SMALL DATA SCATTERING AND SOLITON STABILITY IN H s FOR
THE QUARTIC KDV EQUATION

HERBERT KOCH AND JEREMY L. MARZUOLA

ABSTRACT. In this note we prove scattering for perturbatlons of solitons in the scaling
space appropriate for the quartic nonlinearity, namely H~%. The article relies strongly
on refined estimates for a KdV equation linearized at the soliton. In contrast to the work
of Tao [I9] we are able to work purely in the scaling space without additional regularity
assumptions, allowing us to construct wave operators and a weak version of inverse wave
operators.

1. INTRODUCTION AND STATEMENT OF RESULTS

The generalized KdV equation

11 o) + 0, (0% +9YP) =0, t,z €R
-y (0, z) = ty(x)

has an explicit soliton solution

Vel(@,1) = Qpueriag(¥) 1= T TQp(clx — (20 + 1))

with ¢ > 0, o € R and

1
1\ 7 —1
(1.2) Q, = (]%) sech1 <p 5 x) .

Well-posedness of the generalized KAV equation was established by Kenig-Ponce-Vega [§]
in H* for some s depending on p. The case p = 4 (quartic KdV) is particularly interesting
as it is the only subcritical power nonlinearity that does not lead to a completely integrable
system. The critical space for the quartic KdV equation is H 6. Griinrock [5 [5] obtained
local wellposedness in H*, s > —1/6 and the endpoint H~& was reached by Tao [19].
Though wellposedness is not the main focus of this note, we will return to this question
in section [7| and use spaces of bounded p variation and their predual (see Appendix [Al and
[6]) to simplify and strengthen Tao’s wellposedness result in the critical space.

The solutions ., are called traveling waves or solitons. These are minimizers of the
constrained variational problem

(1.3) min{E(w) : w € H', ||w|/2 = p > 0},
1
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1 1
E(u) :/ —u? — —— P da.
2 p+1
Minimizers also are extremals of the Lagrangian
A
(1.4) S(u) = E(u) + 3 /u2dx,

where ) is a Lagrangian multiplier. Existence of the minimizer has been shown by Beresty-
cki and Lions [2] using the constrained minimization problem

min{T(w) : w € H', V(w) = i},

where

where

T(w) = /widas,
A

1
= — 2 _——_— p+1
V(w) 5 /w dx P wP T dx.

The function @ in (1.2)) is the unique positive even solution to the Euler-Lagrange equa-
tion
to (1.4) with A = 1. It is a critical point of S(u) again with A = 1, a minimizer of E with
constraint ||ul|zz = p,

2 +1
- o (p+1\TT D)V
16 =1l = (P57) T
and hence the quadratic form
1 1
(1.7) K@) = / éw’Q + §w2 — g@p_ledx >0 for (w,Q) =0

is nonnegative on the tangent space i.e. the functions orthogonal to Q).

The stability of solitons for generic KdV equations has been studied in several seminal
works. Orbital stability was first effectively established in the work of Weinstein [23].
Then asymptotic stability of solitons for KdV was first observed by Pego-Weinstein [17],
who proved that solitons for KdV are stable under perturbations in exponentially weighted
spaces. Later, Martel-Merle [14], [15, [13] and Martel [12] refined this result to observe that
solitons for generalized KdV equations are indeed stable under perturbations in the energy
space, but measured within a moving reference frame. As mentioned above, for the case
p = 4, building on the multilinear estimates of Griinrock [5] and the work of Martel-Merle,
Tao [19] assumes smallness in H' N H ~% and obtains scattering in H~/6. We will give a
more thorough introduction to previous stability results including rigorous definitions of
stability in Section
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In the sequel we will focus on the case p = 4 and omit p in the notation. It seems that
any further progress is tied to an understanding of the linearization, or more precisely of
the linear equation

and its adjoint
(19) U + E@zv = 0,

which have the explicit solutions (with Q = ¢9,Q¢|c—1)

= a(Q +21Q) +bQ', v = cQ,

where

(1.10) Qﬁzq%m%QAwﬁ =5%7Q¢+ﬂ%’

c=1
usually evaluated at ¢ = 1.

Thus both equations and have linearly growing solutions. It is one of the first
contributions of this paper that both equations are uniformly L? bounded once we take
into account these modes, and, moreover, there are local energy estimates global in time
once we remove these modes. In particular the assumption of Pego and Weinstein on the
absence of embedded eigenvalues holds.

The goal of this work is to build on the arguments of Weinstein [23] and Martel-Merle
[141, [15] to establish some type of asymptotic soliton stability for generalized KdV equations
by a direct analysis of the equation itself. We apply a variant of Weinstein’s and Martel and
Merle’s arguments to the linear equations and and their relatives with variable

scale and velocity, and control nonlinear terms through estimates for linear equations.

Specifically, we define projection operators related to the spectrum of L:

<w7Ql> / D,/ . <¢,Q> S
@ TV TR0

We obtain the main linear estimates which in their simplest form can be written as

Theorem 1. Let S be the solution operator for (1.8) and S* the solution operator for ((1.9).
Then, we have

(1.12) sup 1S (t) P uo|| 12 + ||sech(2)0, Py S (8) P uol| r2re) S |luoll e,

(1.11) Pyt =1 —

(1.13) Slzp ||S*(t)P$,v(t)HLz + ||Sech(:p)8x]55*(t)PL||L2(R2) < [|vol| z2-

We note that the linear estimates presented in the sequel may be generalized to any
subcritical power p < 5. We provide variants of Theorem [1| for linearization at solitons
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with variable scale and velocity as well as estimates in scales of Banach spaces similar to
estimates for the Airy equation.

Even near the trivial solution dominating the nonhnear part globally by the linear parts
requires to work in a scale invariant space snnllar to H—5. On the positive side it will lead
to scattering for perturbations of a soliton in H~ 6, without the smallness condition of Tao
in the energy space . The study of the linear equation will lead to a fairly precise
understanding of its properties which seems to be new and we hope that it will provide a
model for many other questions on the stability of solitons.

As is standard in the study of stability, we take

(@, t) = Qe (x — y(t)) + w(z,1).
Then, we have
Dew + 0, (05w + 4Qw) = — ¢(0.Qc) (v — y) + H(QL)(z — y)

(1.14) — 0:(02Qc — Qe + Qp) — A(Ql(x — y))
— 0,(6Qz(z — y)w* +4Q.(z — y)w’ + w').

The standard choice of ¢ and 3 ensures orthogonality conditions for w. Due to low time
regularity we are forced to relax the orthogonality conditions to

(1.15) 0000 = (w.Q)),
(1.16) (4= NQL Q) = —r{w. QL)
where k > 1.

From an implicit function theorem argument similar to that in the proof of Proposition
1 of [13] there exist unique ¢(0) and y(0) so that w(., 0) is orthogonal to Q)(. —y(0)) and
Q) (- — y(0)) provided the distance of 1) to the set of solitons is small in a suitable norm.

We consider the equations above as ordinary differential equations for ¢ and y, coupled
with the partial differential equation.

Using the decomposition and linear estimates, in Sections [8.2 and [8.3] we can prove
(refering to later sections for the definition of the function spaces, with B/62 slightly
larger than H 1/ %) the following global result

Theorem 2. There exists € > 0 and ¢ > 0 such that given (1.1)) with initial data of the
form

min H% - C?co('qj - yO)H o= %2 < €,
co.Y B

05
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there exist unique functions ¢ and y with

(w(0), Qo)) = <7~U(0)7Q/c(o)> =0,
cel'nc®, y—cel*nC’,

o1
and a function w(x,t) € Xoo® such that

D(2,1) = Qe yin () +w(z,1)
satisfies the quartic KdV equation, and w, ¢ and y satisfy (1.15)),(1.16)) and (1.14). More-

over,

lelzince + 11 = llzence + lwll -y < cllwoll,

_15.
o B

1

6)
L1

In addition, there exists a function zy € BOOG’2 such that

||w(t) — e_tagzOHBj’Q — 0

and

|lw(.) — e_‘agzOHX_l/e((t oy 0 st — 00

if w(0) is in the closure of C§°.

In fact, we prove a far stronger result than this, though Theorem [2| captures the main
ideas. Finally, in Section we show for a function v, there exists a quantity J(v) defined
in (8.8) such that we have the following

L1
Theorem 3. Let vy be in the closure of C3° in BOOG’Z, Coo > 0, yo € R. Let v be the solution
to the linear homogeneous KdV equation. Assume that

J(v) <4
for some § = 5(HUOHB’%‘2)' Then there exists a solution V¥ to the quartic KdV equation, a

oo

function y € C*(]0,00)), ¢ € C'([0,00), (0,00)) such that w = ¥ — Q.,, ¢ and y satisfy
equations (1.15)),(1.16)), (1.14)), and

(w(0), Qo) (- = y(0))) = (w(0), Qi) (- — y(0))) =0,

L1
c(t) = oo, Yy(0) =y, w(t)—2v(t)—0in B? ast — oo.
Moreover, if in addition vy € L?, then ¥ € C(R, L*(R)) and
lvollZ + [1Qew.ollze = N2 ()]l 2.

There exists € > 0 such that the assumptions are satisfied if HU()HB 12 <€

oo
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L1
Remark 1.1. The conclusions in Theorems [2| and [3] hold as well in the spaces B N
H* N H? for any —1 < s < 0 and ¢ > 0, allowing one to prove uniform bounds in higher

Sobolev norms, see Section In partlcular glven initial data in Ba 52 NH*NH, J

small will imply stability and scattering in Bao 52 N H* N He. Specifically, we note one can

Lo
prove boundedness and scattering in the energy space H', intersected with Ba®”.

To motivate the construction of our nonlinear iteration spaces, in Section |3[ we first derive
some refined estimates for the linear KAV equation

o+ O3u = f,
u(0,z) = ug(x).

Then, in Section 4] we discuss the spectral and mapping properties of the operator £ and
derive linear estimates for the systems ([1.8]) and ((1.9) and their relatives

Ut + Usza + (Qery (2 — (1) Ju)e = f.

In Section , we combine local smoothing estimates as for ([1.17)), where we treat the Q
terms as error terms with the virial identity and energy conservation for[I.8|to prove uniform
bounds for a projection of the solution v assuming orthogonality of the initial data to @)'.

(1.17)

With this first result at hand we pursue a standard though nontrivial path and employ
pseudodifferential techniques and duality to derive similar estimates in a full scale of func-
tion spaces. The Littlewood-Paley decomposition at low frequencies is severely affected by
the term containing @). This is done in Section [f] with main result Proposition [6.7]

Theorems [2| and (3| are proven in the final two sections by combining the well-posedness
arguments and the linear estimates.

ACKNOWLEDGMENTS J.L.M. was funded by a Hausdorff Center Postdoc at the Univer-
sity of Bonn and by a National Science Foundation Postdoctoral Fellowship. H.K. was
partially supported by the DFG through Sonderforschungsbereich 611. The authors wish
to thank Axel Griinrock and Yvan Martel for helpful comments on an early version of the
result and anonymous referee for helping to improve the paper in several places..

2. REVIEW OF PREVIOUS SOLITON STABILITY RESULTS

To begin, we consider the linearized operator

Lip = =" — pQ”_I@ZJ + w

associated to the Euler-Lagrange equation ((1.5)) of (| with A = 1 respectively the con-
straint variational problem (1.3]) with Lagrange multlpher 1. It is one of the remarkable

operators for which almost everything is known about the spectrum and scattering, see
Lamb [I1] Section 2.4 and 2.5, and Titchmarsh [21] subsection 4.19. The operator

L) = —Ppe — Msech?(z)1)
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has the continuous spectrum [0, co) and the ground state (x) = sech®(z) with eigenvalue
a? provided M = a(a + 1), @ > 0. The other eigenvalues are (o« — j)? for 1 < j < «
together with the eigenfunctions can be obtained as follows: Let g s be the ground state
with the constant M. Then,

o d

Vi (ati) (ari+D) (T) = H(@ — (a +1) tanh(z))sech®(z)

1=1
is the j eigenfunction to the potential with M = (a + j)(aw + j + 1). We consider this
information useful, and we will use these results, even if the arguments could easily adapted
to a much larger class of nonlinearities.

Clearly,
L£Q =0
and a short calculation or a comparison with the results above shows that QPTH is the

ground state with eigenvalue 1 — (7%1)2. There is no other eigenvalue if p > 3, but there

are other eigenvalues in (0,1) if p < 3. As an immediate consequence K (¢) > |43, if
pt1

<¢>Ql> = W,QT> = O

We recall that K is positive definite on the orthogonal complement of ). We follow
Weinstein [23] and use this bound to establish a lower bound on a different codimension 2
subspace if p < 5. There exists 0 > 0 such that

(2.1) K(y) 261l for all g with (¢, Q"7'Q') = (¢, Q) = 0.

It suffices to verify this statement independently for odd and even functions. For odd
functions the quadratic form is nonnegative, with a null space spanned by @’. Positivitiy
follows from (Q', Q*~'Q’) # 0. The argument for even functions is harder, but again the
quadratic form is nonnegative since () is a local minimizer of the constraint variational
problem.

Let ; a minimizing sequence with ||¢);||z1 = 1. Suppose that the left hand side of
converges to 0. The sequence maximizes f Qp_lw]zdx. There exists a weakly converging
subsequence which convergences against a nontrivial even limit ¢ since ¢ — [ QP 1¢*dz >
0 is weakly lower semicontinuous. Moreover (¢, Q) = 0 and |[¢||;n < 1. Rescaling if
necessary we see that ||¢]| g = 1.

We want to show that K (¢) > 0 and argue by contradiction. Suppose that K (i) = 0.
Then by (1.7) v is a minimizer of K under the sole constraint (Q,v) = 0 and hence it
satisfies the Euler Lagrange equations

L = AQ.
But then ¢ is a multiple of Q since

L£Q = —2Q
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is the unique symmetric function with this property. However, v is orthogonal to (), but Q
and @ are linearly independent if p # 5, hence v = 0, which contradicts our construction
and thus implies the existence of 9 > 0 with

K() = 0[] -

Observe that here the subcriticality condition p < 5 enters crucially.

Given 1 we define the parameters ¢y and x( by the variational problem
||¢ - Qco@o”%—ll = lcnxf ||¢ - QC@H?P'
Following Weinstein [23] we claim

(22) ||¢ - Qco,m“%{l < C(E<¢) - E(Qc))

provided the left hand side is sufficiently small. This is a consequence of the lower bound
for the quadratic form ([2.1]).

Lyapunov stability of solitons has been shown in the seminal work of Weinstein [23],
Theorem 4: Let € > 0. There exists 6 > 0 such that, if

lo — Qiller <6,
then
laIclof ||1/}<t> — Ql(ZL' — l‘g)”Hl S E.

This is a direct consequence of the conservation of the L? norm and the energy, plus (2.2).

The study of asymptotic stability began with Pego-Weinstein [17] in spaces with growing
exponential weights. The effect of the weight is twofold. First, there is not much the
soliton could interact with on its path to the right. Secondly, small solitons which are slow
and prevent asymptotic stability in L? carry a weight which makes them exponentially
decreasing in time. A key assumption is the absence of embedded eigenvalues of 0,L, other
than 0 with eigenfunction @’ and the generalized eigenfunction Q. Pego and Weinstein
verify this assumption for p = 2 and p = 3 and show that it fails at at most a finite number
of values for p between 2 and 5. It is a consequence of the virial identity below that there
are no nonzero purely imaginary eigenvalues of 0, L.

The exponential weight pushes the continuous spectrum of 0,L to the left, makes the
problem more parabolic, and allows the use of techniques from smooth dynamical systems,
in particular of a center manifold reduction which is a restriction of the flow to a two
dimensional manifold.

Martel and Merle ([14, [15]) and Martel [12] introduced a virial identity or monotonicity
formula for the adjoint problem (|1.9) as well as for nonlinear problems. Let

1¢ 1 -1
n(zr) = _pH1Q bt tanh 2"z

p—1Q 2 2
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and suppose that v satisfies the equation ((1.9). By direct computation we have

d 1) - -
- nUQdZE — <(3(£ + M — 1)@%’0’ Q%U%

dt 4
where the quadratic form is nonnegative and it has by the spectral theory of Schrodinger
operators with sech?(z) potentials a one dimensional null space spanned by @. There are

two consequences: the quantity on the left hand side is monotonically decreasing, and the

(2.3)

right hand side controls the H ! norm of Qp%lv provided v is orthogonal to a vector @
with (@, Q) # 0. Hence, if v(0) is orthogonal to Q" and @ - which is preserved under the
evolution -

1QP=1/ 2y ;1 < esup [|v(t)] 2.
t

The left hand side is controlled provided we obtain a bound on sup, ||v(t)||zz. Martel and
Merle ([14], [15]) use this and related observations together with the a priori control on the
deviation of the solution to the set of solitons in ingenious ways for indirect arguments:
The existence of a solution H! close to solitons, but not asymptotically converging to the
soliton 'on the right’ leads to the existence of impossible objects.

Later, Cote [3] constructed solutions with specific asymptotic conditions including many
soliton solutions for positive time. This shows that L? convergence to a soliton will not be
true without restricting the set where convergence is studied.

Already L? conservation precludes asymptotic stability of the trivial solution. The rele-
vant notion instead of asymptotic stability is for unitary problems the notion of scattering.
Suppose that ¢ (0) is close to a soliton. We seek a function w satisfying the Airy equation
as well as ¢(t) and y(t) and a Banach space X so that

[ = Qey(z —y(t)) —w(t)|[x — 0 ast— oo.
Tao [19] verifies scattering in the following sense: Suppose that
(2.4) [(0) = QO)[[za + [(0) = Q| ;-1 < 1.
Then scattering holds with X = H ~6. Tao relies on the work of Martel and Merle, and in

particular on Weinstein’s a priori estimate of the difference to the soliton.

3. THE AIRY EQUATION

For purposes of understanding and motivating dispersive estimates for the linearized
KdV equation, here we study and collect results for the Airy equation

Ut + Vggz = 0,
(3.1) { v(z,0) = vo(x).

The solution operator defines a unitary group S(¢) with the kernel
K(t,z) =t 5 Ai(at3),
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where as © — oo the Airy function is roughly

and as r — —oo the Airy function is roughly

3

Re(z 1e7%%).
Strichartz estimates for solutions,
_1
(3.2) [ul[rLa < cl[[ D] Puol| 2

where LPL? is the standard space time norm such that the L? norm in time of the L? norm

in space and
2 1 1

p g 2
follow as an immediate consequence. Of particular interest for this work are the homoge-
neous Strichartz pair (p,q) = (6,6) as well as the endpoint Strichartz pair (p, q) = (4, 00).
For an overview of Airy function asymptotics, see Fedoryuk [4].

Local smoothing estimates for (3.1]) go back to the work of Kato [7]. Here we are inter-
ested in a more general version of them. Let v(¢,2) > 1 be a smooth bounded increasing
function. We calculate

d
(3.3) pm yulrdr = /(% +E)? — 3y uide
and search for conditions ensuring that the right hand side is nonpositive. We assume
2
(3.4) %v < =30
with the easiest case being (¢, x) = vyo(z — t), for which we assume
2
(3.5) % < 3%
We get
d 2 o2 Lo
(3.6) — [ yuide + | 7' (u; + su”)dz < 0.
dt 3
Let us fix a particular example,
3.7 @) =1+ [ ey

It satisfies the criteria and, provided ¢ is sufficiently small, a straightforward calculation
gives (3.5). Next, it is instructive to consider a scaling. For p > 0 and vy as above we
define

Yt ) = ol (x — p%t)).
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Then,
(3.8) a4 v utdr + /”y’ (u? + LuQ)clyz: <0.
dt AT 3u?
One may easily generalize this inequality by choosing ¢t — y(t) with ¢ > % p~2, and setting
v(t,z) = vo(p H(z — y(t))). In the sequel we will always restrict ourselves to u = 1.

The virial identity clearly generalizes to functions spaces with different regularity. To
see this, we first define the space Hj (and similarly Ll%) by the norm

by = [ D) uPa)de < o,

where p > 0 with uniformly bounded derivatives of order up to k for some k > |s| and (D)*
is defined through the Fourier multiplication (1 + [£]?)*/2. Similarly we define pH® where
u € pH?® if and only if

u=pf for f € H®, [ullprs = uiilpff 1f]

[l

Hs-

The function p will often depend on ¢t. Given a Banach space X we denote the space of
X valued L? functions by L?X, and, with the obvious meaning L?pH® and L*H 5+ Such
spaces will be explored further in Section []

Remark 3.1. We note that pH® = Hj_l, if p is nonnegative, up to equivalent norms.
However as we wish to highlight the use of duality throughout the linear analysis and
construction of iteration spaces, we adopt the pH?® convention.

If ~ satisfies the assumptions above and

(3'9) { Ut — Ugpgr = f> f € L2\/’7H_17

u((),x) = U,()(I), Up € L27
we obtain by an obvious modification of the argument above

(3.10) lullzm e + llull iz < e (@) 22 + 1 fllzzyma-1)

We turn to a useful technical result.
Lemma 3.1. Let m € C*(R) satisfy
)] < (€)™
for j > 1 and let m(D) be the Fourier multiplier defined by m. Suppose that
v e,
W (@) Sa)  forj=0

and
11 —7y(@)/v(y)| S cllz =y + |z — y!N) for some N.
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For any a € R we have

[y~ [m(D), v D) = 2 + I[m(D), v ]y (D) fll 2 < esall fllz2
and
(D) =*[m(D), vy fll> + (DY >y~ *m(D), v fll2 < csall fllL2-

The most important example of m is the Fourier multiplier (D)* defined by the function
(1+eP)s.

Proof. We begin with the estimate of the first term in the first inequality, the second term
being similar. We decompose m(D) = my(D)+m;(D) where the convolution kernel mg(z)
of mg(D) is supported in |z| < 2, and the one for my(D) is supported in |z| > 1. The
convolution kernel m;(z) together with its derivatives decays exponentially.

The integral kernel of
7 ma (D), ]

Kafe) = mla =) (1- (20)).

The kernel and its derivatives decay like (z — y)~~, which implies

Iy~ lma (D), v f v < enl[ fll v

for all N > 0 by Schur’s lemma. It remains to prove

1y~ [m0(D), ¥ KD)' " fllz2 < csall llze-

is

We decompose
(DY’ = Do+ D;.
The bound for
v mo(D), 7] Do
follows from standard pseudodifferential calculus. The bound for the term with D; follows
from

17~ [mo(D), Y1 fllze < enll fllm~,
which again follows easily by standard pseudodifferential calculus. 0

Lemma 3.2. Suppose that

(3.11) U+ Uaee = f, - f € VYHT
' u(0,z) = up(x), wuo € H".

Then
(3.12) [[wl| oo prs + ||u||L2Hf+F1, < ¢ (|[u(0)]

we L fll 2 ymms) -
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Moreover, if

(3.13) { Uy + Uy = (sech’ (2 — 2(£)) ) + a9,

t
u(0,2) = uo(x),
with © > 0, then
(3.14) el s+ Mlllzemo oy S MOl + [ ll2m— + llgllzr 22

Proof. We set v = (D)*u where u satisfies (3.11]), hence
Vi + VUgge = <D>Sf7

and,

lellzeerss - letll o, =lollee sz + ollzen

<c(l[o(0)llz2 + [IKD)* fll 2ym-1),

s and

where the first term is equal to ||u(0)]
(D) fll 2yt =I{D) ()" Z(D)* f 1
<\ f iz yqas— + KDY, (V)" ZHD) fll e
<[Ifllzeymrme—s + 1Y) "2(DY 2 f || 2.
_ 1

The last inequality follows from Lemma applied with ' for v, a = =, and —1 for s.

This implies the desired estimate (3.12)). Now suppose that u satisfies (3.13]) and let v be
the antiderivative of u with respect to z. It satisfies

{ UVt + Vgze = SeCh2('T - I(t»f + 9,

(3.15) v(0,2) = vo(),

hence
Jull poo g1 + ullzmo, - < cllgllprre + [ fllp2m-1-
/"//

4. PROPERTIES OF THE SCHRODINGER OPERATOR

We briefly recall notions from the introduction. Given p > 1 solitons of the form Q,(x—t)
satisfy (L1.5)) and it is not hard to verify that all bounded solutions are translates of +@),

in equation (L.2). Similarly Q,. = T Q)p(cz) satisfies
(4.1) 8§(Qp)c - CQ(QP)C +(@p)7 = 0.

We will focus on p = 4 and omit again p from the notation. Let (") denote the differentiation
with respect to « and () the differentiatioq with respect to time. We recall the definition

of Q, (1.10) and Q. = ¢0.Q. respectively Q. = ¢d.c0.Q. the corresponding differentiation
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at c. There are many explicit calculations, and we collect some of them here. Using the
properties of Q.(z) = ch(cx), it follows that

1 ~ 1 1
(4.2) 1Qellze = eol|@ullzz, Qe Qe) = 50l Qellz= = SRl e,
where the L? norm is given by (1.6]), and
7
(4.3) 1Qcl 2 = 5 [|Q4 ]| 2

In addition,
Q. = 3 Q (cx),

The operator L, is defined by
(4.4) Lot = —Uyy + u — 4Q%u,

where we mostly omit y and ¢ if ¢ = 1. We recall that vitually everything is known about the
spectrum of £, see Andrews-Askey-Roy [I], Lamb [I1] and Titchmarsh [21I]. We summarize
the findings below. We also refer to Martel [12], Weinstein [23] and the references therein
for extensive discussions of these properties for more general operators of type similar to

L.

By direct differentiation in = of , we see L)' = 0. Hence, the null space of £ consists
at least of the space a@)’ for all & € R. Similarly, by differentiation in ¢ of , we see
E(Q) = —2@Q, so 0, L has at least a 2-dimensional generalized null space. Also, since ' =0
only at z = 0, we know from the Sturm Oscillation Theorem that there exists some A\g > 0,
Qg > 0 such that LQy = —\yQy, the unique negative eigenstate of L. Note, because L is a
sech? potential perturbation of the Laplacian, it is possible to exactly construct Qp = Qg
and \g = % using standard techniques. The above analysis summarizes the entire discrete
spectral decomposition for L.

Following the introduction resp. the analysis in Propositions 2.7 and 2.9 of Weinstein
[23], if

and

then there exists ky > 0 such that

(4.5) (@, Lia) > kol| |72

Here ko depends only on the power p =4 in (1.1)).
We will consider p = ¢ with v € Cl*I*! with

(4.6) W (z)| < e
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for 0 < j <|s|+ 1 and a small constant € to be chosen later. Clearly we may regularize v
and hence p = e” without changing the spaces. Then
s s —1rrs
veH, < puc H < uecp H.

It is quite obvious that the dual space of Hj is pH° with isometric norms, and this
statement does not depend on the regularity of p. We recall the definition of the projectors
(1.11]).

Lemma 4.1. For all s € R, there exists C > 0 such that:
|Pyulles < CllLul e,

1Pl ppes2 < CllLull o,

Proof. The first inequality is an immediate consequence of the nature of the spectrum
described above along with ellipticity. The second and the third statement are equivalent
because H = p~'H*, with equivalent norms.

Fix p=1- (1) +1) , where p = 4. For A = A\g + ¢\; in the complex half plane left of u we

obtain the followmg resolvent estimate
A = plllull < 1L = A)ul L2

and also for some 1 > xk > 0, we have

Re / (= Nudr > A= plllulle + (£ — p)u, u)
1
> Il + a2+ (1= R) (£~ )

1
(G w00~ 461D )

=2 1
8@z~ "2

v

3 Huallze

1 .
5l = Jolllullzz + min{ Grmrm—

by the obvious choice of k.
We obtain the estimate for \ with real part at most pu,
= Alllullz2 + min{|A = puf, T lue[| 2 < CRe((L = Mu,u) < (L = MNul g [l g
These estimates imply that the resolvent (£ — )~ defines a continuous uniformly bounded
map (for Re A < \g < p) from H~! to H'. Moreover,
lull e < A= gl 7| Lull e

and

L1 SIQl
ol < = e {5 SR L - e
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We turn to the weighted estimates and calculate formally
e(L—-Ne V" =L-N—V[*+ 0,V +1V0,,

and hence, since 0,1/ + /0, is antisymmetric,

Re/ue”(ﬁ — Ne " u)dx :Re/u(ﬁ — Nudx — ||[V/ul|32

[ Ao — p]
> 20z,
ife < "\0—2_“', which we assume in the sequel. As above we obtain with an explicit constant
C
(4.7) lu|lgr < C|le" (L — Ne ul|g-1.
It follows from these estimates that given & > 0 there is a single resolvent family (for
Re A < 1 — ) mapping pH ™' — pH' and from H,' — H) provided ¢ is sufficiently small.

Recall that £ has a zero eigenvalue with eigenfunction @' and a single negative eigen-
value —)\g with a ground state Q. Let P be the orthogonal projection to the orthogonal
complement of these two eigenfunctions. The remaining spectrum is contained in [p, 00)
where p > 0 is either 1 (if p > 3), or the next positive eigenvalue, which can be easily be
calculated. Moreover, L is selfadjoint. The resolvent R(\) = (£ — X\)~! is a holomorphic
map in C\(1,00) with simple poles in p, 0, and possibly some other eigenvalues in (0, 1).
In addition, Ry(A) = R(A)P has a continuous and hence holomorphic extension to A = 0
and A = —)\g, which is uniformly bounded in each half plane strictly left of p.

By equation the resolvent is uniformly bounded on the weighted spaces if A is in
the half plane left of —u. Decreasing ¢ if necessary (so that the orthogonal projection Pé,
along @' is bounded in the weighted space) we obtain the same statement for Ry(\). Now
complex interpolation implies

||£_1Pf||H; < C||Pf||H;1-
This implies the desired estimates for s = —1.

Standard elliptic theory extends this estimate to

(4.8) g2 < CINE = Aulls
and
(4.9) [ull prrsre < CI(L = MNul|pms

first to all s > —1, and then, by duality, to all s € R. The first estimate is the special
situation when v is constant.

We conclude with the trivial observation that we may replace (4.6]) by

lim v/ =0,
T— €0
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which holds for p(z) = (1 + |z|*)? for all real numbers a, since in that case we may choose
an equivalent norm which satisfies (4.6)).

U

5. ENERGY METHODS FOR THE LINEARIZED EQUATION

We turn to a study of what we call the linear u-problem

(5.1) { u = Oy (L),

u(0, z) = o,
where
Lu = (=02 +1—4Q%u
= (=02 +1-— 1OSech2(gx))u.
We note here that £ is the operator that results from linearization of the KdV equation

about ) when we work in a moving reference frame or in other words make the change of
variables

rT—x—t.
Indeed, setting 1(z,t) = Q(z — t) + u(z — t,t) and plugging into (1.1)), we get
Ou = —0,(Fu—u+(Q+u! Q" +2Q-Q+Q"

= 0.(Lu) — 0,(6Q%*u* + 4Qu® + u*).

For reasons that will become clear in the sequel, we also consider the linear v-problem

52) {w:q@m

v(0,z) = v.

The two equations (5.2)) and (5.1 are related in many ways.

(1) They are dual equations of each other.
(2) If u satisfies the u equation then v = 0,u satisfies the v equation.
(3) If v satisfies the v equation then u = Lv satisfies the u equation.

We observe that u = @’ is a solution to the u equation, and hence (v, Q') is preserved
by the flow for v. In particular orthogonality is preserved by the evolution. Similarly
v = @ is a solution to the v equation and (u, Q) is preserved by the u flow. Moreover
u=a@Q + b(@ +2t(Q)’) satisfies the u equation for all coefficients a and b. As a consequence
both equations admit solutions which grow linearly with time. Moreover, if v satisfies the
v equation then

£<U’Q> + 2t{v, Q") =0

and v is orthogonal to @ and @' provided it is initially.
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Inspired by a set of ideas collected from Martel-Merle [16] and the references therein, let
us look at a virial identity for ([5.2]), namely

L =~ [ afa)ds,

where 7(z) will be defined in the sequel. We have
d

-
dt

() = =2 [nfa)ece)ds
— —2/n(:c)v((—@i—l—l—élQB)vx)dx
= 2/nv@§vdw - 2/nv8mvd$+8/77@3vaxvdw

= —Z/U’vagvd:v—2/n8xv(9§vdx+/nxv2dx

3
—4/n’Q302dx - 4/n8x (sech2 (§z>) vidr
= 3/n'v§dx—|—2/n”vaxvdx+/n’dea:

—4/77’@31}2d$ - 12/nQ2Q’vzdx.
As in the work of Martel [12], we take

5" 5 3
5.3 = _2x _ 24 h<_ )
(53) na) = —5 5 = 5 tonh (5o
which is similar to x near 0 and bounded at co. Note, the sign convention here is chosen
to match that of [16]. By direct computation we have

'(z) = Q*(x),

(57) =2(-30),

and

(@) = ~5Q° +30°, Inl < 2.
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Proposition 5.1. If v satisfies the v-KdV equation and v L Q,Q', then there exists some
C' > 0 such that given n as in (5.3)) we have

d 3\ .,
- 2 L <0.
dtln(v)+0||sech<2x>v||H <0

Proof of Proposition [5.1. Following the formalism presented above, we see

d

I
dt

,(v) = —Q/E(@zv)vndx
— 3/(6961))277’ dx+/v2 [—n" +7' = 4Q%n)] da.

Selecting
i(t,2) = vlt, )/ @)
we see
d
— 2w =3 [@dr+ [ @it
where
1 " 7\ 2 3 N/
Alr) = 14+ 270 3 (@)
2 77/ 4 77’ 77/
75
= ——12Q°.
1 Q
Hence,

d

— = Iy(v) =3 {ww,w) + %/u*ﬂdx] :

Since L£9,() = 0, we know that given v = (), we have

d
—ELKU) =0.

However, v = @) corresponds directly to w = Qg, which is the ground state or £, which
has exact eigenvalue —%. Then, since (@, Q) # 0, our orthogonality condition

v L Q
is enough to guarantee that there exists C' > 0 such that
B, @) = Clli)4: = Clly/mols,
which is the desired result. U
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We note in the case of more general weight functions 7, virial identity methods are still
applicable even if perhaps analytic proofs of the virial identities are more challenging.

By choosing the multiplier v(v — v,,) with v = yo(x — t) for 7o as in (3.7)), we see
pr y(v? +vi)dr = —B/W’U:%d:): + /7(3)v2dx - /7'U2d:1:
(5.4) + 4/7’@302d:v+ 12/7Q2Q'02d:v

- / 3702, +~'vi — 4 Plldr + / 4y Q*vlda,

which consists of a number of negative semidefinite terms. All non negative semidefinite

terms are easily dominated by a multiple of [|v||3, , the term in ([5.1).
sech(3xz/2)

Finally, note that by direct computation

(5.5) oL v, v) = 0.
Now, let us define an energy for the solution v of (5.2)) to be
(5.6) E(w) = /’y(a:)(v2 +v?)dz + )\E/n(x)vzda: + Ag{L v, v),

where 7n(z) is chosen as in (5.3)).

Proposition 5.2. Let us assume v satisfies the v-KdV equation and v L Q,Q'. There
exist A\g, Ag,0 > 0 such that

(5.7) E(v) ~ |||

and

(5.8) L Bw) + 6oz, <o.
dt L~

Proof. From and the proof of Proposition we see easily one may choose a A\g
which depends only on § and C' so that holds for all Ay > 0. We choose Ag large
to achieve E(v) > C”||v||%,. There exists some constant C’ such that E(v) < C'||v||3:.
estimates given the orthogonality conditions on v. 0

The assertions of Proposition ([5.2)) are robust under suitable perturbations. We turn to
the analysis of the time dependent problem

(5.9) v = (=07 = 4Q2 1) 1)) 020 = a(t) Qe (o) + B) Qi) (o)

where

f(v, Qc(t),y(t)> + (¥ j )(v, Qf:(t),y(t)>
(Qe(t).y(t)> Qeit) w(t))

(5.10) alt) = —
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and
¢ o4 g 2 oY/
(5.11) B(t) = _5<“’Qc<t>vy<t>> + 0~ ) )
< c(t),y 7Q/ >
Here,
ot 2 - - 5
(5.12) Qe v = 300 + Q040 = C(H)eQett) (0

For simplicity of exposition, in the sequel we suppress the t, y dependence and write simply
Qc(t)y(t) = Qc unless we want to stress the dependence on y(t) respectively on ¢. Similarly
we recall

5.13 Lov=Loyv=—0y + v —4Q> v
Y ¢y

The terms on the right hand side ensure that (v(0), Qf) ,)) = 0 implies (v(¢), Qrpy y)) =

0, and, in addition, <U(0),QC(O)7:U(0)> = 0 implies <v(t),@c(t)7y(t)) = 0. We choose ~y(z,t) =
Yo(z — y(t)) and we prove the following

Proposition 5.3. There exists a 6, \, A > 0 such that the following is true: Suppose that

(5.14) eft) = 1]+ Jé(e)] + (1) - *(0)] < &

for allt > 0 and define

(5.15) E(v) = /y(a:,t)(v + v )d:z:—ir)\/my y(z)v*dr + A(L]] WOV V)
where we suppress the dependence of E and v on t. Then

(5.16) E(v) ~ [|v]l3,

for all t > 0 provided

(5.17) (v,Qc) = (v Q):o

Moreover, if v satisfies the system consisting of (| , and and v(
Qc(o),y Q 0).4(0) (which implies the orthogonality for all t) we have

d
) 2> <0.
@)+ ol

Proof. Since (v(t), Q) ) = 0 we have
(Lot ) = Cllollg,

for some C' > 0 as seen in (4.5). Here and in the remaining part of this section we use the
Moore-Penrose inverse, which is by an abuse of notation given the orthogonal projection
to the complement of ()’, followed by an inversion of £ on this orthogonal subspace. Let
us look at a slightly different quantity (where we replace ¢ by 1) given by

(s )

(5.18)
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Then, since (v, Q.) = (v,Q.) = 0, for |¢ — 1| small enough we have
(Ei;(t)v,w > QOHPé/Ly(t)'UH%I—l

> 20|l = C'le = 1[JvlF-

> Clvllz,

for some constants C,C’" > 0 and § < C'/C’. The properties are similar to the previous
proposition, but the calculations are more tedious. We consider them to be important for
the understanding of the linearization. We recall that we suppress the dependence of @)
and £ on y in the notation below. Then, we have
/
Dieto ) = 2o L) — 120QRQLT o, L) + 22 Wi o)
dt < 1aQ1>
== 2[1 - 12[2 -+ 2[3,

where [, originates from the differentiation of the inverse and I3 from the dependence of
the implicit projection on time. We have

L = (L0, L7') — {00, L70) + a{Q, L1 0) + B(Q., L1 'v),
(L0, L7M0) = ((Le— L1)0pv, LT10) = (¢ — 1){0,v, L70) +4{(Q2 — Q3)d,v, L710),

(£71,0,] = —L£7'L1,0,)L7" = 1207 Q1QV LT + L1710, Py ] + 05, P 1£7 7,
(v,Q) v Q) .,

amP’l Vo= TS A + ey Q1

[ @] (@,Q) " {Q,Q) ™!

— 1 — 12 — —
<axvv El LU) = 5(1}7 [‘Cl 17 ax]v> = 6<Q%Q1£1 17}7 ‘Cl 1U>,
<Uv Q/1> = <U, Qll - Qlc)
by the orthogonality conditions and
(L710,Qu) = (L1710, QL — QY),
(L1710, Qc) = (L7, (L7 = LI)Qe)
because of the orthogonality conditions and since £;1Q. = Q..

Altogether, and applying Lemmas [4.1] we have

d
(5.19) — AL, )] < O(e = 1]+ [y — 1+ [eDlv]® _y
dt H
\/,T/
which we will control by the virial identity below.

We now look at virial weights of the form

SOz —y®) _ 5 B

which has similar properties to those of n(x) with appropriate changes for the unit scaling.

77(33at) =
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We have defined v such that

v(z,t) L Qe wie)
and
v(z,t) L Qo)

for all t > 0. Following the formalism presented above and in Martel [12], select

B(t,7) = vt 2)\/7 ().
Then,
_%Jn(w _ 3 / (0,0)2dx + / Al)i2dz — 2 / ey (BOQL, + 6(1)Qu,) vdz
+;c2(y _ &) / sech? (gc(x _ y(t))) dx + 2& / sech? (gc(:ﬂ _ y(t))) P,

where

" ny\ 2 3.\
U__%(U_) _4M:E_12Q3.
4 7 4

Hence,

G
dt

From above, we know that for v = Q1 ),

3 {(m,a) + §/u~12d:v1 = 0.

21
I,(v) >3 {(cw,@ + Z@/ﬁﬂdm} +O(12 = 3|+ |y — c2|)||v||§2f.

~

4

5
This corresponds to w = ny(t), which is the ground state or £; ). Hence, v = @ is the
ground state of the quadratic form

3 {(m},m + %/de;p} .

From Lemmas [4.1] our orthogonality condition
v L Qerto

is enough to guarantee there exists o > 0 such that

d
@) + ol <0

provided |c¢® — 12| + |y — ¢?| is small for all ¢ > 0, which follows from our assumptions on
the initial perturbation.
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The time dependent version of
— z,t)(v? + v?)dx
= [ 2@ 007 +42)
is done in full generality in the analysis of (3.13)) in Section [3| for the Airy equation. The
terms which we have to control are the same as for constant ¢ and y, plus the terms coming
from the right hand side. Those are easy to control. Namely,

/ _ / 1 . S 2 2 5
2| [ 6@+ 007~ u(3(0Q + 50N wds| S (el +15 = Dol

for v as in Section [3] O

Note, above we have always assumed the proper orthogonality conditions, but without
them we easily obtain the following estimate for solutions of the v equation.
(5.20)

lolwmogerr, < € (10O + 509 0(,2) Gyl + 1000, Quated 20001 ) -

6. FUNCTION SPACES AND PROJECTION OPERATORS

In this section we construct the function spaces for our nonlinear analysis using properties
of the linear evolution we have studied in Sections . Based on the energy functional (/5.6))
for the v-equation, it seems natural to look at

1 _ rooryl 27172
veX'=L®H'NIPH,

where v = 7o(x) is as in (3.5) and again by convention we set L’X to be the L norm in
time of the X norm in space.

Then, as follows naturally from the equation, we define
Y= L'H' + L*\/y L%
Generically, we define

X5 =L*H*NL*°H

s+1
,yl

N
and
VS — L1H8+L2\/’)7HS_1,

where we note (Y°)* = X 7.
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6.1. The Scale of Energy Spaces. Let us study the v-equation
(6.1) { (0 = LO)v = fo+ VY1 =f,

v(0,x) = vy,

where fo € L'H®, f € L?L*™1, vy € H*. We assume that the orthogonality conditions

(62) Vo 1 Q/, Vo 1 Q

and

(6.3) <f0+ﬂf1> 1Q, (fo+ﬁf1> 1@ forallt
hold.

Proposition 6.1. There exists a unique solution v € X° which satisfies
xo < ¢ (llvollae + llfo + VA fillye ) -
Moreover, v(t) is orthogonal to Q' and Q.

0]

Note, Theorem [1|is an immediate consequence.

Proof. We begin by considering the case s = 1. The previous section implies the estimate

xo < e (lvollas + L foll caasy) -

if f{ = 0 by a variation of constants argument. We retrace the steps and its modifications
needed for f;. Using the multipliers from the energy inequalities, we need the obvious
estimates

/f(w(v - vm)dxdt‘ + ’/fom)da: dt’ + ‘/foﬁ—lvdxdt‘ < c||vl| e || follLra
and, using Lemma [1.T],

[Vttt = v +| [ VTt dearl+| [ VAne sl < il

It is not hard to see that v(t) remains orthogonal to @' and Q so that we can close the
argument as in the previous section. We obtain the desired estimate for s = 1:

ol < e (lleollan + 1o + v/ fallvr )

We denote the solution operator for the inhomogeneous v-problem (u-problem) to be S,
(S.) and we write

(6.4) [Sufllxr < el fllyr-

The role of the two orthogonality conditions are different: The equation is invariant under
the addition of a multiple of @ to v, and orthogonality to Q" is conserved. Orthogonality
to Q was needed for the virial identity of Martel-Merle, whereas orthogonality of v and

o]
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Q' entered the control of the H~! norm by the Moore-Penrose inverse of £. Without
orthogonality one still obtains ({5.20]).

Suppose now that v satisfies

vy — LOv = f,
(6.5) { v(x,0) = vy.

Let € be a small constant We apply (1 + 52D2) to both sides of the equation and
denote v® = (1 + 52D2) 3 v. It satisfies
vi — LO* = (1+2D?) 7 f 4 [(1+ e2D?)7 4Q° 10,
Hence, applying (5.20)

0]

Xs <ClHUS||X1

<oy (H(l +e2D?)T fllys + (1 +€2D%)°F, 4Q%)0,0] 1y

Fsup Q)]+ 10, Dl )
and we turn to the commutator term.

Lemma 6.2. Let ¢ € C*(R) satisfy |¢| + |¢/| < Ce™®l. Let k(z,y) be the kernel of the
operator

[(1+¢%D%)2,¢](1 +£*D?) 2.
Then,
We postpone its proof By Lemma [6.2] (with ¢ = 4Q* and s — 1) and Schur’s Lemma
I[(1+ 2D, 4Q%)0,0 ]|+ <[[(v)72[(1+£2D%) 7, 4Q%)(1 + €2 D) % D,y | 12
<cel|(v)2 0av* | 12,
and by Lemma after rescaling, as for the constant coefficient equation,

I(1+&D%)

(6.6)

For all Schwartz functions,
I+ 1) [(1+ D)2 — ¢] || < Ce.
If (v,Q) = (v,Q') = 0, then
(6.7) (0%, Q)| = (v, Q) = (v", @ = (1+°D*)2Q)| < Cel|y" 0" 2

and

(6.8) (0%, Q") = [(v,Q) = (", Q" — (1 +°D*)73Q")| < Cel|v’|| 2.



THE QUARTIC KDV EQUATION 27

Suppose that

(f,.Q)=(f,Q)=0.
Then we obtain for all s € R from , (6.7) and
[0°]xs < c([[fllys +ellv*llx)
and hence
(6.9) o]
which again implies for solutions v to
Ut — £8xv = PQ/f,
given by the variaton of constants formula, the bound
1P*ollxs < C| f|

xs S|/

Ys,

YS
or, equivalently (recall (1.11)))
(6.10) |P*S, P |lyemxs S 1.

Using space-time duality, we consider

{ (0 = uL)u = g,
u(0,z) = 0.

The adjoint estimate to (6.10]) is
(6.11) | PSPl

Ys—Xs 5 1.

[l

Proof. We turn to the proof of Lemma (6.2}

Let @ be the Fourier transform of ¢, which, because of the exponential decay extends to
a holomorphic function ¢ is the strip {z : | Im z| < 1}. Moreover there exists C' so that

/|¢3(£+z’o—)\d£ <C if |o| < %
This estimate in turn implies exponential decay. Let k(z,y) be the integral kernel of
(14 e2D%)2, ¢)(1 + &2 D?) 2.
We claim
(6.12) k(z,y)| < cyels|e Uz g=dlz—yl/e
which implies Lemma [6.2]

The symplectic Fourier transform

7 1 —i€x+1
k(&,n) = %/6 Sotvng (v, y)dady
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. 202\ 2 .
k(Em)-(GI—;iQ) —1) e ).

We set a =¢(§ +1)/2 and b= (£ —n)/2. Then
]%(577]) = g(aab>’

g(a,b) = ((%) - 1) (20)

K(z,y) =(2m)" / EEEI G (€ +)/2, (€ — n)/2))dEdy

satisfies

where

and

=2¢(2m) 7! / T 6 (. b)da db

=2eg((x —y)/e,x +y).

The function § expands to a holomorphic function in a to the strip {z : | Im 2| < 1/2} if
e| Im b| < £. Clearly,

1+ (a+ eb)? _ 4(eb)? e O eb

1+ (a—eb)? 1+ (a —eb)? 1+ (a —eb)?’
and hence we define the error term h by the right hand side of

1+ (eb+a)?\ 2 a—eb

(%) —-1= QSabm + h(eb, a).

It satisfies
|h(eb,a)| < cs*2|b]*(1 + |eb — al) 2,

if e Im b+ a| < 1. Hence,

/ei(“”+bw)h(sb, a)é(%)dadb‘ < cs2e?e i oIt

by the extension of a and b to a suitable complex strip. The leading term contributing to
g can be calculated:

a—c¢eb N

— -1 i(av+bw
g()(U,U)) —(27T) /6( + )mb¢(2b)dadb
:iﬁe_w / e Oy (2b)db
(%

()

=Vr2i—e g/ ((w + £v)/2)).

[l
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The leading term for k is

ko(w,y) = \/_226’ y’ g (),

This completes the proof. O

6.2. U and V Space Estimates. In this section, we generalize and improve Theorem
using the UP and V? spaces as defined in [6] and in the Appendix . For notational
simplicity, let us define

Ur = Uid\/v VP = VI?dV'

We begin with a number of estimates which we will use often in the sequel.
Let ¢,y € C! satisfy (5.14]) and let

Y(z, 1) = v0(z — y(t)).
Then,
1aQ% )0 + bQe(t) .y llvo S llallpzsrr + 1]l 211,
hence )
1P P fllpresreysm— S kv + 10, @) 2ot + I Q) |2y
We consider
Wi + Wezw = f, w(0) = uy.
Then,
[wllrz < lluollzz + || fllpw
and, since U? C LZH}W,

[{w, Q|22 + [[{w, @) l|z2 S [[fll w2 + l[uoll -
Hence, with v = PP+w, we have
lollzza , < 1 llove + fluol 2z

We calculate

Q) ¢ w,Q) (w,Q)

2 < < ) / ~ . 2 "
Oy + ¢ — 0, = = = = —c Z
6+ ﬁ)(@ Q>Q+<Q’,Q’>Q) X A TR
- 02 <U),Q> f <waQ/> oY
+[<y a0 Taaanl?
—aQ - AQ,

where & and 3 are the time derivatives of the coefficients of Q and Q' and

Q=(-yQ@+30
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Hence, assuming that ug satisfies the orthogonality conditions, that w and v are as above,
and with ¢ defined through the previous calculations,

(6.13) v + vy — 0pLoyv = aQ + Q' + g + f, v(0) = o,

where we collect the properties of v and g in the following

Lemma 6.3. Assuming (5.14), we have (v(t), Q) = (v(t),Q’) = 0 and

(6-14) Nollvanzm , + llgllzzyimm-r < lluollzz + 1 fllowe + 11F, @llzzsrs + IKF, @)lz2r-

Proof. We claim that

&l 122 + 11812122 < e (hwollzz + [Lf ]l po2)

the proof of which we postpone. Assuming its validity we put the term 40,Qv in (6.13)) on
the right hand side. We bound ||v||y2 in terms of ||wg||z2 and the right hand side in DV2.
Since DU? C DV? and L*\/'H~' C DV? we can control all terms on the right hand side.

The only missing piece is the L? + L' bound for a and 3. There are two different
arguments: either we can follow the calculation above and calculate & and 3 above, or we
can test by @ and ()" and use orthogonality to obtain the standard equations for o and (3.
We use the first approach and recall the calculations after . Then

% 0.Q) =(.Q) +90.Q) + L. Q)

(6.15) d é .
(w0, Q) =(£,Q) + 9w, Q") + ~(w, Q).

There is one more term entering the coefficient of @’ coming from applying the linear
operator to (), which gives

2/
0.0

All these terms are easily controlled. 0

We return to the analysis of the time dependent v-problem

(6.16) v+ o = LOp0 = a(t) Qe o) + B Qi) yivy +

where

(6.17) a(t) _ _§<U’Qc(t),y(t)> ( )<U Qc(t )> B <Q, ]f>
(Qett)w)> Qetvyviv)) (@, Q)

and

(6.18) B(t) = 0, Q) T 0= A0 Q) QL)

(Qetyuty Qe ) (@, Q")
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with the initial data v(z,0) = vo(x) orthogonal to Q and Q'. Then also v(t) satisfies these
orthogonality conditions. We combine the arguments of the previous subsection with those
of Proposition [5.3] and obtain

Lemma 6.4. Suppose that (5.14)) holds. There exists a unique solution v to (6.16|) and
(6.17) and (6.18) which satisfies

{D) vl xomv> < e (flvol

Moreover v(t) is orthogonal to Q' and Q.

o + (DY Fllyoypv2)

Proof. We begin with s = 0. We write f = fy + fy with fy € DU? and fy € Y. Let © be
defined with f = fy as in Lemma It satisfies

[0][v2nxe < C(|fullprz + [luollr2)-
Let us take v = v 4+ w, where w satisfies
wy 4wy — 0, Lw = aQ + BQ" + fy + g, w(0) = 0,
with g as in Lemma |6.3] and by Lemma |6.4

[wllxo S I fyllyo + [lgllyo SN flp2syo + |luollz2-

We put the term 49,(Q3w) to the right hand side, which we easily control in Y as well as
a and ( and we arrive at

(6.19) [v]lvzaxe < C (Jvollzz + [ fllvospuz + If, @) 2o + [1(f; @) 24 21) -

The case of general s follows by the same arguments as above. O

Our main interest will be in similar estimates for the u problem below.
We consider the u equations
(6.20) up + uy — Op(Leyu) = aQ + 6Q + T,
with initial data u(0) = wy which satisfies (ug, Q) = (ug, Q") = 0, together with the modal

equations

(6.21) at) = — .

and
(y - CZ><U, Q”> + §<u7 ©/> + <u7 ‘CQx:c> + <f7 Q,>
(@, Q") ’
which again ensures the orthogonality of u(t) with @ and @'.
We obtain first the analog of Lemma [6.4]

(6.22) B(t) = -
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Lemma 6.5. Suppose that (5.14)) holds. There exists a unique solution u to (6.20]), (6.21)
and (6.22)) which satisfies

||u||X0er2 < C(HU0HL2 + HfHY0+Dv2)-

Moreover, u(t) is orthogonal to Q' and Q.

It is not difficult to construct solutions, however we are interested in global estimates.
Moreover we may restrict to a finite time interval and assume that all the data as well as
u are smooth and decay at infinity.

We set v = Lu. It satisfies the orthogonality conditions

(v,Q) =0=(u,Q) = (L7'v,Q) = (v,Q).

Moreover, v satisfies
vy + vy — LOv = —22aQ + 12@2(562 + (5 —AQ )+ Lf
c
and we may apply Lemma [6.4] with s = —2:
c .
[vllx-2 S N1Lu(0) | a-2 + (1L fly-2 + (1= + |9 = EDIlull p2 g2 -
¢ N
We apply Lemma [.1] several times to get
16 .
lullxo S H£vllx—2 S lluollzz + [[fllyo + sup(l-| + | - )l x-.

To complete the proof we observe that by (5.14) we may subtract the last term on the right
hand side from both sides to arrive at the desired estimate. The inclusion of V2 and DU?
works now exactly as for the v equation.

We collect the results for the case s = 0, which is the only estimate we will need later
on.

Proposition 6.6. Suppose that (5.14)) holds. There exists a unique solution v to (6.16)),
(6.17) and (6.18) which satisfies

[o]lvznxe < e (llvollzz + [ fllpw2svo) -

Moreover, v(t) is orthogonal to Q' and Q. Similarly there is a unique solution u to (6.20)),
(6.21) and (6.22) which satisfies

|ullv2nxo < e (fJuollzz + [ £l pr2syvo) -

Moreover, u(t) is orthogonal to Q' and Q.
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6.3. Littlewood-Paley Decomposition. We consider functions ¢ and y satisfying ([5.14)
We set A € Ag = 1.01N and P, the Littlewood-Paley decomposition with Fourier multipliers
supported in {€ : 1.017*A < [¢] < 1.0IA}if A > 1 and {¢ : |{| < 1} if A = 0. Then, we
denote

Uy = PAU.

The Besov spaces are defined as the set of all tempered distributions for which the norm

[0l g7 = 1N [[oall o lla )

is finite. Here s € R and 1 < p,q < co. Similarly we define the homogeneous spaces B;”p
with the summation over A = 1.01%, where the frequency A = 1 plays no special role. There
is an ambiguity about the meaning of vy, which differs depending on whether we consider
By? or the homogeneous space B;,p .

We define the spaces X5 and Y] using the norms

[ullxs, = sup Mlluxllvanxo, [ fllve = sup X*[[fal[pyzsyo.
A€Ag AE€Ao

The homogeneous spaces Xgo and Yoi are defined in the same way as the homogeneous

Besov space B with A = 1.01Z, though with a slight modification for s < 0 in the YV

spaces due to the p multiplier. Namely, we take

lull g, =sup (A°[urllv2nxo),
AEA

6.23
02 £

ve = inf (Sup)\5||f,\||DU2 + sup )\S“g)\HyO),
©  F=f+g \ \eA A€Ag

where there is a slight abuse of notation as the operators in fy; and ¢y are taking on two
different meanings: The homogeneous projection for f, and the inhomogeneous projection
for go.

We study

U+ uy + 0, Lu = aQ + BQ, + f + 9.(pg),
(6.24) { u(x,O) —0.

where « is given by (6.21) and 3 by (6.22). As a first step we obtain a weighted L? bound
for w in (6.25)) below.

Let f = fT+ f~ and g = g7 + g~ be a decomposition into high (|¢] > 1) and low
(€] < 1) frequencies. We define

(% + C2/Ux - [’Ux = a+Q + 5+Q, + (8;1f+ + ,09+),
v(x,0) =0,

where

(@ Q) = (@ = ), Q) — “(0,Q) — (05 £ + pg", Q)
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. ¢, =
<Q,7 Q/>ﬁ+ = (C2 - y)(v, Q”> - E(Ua Ql> + <f+ + ax(pg+)7 Q>
ensure f’*Pé,v = 0. Then by Proposition
[ollxo SN0 FF + pg*llpvziyoe S IIF7]

where the second inequality holds for all s > —1.

ve SIIF

.5
Yso

As a simple consequence, we obtain
[P 0xvl| L2z S | F|
and compute similar to arguments above
d (v, Q") ) ( (v, Q")
a - 0281‘ + aar;£ P /axv = (O{ —_ ! —+ 5 + ’ — 02 "
( t )( Q ) + dt <Q/, Q/> Q + <Q/,Q,> (y ) Q
(v,Q") ¢,
-Q' + fr + 0, :
(Q’, Q’) CQ I+ (P9+)

We make the ansatz v = Py0,v + u_ and observe that (9,v,Q) = 0 by construction.
Then,

ys

+

Ou_ + Aogu_ — 0 Lu_ = aQ+ Q' + f- + d,(pg-)
(€ (0,Q) (T +0:(p9M), Q) v (0,Q") _c‘Q,
c(Q, Q') (@, Q") (Q,Q)c™’

where v and [ ensure orthogonality. Later we will need the obvious identity (integrate by
parts in the second term)
(f*+ 0u(pg™), Q)

<f— + 0a(pg-) — ( Q.07
Then, u = GxPé,v + u_ and hence with F* = f* 4+ 9,pg" we have

)0) - .

(6.25) lullzzzz S IFllv + 1@l + 1F*, Qe
By (6.21)) we see

(6.26) el S llellznpoe (1E lys + [IKE, @) L2420) + [[{EF, Q)] e
and, using ((5.14])

(6.27) el S 1Ny + I1(F, @)l

and by (6.22)

(6.28) 1Bllze S NIElly= + [I[(F, Q)2

We turn to the frequency localized equation

{ (u)\)t + (u)\):czr;t = _PA8$(4Q3U) + OéP)\Q + BPAQx + P)\f + P)\a$(pg)7
ut(z,0) = 0.
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Observe that by using first the boundedness of Fourier multipliers on U?, DV? and the
dual of the embedding U? C L?H,, then

12202 (4Q%u) lpv2 S MIQ%ullpve S MQ%ullrere S A(HF!
If A > 1, then by Lemma 3.1
I[Py, Q| 22 S llull 22

Repeating these estimates for the term containing g and using the estimates of the previous
section we obtain for A <1,

lusllvanzzsy S 1P lowe + A(1IF]

since

YOSO + H<F7Q>HL2+L1>‘

1
ve + I(F, @)llz2ypr + [I(FT, Q>||L2+L1> + Az lallz,

la@|

gte S Nl
oo

and, for A > 1,

veHI[(F, Q)21 +(FT, @)l 211 +(F, Q) [ p2pr-
As a result, we arrive at the following key
Proposition 6.7. Suppose (5.14) holds for some small §, that —1/2 < s <0, FF € Y* and

u(z,0) =0,

where o and [ are defined in (6.21)) and (6.22)). Then,
lull g, S 1F g + IKF @)l + I1CF @)oo + [{F, Q)| z24rr-

This result will play a large role in the nonlinear analysis required to prove asymptotic
stability.

lusllvenzem S [[fxllpoz+lgallrz+( F|

1
For future use, we denote by L}, X_5 etc the function spaces on the space time set

0o,l
.1

I x R, and specifically we set L%, X_% for I = (0,7)). All previous constructions carry

over to finite time intervals.

7. LOCAL WELL-POSEDNESS FOR THE QUARTIC KDV EQUATION

In this section we study local well-posedness for the quartic generalized KdV equation
¥(0,2) = Yo(x).
Let v be the solution to the Airy equation with the same initial data.

UVt + Vgge = 0,
(7.2) { v(0,2) = ¥o(2),
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The main local wellposedness is the contents of the next

Theorem 4. Let ro > 0. There exist €y, 09 > 0 such that, if 0 < T < o0,

(7.3) ”%HB;%‘Q <
and
(7.4) sup [vallzso.r).R) < o,

then there is a unique solution ¥ = v + w with

lwll -3 < €0

1
¢ 6
Xoo,T

Moreover, the function w (and hence ) depends analytically on the initial data.

By the Strichartz estimates for linear KdV (see also (7.5 and ([7.6)) below), given v as in
(7.2) we have

<
sup ol < rolll]

and by the definition of the spaces

oy <1 (I0O)_po+ 100+ Ouueel,_y ).

6
oo, T oo, T

Hence, we obtain global existence from Theorem [4] for (7.1) if

6(1)
(Kok1) b
where 0(1) is the § (which depends on ) evaluated at ro = 1.

In any case, if condition is satisfied for T = oo, then, since 1y € V2, e'P=2q)y is of

bounded 2-variation with values in L? (see Appendix [A]), and hence it has a limit in L? as
t — oo . This implies that Y, lim, ., e/%o=1py = S (10) ex1sts and is the scattering state.

11,32 < min{d,

If in addition v is in the closure of C§° in Ba 5 , then we may exchange the summation
and limit.

Under the same assumptions we can solve the initial value problem with initial data
Yo(T) = e~ T9%e2q), which, by an easy limit as T — oo, gives the inverse of the map S. We
will later see similar constructions for perturbation of the soliton.

. 1
It is not hard to see that if ¢y is in the closure of C§° in B;E’Q, then we can achieve
condition by choosing T" small. This implies local existence with smooth dependence
on initial data. Moreover, since we obtain smooth dependence on the initial data, if we have
any global solution () in the closure of C§° and perturb the initial data by an amount e,
we obtain a solution at least with a life span

T=—clne
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by easy perturbation arguments. In particular, if the initial datum lies in an € neighborhood
of a soliton, then the solution exists at least until time ~ |Ine| and remains in a small
neighborhood until that time.

Before turning to the proof we remark that in this section we work with the weaker
norms

lull -y = sup A=5 a2

and
1
[ Slipk 5| fall bz

On the other hand, since the results remain trivially true for the original definition of the
spaces we keep the notation.

Proof. First, we recall some estimates for u € Uz, Let m(&, &) = m(€,€ — &). Then
(7.5) ullszs S H]D\_éu(())HLa (L° Strichartz Estimate),

(7.6)

I [ (€616} = (€ = 0?1t €)in(t. € = 1) e

§ sup |m(£ £I)|
|68 — (€ = &)?J2

The bilinear estimate is a variant of standard estimates as in Griinrock [5]. The most
important choice is m = |€2 — (€ — & )?]2.

Let m(&, &) be a function which satisfies m(§,& — &) = m(€,&;). Then,
| / m(€,&)e " D00, 6)a(0,€ — &) 7
= [ (e &mle m)en-soiten

X Uy (&)t (€ — fl)%(ﬁ — M)y () dtd&ydnyd€
-/ ml’m &) ) Plaa(€ )P
Im(&, 51)\

< sup HulH 2Hu2H 2
& — (-2t t

- |lui(0)]| z2]|u2(0)] 2 (Bilinear Estimate).

since

D) =66 -4 -+ Em =& —m)(&G +m — &)
vanishes if &, =n; or & =& —n; and

¢'(m) =E@2m =& =&m—(E—m)),  dE—m)=E&(E—m)—&).
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These results immediately imply (see Appendix [A| for more information) for A > 1.1u
the estimates

_1
(7.7) Juallzg. S A7% lualloz,

(7.8) luntlle S A ualluzllwalloz.

By interpolating the bilinear estimate and the Strichartz estimate, if 2 < p < 3,
< -1 _1,.5.3p=6

(7.9) [urupllry, S AT (078 Ae) 7

and, if p <<~ A,

(7.10) Huru)pllz S A2 2 unllz uglloz -

Interpolating once again, we have

3p
(7.11) I(urt)ollie S A2p72(A5p2) 7

We proceed with a standard fixed point argument, which requires bounds on the nonlin-
earity. The solution ¢ = v 4+ w is constructed by studying

{wt—i-wmm—k(v—i-w) =0,

(7.12) 0) =0

where again

v(0) = .

Then, the key estimate is contained in the following

{ Vg + Vppe = 07

Lemma 7.1. There exists r > 0 independent of T' such that given v € X;JET for k =
1,2,3,4 we have

4
(7.13) 10z (vrvavsva)l - STHHka
ooT k=1
and, with v, w defined by (7.2) and (7.12) respectively
(7.14) 10: ()l -y < rsup [[oallzs 9ol yallwll -
Yoo,%“ A 6 ooT

We apply these estimates to v* + 4v3w + 6v*w? + 4vw? + w?*. Either we may choose to
estimate one factor v in L® or the dependence on w is at least quadratic. Suppose that
Jw[l . —3 < p. We obtain

Xoo,T
000 + )|y < 6r(w36r5 + w30urd + K2r3p® + marop® + i),

6
oo, T
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If i < Kyrg, then the right hand side is bounded by
207 (K}0ry + KipPry).

Suppose that

. 1
(715) 12 S min {/117“0, m}
and
1
7.16 6 < ———.
(7.16) ~ 40rkird
If w solves
Wy + Wyzx + (U + W)i = 0’
w(0) =0
and ||W| _1 < p, then w exists and satisfies [|w|  _1 < p.
XoofST Xoo,6T

Standard arguments then allow one to construct a unique solution satisfying the con-
traction assumption, possibly after decreasing p by an absolute multiplicative factor. [

It remains to prove Lemma [7.1] By duality, it suffices to verify

_1
6
oo, T

4
A ‘/U102U3U4U)\ dx dt‘ < C’)\%HuAHvz H HkaX
k=1

and

)

2
1 1
)\‘/v3wu,\ dxdt' < CA6 ||uy vz sup ||v|| Lo (Sup,u 6||U,u||U2> |lwll .-
p n

1
Xoo,T
where uy € V? is frequency localized at frequency \.

By summation, the statement of the lemma holds provided we can prove the following

Lemma 7.2. We have for Ay < Xy ~ A3~ Ay~ A5 and € > 0

(7.17) >\5/U1,A1Uz,AQU3,A3?14,A4U5,A5d33dt S AminAs ( mam) H vk llv2
k=1

)\min

/\min % )\ma:p ‘
)\max/v,\lv,\Qv,\3uA4w)\5dxdt5 ()\ ) <)\ )

2
_ 1
s« sup [|u ]l o (Supu wmnm) sl vz,
© W

and

(7.18)

where A\pqp rEsSpectively Ay 15 the mazimal or the minimal A;.
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Proof. We claim that
(7.19)

‘/Ul MU200U3 A5 Vi, Us 0 T dE| < CALL v, oz l[vzsa oz 10sag s [[va s [ vs.xs || o
provided

1
2 AL — A :
(7 O) | 1 2| el 10 maa:

This estimate is a consequence of Holder’s inequality and the bilinear estimate (7.6). We
recall that

1 _1

[oallze S A7eluallvs S A0 luallve.
In order to obtain a nontrivial integral there have to be elements in the support of the
Fourier transforms which add up to zero. Unless there is at least one pair of (\;, \;)
satisfying ((7.20)), the integral is zero. Hence, we would obtain ([7.17)) if we were allowed to

replace the V2 norms there by U? norms for the first two factors. Observe that we may
reorganize the factors as we wish.

Let us assume A\; < Ay S A3 S Ay S A5, We consider first the case when Ay < 1.05);.
Then, if there are elements in the support of the truncations on the Fourier side adding up
to zero - otherwise the integral vanishes - either

A A
08f<>\1<)\4<11)\1<1QZ5

or

A A
0.635 <A <M<SLIN< 1.4?5.

In this case we can replace the U? norms by V2 norms as follows. We decompose into
low and high modulation

Vi, = vé-,,\j =+ vj}-fAj,
where vé- is defined by the Fourier multiplier projecting to |7 — &3] < A3/1000. Then, we
have

[V v+ lops, vz < llvgp, v

and

A -

||Uj,,\j||L2 SAs ||Uj,/\j||v2-

We refer to Appendix A and [6] for more information.

We expand the product. The integral over the product of the five v . vanishes because
of the support of the Fourier transforms. Hence at least one term has high modulation.
We estimate it in L2, put another term into L> and the others into L® using Holder’s
inequality. We estimate the L* norm through energy and Bernstein’s inequality.
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Hence
5
_3
(7'21) '/Ul,/\1UQ,/\2U37/\3U47>\4U5)\5 dx dt‘ 5 )‘5 ’ H ||Uj7>\j ||V2a
j=1
which implies the desired estimate.
It remains to study Ay < Ao S A3 S Ay S A5, Ay > 1.05A;. The most difficult case is

~Y

A5 < 1.02)\; since otherwise we apply two stronger bilinear estimates. For simplicity we
consider A\; << A where \s = A5 = A\. We have to bound

/25_0 [ @, (€)déadesat

with & = — Z?:g &¢;. We may restrict the integration to Z?:z & ~ A and & ~ A By
symmetry it suffices to consider

/Z o Xllgs|—l€2ll~1 H Uj (&))dEadésdt.

=

We choose ¢ > 0 small, p,q so that 1/p = (1 —¢)/2+¢/3, 1/g =¢/2+ (1 —¢)/3. By
Holder’s inequality

o\»—'

1
AN 6HH i 2
3 2 2
SATE A [ T g Il 2
J

For the second part we would like to put one v term into L%, and up to 2 into U?. This
can be easily be done if there are two frequencies of v which differ by a small constant times
Amaz- If DOt it is not hard to see that in the argument above we can put one term into LS.

O

_1 1
' / Vx, (U2 AV30) 2, VarUs x A dt‘ AT AGALB)EAT2A, 2 (Ao

7.1. Variants and Extensions of Well-posedness for the Quartic KdV Equation.
The arguments of the last sections have implications for well-posedness questions in other
function spaces. Given w € C'((0,00),(0,00)), 1 < p < oo and T € (0, 00] we define the
function space X7 as the set of all distributions for which the norm

(7.22) lulls = > (@) lluallv=)?,

A

with obvious modifications if p = oo is finite. We will always assume that

||

(7.23)
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and
/
(7.24) inf 2 > 1.
w

This is a Banach space provided for some C' > 0 we have

(7.25) lim inf w(A)Az > C,

A—0

otherwise we obtain a Banach space of equivalence classes of functions. Similarly, we define
the Banach space

(7.26) 17, = S @M lows).

A
The definition of B,? follows the same pattern. It is not hard to see that

[ urdsit <l 171y
’ p/, T
and
Ifllys S sup / wfdudt.
!/, T

<
”u”X;”T_l

Moreover, we may expand the inner product into dyadic pieces and apply uniformly elliptic
pseudodifferential operators to the pieces. In particular, we may replace differentiation by
multiplication on the dyadic pieces and vice versa.

Proposition 7.3. The following estimate holds
(7.27) 102 (uh)[lye,, < C'sup [Junllzollull® s [|ullxs,
p, A X 6 P,

oo, T

Proof. Given v € X;’,;, we expand [ 0,(u*)vdzdt into dyadic pieces, to which we apply
the arguments and estimate ((7.18) from the previous section. By symmetry

Z)\5‘ /uAlu)\Qu,\3u,\4v)\5dxdt‘ < Z )\5‘/u)\luA2u,\3uA4v,\5dxdt‘.
Aj

A1<A2<A3<Ag,A5

If A5 ~ A4 we obtain

1 2
E : /\5)/uz\1u>\2u>\3u>\4v>\5d‘rdt‘ SsupHuuHL6<SupM 6||uu||U2>
n 1

A1 < A2 <A3< Ay~ A5
AN
X () Tl
1

A1 A2 <A< A~ A5

which is bounded by

2
_1
sup [|u,| o (supu GHUM”U?) [ullxe 10 xom1-
Iz Iz ' T
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The other extreme is

2
1
Z /\5) /uklu&u,\?)u,\élv)\sdx dt‘ < sup ||u, L (sup,u‘ﬁ”u#HUz)
p p

As <A1 <A <Az~ Ay
—1 )\4 }
X > As Ay . [ [[v2llos lv2

A5 <A1 <o <3~y

which satisfies the same estimate provided

Z A(A) S pwy.

A<p
However, this is ensured by ([7.24)). The remaining cases are similar and the result follows.

O

From Proposition [7.3, we can prove the following corollary to Theorem [

Corollary 7.4. Suppose that w satifies (7.23)), (7.24) and (7.25)). If 1o € B B2 is
the initial data for a solution of (7.1)) and v satisfies (7.4), then the solution v of Theorem

is in X2 and satisfies

5

9]l xe, < Clitholl goz-

In addition, we can show the following

Corollary 7.5. Suppose that 1y lies in the closure of C5° in B;OET Then, it follows that
L1
(t = (1)) € C([0,T], B=").

If T = oo, then e'%1) converges to the scattering data as t — oo in B;OET Moreover, if
in addition vy € L?, then
(t —¥(t) € C([0,T], L?)

3 .
and ez=1) converges also in L2.

There exists w satisfying the assumptions above, w()\))\_% —o00as A — oo and A — 0
and [[1o|| gw2 < 0o. By corollary 7.4 the X, 1 is controlled by the initial data. Hence

_1
A GHU)\HDVZOXO — 0

as A — oo or A — 0. By the previous argument the deviation of the solution to the linear
solution tends to zero as the considered interval shrinks to zero. This implies continuity.
Continuity at infinity always holds in V.

The second part requires an obvious specialization of corollary [7.4] to the case w = 1,
Plus a repetition of the argument for scattering.
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Particular examples for w are (\)*® for s > —% and \* + \? for —% <s< —é <. Itis
not hard to see that we can replace the homogeneous spaces by inhomogeneous ones if we
restrict to finite 7" and allow the constants to depend on T

8. STABILITY AND SCATTERING FOR PERTURBATIONS OF THE SOLITON

8.1. Setup and main result. We return now to the full nonlinear problem (7.1). Let us
take

U(z,t) = Qe (z — y(t)) + w(z, ).
Then, we have
Opw + 9, (97w + 4QGw) = — ¢(0.Qc) (z — y) + 9(QL) (z — y)
— 8.(02Qc — Q. + Q,) — A(Ql(x — y))
— 0:(6Q%(x — y)w® +4Q.(x — y)w® + w?).
Hence,
0w + 00,0 + 4Q%w) = — “Qulr — ) + (5~ A)Q(x — )
— 0,(6Q2(x — y)w? + 4Qc(x — y)uw’ + w?).
In order to use the dispersive estimates proved in Section [0 we wish to have

(8.2) w L Qr—y), wlQx—vy).

To get more regularity for y and ¢ we ask for (8.2) only asymptotically and hence take
as in (1.15) and (|1.16]) the modal equations

(8.1)

(53 Q0 = (w.Q)
and
(5.4 (5~ )@ QL) = —{w, Q).

where x > 0 is taken to be large.

We calculate
d . , 1 ~
= (.£Q) - H{Q.Q) + (6Q°w” +4Qu’ + u', Q)

Hi = ) w. Q) + S, Q)
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and
Q) = (0, Q)+ 9, Q" + (0,2
= (W, £Q") + (§ — Q' Q) + (6Q°w” + 4Qu” + w*, Q")
= A, Q) + S, ).
Hence,

(,Q) _ (w,Q)(w,Q)

602w? + 40w° + w'. O
Q.0 Q.0 + (6Q"w” + 4Qw” + w*, Q")

85) .+ {w,Q) = 5

and
86) T @) + wlw @)~ (w,£Q") =
. <va/><waQ//> <’LU,Q><1U,Q/> 2, 2 3 4 "
K Q.07 + Q.0 + (6Q°w* + 4Qw” + w*, Q").

The right hand sides are at least quadratic in w, and, as we shall see, small compared to
|wo|| in a suitable sense. As a consequence the orthogonality conditions are approximately
satisfied for large ¢t. In addition, ¢ and 1 — ¢? are small and continuous.

We study the initial value problem w(0) = wy. Let again v be the solution to the linear

L1
problem. We will prove scattering for small perturbations of the soliton in Bu° 2Tt will
be important for the reverse problem that we will achieve something slightly stronger.

Using the notation

1
. = : = — 1] < —
(8.7) D= {y e C(0,50)) : y(0) = 0,15~ 1] < 7=},
we define for any interval, I, the quantity
(8.8)
Jr(v) = sup <||U>\||L? + /\%_%HUAHL%LOO + sup A6 / Yolx — y(t) (v + ((%v,\)Q)dxdt) .
A yel RxT

L1
Proposition 8.1. Let v be a solution of (3.1)) with initial data vy € B, Then,

Jo.00) (0) < 0ol

1
—15.
Bo®

1
‘ o R )
Moreover, if vy is in the closure of C§° in Bo®" then

Tim iy ooy (0) = 0.

Proof. The first statement is an immediate consequence of the Strichartz estimate and local
smoothing. For the second statement we fix ¢ > 0. There are at most finitely many vg »
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of norm larger than e/c. Hence it suffices to verify the statement for a single A. Since
vy € LSLS and L*L>, we have

tlggo oAl 26 (R x (t,00)) = tlgglo HU)\HLElt,OO)LOO =0

Let I be a bounded interval. Then the map
F— s / v — y(0) (02 + (Davx)?)da dt
Rx1I

is continuous with respect to uniform convergence, hence it assumes its maximum. Given
Jj>1,let y; : [27,277] — R be the path for which this quantity is maximal. We choose
two paths y,, y. with v(0) = 0 and the difference between 1 and the derivative at most .2,
one which coincides with y; for j even on the corresponding intervals, and one which does
so for j odd. For both paths we have the local smoothing estimate. But this implies the
claim. U

Let y € I The function spaces X;;T and YO‘;;T depend on y but not on c. This
dependence is not reflected in the notation. In addition, let ¢ € C*([0,0)). We assume
(5-14), ¢ € L? and y — ¢* € L? in this section, which we have to verify for the solutions
we study, and turn to a study of a priori estimates for solutions to , and
and recall and . Because of translation and scaling invariance we may restrict
ourselves to a study for y(0) = 0 and ¢(0) = 1. Moreover, we may and do assume that the
orthogonality conditions hold at time 0, i.e.

(wo, Q) = (wo, Q') =0.

The main result is the following sharpened version of Theorem [2

Proposition 8.2. Let C' > 0. There exist e > 0 and K > 0 such that for HwOHB_%,2 <C

and Jjo.1y(v) < € forv a solution of (3.1) with initial data wy, the solution w in the system
of equations (1.15)) - (1.14) satisfies (5.14),

1
el < K@)

oo, T

with K depending on C but not on time. Moreover, if Joo)(v) < € then there exists a

L1
unique 1 € B ? such that
lim /%y (t) = n,

t—o0
with convergence in L*. In addition
lim [w(d)]_y =[],

1
6 — 6
oo, T BOC

2.

Remark 8.1. Variants in the spirit of Corollary [7.4] can be easily obtained by including
the arguments there, which will establish Theorems [2| and [3| with higher Sobolev regularity
as stated in Remark L1l
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The proof consists of three step, a preliminary part consisting of an important initial-
ization, multilinear estimates that are less critical variants of those of the last section,
and a priori estimates for the nonlinear equation using the multilinear estimates and the
linearized equation.

We recall that v satisfies v; + v, = 0 with initial data v(0) = wy. We want to control
the difference between v and the solution v to

v + 20,v — 0,Lv = aQ + BQ
with initial data v(0) = wy with a and [ ensuring
(r,Q) =, Q) =0,
which we assume to hold initially. We recall that is a standing assumption.

For simplicity, let us define
J = J[oyoo)(v).
The following result is the first step of the proof.

1
Lemma 8.3. Suppose that wy € Bocﬁ’2 satisfies the orthogonality conditions. Then

) oo

and

(89) HV — pPCJQ_/UHX;% + ||a||LlﬂL2 + ||ﬁ||L2 5 J.

Proof. The first bound on v is an immediate consequence of Proposition [6.77 The second
statement is more delicate. As a first step we consider u = PPYv. It satisfies

(8.10) sup (Jluallze + A5 Hjuallpape + A7 furllem ) S
A

since
(v, @) || z2nzs + I{v, @) r2azs < J.
We calculate

(8.11) o + Fuy — OpLeyu=G, u(0) = wy,
where
B d (%Q)) ~ (d (U7Q’>> ‘
G =—140,(Q%*) — | — © — (=
10 (dt 0o)? \ae.e)?

<va> 2 S <U7Q/> 2 ~/
— (0, 0y, — 0, L)Q — 0, 0, — 0,L)Q".
<Q,Q>( +c )@ <Q,7Q,>( +c )Q
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We consider the terms separately. Any derivative falling on (Q,Q) or (Q,Q') can be
computed using (4.2)) and (4.3, yielding a factor €. Next,

0,Q) = 0+ Q)+ (@ = ). Q) + S0, Q) = ~(@40) 4 (E — ) (0, @) + 40, D)

and

—(0,Q) =(0+ ', Q) + (¢ = §){v, Q") +

== <U> EQN> - 4<Q3QH7U> + (62 - y) <U7 Q//> + C<U’ QI)
Moreover, _
(0 + 0, = 9,L)Q = “Q + (¢ = §)Q' + 2
and )
0+ 0, = 0,0)Q = =Q' + (= )"
We write G = aQ + Q' + ¢, where - using again ( - and .
(@ Q)a=~50,0) — (= 0. Q) + 5 (0,Q) + (1, (@),
(@@=~ S0.0) — (@ = ) @) + o {0, Q) + 40, PR + (0, £.Q1) — 20, Q)
e (0.Q) (0.Q) ¢
— _ 8.’17 3 = N v " )
g = —40:(Q%v) — <QQ>(CQ+( 7)) — <Q,Q>(Q+( 1)Q")

By Lemma[6.3| we have ||g|lyo < J. The difference w = v—u satisfies (abusing the notation
slightly by denoting by « and 5 new quantities)

w + Cwy — 0 Lw = aQ + Q' — g
with initial data w(0) = 0 and again by Lemma
[wllxomv2 S Mlgllve < J
We rewrite the equation for v as
Vi + Vaze = —0,(4Qv) + 0Q + Q' =: F

Decompose v = u + w. We recall that
- ¢~
(812) <Q7Q>a = _E<V7 Q>7
hence )
c .
S Ul + M1y - | g2)J.
The L? bound for 3 is simpler. The estimates for the linear equation imply now . U

leellze +[1E]

1
6



THE QUARTIC KDV EQUATION 49

As it will be used in the sequel, we note the following simple consequence of Lemma 8.3
Namely, we have

(8.13) Jey(V) S J(v),

where we denote by J., the quantity analogous to .J, but for the given path dictated by
the ¢,y modulation parameters. After this nontrivial preliminary step we continue with
the proof of Proposition [8.2] The strategy is to write the equation in terms of

u=V—=Qct)yu) —V
and expand the nonlinearity. In the next step we study multilinear estimates, which in the

last step are combined with Proposition to obtain the a priori estimates.

8.2. Multilinear Estimates. We proceed as for the initial value problem and bound
multilinear expressions. In this section we collect nonlinear estimates in terms of the V2
spaces in order to prove Proposition [8.2]

To begin, we have the following

Lemma 8.4. Let u be a tempered distribution and uy its frequency localization. Let ¢ be a
Schwartz function. Then,

vl
||¢U>\||L2 5 IIllIl{)\2 6, /\ 1} (||u>\||L2('y’) -+ ||8$u,\||L2(7/)) .

Here ¢ is the constant of (3.7)).

Proof. We begin with the case A > 1, in which case we prove the stronger estimate where

we replace ¢ by v as defined in Section |3, Let x € C° be supported in {¢ : % < €| < 2}.
Then,

d, o\t /o,
VA'ua =70 x (—)\ ) Qeur = A"/ (—)\ ) X <—/\ ) Dy
o\t /o o\t /o
. 71 X T / 71 / T xT

where (9,/A)"'x (%) is an L? bounded Fourier multiplier. As a result,

o\t [0,
AT (7) x(;) V' Opuy

We estimate the second term on the right hand side using the adjoint of Lemma [3.1] with
a=1and s=0

. [ﬁ, (%) (%)] CURIVCC N

5 A_IHU)\HLZ(,YI).
L2

S )\71 HU’/\HLQ(’W)'
L2
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We turn to A < 1. Clearly,
lpurllze < 16(¥) 2 llz2llv/A"unlloe-

Let ¥ = w, which is the inverse Fourier transform (up to a constant factor) of the
characteristic function of the interval [—1,1]. Let o € R. We define

g (z) = ur(z)X (/\(xlT_OxO)) _

Then, g, satisfies roughly the same frequency localization as vy, and it coincides with u)
at xo. Thus, by Bernstein’s inequalities

; VAo (Aage)
V7 (@ojuseo)| < eXsy/7 o) lgalze < eMd sup (VeENT=

T,x0 Y (ZE)

Now the elementary estimate

~ [ Mz—=z
X (25
sup v/ (o) ——=—="—
z.20 V()
completes the proof. O

c\ ¢

We proceed to prove the necessary multilinear estimates. To begin, we prove the following

.1
Lemma 8.5. Let ¢, y satisfy (5.14)), u € X® and v, Q be as in Proposition . Then,
the following estimates hold:

3
(8.14) 102 (uruzus@)ll g S T T ewsll -y
7j=1
2
(8.15) 10 (uru2Q?) | -4 = HH%HX*#
j=1 =
1 3
(8.16) 10 (*uQ)|. b S JﬁllVH;jIIUHXj
and
1 1
(8.17) !Iﬁx(VUQz)HYj S ﬁHVHj.(jHUHXj

Proof. We begin with the dual Strichartz estimate
1
[xllpve S A7 £l

Lipt
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By construction, spatial Fourier multipliers in VP, UP, DU? and DV? are bounded by the
supremum of the multiplier, hence

3
[P0z (Q*ur n w2, ) [ pre S AT Q7w pua sl 4,

and
1 1
1Q%urnuz ol 1, <NQuingllrerz | Quaps |17 palluo el e 2

111
Smin1 A7 mindL g PR sy el

This is summable for A\; € I" and we obtain the desired estimate for A < 1. Assume now
that A > 1. Then, using Holder and Bernstein and |Q'| < @

_1 1 1 1 1 1
AT | Pr0s@Qug p, uo g || 124 m-1 SA GHQul A1||]ioo||QU2A2||ioo||QU1A1||iz||QU2A2||iz

<A /\12 min{1, \; 2}/\12 min{1, \y 2}||u1H 1||u2||X 1
which can easily be summed over A; and A\ if A > 1. This implies (8 and also (8.17]).
We approach estimate 4) similarly: We expand u;, observe that the expressions are
symmetric and hence it Sufﬁces to sum over A\; < Ay < A3. If Ay < 1 we argue as above and
estimate wu; 5, in L, followed by Bernstein’s inequality. So we restrict to the case A; > 1.

Then, using that @) is integrable,

3
3 3
A[PAQui x, U a U3 2, [ D2 S AT H i [l zazee S AT (A1A2A3)” H llwjx |l - 7% :
j=1
which is easily summable if A <1 < Aq, Ao, Az If A > 1 we argue dlfferently. To simplify
the argument we assume that the Fourier transform of @ is supported in [—1, 1] - handling
the tail is straight forward but technical. Instead of bounding A||PyQui x, U2 x,us3 2 || DU2,
we employ duality and study

I = ’/QUL,\lU27)\2U37>\3U47A4d$dt‘

assuming that 1 < A\; < Ay < A3. Then, we have
3

T < | Quang i lun s lzslluz gl zollwan, o < 25 ° A H gl 3 luanllvz.
J 1 ooT

_5 5
The factor A; °AJ is summable for fixed Ay over 1 < A\ < Ay < A3, 1 < Ay < A3 - this
suffices since I = 0 if A4 is much larger than A3. As a result, we have proven estimate (8.14))
and, after checking the proof, (8.16)). O

We turn to bounds for inner products occurring as inner products of the right hand side
of (8.1) with @ and @', and at the right hand side of (8.5) and (83.6)).
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Lemma 8.6. Let u € Xoo°, and v, Q be as in Proposition . In addition, let 1o(t)
be a one parameter family of Schwartz function parametrized by t with uniformly bounded
seminorms and Y (x,t) = o(t,x — y(t)). Then for all 1 <p < %

4
(8.18) 1(0: (wrugusua), )| S T sl 4
j=1 -
where we consider the LP norm with respect to time and
(3.19) 0.0, )les S TIol’ el y.
For all 1 <p < 2, we have
3
(8.20) 1400 (wruzus @) ) 1o < T sl
=1 b
and
(8.21) 10:(v*u@) Y)llir S Tloll y lull 3
For all 1 < p < 3, we have
2
(8.22) 10 (u1u2@Q?), ) 1o S T sl 3
=1 =
and
(8.23) 102 (vu@®), ) e S Tllull -
Proof. We expand the terms in (8.18) and we consider
I, = | (u1,A1U2,A2u3,,\3U4,,\47 V)| -

By symmetry it suffices to look at the case \; < Ay < A3 < Ay, If p = 1 we bound the
terms using Holder’s and Bernstein’s inequality as above:

1 1
Iy Sl oo [, ||z |02 ws x| 22| [10] 2 wa g [ 22

L1,
X0

2 2 1 s 1 s
SATAZ min{AF, Ay ©F min{A§, A0} ] ] Il
j=1
which is easily summable. We obtain by Holder’s inequality

4 4
Is S Tl S T1 lusll
j=1 j=1 °°
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which we use if 1 < Ay < Ay If Ay < 1 we estimate the corresponding term in L°°, apply
Bernstein’s inequality, and argue as in the next case. Interpolation with the L' estimate
yields a summable expression as long as p < %

We turn to estimate (8.20]), denote again the p-norms by I, and expand again
2 1 5. 1 _5
LS |z 1 Quas 122 (9eth)us pg 2 S A min{A3, A5} min{AG, A5} [ T llwsll 4

which again is easily summable over \; < Ay < A\3. Also

3 3
Iy < T T llwjsllze < TT a0l 3
j=1 j=1 =

which is almost summable, and by interpolation we obtain the bounds for any p < 2.

The estimate (8.22) with p = 1 follows by the same arguments as above. It is even
simpler. Again we may restrict ourselves to Ay < Ay. For p = 3 we put estimate u;
into L® and again the full statement follows by interpolation. A simple check of the proof

reveals that the arguments above imply (8.23)), (8.21)) and (8.19)). O

The right hand sides of (8.5) and are functions of ¢, for which we have bounds in
LP for 1 < p < 3 in terms of ||w||X_E1; . In the second equation the term (w, £LQ..)

oo, T
plays a special role: It is in L? for 2 < ¢ < oo, but not in L? for any p < 2 in general. In
particular we cannot control the deviation of y from the linear movement.

Equation and can be considered as scalar linear ordinary differential equations
for (w, @) and (w,@’). The kernel for the fundamental solution is uniformly bounded in
LP in the first case, for all p, and in the second case it is bounded in L! by % whereas the
L norm is 1.

We collect the consequences in the following

Lemma 8.7. Suppose that w solves (8.1)) with (w(0),Q) = (w(0),Q') =0 and w =v+u
where v solves ([7.2)) with initial data w(0). Then,

(8.20) sup |(w(0) Q)1 £ (7 + [l (1 + ]y
and
829 s (0. 0+l 0+ ol ) sl
Moreover, if 1 <p < %, then
d 2 2
PR BEIE R VRN N
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We may write 4(w(t), Q') = v1 + 72 such that
1) (@ ]l

)

IMllzree) S (J + [luf

Xoo Xoo

and

172ll 20,000 S (F A+ llull —3)-

Finally, it follows that
sup(le(t) — 1| + [éf) + lleflr S ( + lall )" (L + Jwll 3)*,

6
Sgply—1|§(J+IIUI|X_ 1)? (L +flwll 1)’ + kT 2(J+|IUI| )
and

(8.26) 19 = llee S T+ llull )1+ llwll )"

Proof. This is an immediate consequence of Lemma and basic properties of the simple
ordinary differential equations. 0

The estimates of this subsection remain true if we consider a time interval instead of
(0, 00).

8.3. Global Bounds and Scattering Near the Soliton. In this subsection we complete
the proof of Proposition [8.2]

Proof. By the local existence result there exists a local solution in a neighborhood of the
soliton.

The decomposition ¥ = Q)¢ + w together with the modal equatlons and (18.4)
implies existence of C'! functlons c(t) and y(t) which satisfy (8.1, (8.3] and up to
fixed time. We recall that after rescaling and shifting (wg, Q) = (wo, Q'> =0 and c(O) =1,
y(0) = 0.

As in the first step we denote the solution to the linear equation with initial data w(0)
by v. It satisfies the estimates of Lemma and provided is satisfied.

We suppose that (1, ¢, y) is a solution up to time 7', such that
U= = Qectyyty — V

satisfies for some ki, ko to be chosen later

(8.27) ||Pé,u||X,%T < 2kJ2, lull 3 < 2nJ 2.

1 =
We shall see that there exist §, k1 and ko such that if in addition J < 4, then
(8.28) 1Pyl 1 <kiJZ, ul|l, 1 < koJ2.

1
6
Xoo,T Xoc,T
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This implies the estimate conditionally depending on (8.27)). Observe that by Proposition
control of the norms implies validity of (5.14) if ¢ is sufficiently small. In particularly
the estimates on the linear equations hold.

On the other hand, if we fix C' and ¢ we can apply a continuity argument with the initial
data Twg. The estimate clearly holds for small 7 and the norms depend (for finite time)
continuously on 7. This implies the a priori estimate uniformly for all 7. The scattering
statement is an immediate consequence since functions in V? are left continuous at infinity
combined with a frequency envelope argument as above. It remains to derive from
for suitably chosen kq, ks and 4.

We formulate the crucial estimate in the following

Lemma 8.8. Let C' be given and v, Q be as in Proposition [8.9 There exist ki, ko and 0
such that, if (8.27) holds, HwOHBj’Q < C and Jor)(v) <6 hold, then

I

Py < (Il + Gl

oo

+ Jo1) (v)) .

BLE?
We postpone the proof of Lemma Clearly
(u, Q) = (w, Q")
and the same is true for its derivatives. By Proposition [8.7] and simple properties of odes,
we have with implicit constants depending on the size of the initial data

d
(s @Mlersrz + 7 (w @lwrsre S llull® g + 7+ 1{w, Q)12

and
[{w, Q") > < v, @")I2 + [ (Pgru, Q)| >

Hence,

d
I @+ 1560, @ llsaz S Nl + T + Pl

[e']

The crucial point is that the right hand side only contains the projection of u, not u itself.
We obtain easily
10+ IO -3 S Illze + 117 ez
oo, T
As a result, using estimates similar to those in Lemma [8.7] we have

/
(8.20) Q) ol g (L T+ P )
1 B X 6
X T Xoo,T 0o, T

<Q/, Q/) _
By Lemma 8.8 and (8.27)),
|Pgul -y < callull®_y + TG0 (0) +7) < es(dh3 +1)T + ¢

o0, T oo, T

oo
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using, as we may, HUHX_%‘ < 1, and, by the estimate (8.29)) and ({8.27)

oo, T

HUJHX—% < k4(J+ +63(8k’g + 1)J(U) + C3J%))

oo, T

We choose first ky, then ko and finally § small to complete the proof. [l
It remains to prove Lemma [8.8
Proof. We write the equation for u = w — v, u; + c?uy, — O Leyu=:G

G=(C+a)@+ (- + BQ — 06QHu+ v)? +4QUu+ 1) + (u+ )Y,

where oy, ) ensure the orthogonality conditions for v, i.e. . We recall that they
satisfy
loallzr S lléllze

and

laallzz + 181l r2 < J-
In order to apply Proposition [6.7| we have to project u. This leads to a calculation similar
to Lemma . Let pn = Pé,ﬁu and py + 20, — 0, Ly =: H. Then, using (u, Q) = (w, Q)
and (u, Q') = (w, Q'),

- o5 )o- (459

<w> > ¢z 2 AVaY; / (val> ¢ ~ 2 . "
Tl \OTE e +2Q> T @Q) <EQ HEe )
= aQ+6Q +y,
where
g =0,(6Q%(u+ )2 + 4Q (1 + v)? + (u+ 1)) + (w. @) s
(Q,Q)c
<’LU,Q> 2 . <w7Q/> ¢ N/ <’LU,Q,> 2 . "
" (m“ “DGq) E) Vg 0

By construction u(0) = 0. We apply Proposition
e, Sllall, -y + g, @llo + (g™, @)l 22 + (g, Q)] 2

oo, T

By Lemma Lemma [8.5] and Lemma [8.6] we get

2
loll-4 S Il g + Tlhwoll_y.,

[l

and by Proposition [8.7]
1
g, @)l + (g™, @Iz + {9 Q)2 S ||u||§.<7% + J2 ||wol|

(NI

oy
g
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Together, we have
. 3
1P Pl :

1
PRERDS IIU|Ii 1 47 woll

1 1
oo, T oo, T Boo-()r

O

It is straight forward to generalize Proposition to smaller function spaces in the style
of Subsection [Z.1l

8.4. An Almost Inverse Wave Operator Result. In this section we will construct
solutions with given asymptotic behavior, proving Theorem [3| This is a partial converse
statement to Proposition [8.2]

Remark 8.2. Theorem (3] is quite satisfactory in several respects. It shows which asymp-
totic properties may characterize a solution. The main missing piece is uniqueness of the
solution . It implies existence of a solution for small scattering data, and, for arbitrary
scattering states, existence of a solution with given scattering data for large t.

Proof. We turn to the - time reversed - equation

Ow + 0, (2w + 4Q2w) = (¥ — ) {w, Quz) + £<w, Q') + 6Q*w? + 4Qu® + w, Qun,
with

£Qu 0 = ~(0.Qd, (- QL QD = nluw, QL)

Let v be the solution to the Airy equation with initial data vy. We may and do assume
that yo = 0. By Proposition we know that lim .. Ji00)(v) = 0. Given S > 0 and y°

satisfying |y (S) — 2. S| < S, we solve the backwards initial value problem
U(S) =v(S) + Qcm’ys.

We choose 1 >> 0 >> ¢ to ensure that |y — | < 6 for the solutions under consideration.
The arguments of the previous section allow to do that down to a largest time 5% for
which
(YY) — A5V | = 5157

We want to show that the infimum of the t5%° as a function of y° is attained for some y*
and it is equal to zero if 5 is sufficiently small. Suppose not, and denote the infimum by
7 > 0. By continuous dependence on y°, given £ > 0, there exists an interval [a, b] so that
the solution exists down to a time smaller than (1+4-¢)7, and y>%((1+¢)7) = (2, —0)(1+¢&)7
Ly ((1+¢)7) = (2 +6)(1 + &)7 . Hence, there exists y¢ with

ys’a((l +e)1) = (14 ).

But then, if 4 is sufficiently small, we see that a positive infimum is not possible, and

moreover this construction gives a limit which is a solution denoted again by (¥°,y*) with
S

y~(0) = 0.
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We consider the limit S — oo. Since §° — ¢ and ¢° are small there exists a converging

subsequence y%, ¢%, S; — oo which converges to ¢ and y. There are corresponding
solutions ¥;, u; and w; of the corresponding equation. We extend w; beyond S; by v. By
the stability result, given 6 > 0 we find 7" > 0 such that

oy —oll <6
00, [T',00)

Using a frequency envelope there exists A so that

A (w)allvaron S 6,
whenever A > A or A7! > A.
In particular,
s — w0 -

for t > T'(6) and j, ! sufficiently big. Again, using J small we are able to deduce that (w,)
1

%,2§5

is a Cauchy sequence in X,.° and the limit is the desired solution.

APPENDIX A. SET-UP AND PROPERTIES OF THE UP”, VP SPACES FOR THE LINEAR
KDV EQUATION

To define the function spaces U?, V2, we summarize Section 2 of Hadac-Herr-Koch [6],
where we suggest the reader look for further details. Let Z be the set of finite partitions
—00 < tp <ty <...<tg = o0. In the following, we consider functions taking values in
L? := L*(R% C), but in the general part of this section L? may be replaced by an arbitrary
Hilbert space.

Definition A.1. Let 1 < p < co. For {t;}5 € Z and {¢}5' € L? with S0 [|el%, =
1 we call the function a : R — L? given by

K
@=D Xt vt Ph1
k=1

a UP-atom where y; is the standard cut-off function to interval I. Furthermore, we define
the atomic space

P .— {u — Z)‘jaj aj a UP-atom, \; € C s.th. Z I\ < oo}

Jj=1 Jj=1

with norm

(A1) |ul|ge := inf {Z A | w= Z)\jaj, A €C,a;a Up—atorn} :
j=1

J=1

Atoms are bounded in the supremum norm, and hence every convergence here implies
uniform convergence.
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Proposition A.2. Let 1 < p < q < o0.

(1) The expression ||.|lu» is @ norm. The space UP is complete and hence a Banach
space.

(2) The embeddings UP C U? have norm 1.

(3) For uw € U? all one sided limits exist, including at £00, u is continuous from the
right, and the limit at —oo is zero.

(4) The subspace of continuous functions UP is closed.

Definition A.3. Let 1 < p < oo. We define VP as the normed space of all functions
v : R — L? for which the norm

(A.2) [ollv» := sup (lev(tk)—v(tk—l)ﬂ’zz)

{tk}i(:oez k=1

is finite. Here we understand v(oco) as zero. Let VP denote the subspace of all right
continuous functions with limit 0 at —oo.

Taking the partition {t, 00} one sees that the supremum norm is not larger than the V?
norm.

Proposition A.4. Let 1 < p < q < 0.

) The expression ||.||ve is a norm and VP is complete.

) Forv € VP all one sided limits including at £oo ezist.

) The subspace V* is closed.

4) The embedding UP C V* is continuous and ||ully» < 2VP||ul|y».
5) The embeddings VP C V7 are continuous and ||v|ve < ||v]|ve.

(1
(2
(3
(
(

From the proof of Proposition 2.17 of Hadac-Herr-Koch [6], we have the following

Lemma A.5. Let f € VP, g > p. Then, given § > 0 and m > 1, there exist f1 € UP and
fa € U7 such that f = fi + fo and

m7 | filloe + e[ fellos S N1 fllve-

The following corollary is obvious.

Corollary A.6. The space V' is continuously embedded in U? for q > p.

There is a bilinear map, B, which for 1/p+1/¢ = 1, 1 < p,q < oo can formally be
written as

B<f7g) = _/ftgdta
for f € VP g € U9. It satisfies
1B(f;9)| < [[fllvellgllos,
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which is natural if we replace g by an atom. The map
VP> f—(9— B(fg) e U)
is an isometric bijection. Moreover,
|lul|ge = sup{B(u,v) : v € C(R), ||v||y» = 1}.

If v € VP, then
lollve = sup{B(u,v) : u € C(R), [[uflu» = 1}.

If the distributional derivative of u is in L' and v € VP, then
B(u,v) = —/utvdt.

Given f € L', then F(t) = ffoo fds € VP for all p > 1, and hence in F' € UP. Moreover,
| fllpve :== ||Fllve < || f]lz:- We denote by DUP the metric completion of L! in the norm
given by the duality pairing. Similarly we define DV4.

There is a close relation to Besov spaces, namely

L.p 1p
(A.3) By cUP C VP C B%

with continuous embeddings. These embeddings clarify the relation to X*° spaces below.

We claim that the convolution with an L' function 7 defines a bounded operator on U?
and V? with norm < ||n||z1. Because of the duality statement it suffices to verify bounded-
ness on UP. We approximate the characteristic function by a sum of Dirac measures. The
convolution with an atom clearly has norm at most 1. Convergence in U' to the convo-
lution with the characteristic function is immediate. The full statement is an immediate
consequence, as well as the boundedness of the convolution by a Schwarz function on U?
and VP, In particular smooth projections on high and low frequencies are bounded.

Following Bourgain’s strategy for the Fourier restriction spaces we define the adapted
function spaces

Uﬁdv = S(—t)Up,
VI?dV = S(—t)Vp

and similarly DU? and DV?.

Again, we define a bilinear map Bggy such that for uw € V,,,v € Uk,,, we have for
function u with (9; + 93)u € L' L?

Bgay (u,v) = — /((@ + 03w, v)dt.
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Note, this bilinear map is well-defined and gives a duality relation. Hence,

lullovg,, = s [updodt
<1

KdV
f q
” ||U

lullpor,, = sup /ufdmdt.
<1

| |qu(dV_

Moreover, we may restrict f to suitable subspaces. More details on how the construction of
such atomic spaces allows us to put u; in the dual space are included in Hadac-Herr-Koch

[6].

By the construction of our spaces we obtain for a solution u of the linear KdV equation

Ut + Uggy = f7
(A.4) { u(0, ) = ug(x),

the estimates

(A.5) lullvz,, < lluollze + I fllpve,,
and
(A.6) lulloz,, < lluollzz + 1 fllpuz,, »

which follow trivially from the construction of the V2., DVZ,, and Uz, DU% ;, spaces.

Spatial Fourier multipliers act on UP, V¢ DUP, DV? in the obvious way and their
operator norm is bounded by the supremum of the multiplier.

Let (p,q) be a Strichartz pair. Then,

_1
[ullrra < [ DI”7ullvr

and the dual estimate X
[ £l pver < clllDI7% fll o o

hold. The first estimate is not hard to check on atoms. Since convergence in U? and in
LPL? both imply pointwise convergence for subsequences we obtain the full estimate. The
second estimate follows by duality.

Similarly the local smoothing estimates carry over to UP spaces and to DV9. Let c¢(t)

and y(t) satisfy (5.14)) Then

lull 2 ) < cllullvz

and

[ fllove < el fllzymrm—-
In the same fashion the bilinear estimates for solutions to the free equation imply bilinear
estimates for functions in U2.

The smooth decomposition into high and low modulation (i.e. the smooth projection
of the frequencies to 7 — &3 large respectively small) is bounded in U? and V?2, and the
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L? norm of the high modulation part gains the inverse of square root of the truncation as
factor by the embeddings ((A.3)).

[
2]

3

[4]
[5

[12]
[13]
[14]
[15]
[16]
[17]

[18]

[22]

REFERENCES

G.E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, Cambridge (1999).
H. BERESTYCKI AND P. L. LioNs. Nonlinear scalar field equations, I: Existence of a ground state,
Arch. Rational Mech. Anal., 82, no. 4, 313-345 (1983).

R. Cote, Construction of solutions to the subcritical gKdV equation with a given asymptotical behavior,
J. of Func. Anal., 241, No. 1 (2006), 143-211.

M. Fedoryuk, Asymptotic Analysis, Springer-Verlag (1993).

A. Griinrock, A bilinear Airy estimate with application to gKdV-3, Differential Integral Equations,
18, No. 12 (2005), 1333-1339.

M. Hadac, S. Herr and H. Koch, Well-posedness and scattering for the KP-II equation in a critical
space, Ann. de I'Inst. H. Poincaré - Analyse non Linéaire, 26, No. 3 (2009), 917-941. Erratum
published at http://dx.doi.org/10.1016/4.anihpe.2010.01.006.

T. Kato, On the Cauchy problem for the (generalized) KdV equation. Stud. Appl. Math. Adv. Math.
Suppl. Stud., 8 (1983), 93-128.

C. Kenig, G. Ponce and L. Vega, Well-posedness and scattering for the generalized Korteweg-de Vries
equation via the contraction principle. Comm. Pure Appl. Math., 46, No. 4 (1993), 527-620.

H. Koch and D. Tataru. Dispersive estimates for principally normal pseudodifferential operators,
Commun. Pure Appl. Math., 58, No. 2 (2005), 217-284.

H. Koch and D. Tataru. A priori bounds for the 1D cubic NLS in Negative Sobolev Spaces, Int. Math.
Res. Not. (2007), Article ID rnm053.

G.L. Lamb. Elements of Soliton Theory, John Wiley & Sons, New York (1980).

Y. Martel, Linear problems related to asymptotic stability of solitons of the generalized KdV equations,
SIAM J. Math. Anal. 38, No. 3 (2006), 759-781.

Y. Martel and F. Merle, Instability of solitons for the critical generalized Korteweg-de Vries equation,
Geom. Funct. Anal. 11 (2001), 74-123.

Y. Martel and F. Merle, Asymptotic stability of solitons for subcritical generalized KdV equations,
Arch. Rational Mech. Anal. 157 (2001), 219-254.

Y. Martel and F. Merle, Asymptotic stability of solitons for subcritical gKdV equations revisited,
Nonlinearity 18 (2005), 55-80.

Y. Martel and F. Merle, Asymptotic stability of solitons of the gKdV equations with general nonlin-
earity, Math. Ann. 341, No. 2 (2008), 391-427.

R. Pego and M. Weinstein, Asymptotic stability of solitary waves, Comm. Math. Physics 164, No. 2
(1994), 305-349.

E. Stein. Harmonic Analysis: real-variable methods, orthogonality, and oscillatory integrals, Prince-
ton Mathematical Series, 43. Monographs in Harmonic Analysis, III. Princeton University Press,
Princeton, NJ (1993).

T. Tao, Scattering for the quartic generalised Korteweg-de Vries equation, J. Diff. Eq. 3 (2006),
623-651.

D. Tataru, Carleman estimates, unique continuation and applications, Lecture Notes.

E.C. Titchmarsh, Eigenfunction Ezpansions Associated with Second-order Differential Equations,
Oxford at the Clarendon Press, Oxford (1962).

G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, Cambridge
(1995).



THE QUARTIC KDV EQUATION 63

[23] M. Weinstein, Modulational stability of ground states of NLS, SIAM J. Math. Anal. 16, No. 3 (1985),
472-491.

[24] N. Wiener. The quadratic variation of a function and its Fourier coeflicients. In Pesi Rustom Masani,
editor, Collected works with commentaries. Volume II: Generalized harmonic analysis and Taube-
rian theory; classical harmonic and complex analysis, volume 15 of Mathematicians of Our Time.

Cambridge, Mass. - London: The MIT Press. XIII, 969 p. , 1979 (1924).

MATHEMATICS INSTITUTE, BONN UNIVERSITY, ENDENICHER ALLEE 60, D-53115 BONN, GERMANY

FE-mail address: koch@math.uni-bonn.de

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA, CB 3250, PHILLIPS HALL ,
CHAPEL HiLL, NC 27599, USA

FE-mail address: marzuola@math.unc.edu



	1. Introduction and Statement of Results
	2. Review of Previous Soliton Stability Results
	3. The Airy Equation
	4. Properties of the Schrödinger Operator
	5. Energy Methods for the linearized equation
	6. Function Spaces and Projection Operators
	6.1. The Scale of Energy Spaces
	6.2. U and V Space Estimates
	6.3. Littlewood-Paley Decomposition

	7. Local Well-posedness for the Quartic KdV Equation
	7.1. Variants and Extensions of Well-posedness for the Quartic KdV Equation

	8. Stability and Scattering for Perturbations of the Soliton
	8.1. Setup and main result
	8.2. Multilinear Estimates
	8.3. Global Bounds and Scattering Near the Soliton
	8.4. An Almost Inverse Wave Operator Result

	Appendix A. Set-up and Properties of the Up, Vp Spaces for the Linear KdV Equation
	References

