We now study the stationary solutions of the system (I). Recall that n is real, and
throughout the paper we assume that n and n; are mean zero. Let (v, m) be a stationary

solution of ([Il). Taking u; = n; = ny = 0 leads to

5) Vg + 70 =mv+ f, © €T,

—Myy = (|U|2)IE(E7
The second line of () implies that m = —|v|? + ax + b. Therefore, the periodicity and the
mean zero assumption lead to m = —|v|? + %HUH% Substituting to the first equation, it

suffices to study

o 1
(6) s i = ool +lo=f, zeT.

Lemma 2.1. Fiz f € L? and v > 0. Any solution v of (G) satisfies the following a priori

estimates
() lolle < =151
2 > 29
v
(8) [vzll2 < Cmax(y 3| £115, 721 £113, 7~ /211 £Il2)-
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Proof. By multiplying (6] with ¥ and integrating on T and then taking the imaginary part

of the equation we obtain that
el =9 [ fode
T

This implies (@) by Cauchy-Schwarz inequality.
On the other hand, taking the real part we obtain

1 _
[ 1wl = olls = 5ol - % [ o
By the Gagliardo-Nirenberg and Cauchy-Schwarz inequalities, we have
lvall3 < C(llvallzlloll3 + [lollz + [l fll2llv]l2)-
This and (@) imply (&). O

We now prove the existence of an H' solution v of (@) for large v and/or small || f]| ;1
which is unique in a fixed ball in H'. Uniqueness in the whole space will follow from

Theorem [3.1] below.

Proposition 2.2. Given f € HY(T) if v > 0 is sufficiently large, or for given v > 0 if
| fllg s sufficiently small, then we have a unique solution of (Bl in the ball B := {v :

vl g < %} Moreover v € H3(T).

Proof. First note that by Kato-Rellich theorem the operator 25 — 0|13 + [v]? is self

9x2
adjoint on L?(T) for v € L>(T) € H*(T). Therefore the operator
9?1 ,
Ry = o5 = o lolls + ol* + v

is invertible on L?(T) and we have

9) IR ol 2 pe <

==

Let

Ty p(v) = R;};f-

It suffices to prove that T, s has a fixed point in H 1. To do that we will prove that T N.f 18
a contraction on the ball B.
By the resolvent identity,

O A A S U A
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we have
N 0? 1 0? 1 1 _
R'y,}) (a 2 +Z/7) f_ (8 2 +Z/7) (_%HUH%_‘_WF)R })

Therefore, we obtain

1 1
10) It < I 4 o2 (- Lol 4 o) 3

1
< Wiy a2y 2 = ol o2 R

Wl 072, Wl (o o7
< I O ol Il < FE (1 O o).

Note that in the second to last inequality we used ([@). Let M = %H fllg1. The inequality
above implies that for sufficiently large v or for sufficiently small || f||1, Ty 5 maps B =
{ve H' : ||v]|;n < M} into itself. Thus it suffices to prove that T, s is a contraction. Again
by the resolvent identity and (I0)), we have (for u,v € B)

2 2
IR 7 — Rl = | B (fof? — Jup + 12— 0l2y o gy

2w
2 2
W1 = fup + PR oty vy

= ~y (1+C 71/2 HUHHl)

2 2 Huﬂg—”?f”% | f1 e
< Il = Jul® + o = 2

1/ 1/2
(1+O< 1/2>|| ||H1)(1+C< 1/2>HU||H1)

(2 ov2 I f
<CM(1+C 7 M?) = ol

Therefore T, s is a contraction on B for small || f| g1 or large 7. Finally by the following

calculation the fix point v € B is in H3(T),

_ _ 1 .
1) ollas = 1Ty @)lls < D e+ 70 = g0l + P | g 1Bl

< TNl + OO

using the standard elliptic estimate izg + 1 -t 5 < (471 1. O
g p oz Y H ’Y H
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3. ATTRACTOR IN THE CASE OF LARGE DISSIPATION

Recall that the energy space is X = H! x L? x H'. We will prove under some
conditions on 7,4, ||f||g: that all solutions of (II) converge to the stationary solution
(v,—[v|* + &=|v]}3,0) in X as t — co. This also implies the uniqueness of the station-

ary solution v under these conditions.

Theorem 3.1. Given ||f||g1 and § > 0, the following statement holds if v is sufficiently
large. Consider (u(0),n(0),n:(0)) € X where n(0) and nt(0) are mean-zero. Then, the
solution (u,n,n;) of () converges to the stationary solution (v, —|v|* + 5=[v||3,0) in X as

t — 00.

Proof. Given solution (u,n,n;) of (), let

1
(w,2,20) = (u =, + of* = —[v]l3,m0).

Note that z and z; are mean-zero. The equation for (w, z, z;) is the following

(12) Wy + Wep + iyw = 2(w +v) — [VPw+ & |v]fw, €T, tel0, o),
2t — Zpx + 52t = (”LU + ’U’z — ”U’z)xx.

Fix € > 0 and let
_ 2
H = |07 (2t + €e2) ||, + llzII5 + 2[lwal3 +2/Tz(|w + v = [vf?) + [Jw|l3.

The above quantity H was introduced in [8] to obtain bounds in the energy space. We note
that H is bounded by a constant multiple of the energy norm for any fixed e.

We have
%Hﬁgl(zt + ez)Hg = 2/8;1(zt + €2)0; (2 + €z)
= 2/8;1(7:15 +€2)0; (2 + |w +v]? = |v)*) ez + (€ — 8) 2]
= —2/(zt +e2)(z+ |w+v)? = |v*) —2(6 —€) /8;1(% +€2)0; Lz
d

= 2l — 2elz13 — 2 / zelfw + of? — Jof?) — 2 / 2w+ o — [of?)

=26 0l0 5~ 26— ) [ 07120,
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Using
H(‘);l(zt + ez)H; = Hé);lthg + )0, 2|3 + 26/8;128;12t,

we obtain the following energy-type identity
d a1 2 d 2 2 2 2
(13) )10z (= + ), + Zll2llz = =2€llzl = 2 | z(lw+ o = o)

=3¢ [ 2w+ o = o) - 6 = 05 a3
_ 2 _
— (8= ))|0z (2 +e2)||5 + (6 — e)e*[|o7 =3
Now consider the derivative of the remaining terms in the definition of H:

d
(10 2 fwalp = ~aR [ waw =~ - 19 [wlaw+ ) - o],
and

(15) (|w+ o2 — o]?) = 2/zt(\w +of = o) + 4m/zm(w +0)

9
dt

= 2/zt(\w +v)? — |v]?) +4%/zw—m(w + )

1
—47%/zw(w+v)+43/zv@[|v|2 - %HUH%]

We also have
(16) Brllwl2 = —2yllwll? + 23 / .

Combining (I3))-(I0), we observe

d _ _ 2
H = 2l = 2 [ sl o~ of?) = (6 - 0107wl ~ (6 - 05" (1 + )]

(5 )05 213 — Ay w3 + 43 / Wl — 4R / W(w + )

1
+43 [ 2wl = 5 0lB] - 2vjul + 23 [ e

Hence,

d _ _ 2
G =—eH - ellzll3 — (0 — )05 zll5 — (6 — 26)|| 0, (20 + €2) ||, — (27 — &) [Jwlf3

193 / W0+ (6 — 05 21 — (dy — 20) w3 — 4% / W (o)

1
— 47?)%/2@(10 +v) + 4%/21)@[!’0!2 - %”U”%]
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Let € = min(%, g,v). Since z is mean-zero, the choice of € implies
219-1,112 « &,2
(6 = e)elloy 212 < Sz
Therefore, we have

d € _ __
GH < et = 21 = vl ~ 2wl +2| [ zwe] + 4] [waz(op),

+a9| [zt o) +4] [ 2wl - ol
< —eH = 31215 — vl — 21llwa]3
+Cllzlalwllallell s + lwlellwelolol e + 120z lwlls ol
2l il e + ol
= —e — Z||2I13 = vlhwll3 — 29w |1
+[Z+IT+IIT+1V].

Note that by (@l we have

Hw + 'U”Q <2

[1f1l2
Y

for sufficiently large t. Using this, we can bound term ZV by

€ s CallfIB
201 alllalwllrs < 5213 + R

<< I

€ s ClSIB, o CillfIB €, y
< Sl + LR g+ R 3 < 3+ ol + 2l

provided that ey > || f||3. Summands Z — ZZ7T can be bounded by the same right hand side
provided that

ey > o) % + oS,  and v > ||v][%e.

By the estimates on v, we see that for fixed § and || f|| g1, if v is sufficiently large, we have

for sufficiently large t,

d
Y H < —eH.
a =

This implies that H goes to zero as t — oo.

Observe that

‘AAW+M%%W)SQMMMMMWM+MM%
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and that, by @) and (), (for large v and ¢) we have ||w||2 + |[v||2 < 1. Therefore, we have
H 2 C(llzellF-1 + 11213 + l[wlFp).-

This completes the proof. O

4. NUMERICAL METHODS FOR SOLVING FORWARD IN TIME

In this section we briefly describe the numerical method we use for the Schrédinger-Dirac
model (see, e.g., [7]). We chose this method as it is accurate to a higher order in time,
and yet uses the structure of the Dirac and Schrodinger equations to drive the solution. In
particular, we apply the time-splitting method of [10] as applied to the soliton dynamics in,
for instance, [13]. Let us recall the equivalent system to () derived in [7], which is

(10 + 07 + iv)u = caR(n)u + f,
(17) (10 — d + i6)n = asd(|ul?),
(u(z,0),n(x,0)) = (uo,no) € H' x L?,

where d = (—E?m)% where generally a1 o are taken to be 1. We include the parameters o o
here to mention that another possibly interesting approach to the nonlinear continuation
arguments would be to begin from a linear, decoupled model since there exists an exact
solution for a1 =y = 0 when f = sinz given by (u,n) = (—sinz,0). However, we will
not pursue this family of branches here and instead will focus on the behavior in v and n
for fixed values of o 2.

Note that the system (I7]) can be re-written as

u U
8t =L +N(u7n7f)7
n n
where
- i02 — v 0
0 —id — 0
and
iR .
N iR(n)u —if
—id(Jul?)



The algorithm takes place as a pseudospectral method on the Fourier side, though it im-
plements integrating factor, time-splitting, fourth-order Runge-Kutta schemes and contour

integration all at once. The key idea is to look at the evolution over a time step, h, as the

integral
Um+1 Lh [ Ym w1
=e +e / e N (u(ty + 8),n(tm + 5), f(tm + $))ds,
Nim+1 Nm 0

which can be approximated using a Runge-Kutta method (see Cox-Matthews [5]) as

tm+ = et tm +h72L 73 x

Nm41 Tim
([—4 — Lh+ e (4 — 3Lh + (Lh)2)} N (s T, f (E) )+
+2 [2 + Lh+elh(—2 + Lh)} (N(am,1;am2, f(tm + 1/2))
+N(bm,1y bm,2a f(tm + h/2)))

+ [—4 — 3h — (Lh)? + e&h(4 — Lh)} N(em,1,em2, f(tm + h))) :

where
Um
am eLh/2 + L_l(eLh/2 — Id)N(uma Nm, f(tm)),
Nom
Um
by = elh/2 + L7 (e — Td)N (am,1, G 2, f (tm + 1/2)),
Nom

em = eMan, + L7 — Td) (2N (binas b2y f(tm + 1/2)) = Nty s f(Em))-

However, such an algorithm can have problems if L has eigenvalues near 0. To avoid such
problems the algorithm is slightly modified by evaluating contour integrals over whole discs,
which are approximated by appropriate Riemann sums.

Using the forward in time solving numerical methods described in this section, we are
able to locate stable equilibrium solutions for « sufficiently large with respect to 7 in several
cases. Then, this equilibrium solution can be fed into a nonlinear continuation method
such as AUTO or the Adjoint Continuation Method of [I§] to begin solving with particular

values of 7, v, a1 and «s.
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5. NUMERICAL RESULTS IN THE CASE OF SMALL DISSIPATION

To begin, in an attempt to model the non-trivial dynamics in the Zakharov system,
we follow some of the ideas in [4] to analyze a series of numerically integrated solutions
of (I7). We will generically implement numerical continuation methods in AUTO via a
pseudospectral representation of the Zakharov system in order to study non-trivial solutions
branching off the trivial attractor for large values of the damping parameter. Generically,
we will use an approximation of 32 Fourier modes per component of the Zakharov system.

For a range of n, given ~ sufficiently large, we observe that the dynamics tend to a fixed
equilibrium solution as in Section Bl However, for v much smaller (or 7 large), we observe
much richer dynamics in the phase space, particularly in the form of periodic orbits, multiple
equilibrium solutions, and period doubling bifurcations. Though our AUTO solutions are
pseudospectral in nature with a finite number of Fourier modes, the orbits we find are
observable under forward integration over many periods upon interpolating the physical
space representations of the solutions to finer grids. In that sense, we believe the numerical
methods are capturing real, non-trivial periodic orbits.

To observe the changes in behavior as we vary ~ from the case of the trivial attractor, we
use two different nonlinear continuation methods, namely we use AUTO, [6], and a simple
version of the adjoint-continuation method (ACM) of Ambrose-Wilkening from [IL[I8]1 We
use AUTO to numerically continue the solution for a wide range of v keeping both 16
and 32 modes per component of the Zakharov system. We thus observe branching of the
equilibrium points, periodic orbits, period doubling, invariant tori, etc, see Figures [I] and
This in particular shows that as the damping decreases in strength, the global attractor
proven to exist in [7] consists of a rich class of possible dynamics. As «y gets even smaller,
we expect even more complex dynamics to develop and further branching/complexity of
orbits, but we here only begin this exploration. It is a future goal to sharpen the numerical
tools we apply here in order to increase the number of Fourier modes sharply and push to

even weaker damping. For more on implementing the spectral method in AUTO, see for

LOther methods, such as a simple Newton’s Method could also be applied here, but as the authors hope

to make use of the (ACM) method in future work, they applied it here as a simple warm up exercise.
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FiGure 1. Using AUTO, we plot equilibrium, periodic and period doubling
branches for a range of v = 0 to v = 2.0 with n = 1.0, a1 = 1. The
y-axis is the L? norm in the case of stationary solutions and the average L?
norm measured over one period for the periodic solutions. The periodic and
period doubling branches come from Hopf bifurcations and period doubling
bifurcations for a pseudospectral implementation of (7)) using 32 Fourier

modes on both u and n.

instance [I1L12]. As one may expect, the nature of our orbits can change as we vary v or
71, which accounts for movement in the bifurcation diagram presented in Figures [l and 21

We also implemented a simple version of the ACM method similar to that in [18] in
Matlab in order to move along an equilibrium branch and detect a Hopf bifurcation to high
accuracy. It will be further work developing this method to efficiently study bifurcations in
general, but may be worth pursuing should one wish to use many more Fourier modes and
resolve more complicated types of potential orbits. Indeed, the spatial resolution one can
achieve with ACM is the primary reason to pursue other potential nonlinear continuation
methods, see for instance [I]. Using a fast version of this method, we plot the spectrum
of the operator linearized around the computed equilibrium solutions along a branch using
the ACM method in Figure Bl Here, we have taken n = 1.0, a1 = 0.5, ap = 1.0 and solved
over various values of 7.

The other figures present a phase plane representation of the natural energies for the
Schrédinger and Dirac components throughout the evolution of particular solutions. Specif-
ically, we plot the evolution of solutions in Figure @] for various values of n corresponding

to periodic branches and period doubling branches in Figure 2] for v = 0.4, a1 = as = 1.0.
12



6
4r - - Periodic St 1
P (4 dic stl1 2 o Period Dbling Bpt
- - Periodic St t
{ Tori Bpt
- 0

0 1 2 3 4 5 6 0 1 2 3 4 5

Period Dbling st |
< Tori Bpt

E
213
R
4 J
.
12+ 2
11} # - - Periodic St ]
(3 / o Period Dbling Bpt
e Period Dbling st
{ Tori Bpt

0.8 1 12 14 16 18 2
eta

FiGUrE 2. Top Left: Plot of the equilibrium branches and part of two pe-
riodic branches stemming from two encountered Hopf bifurcations over a
range of 77 from .2 to 14 versus the L? norm of the total solution for v = .225,
a1 = ag = 1. Instead of period doubling bifurcations, we observe invariant
tori bifurcations at this small value of v. Top Right: Plot of the equilibrium
branch, a periodic branch stemming from a Hopf bifurcation and a period
doubling branch over a range of 1 from .2 to 14 versus the L? norm of the
total solution for v = .4, a1 2 = 1. Bottom: Blow up of the Top Right near
the branching point. The solutions are found using AUTO.

We also present a solution from the period doubling branch in Figure 0 with n = 1.0,
a1 = ag = 1.0. We plot these orbits in the energy phase plane given by (||| g1 (2), [|[n] 2 (t)),
which we refer to as the Schrodinger Energy vs. Dirac Energy phase plane coordinates mo-
tivated by (3)).

Many people have studied numerical continuation of nonlinear states and periodic or-

bits in the context of NLS in the past by using shooting methods and finite difference
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F1cUure 3. Plot of the lowest equilibrium branch constructed using the ad-
joint continuation method (top left) of [1] with n = 1, a3 = 0.5, ag = 1.0
along with two plots of the spectrum of the linearized forward problem, for
~v > .25 (top right) and v < .25 (bottom). The fact that the spectrum moves
to the positive real part is evidence of a pitchfork-style bifurcation happening

near v = .25 in the numerical continuation.

approximations to turn infinite dimensional systems into large systems of ODEs. See for
instance [2L[I5] and references to them and therein. In the recent thesis of Lee-Thorpe [11],
the author implemented a spectral method in AUTO, which we have similarly implemented

here for the Zakharov system in order to take non-local operators into consideration.
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FiGURE 4. Top Left: Plot of the Dirac Final Energy versus Schrodinger
Final Energy in the case of a periodic solution from the branch of periodic
solutions in Figure Pl with v = .4. Top Right: Plot of the Dirac Final Energy
versus Schrodinger Final Energy in the case of a solution from the period
doubling branch in Figure [2 with v = .4. Bottom: Plot of the Dirac Final
Energy versus Schrodinger Final Energy in the case of a solution from the

period doubling branch in Figure [ with v = .373.

6. DISCUSSION

We have analytically and numerically observed rich dynamics in the dissipative periodic
Zakharov system with forcing. Open problems for future consideration include understand-
ing the large exchange of energy from Schrodinger to Dirac, classifying dynamics for a larger
range of energies, finding more bifurcation points, etc. For small v values, we observe nu-
merically that there is a great deal of energy transfer from the Schrédinger equation into
the Dirac equation at the outset of the dynamics. We have, using pseudospectral nonlinear

continuation methods, discovered Hopf bifurcations, period doubling, branching of periodic
15



orbits, and invariant tori. However, we mention that using the orbits we have shadowed

here, it is likely that further development of the adjoint continuation methods in [1] could

allow one to construct nearby periodic solutions with great accuracy and hence move along

the solution branches in a more robust manner. This will be a topic of future work.
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