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ABSTRACT. We prove via explicitly constructed initial data that solutions to the gravity-
capillary wave system in R? representing a 2d air-water interface immediately fail to be
C?3 with respect to the initial data if the initial data (hg,o) € Hs*t: @ H® for s < 3.
Similar results hold in R? domains with a 1d interface. Furthermore, we discuss the
related threshold for the pure gravity water wave system.

1. INTRODUCTION

The motion of a perfect, incompressible and irrotational fluid under the influence of
gravity and surface tension is described by the free surface Euler (or water-waves) equations.
In this paper we consider the fluid domain to be given by Q; = {(z,y,2) € R® : 2 <
h(t,z,y)}, where we have assumed that the the free surface is described by the graph
z = h(t,z,y). The incompressibility and irrotationality of the flow indicate the existence
of a velocity potential ¢, and hence the Euler equation can be reduced to an equation on
the free surface ([10, 11, 33]). More precisely, denoting the trace of the velocity potential
¢ on the free surface by ¥(t,x,y) = ¢(t, x,y, h(t,z,y)), the equations for ¢ and h are

Oh = G(h)y

(G(R)) + Vh - Vip)*
2(14|Vh?)

(1.1) Vh 1

Oy = —gh+rdiv | ——x | =2
\/1+|Vh
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with

h [ ho H*+3(R?) @ H*(R%) when 7> 0
(¢) 0.2,9) = (wo) (z.y) € { H*3(R?) ® H*(R?) when7=0

where the (rescaled) Dirichlet-Neumann operator is given by

G(h)Y = 1+ [VhPOn | s

and n, is the outward unit normal vector to the free surface.

There has been an extensive study of the well-posedness of the water wave problem.
Early works go back to Nalimov [22], Yosihara [32] and Craig [9] where 1d free surface
are considered, surface tension is neglected and the motion of the free surface is a small
perturbations of still water. The general local wellposedness of 2d full water wave problem
was established by Wu [28], see also Ambrose-Masmoudi [2]. The large time well-posedness
is established in [30].

In the case of 3d gravity water waves, Wu [29] proved it is local wellposedness. Lannes
[20] considered the same problem for finite depth. The global wellposedness was proved by
Germain-Masmoudi-Shatah [18] and Wu [31] independently.

For gravity-capillary waves, Ambrose-Masmoudi [3] considered the zero surface tension
limit and provided a proof of wellposedness in the 3d case. Alazard-Burg-Zuily [1] studied
the regularity of the local solutions using a paradifferential formulation in the 2d and 3d
cases. See also the work of Christianson-Hur-Staffilani [14], where along with the work
of Alazard-Burqg-Zuily [1], smoothing and Strichartz estimates were established for the 1d
interface problem.

When the fluid is rotational and without surface tension, the problem has been shown
to be wellposed by Iguchi-Tanaka-Tani [19] in 2d and Lindblad [21] and Zhang-Zhang [34]
in 3d. Including surface tension, the wellposedness is proved by Ogawa-Tani [25, 26] in 2d
and Coutand-Shkoller [15] and Shatah-Zeng [27] in 3d.

The water wave system (1.1) generates a substantial and rich family of equations that
describe solutions in various asymptotic regimes, including KdV, Camassa-Holm, BBM,
among others. These model equations can accept remarkably low-regularity initial data,
and so it is natural to ask whether the original system can also accept low-regularity data.
In this paper, rather than continuing to investigate the wellposedness of water waves, we
look at on the onset of breakdown of regularity of the solution operator, or flow map. It is
shown that equations (1.1) start failing to behave in a ”"reasonable” way in rather regular
spaces, counter to the behavior of many of the approximate equations listed above. In
particular we identify the value of the regularity parameter s for which the model fails
to be solvable by standard iterative methods. Our result joins up with the wellposedness
results of Alazard-Burqg-Zuily [1], see Theorem 1.

Unlike the semilinear dispersive system, where in many cases a contraction principle can
be applied even in a very low-regularity regime to obtain wellposedness, and consequently
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the smoothness of the solution map, the water wave problem is by nature quasilinear,
suggesting that the initial profile can determine the existence time and the regularity of
the solution map rather strongly. On the other hand, we will still use a perturbative
approach by considering the nonlinear part of the system as a perturbation of the linear
flow and show that the corresponding solution operator experiences a severe singularity in
certain Sobolev spaces near the zero solution based upon those nonlinear interactions.

We prove, via explicitly constructed initial data, that the solution map for the gravity-
capillary wave system in R? (representing a 2d air-water interface) immediately fails to be
C? with respect to the initial data if the data (hg,y) is in H**z @ H® for s < 3. This
is primarily due to the influence of surface tension. Similar results hold for a 1d air-water
interface in R%2. The work, while not addressing fully the issue of ill-posedness of the
gravity-capillary problem, follows from prior results related to the study of ill-posedness
by Bona-Tzvetkov [5]. The idea stems from looking at the second and third order iterates
in a Picard iteration about the chosen initial data, which leads to a high-to-high frequency
interaction: a solution starts off initially with small energy and Fourier transform supported
primarily at high frequencies, but quickly generates a large energy at high frequencies. In
contrast to the high-to-low frequency cascade as in [4, 13| for the study of ill-posedness
in Schrodinger equations, where the Sobolev index is negative, our high-high frequency
interaction is chosen because of the ill-posedness into Sobolev spaces of positive indices.
The initial data will be described in Section 3, but it is chosen to maximize to the greatest
extent possible the frequency interactions in the nonlinear terms. A C? ill-posedness result
was also obtained in the study of the nonlinear Schréodinger equation on the sphere in |7, 8],
in which the dispersive estimates are known to have a loss of derivatives due to the lack of
dispersion.

We note here that since we are looking at an immediate failure of the solution map to
be C? with respect to the initial data, the effects here are related very much to nonlinear
interactions through the Dirichlet-Neumann map and surface tension. The reason we go
up to C? for a breakdown of regularity is due to the regularity restriction of the Dirichlet-
Neumann map — h needs to be at least Lipschitz. But the second iteration only provides
breakdown of C? regularity at the threshold at H*~(R?).

It is natural to ask if this this breakdown of regularity of the solution map is in fact a
failure of uniform continuity of the solution map (a stronger measure of ill-posedness), which
has been studied in semilinear dispersive problems, see for instance Bourgain-Pavlovié¢
6], Christ-Colliander-Tao [12] and Bejenaru-Tao [4]. However, because of the quasilinear
nature, it is very challenging to fit our problem in the framework of [4], where they provide
a general method for C° ill-posedness of semilinear problems. Implementation of this
framework in (1.1) (and hence proving that our obstruction is indeed C°-ill-posed) may be
achievable if the behavior of the Taylor expansion of the nonlinear terms in (1.1) (which
we call V| see equation (1.3) below) can be very well understood at all orders.
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Proofs of local well-posedness for generic quasilinear equations typically involve parad-
ifferential iteration schemes with dependence on derivatives of the solution in the inhomo-
geneity of each iteration as well as the iterated linearization of the evolution map. Hence
one should not expect the solution map to be smooth in relation to a particular Sobolev
space H?, but rather in terms of scales of those spaces such that the inhomogeneous terms
can be smoothly evolved. Indeed, given a solution u to a quasilinear equation, linearizing
about such a solution may involve terms of the form 9,u, which should live in a less regular
Sobolev space. In addition, the water wave problem is implicitly strongly hyperbolic in
nature, meaning that one should not necessarily expect sufficient gain of regularity in the
evolution through dispersive methods to make a smooth flow map possible. Hence, for a
full ill-posedness result, one would need to control the flow map at all relevant scales for
the equation, which we do not do here. The result here distinctly uses the implicitly linear
structure of the underlying evolution operator and only takes such quasilinear effects into
consideration in the inhomogeneous, nonlinear iteration terms.

We note that a key part of our analysis assumes the existence of a natural polynomial
expansion of the Dirichlet-Neumann map G(h). This is by no means a trivial assumption
and requires a fair bit of regularity to hold to a certain order as made clear by the increasing
number of derivatives appearing in the expansion of G(h), see for instance [16]. Using the
results of Nicholls-Reitich [23, 24] on the analyticity properties of the Dirichlet-Neumann
map, one can be assured of a valid expansion up to order k in 2d if we require h € H® for
s > 2 with

1Ge(R) s S NIl ey

Such requirements are strong, but our minimal regularity threshold moves well beyond this
particular regularity requirement.

Finally, we remark that when we consider the pure gravity water wave system (7 = 0),

the construction indicates the solution map is not C? for data (hg, o) € H =3 @ H* for

s < 3. However, in order to make sense of the Dirichlet-Neumann map, one needs to

2

consider, at the minimum, an initial height Ay in the class of Lipschitz functions, and the
ho € H® for s < 2 threshold fails to be Lipschitz. Iterating the pure gravity system further
to third order does not move past the formal g critical Sobolev exponent threshold. Thus,

this result can only be considered a formal failure of the iteration process.

1.1. Formal argument for onset of regularity breakdown. Though the problem is
fundamentally quasilinear, one can simply ask if the breakdown of flow-map regularity is
dominated by the second-order terms in the nonlinear operator N. Expanding the pure
surface tension to second order results in a problem that can be looked at via scaling. In
particular we have the model

hy = | Dy — div(hV¢) — [D[(h| D[y)

1.2
. v = Ah (DI — 2 v
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where we expanded the Dirichlet-to-Neumann operator to second order. If we look for scale
invariant solution (h, 1) — (hy, 1) then

hy = A 3h(At, Aiz)
Y =AM, Aiz).

A short calculation shows blowup occurs formally for H st3 @ H* with s < % As we will see,
this argument is insufficient to understand the obstacle to local well-posedness in either the
gravity-capillary or pure surface tension problem, since the mean-curvature operator does
not show up until third order, and at that point the associated pseudodifferential operator
becomes dominant.

Remark 1.1. We note that a similar expansion of the pure gravity water wave equations
leads to the model system

hy = [D|¢p — div(hVe) — [D|(h|D[¢)
1 1
o= —h+5 (D) = 5 [Vl
with scale invariant solutions (h, 1) — (hy, 1)) satisfying
hy = A2h()t, \22)
Uy = AP M),
which blow up for data in H 2 @ H* for s < g Hence one could conjecture g to be
the lower regularity threshold of (1.1), see Section 6. In this case the model system does

accurately capture the essential dominant problem to low regularity solutions. We note,
however, that hg € H® for s < 2 fails to be Lipschitz.

1.2. Abstract C* regularity breakdown of flow map argument. We follow the C?
iterative method of Bona-Tzvetkov [5], used to study the BBM equation. Extracting the
linear operator in (1.1) we write it as

( Oih = |D|v + [G(h)Y — | D[]
ob = (rA — g b+ |7 [ div [ — | — an
1+|Vh?
Lo e (G +Vh-VY)’
\ 3 VYl + 2(1+ VAP ]

Setting
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we write our nonlinear system of equations as

h\ h
(-
U(z,0) ) \¢o
o l(h’> W
Then the Duhamel formula implies

h — £t ifo ' eﬁ(t—t/) N 74/
(1.4) ( w) < %) + /0 N ()t

The linear flow operator is determined by
oLt HY _ (LiH + L3V
v LoH + 1[4V )

Ly (&,t) = cos(A(I€])t)

(1.3)

where

where

Lofe.t) = sin(A(\srm%
To(e, 1) = _smwm%,

£ € R? and (1) € {\ye, Asts Ag}, where

(1.5) Age(r) = \/gr + 713,
(1.6) Ast(r) = T%T’i,
(1.7) Ag(r) = gere.
In the following we will choose g, 7 € {0,1} and hence three possible wave functions. Our
results differ distinctly between the cases 7 = 0 and 7 # 0.

Following the ideas of [5] and [4] we take

h(l’, 0) — h()

¢($7 O) ¢0
where o > 0 and hg and vy are functions specified below. Of course, when o = 0 the solution
of (1.1) is the trivial solution. Our goal is to show that the map (a, hg, 1) —> (h(t),¥(t))

is not C* with respect to a (when o = 0). This in turn implies the solution map to to (1.1)
is not C* (see below).

[M][e)



THE FLOW MAP FOR THE GRAVITY-CAPILLARY EQUATIONS 7

In Duhamel form, we write (1.3) as

(Z) (o, t) = e (ZE) + /Ote(t_t,)ﬁ./\f(a,t')dt’.

Here have abused notation and written A («, ') in place of N'(h(a,t"), ¥ (a,t")) in order to
make explicit the dependence on a.

From assumed wellposedness we have

(1.8) (Z) (0,4) = (8) .

We can continue computing higher variations. At first order we have

(1.9) Do (Z) ] = (Z‘;) |

which follows from Duhamel’s formula

h _ e (ho " e N
(9a(¢) (a,t) =e <¢0>+/06 DuN(0,1")dt

and the expansion in Section 2 below. For the second iterate we have

t
(1.10) 83 (Z) (Oé,t) = / e(t_t/)cai./\/’(o,t/)dt/.
a=0 0
Finally, for the third iterate we have
t
(1.11) o (Z) (a,t)] = / LN (0, 1) dt.
a=0 0

If our solution map is indeed C* with respect to the initial data and the topology X *(R?),
k

then Hecessarﬂy
8(]; (h) <C H (ho)
'l/} s wo

for a uniform constant C. Therefore, to show our mapping fails to be C*, we need to show
that for any C', there exists explicit initial data hg, 1y such that
k
h h
%)l > G
(8 o Yo/ ||y
The following result identifies when the solution map fails C® continuity at the origin for

gravity-capillary, pure surface tension, and pure gravity water wave equations with a one
or two dimensional interface.

(1.12) ‘

a=0

(1.13)

a=0

Theorem 1. Let X* = H*"2 @ H® and assume 7 > 0 and g € [0,00). For any T > 0 the
flow map associated to (1.1) is not of class C*
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e from X*® to C([0,T]; X®) for s < 3 when d = 2.
e from X* to C([0,T); X*) for s <3 when d = 1.

Remark 1.2. Alazard-Burg-Zuily [1] proved that (1.1) with 7 > 0 is well-posed in X* for
all s > 3. Therefore, our result provides in some sense an endpoint to local well-posedness.

Remark 1.3. Formally, we find from our construction that the flow map associated to
(1.1) is not C3 (or C?) from Y* = H*"2 @ H* to C([0,T];Y*) for s < 2 when 7 = 0 and
g>0andd=2.

In order to prove this result we will expand the operator to third order. This produces
cubic terms in the Duhamel term involving the linear propagators. Restricting our non-
trivial data to 1y with support on a high-frequency sector produces a class of data that
fails C? continuity.

2. EXPANSION OF N AND k-ITERATES OF (1.1)

In this section, we assume the free suface h € H*(R?) with s > 2 so that the Dirichlet-
Neumann map G(h) has an analytic expansion (see Nicholls-Reitich [23, 24]). The following
proposition details the quadratic and cubic approximation of (1.1) in 2d.

Proposition 2.1. We have

(2.1) DuN ()] = (8) ,

—2[div (1 V1) + [D] (ha| D|¢pr)]
(2.2) PN (o, t)| = :

(IDl1)” = [V
hi\ _ e (ho

23) () =< (%)

and so from (1.10)

t
(2.4) (@]Z) = / eULRIN(0, ) dt .
0

Finally, we can define the third iterate hs, 3 in terms of the first and second iterate. In
particular we have

where

82-/\/’1 (Oé, t) |a:0
(2.5) PN (e, t)| = :
OaNa (e, t)] g
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where
PN (a,t)|,_, = =3[div (hVipy) + |D| (ha|DJps)]
(2.6) — 3[div (hoVepy) + | D] (he| D|ty)]
+3[A (h3|DJy) + D] (R A¢y) + 2| D] (ha| D] (ha| DJiy))]
and
Ny (e, t)|_, = =37 div (VI |[Vha[?)
(2.7) — 6|D|y1 (M1 Ay + | D|(h1|Dlyn))
+ 3 ([|D|1][| Do) — Viby - Vahy) .

We prove this in the following argument. The Dirichlet-to-Neumann map is denoted

G(h) = Goto + G1(R)Y + Go(R)t + .. ..

From [24], we have

where D = —iV, and further from ([24], equation (21) on page 114) we have the recursion
relation:
B . h— l
Gutys = DD (% D0) - Z DI (Gl )
Thus,
Bl
Ga(h) =D (D) - Z DI (it

(2.8)

=D (hDv )—\DI( o(R)¥)
=D (hDy) = |D| (h|D]) .

Using the definition of D:
(2.9) Gi(h)y = —div (hVY) — | D] (h|D[¢).
The recursion formula with n = 2 gives:

Ga(hy = DID S Ipp (G
(7o) -2 (5

=0

(2.10) 2
i (%506 ) ~ (1DP (‘g Galte) + DI 1Gs(10) )
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Using the formulae for G5 and Gy then rearranging terms:

=5IDLD (12Dv) ~ (51D (#1D16) + 1D {h[- div (154 ~ D] (D)} )
(211) =~ J|DP (WD}v) + 5|DID (WD) + D] {h[div (W) + D] (hID})]}

= — ZIDP (#|DJy) + D] {%D(mw) T hdiv (hV) + h|D) (h|D|¢)}

If we use D = —iV in the first term in the curly braces:
(2.12)

Galhyt = = 51D (#1D1v) + D1 { =5 dx(70) + v (190) + HD] (Dl |
Then the product rule gives:
—% div(h2Ve) + hdiv (AV) = —% (2hVh - Vi + h2A) + h2Adp + hVh - Vi)
= %iﬂmu.
And thus putting this into (2.12), we have
Galhy = ~3IDF (121D10) + DI { 5350 + DI (11DI0) }.
Using the relationship A = —|D|? gives:
Galh) = 5 (WIDJ) + 31D| (1#Ag) + D] (4D (4] D])).
2.1. The «a derivatives of N. We expand the solution (h, ) in powers of a:
(2.13) h(a) = ahy + %thg +0(a®) and ¥(a) = ayy + %ngz + O(a?).

We need to compute the expansion of the nonlinearity AV in terms oe. We want expressions
for "N, n=1,2,3.

2.1.1. For N;. We have
N = G(h)Y — Goib.
Plugging in (2.13), we get:
N = G(h(a))(a) — Gola)
(2.14) = Gi(ahy +a*hy/2 + O(c®))(ahy + &P /2 + O(a?))
+Golahy + a?hy /2 + O(c®)) (athy + &P /2 + O(a®)) + . ...
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Note that G,(ah) = o"G,(a). Similarly for all n there is an n-multilinear operator

Gyn(hy, ..., hy,) such that
Gn(h) = Gn(h,... . h).

Using these two facts in (2.14) and then collecting powers of a gives:

M(a) = 042G1(h1)¢1 + o’ (%Gl(hz)?/fl + %Gl(h1)¢2 + G2(h1)¢1) + 0(044)-
So we have
O N1 =0,
0oy = —2[div (hV) + |D| (b D[3)]

and

DN = 3G (ha)b1 + 3G (ha)va + 6Ga(hy)thr.
Or rather, if we use the above computations for G; and Gs:

BNy = —3[div (hyVepe) + | D| (k1| D|1ho)]

(2.15) — 3[div (haVep1) + | D| (ho| D|tpr)]

+3 [A (h1D[wr) + D (h{ A1) + 2|D| (hu| D| (ha| D))

2.1.2. For N;. Now let us compute the expansion of N;. Indeed, from (1.1), we have

_ Vh 1 (G(h)Y + Vh - Vip)?
" (F T |vh|2> ) Ah] EAMENTY

= [I+1I+111.

NQ = T

Taylor expansion and substitution of (2.13) gives:
1

V1+|Vh|? N

Using this and (2.13) in [ gives:

2.16) I-r [div (%) - Ah]
= [div (Vh (1 — a2%|Vh1|2)> - Ah] + O(a?)

1
= 7div (Vh (—042§’Vh1’2)) + O(CY4)

_ _@3% div (VI |Vh|?) + O(a*).

1 1
1— §’Vh|2 + O(‘Vhﬁ) =1- a2§]Vh1]2 -+ 0(044).
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The similar expansion for /11 is pretty easy:
1 1 1
II = —§|v1/J|2 = —a2§|V@ZJ1|2 - 0435V1/11 : VQ/JQ + O(Oz4).

To deal with IIT notice that (2.13) shows that (G(h)y + Vh - Vip)? = O(a?). Also,

Taylor expansion gives:
1
— = 14+0(Vh?) =14+0(?
Ao = OUVAR) = 1+ 0(a?)

So we have:

(G(hY+Vh-Vy)* 1 2 4
111 = == . :
20+ VAP 2(G(h)zﬂ—i—Vh Vi) + O(a”)

Then, since Ga(h) = O(a?), we have, with (2.13)

111 :% (G 4+ G1(R)Y + Vh - Vi)* + O(a?)

1 2
(OzGo’(/)l + §OZ2G0’L/J2 + O./QGl(hl)’g/Jl + 042Vh1 . le) + O(Oz4)

DN | —

(2.17) =

=% (Gotn)? + o (Cth) (%Gowg Gy (hn)n + Vi - v«pl) L O(a?),
If we insert the expressions for G; and G we get
(2.18)
11 =a?(1D1n + a¥(|Dlon) (G1D1a — div(a¥n) = DIl DY) + Vs - T
+ O(a?)
—a? 51Dl + *(Dlw) (G101 ~ ke = 1D\ Dlen) ) + Ola).
Differentiation with respect to o and organizing terms gives:

OaN2 = 0.

Again we differentiate:
0Nz = (|Dlr)* — [V 2,
giving (2.2).
The third derivative is:
BNy = =37div (Vh|Vhi[*) — 3V - Viby

#6001 (3101 — has — DI} ).
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A quick reorganization of terms gives:

BNy = — 37div (Vhi|Vhi[?)
(2.19) — 6 D[¢h1 (h1 Ay + |D|(ha|D]eb1))
+ 3 ([| D|1][| D|the] — V1 - Vaby)

which completes (2.5).

For 1d interfaces, the expansion of 9,N (p())|a=o produces six terms instead of the
twelve terms in the 2d case.

3. THE QUADRATIC THRESHOLD FOR REGULARITY OF THE FLOW MAP

We begin by studying the second-order iteration of the solution map. From (1.10) and
(2.1), we have the following Duhamel terms

—div (R Vah1) — |D| (ha|D|abr)

t
(3.1) Q=2 / elt=t)E dt'.
0 2 (IDl)* = 31V [?

Let
Qu(h, ) = —div (1) ~ D] (HDIy),
Qa(h,0) = 5 (D) — 5 V9P
Then,
Qut.€) = [ ma(&mh(t. € = )it nydn,
Qa(t:) = | ma(€m)(t.€ = myi(t. md,
where
ma(€m) = €+~ I€lln] = €lln] cos 6, — 1)
mal€m) = £ (€~ ) -n+ € — nllnl) = 3¢ — il (coss + 1)
and
52) 6, = angle between € and 7,

0y = angle between £ —n and 7).
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Expanding Q in terms of the linear propagators yields

ot (o

t Ql t
(33) / e(t—t/)ﬁ ¢0 dt/ :/ (Ql> dtl
0 Q2 t L hO 0 QQ

Yo

for the implicitly defined Q;. Taking the Fourier Transform of the above second order
iterations yields the following set of terms:

Li(&,t = )Qu(E ) + La(&,t — )Qa(E 1)
/ (6t = E)ma(€,m) (To(€ = n, )R(E =) + Fa — 1. £)0(E — )

~

x (Lz(mt )ﬁ(n) + fl(n,t’)iﬂ(n)) dn
+ [ Batt = Oyma(€n) (Tal€ — mt V(e =)+ Lule — n. )06 — )
x (L

Ly(n, t)h(n) + Li (0, #)0(n) ) dy

and

< (La(n.th(n) + Ly (o, £)(m) ) dn.

Of the 16 terms in the two Duhamel operators Q; and Q,, we look for a dominant lower

bound term that violates an assumed upper bound. This lower bound will arise from the
following construction:

3.1. Candidate for Breakdown of Flow Map Regularity. For N large and ¢ small
we set

(3.4)

@) >)

0,
= N1y g<onlio<s,
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where £ = |£|e?; hence, the support of 12 lies on a small arc far from the origin. Then our
expression for Q1 and Qj reduces to the following four terms:

A= / Ly (&t — t')yma(&,m) La(€ — 1, Lo (1, ¥)(E — m)(n)dn,

=)

B= /fz(é,t — t)ma(&m) La (€ = m, ) L (8 )9(E = m)b(m)d,

(3.5) R R R R R
= / La(e.t — yma(€. ) Dal€ — 1, ) Da(, ) — n)D (),

D= /fl(f,t — t)ma (&, m) L1 (& — 0, ) Ly (n, £ )(€ — )b (n)dn.

We will show that D dominates the other terms and gives the required lower bound.
Since my and my have explicit dependence on the angle between ¢ and 7, we first prove
an auxiliary lemma that explains how the support of our constructed 1 affects the support
where (& — 1)1 (n) is nontrivial.

In the following we write A < B if there exists a universal constant C' such that A < C'B.
Likewise we write A 2 B if there exists a C' with A > C'B. Finally, write A ~ Bif A < B
and A 2 B.

Lemma 3.1. If N is large and 6 is small then {(€ — n)(n) has support in a set with

(3.6) €] ~ N and |0] < ¢
where & = |€]e? . Furthermore, we have

(3.7) mi(&,m)| < N?0%,
(3.8) [ma(§,m)| ~ N2

Proof. Supose £ — 1 and 7 both lie in the same sector. Then by the parallelogram law, &
lies in that sector too, and |f| < 4. Thus, we also have |6;| < § and |0, < 2J. Therefore,

|cos B, — 1] < §?/2,
1 <|cosby+1 <2
for 0 < 5-

Obviously we have |£] < 4N. On the other hand, by the law of cosines |£|* = |£ — n|> +
[nl* = 2| = nln] cos(r — ), so

€] > 2N? — 2N? cos(m — 26) = 2N?*(1 + cos 20) > 2N>.
Hence |£| ~ N and therefore,
[ma (&, m)| = [&][n] [cos b1 — 1] < N*0?
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and
1
[ma(&,m)| = 51€ = nllnll cos b + 1] ~ N?.

In the gravity-capillary case we have A\,.(r) = V72 + 1 so when r > 1,

Age(T)
|

N

(3.9)

=T

Next, in order for cos(Ag(r)t’) > 5 for » > 1 and all 0 < ¢ < ¢, we require that ¢t < r -3,

therefore, we choose

1
2

1 1 3
. <t< —— > 2
(3.10) 0<t< 00 e with a 5

The following proposition follows from Lemma 3.1 and (3.9)-(3.10).

Proposition 3.2. On the support ofg/b\(f—n)@g(n) and for 0 <t' <t < 1(1)0 ~e with a > 3/2
we have the following bounds:

|E3(§at - t,)mle(f -, t/)E1 (n,t) + Ly (&t — t/)m221(§ -, t’)/L\l(n, t)
+Lo(&,t — t)yma(&,m) L1 (& — 0. t) Ly (0, t') + Ly (&t — )y (&,1) La(€ — n,t) Ly (n, )
~ N2,

Proof. From (3.10) and Lemma 3.1 we know that for IV large

MENE — 1) MO, ME—mt A < oo N < 2o
Therefore
12 L6t =), L —nt) Bilnt) 2 5
and hence
Ly(&t = t)ymaLy(§ = 0, ) La(n, )] > |€ nlln]-
On the other hand,
sin ( )t

BB < fin ey - o)1 3 el () |22

(3.11) = 5—|§ e - | A((Ag()()t t_—t,)t,)) Sm;(é(g_;)z?t/)

<Ze_u !A2(£>(t—t')t’<5—(i)2!§— In
= ls i =9 100 -
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Similarly,

LamaLi | < [sin (A€ (¢ — 1) 'f‘)|s nlln

— I¢ — nlinllél(e - ) Smx(é(izf(t—_t’;/)) ‘

< &= nlinllgl(t =) < N*7°,

sin (A(€ — n)t')
e =) & =1

sin (A(€ — n)t')
AE =)t

82 .
< S lEllmlle = nlt' < N3,

P 52
LimIsLi| < el

652 ,
= 5|€H77H€ — |t

and we obtain the claimed lower bound.

3.2. Breakdown of Flow Map Regularity. We now give a result relating to a C?
regularity threshold. Assume (h, ) are wellposed in X* = H st3 @ H* for a range of s € R.
Then

sup [|Q)|

ho\ ||?
0<t<T xS H <¢0>

Xs

Taking (ho,v0) as in (3.4), then

o,

since the support lies on a set of area (N2§). So

~ 51/2

L2

= oll. = ||(€)" %]

(3.13) sup [|Q|x. S0
0<t<1

Recall that 0 < ¢t < 100 Na for a > . Note that from Lemma 3.1 the region where Q is
nontrivial lies in the high frequency sector of £&. In particular, consider the high frequency
sector £ = {2N < |¢| < 4N, 0] < §/2}, then we know |E| ~ N?§. From Proposition 3.2
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we have
s+1 b~ s b~
sup Q1. =2 sup |[(©* [ Quae| w2 sup ()" [ Quar
0<t<T 0<t<T 0 L2(E) 0<t<T 0 L2(E)
t
> 2 sup |(&)° / Gyt
0<t<T 0 L2(E)
1
ToONT
Z Ns/ /N2N252 dT}
0 I L2(B)

2 N°*N"*N*§(N?5)"/?
_ N3—a—553/2

where [ = {n=|nle”® : N —10<|ng| < N +10,|0] < §}. Taking § = N~ for some € > 0
then

sup [|Q|| s > N6,

0<t<T

which violates (3.13) when 0 <3 —a—€e—s<3—-3/2—¢e¢—s=3/2—-3e—sor
s < 3/2.

As mentioned before, this C? threshold corresponds to solutions with h € H® for s < 2.
Since h is not necessarily Lipschitz, the Dirichlet-Neumann operator may not make sense.
We next iterate to the third level, where the surface tension operator appears.

4. CuBic TERMS

We take our candidate for regularity breakdown and see how it behaves under the next
iteration. For N large and ¢ small we again set

h=0,
= N1y qeonlig<s,
where & = [£]e?; hence, the support of 12 lies on a small arc far from the origin. We set

I={n=1nle”: N <n| <2N, |0] <d}.

(4.1)

From (1.11), (2.6) and (2.7), the third iterate now can be decomposed into a quadratic
interaction between the first and second iterations and also a cubic interaction of the first
iteration. To be more precise, we have

t t A t
(4.2) C= /O LGB N(0,¢)dt' = 3 /0 elt=te @1) (t)dt' + /0 et=te (g;) (t")dt'

2

E3Q+é,
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where

Q1 = — div (i Vips) — | D[ (h1|Dth2) — div (ha Vo) — [ D] (ho| D[¢1) ,

Q2 = [Dlih1| Dty — Vi - Vi,
(4.3) C1 =3 [A (hi|Dlehn) + [D| (hiAyn) + 2| D|(h|D|(h1|D]¢n))]

Cy = —6[hAthy + |D|(ha|Dlep1)] [Dlehr

— 37 [(3h14ah? 4 4 Bhayyht , + 4h1yhi ohi gy + hT gy + 1Y Jhige)] -
First, we prove bounds on the cubic interactions resulting from the cubic terms in the

nonlinear expansion. Let p; correspond to the appropriate cubic pseudodifferential multi-
plier leading to the cubic terms in C). Let py 1, p2o correspond to the appropriate cubic

pseudodifferential multipliers leading to the cubic terms (hy, hi,11), respectively (hy, hy, hy)
in Cy. Expanding, we have

pi(&vim) = =3lEl(&] + [l = 2[§ —v|),
p2,1(€7 v, 77) = 6|77‘ Ulj‘z - |€ - 77||V|:| )
p22(&vim) = =97 [(& —m —vi)nn; + (& — n2 — va)van |

=7 [(& = m — v)vins + (& — 12 — va)varyi]
—127 [(& — m — v1)vammp) -

Lemma 4.1. If N is large and ¢ is small then &(5 —n— V)iﬂ(n)tz(y) has support in a set
with

(4.4) €] ~ N and |0] <o

where £ = |€]et? .

Proof. From (4.1) we know that {¢—n—wv, n and v all lie in the same sector. By parallelogram
law, n + v also lies in the sector. Because £ = (£ —n — v) + (n+ v), then by parallelogram
law, £ lies in that sector too, and |f| < §. As for an estimate of ||, obviously we have
€l < 1§ =n—vl+nl + v <6N.

By law of cosines, we can find angles o; and as between ¢ —n — v and n + v, n and v
respectively such that

€7 =& —n—v* +[n+vf =2 —n—vl|ln+v|cosa,
[+ v = [nf* + [vf* = 2[nl|v| cos az,
SO
In+ v> > N? 4+ N? — 2N? cos(m — 28) = 2N? (1 + cos(24)) .
Therefore,

€] > N? 4+ 2N% (1 + cos(26)) + 2N?y/2 (1 4 cos(20)) cos(26) > 4N?
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and thus
2N < || < 6N.

O

The following lemma provides a useful bound on the pseudodifferential operators arising
in the cubic expansion.

Lemma 4.2. If N is large and 0 is small then we have

(4.5) P&l s P2 (€ m)| S N7,
(4.6) [P22(&,m)| ~ N*.

Proof. The bound on p; is immediate. Since £ —v = ({ —n —v) + 1, we know that £ — v
also lies in the sector |§] < § and | — v| ~ N. Then the estimate of p; can be easily

obtained from Lemma 4.1.
To finish the proof, denote
5 —nN—-v= 7,.167;,317 n= TQeiﬁ27 iﬁg’

then |B;| <0, N <r; <2N, j=1,2,3. Hence

V =T3e

|p2.2| ~ 97"17”37“3 cos 31 cos By cos® By + 97"17“37“% sin B; sin 355 sin? By + 37“17"37“3 cos 31 cos By sin® By
+ 3ry7r3rs sin By sin B3 cos® By + 12717373 cos By cos f3 cos B sin By
~ 7“17“37‘3 ~ N,

O

Recall that 0 <t < mm for a > . Note that from Lemma 4.1 the region where C is

nontrivial lies in the high frequency Sector of £. In particular, consider the high frequency
sector E = {2N < [£] < 6N, |0] < 4}, then we know |E| ~ N?6.

We are left with understanding the Duhamel term
t
5 _inye (C1(t', hy, 1) p

4. — (t=t") L 1 /7 15 dt’.
( 7) ¢ /0 c (02<tah17w1))
Then,

Gt = [ [ memaa(t € = n = oi(t, ) ()

Cit.&) = [ [ [paatenmihit.€ =n=)benpin(en

RQ

+p2,2(£a v, 77)]11(7575 —n—- V)/ﬁl (t’ V)/h\fl (tv 77) dnd’/
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Expanding C in terms of the linear propagators yields

t Cy (ere (o t
/e(t—t')c (0 dt’:/ (51) &
0 02 et’[: ZO 0 CQ
0

for the implicitly defined C;. Taking the Fourier Transform of the above second order
iterations yield the following set of terms:

é\l = El(ﬁ? l— t/)é\l(§7 t/) + E3(§at - t,)62(§7 t/)u
implying

6= [ [Tt =it (Tulo Vi) + Lalos )30))

X (31(6 —n =, t)h(§—n—v)+ Ly —n—v,t)0(E —n— V))
< (La(n.)h(n) + La(n. () ) dnd

+ [ [ Bt = Opatovn) (Balo9hw) + Lafon#)30))

% (Lig = n=vtOh(g = =) + L(§ =0 — v, )D€ — 1~ v))
< (Lo(n.)h(n) + La(n. () ) dnd

s [ [Tt = Ot vn) (Tuto9hw) + Lafor#)30))

% (Li(€ = 0= v, t)R(§ =0 =)+ La(§ = — v, )(E = —v))

% (Lo, #)h0n) + Lo(n, )5 (n) ) d

and a similar expression for Cy

Co = Lo(&,t — )Cr(&, ) + Li(&t — ) ColE, 1),
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which implies
Co= [ [ Tatét = o€ (Tul 0 + Lalos )5(0))
< (La(e = n = t)h(§ =0 =)+ Lo(§ = = v t)5(E = = v)
< (Lotn t)R(m) + Li(.#)0(m) ) dndy
+ [ [Tt = Opatern (L 00h) + Lo )3(0)
(M@ 0= v, tVh(§ —n—v) + Ly(§ —n— v, t) (¢ - n—ﬂ)
< (Lotn t)R(m) + Li.#)0(m) ) dy
+ [ [ it = Opalé ) (Bato9hw) + Lafon)i0)
X(ﬁ@—n—%fﬁ@—n—V%%@@—n—%ﬂ@@—n—w>
< (Lan.)h(n) + Lo(n. () ) dn.
As before, we may only look at Cs. Setting ho = 0 and collecting like terms, we obtain
Co= [ [ (Tatést = Ooma(€rm Eal€ = 0 = 0 8) Talws ) (. )
+ Li(&,t = )2 (& v, ) Ls(§ — 0 — v, t) La(v, ') La(n, ')

+Li(6t = Opaa(€ v ) Lo(€ — 1 = v, #) Lo, ) Lain,¥)) (€ =1 — v)(0) b ).

Choosing 0 <t/ <t < we can bound

1
100N3/27

L&t =), L@, |Taln,t)] >

l\'>|'—‘

Moreover, we have

E2PIESE3EI + Z1]92,1335121\1

= L2 Ls@ps + Li(© L1 ()2 ] Lo(€ =0 — v)Ta(n)|.
Since

Lo(€)Ls(v) = sin (ME)(t — ') % ssin (A\(v)t) 52

and by Lemma 4.2,

ME=n—v)
€ —n—vl

~ N2gin (M€ —n—v)t).

z2p1z3z3z1 + zlpZ,lfS/L\lzl ~ N?’sin (A —n— V)tl)
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The third multiplier in é\g can be estimated in the following way:

§—n—v)AW)An)

o~ AN AN . . . A
Ly paoLlslsLs| ~ N*sin (A€ —n — v)t') sin (A(v)t') sin (A\(n)t') - ( i€ — 1 — v||v||n]

~ N1/ gin (M€ — 1 — v)t') sin (A\(v)t) sin (A(n)t)

11/2
= N4 [sin (A€ = n —v) = A(w) + A(m) ' = sin (A(§ —n — v) + A(v) + A(n)) ¢

+sin (A€ =1 = v) + Av) = Am) ' —sin (M§ —n —v) = Av) — A(n) ']

Therefore,
3 Lot t
sup ‘C’ > 6 sup (§>5+2/ Cydt’ +6 sup (5}5/ Codt’
0<t<T X 0<t<T 0 L2(E) 0<t<T 0 L2(E)
t
> 6 sup ()" [ Catt
0<t<T 0 L2(E)
t
2 sup <§>S/ // ( L1p2,2L3L3L3’ - ‘L2P1L3L3L1 + Lipa1Lsly Ly )
0<t<T 0

X ‘W@Z ‘ dndvdt’

L*(E)

First, we have

t
<§>s/ // ‘L2p1L3L3L1 +L1p2,1L3L1L1‘ ‘¢¢¢‘ dndvdt’
0

sup
0<t<T mw
i
s /100N3 2 //N7/2N—3s—3 sin ()\(5 —n— y)t/) dndl/dt/
0 1Jr LA(B)
~ N1/2-2s // 1 —cos ()‘(f — 1= v)N7”/100) dndv
1JI (f /. y) L2(E)

~ N1/2_28N_3/2|I|2|E|1/2 ~ N1/2—25N—3/2N462N(§)‘1/2
~ N4—2355/2‘
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Similarly,
t ~ AN AN AN AN AN AN
sup <§>S/ // L1p2,2L3L3L3‘ ‘¢¢¢‘ dndvdt’
0<t<T 0 L (E)
~ NP/2-28 / / - cos [(ME = —v) = A0) + M) N72/100] i
1Jr AME—n—v) = A(v) + A(n) 12(B)

~ N5/2_25N_3/2|I‘2’E’1/2
~ N6_2555/2

where we have used the fact that in the support of @//J\(ﬁ —n— 1/)@//1\(7])@//}\(1/),

Thus,

(4.8) sup Hé’ > NO-2555/2,

0<t<T

Xs

Now, we seek to prove bounds on the quadratic terms in the expression for #N. In
particular, we have

Q1 = ml(ﬁl% +/ﬁ212;1) dn,

RQ

Q, I/ 2m217/b\1$2 dn,
]R2

where Q; and Q, are given in (4.3).
As a result, the contribution to the cubic iteration from the quadratic terms is
Q1 = LiQ, + LsQ,,
QQ = LQQ1 + L1Q2>

where

(Ql) _ ()L (C:h)
Qs Q2]
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Let us take Qg and analyze its size in H*:

// /L2m1 L1h0+L3¢o)Q2( "dndt'ds
/ / /L2m1 L2h0+L1¢0)Q1( "dndt'ds
v2 [ [ [ Bl + Eufu)Gut s
0 Jo

where we have used (2 2) and (2.4), and Q; is defined in (3.3). Taking 0 < ¢ <
a > 3/2, bounding 0, in H® gives

100Na for

t s
HQ2 5>s/ / /L2m1 (L:WOQQ + L1¢0Q1> +2Lymy L1y Qo dndtds
o Jo

€

L¥(E)
,S NSN_zaN2N2N_38_3|I’2‘E‘1/2,
where we have used that

ZALlefg + Egmlzl + /L\lmgzl ~ N2

< /NQN‘QS dn ~ N N~*|]|.
I

5

Therefore choosing a = 3/2 we see that

H Qz‘ < NO-20-2565/2 _ N3-2565/2,

S

A similar result holds for . Hence it is of lower order to the largest cubic term.

Ql 2 (E)

For 2d interface problem we can now finish the
Proof of Theorem 1. We know that

(49) () = |eral,

since the support lies on a set of area (N2§). So

(4.10) sup |C]] . < 8.
0<t<1

Taking § = N~2¢, from (4.8) we have

sup HCHXS z N672555/2 > 53/2’
0<t<T

which violates (4.10) when

= [|voll g

~
2

Xs

6—25—2>0
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or
s<3—e

5. 1d INTERFACE

We make a few comments on the proof of the regularity threshold in 1d. As in the 2d
calculation, we restrict ¥y to an interval at high frequency and set

~

h=0
{ﬂ\ = Nﬁ(er%)lNgggN-

As in the 2d case, the quadratic iteration provides a regularity threshold in X* = H st3 @ H
for s < 3/2, which is borderline Lipschitz for i in one dimension as required to make sense
of the expansion in [23]. Iterating further we find, as in the 2d calculation that

t t A t
(5.2) C = / e(tft/)[:aSN(O’ t/)dtl _ 6/ e(tft/)ﬁ Ql (t/)dt/ + e(tft/)[: Cl (tl>dt/
0 “ 0 Q2 0 Cy

(5.1)

=60 + é,
where
Q1 = = 0y (01)2) = |0u] (h|zlth2) — By (h20utin) — 0o (halDulthn)
(5.3) QQ = |3zW1‘axW2 - @ﬂﬂlax%,

Cy = —6[h102pt1 + |0x|(h1|02]t01)] |0z |t01 — 97 [axxhl(azhl)Z] .
As in the 2d case, the terms arising from the second-order iteration, Qj, are lower order,
and we can restrict our attention to the terms arising as cubic interactions of the linear

propagators hy, 7. The cubic order pseudodifferential operator multipliers are simpler in
the 1d case, namely we have

p1 = =3[¢lInl ([€] + Inl = 2[¢ —vl),
P21 = 6| UV|2 — €= 77||VH )
P2z = =97(§ —n — v)vi,
and @Z(f —n— 1/)1;(77)@(1/) has support on the set £ = {3N <& <6N}. As in Lemma 4.2
s N?,
P21 N NB,

poo ~ N
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We again concentrate on Co which produces the largest term of the cubic expansion. Again
we have

Co= [ [ (Talést = Oomi(€vim Eal€ = 0 = 1) Talws ). )
+ Ly (&t — t)paa(& vim)Ls(§ — n — v, ) La(v,t) Ly (1, )
FLA(E,t = E)p2a(€ v La(§ =0 — v, ) Ly ) La(,¥) ) DIE = n = ) D) ().
We study the third multiplier in CAQ,
Z1172,2335323‘ )
which is again bounded by
N1L/2

[sin (M€ —n—v) = AW) + A()t' —sin (M —n —v) = A(v) — A(n) ¢/
—sin(AME—n—v)+ M)+ AX()t' +sin(ANE—n—v)+ ) — A(n))t].
Thus, if I = {N <& < 2N}, then

oilng 5>s/ // L1p272L3L3L3) ‘Wﬂw)dﬁd’/dt/ L)
s || [ [ 1= o8 [(ME =0 — v) = A(v) + A(m)) N~*2/100]
~ N // ME—n—v) = Av)+ An) oo dndy (E)

~ N4—28N—3/2|]|2|E|1/2
~ N5—2$
where we have used the fact that in the support of 12(5 —n— 1/)1;(77)1;(1/),
AE=n—v)=AW) + A, [AE—n—v)—
ME=n=1) +A@) A0, NE=n=v) +AW) = Am)|  ~ N2

As a result,

(5.4) sup ’CN > N°728,
0<t<T Xs
We know that
ho
(5:5) (%) o = Woll. = H 2

since the support lies on an interval of length N. So

(5.6) sup [|C|
0<t<1

xe 1



28 R. M. CHEN, J.L. MARZUOLA, D. SPIRN, AND J. D. WRIGHT
Then from (5.4) we have

sup [|Cllx. 2 N°7% > 1,
0<t<T

which violates (5.6) when 5 — 2s > 0 or

s <5/2.

6. PURE GRAVITY PROBLEM

As mentioned in the introduction we visit here the low map regularity threshold for the
pure gravity problem. In this case, we gain nothing by going past the regularity threshold
at the level of the quadratic terms, as the cubic interactions due to surface tension are
responsible for the improved results above. As a result, we proceed as in Section 3. In the

. 1
pure gravity case, we recall from (1.7) that we have A\,(r) = rz. Hence, when r > 1,

(6.1) Ao(r)

X5
7]

D=

)
and we choose

1 1 1
. <t< —— 1 > —.
(6.2) O_t_loON‘l with a2z

in order for cos(A,(r)t') >
that

% for r > 1 and all 0 < ¢’ <'t. Following as above we can show

Proposition 6.1. Given Ly, Ly, Ly defined using Ag in (1.7), on the support ofzz(g—n)lz(n)

and for 0 <t <t < 1—(1)0% with a > 1/2 we have the following bounds:

Z3(£7t - t/)mlz2<§ - t/)fl(na t/) + Z1(fat - t/)m2fl(§ - t/)fl(ﬁy t/) ~ N?.

Proof. Note, this statement is exactly analogous to that of Proposition 3.2. The proof will
follow quite similarly, except that we have now

At = 1), M, A& = mt', M)t <

Therefore,

and hence

- ~ ~ 1
Ll(gvt - t/)mQLl(é - nat/)Ll(nvt/) > ]__6|£ - 77||77’
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On the other hand,
sin (A (& —n)t’)

BamEai| < 2pin g6y - o)1 A 1ell (G ) |20 e -y
63 = Ple il - oy | AN S GE =)

1 2
< ¢ = allal (€t~ ) <2 (55) Il

So we get the claimed lower bound.
O

Remark 6.1. Notice that in the above proposition we do not include the other two multi-

pliers Lo (&, — tyma(€, m) Ly (€ —n,#) La(n, ¢') and Ly(€,t — ¢)ma(&,0)La(€ — 0, ¢) La(n.t)
like in Proposition 3.2. This is because in obtaining a lower bound of supy<;<7 || Qv+,

s, which involves only two multipliers given

we only need to estimate || supg<;<r fg Qo dt’|
in Proposition 6.1. The estimates for the other two multipliers szgilfl and ZlmliQZl
are used at the third iterates. However in the gravity case, to obtain similar estimates for
EQmQZ@l and Zlm@QZl, one would need to require a > 1, which lowers the regularity
threshold s. Therefore going up to the third iterates for the gravity waves does not help to
improve the threshold exponent.

For the pure gravity case we follow the same argument with a few changes. Assume
(h, 1) are wellposed in Y* = H* 3 @ H* for a range of s € R. Then

@l

Ys

sup [|Q]y. <
0<t<T

Assuming initial data as in (3.4) and the resulting bound (3.12), then
sup HQ!

0<

o S0

Recall that 0 <t < 100 Na for a > 1/2. We again consider the high frequency sector E as
before. From Proposition 6.1 we have again

1 [t~ s [T~
sup [[Qfly. =2 sup. (&)’ 2/ Qudt +2 sup |/(£) / Qudt’
0<t< 0 L2(E) 0<t<T 0 L2(E)
> N3—a—553/2;
therefore,
sup [|Qlly. > N6
0<t<T

violates (3.12) so long as
0<3—-a—€—5<3-1/2—e¢—s=5/2—€—s
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