DISPERSIVE ESTIMATES USING SCATTERING THEORY FOR
MATRIX HAMILTONIAN EQUATIONS
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ABSTRACT. We develop the techniques of [25] and [11] in order to derive dispersive es-
timates for a matrix Hamiltonian equation defined by linearizing about a minimal mass
soliton solution of a saturated, focussing nonlinear Schrédinger equation
iug + Au+ B(Jul*)u =0
u(0, ) = uo(),

in R3. These results have been seen before, though we present a new approach using
scattering theory techniques. In further works, we will numerically and analytically study
the existence of a minimal mass soliton, as well as the spectral assumptions made in the
analysis presented here.

1. INTRODUCTION

In this result, we develop the dispersive and Strichartz estimates used to prove stability
of solitons for a focusing, saturated nonlinear Schrodinger equation (NLS) in R x R3:

iue + Au+ B(|ul*)u =0
(1.1) { u(0, ) = uo(x),

where §: R — R, §(s) > 0 for all s € R, § has a specific structure outlined in one of the
following definitions:

Definition 1.1. Saturated nonlinearities of type 1 are of the form

pP—q

2

(1.2) B(s) = s

wherep>2+§and§>q>0.

Y

s
14 s"2"

Definition 1.2. Saturated nonlinearities of type 2 are of the form
s

(1.3) B(s) = e

where % >q > 0.

Remark 1.1. In both cases, for |u| large, the behavior is L* subcritical and for |u| small,
the behavior is L* supercritical. For Definition 1.1, p is chosen much larger than the L?
critical exponent, %, in order to allow sufficient regularity when linearizing the equation. In
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addition, there are clear extensions of these definitions for all dimensions, d, in the case of
type 1 nonlinearities and dimensions d > 3 for type 2 nonlinearities.

For a full statement of the dispersive estimates presented here, see Section 5 as a good
deal of notation is required before the statements can be made rigorously. The stabil-
ity theory will then be analyzed in the forthcoming work [21]. Saturated nonlinearities
arise in various physical settings such as Bose superfluids, laser beam propagation and
Bose-Einstein condensates, see [30]. However, mathematically the author’s interest was
motivated by nonlinearities presented in the result on asymptotic stability in [24].

That such nonlinearities have minimal mass solitons can be observed numerically as seen
in Figure 1 and discussed further below. In [8], the nonlinear instability of such a minimal
mass soliton was proved, meaning that small generic perturbations of a minimal mass soliton
can result in a large change in the profile of the solution on short time scales. It is precisely
at this minimal mass that the celebrated variational requirements for stability /instability
established in [31], [32] and generalized in [14], [26], [27], [28]. In this result, we follow the
analysis presented in [5], who studies the existence of specific blow-up profiles, in order
to build stable perturbations on both long time and global time scales depending on the
structure of (3.

The paper is structured as follows. In Sections 2 through 4, we recall some general
properties of solutions to (1.1), introduce soliton solutions, discuss general soliton stability
requirements and derive the matrix linear operator H, which results from linearization of
(1.1) about a soliton. In Section 4 we specifically discuss the existence of discrete and
continuous spectrum for ‘H and write down the necessary assumptions we require for our
results. In Section 5, we define the necessary function spaces, then state the dispersive
estimates and operator bounds on the solution operator generated by H, which we refer
to as €. The rest of the paper is devoted to the proofs of the dispersive estimates.
Specifically, in Sections 6 and 7, we introduce the concepts of the distorted Fourier basis
and define by choosing the appropriate kernel for the resolvent. In Sections 8 and 9, we
generalize the distorted Fourier basis analysis to the case of the matrix Hamiltonian and
give the appropriate oscillatory integral representation of the solution to the linearized (1.1).
Finally, in Sections 10, 11 and 12, we prove that such an oscillatory integral representation
results in the appropriate time decay to establish dispersive and Strichartz estimates.

It should be noted that due to the nonlinear structure in the problem, though we initially
perturb in a direction that is orthogonal to any instabilities predicted in the works [8] and
similar to those expected from the works [31], [32], [14], [26], [27], [28], the resulting time
dependent perturbation will not retain that orthogonality. Hence we are forced to instill
some extra structure or "moment”-like conditions on our initial perturbation as in [5] to
guarantee stability. Such conditions serve to provide stronger time dispersion of the solution
provided one uses the proper weighted norm spaces.
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2. CONSERVED QQUANTITIES

In the sequel, we assume that uy € H' and |z|ug € L?, or in other words, 1y has finite
variance. For this initial data, from the spatial and phase invariance of NLS, we have the
following conserved quantities:

Conservation of Mass (or Charge):

/]u\ dr = = /|u0]2da:

and

Conservation of Energy:

E(u) = |Vu|2dm—/ G(|u|2)dx = |Vuo|2dx—/ G(|u0|2)dx
R3 R3 R3 R3

- /0 ' B(s)ds

We also have the pseudoconformal conservation law:

t
(21) ||($ + 2’&'[5V)U||%2(R3) - 4t2/ G(|u|2)das = ||$¢||%2(R3) _/0 9(s)ds,

RS

where

where
0(s) = /RS(4 -3+ 2)G(Jul*) — 4 - 36(|ul*)|uf*)dx

Note that (z + 2itV) is the invariant vector field given by the Hamilton flow of the lin-
ear Schrodinger equation, so the above identity relates how the solution to the nonlinear
equation is effected by the linear flow.

Detailed proofs of these conservation laws can be arrived at easily using energy estimates
or Noether’s Theorem, which relates conservation laws to symmetries of an equation. Global
well-posedness in L?(R3) of (NLS) with 3 of type 1 or 2 for finite variance initial data follows
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from standard theory for L?(R3) subcritical monomial nonlinearities. Proofs of the above
results can be found in numerous excellent references for (NLS), including [6] and [30].

3. SOLITON SOLUTIONS

A soliton solution is of the form
u(t, z) = e Ry(z)

where A > 0 and Ry(x) is a positive, radially symmetric, exponentially decaying solution
of the equation:

(3.1) ARy — AR\ + B(R3)Ry = 0.

With this type of nonlinearity, soliton solutions exist and are known to be unique. Existence
of solitary waves for nonlinearities of the type presented in Definitions 1.1 and 1.2 is proved
by in [3] by minimizing the functional

Then, using a minimizing sequence and Schwarz symmetrization, one sees the existence of
the nonnegative, spherically symmetric, decreasing soliton solution. For uniqueness, see
[23], where a shooting method is implemented to show that the desired soliton behavior
only occurs for one particular initial value.

An important fact is that Q) = Q(R,) and E) = E(R)) are differentiable with respect
to A. This fact can be determined from the early works of Shatah, namely [26], [27]. By
differentiating Equation (3.1), @ and E with respect to A, we have

OE) = —A0\Qa.

Numerics show that if we plot @), with respect to A, we get a curve that goes to oo
as A — 0,00 and has a global minimum at some A = A\g > 0, see Figure 1. Variational
techniques developed in [14] and [28] tell us that when §(A\) = E\ + AQ, is convex, or
d"(X) > 0, we are guaranteed stability under small perturbations, while for 6”(\) < 0 we
are guaranteed that the soliton is unstable under small perturbations. For brief reference
on this subject, see [30], Chapter 4. For nonlinear instability at a minimum, see [8]. For
notational purposes, we refer to a minimal mass soliton as R,,;,.
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FIGURE 1. Plots of the soliton curves (Q(\) with respect to ) for a sub-
critical nonlinearity (d = 1, p = 3), supercritical nonlinearity (d = 3, p = 3),
critical nonlinearity (d = 1, p = 5), saturated nonlinearity of type 1 ( p =7,
q = 3) in R, saturated nonlinearity of type 1 in R? (p = 4, ¢ = 2), saturated
nonlinearity of type 2 in R? (¢ = 2). The curves for the monomial nonlinear-
ities are found analytically, while the curves for the saturated nonlinearities
are found numerically.
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4. LINEARIZATION ABOUT A SOLITON

Let us write down the form of NLS linearized about a soliton solution. First of all, we
assume we have a solution 1) = e'(Ry + ¢(x,t)). For simplicity, set R = R). Inserting
this into the equation we know that since ¢ is a soliton solution we have

(4.1) (@) +A(9) = —B(R")¢ — 203 (R*)R*Re(¢) + O(¢%),

by splitting ¢ up into its real and imaginary parts, then doing a Taylor Expansion. Hence,
if @ =u+ v, we get

(4.2) at(Z):H(Z),

where
0 L_
(4.3) H_(—L+ 0 ),
where
L.o=-A+)-3(R})
and

Ly = —A+\—B(R) — 20/ (R} RS,
Let us fix the notation we will use in the sequel by defining the operator e®* such that
@ = e f is the solution to

(4.4)

In order to study the behavior of solutions to (4.4), we must make the following assump-
tions:

Definition 4.1. A Hamiltonian, H is called admissible if the following hold:
1) There are no embedded eigenvalues in the essential spectrum,

2) The only real eigenvalue in [—\, A] is 0,

3) The values £\ are not resonances.

Definition 4.2. Let (NLS) be taken with nonlinearity 3. We call B admissible if there
exists a minimal mass soliton, Ry, for (NLS) and the Hamiltonian, H, resulting from
linearization about R, is admissible in terms of Definition 4.1.

The spectral properties we need for the linearized Hamiltonian equation in order to prove
stability results are precisely those from Definition 4.1. Notationally, we refer to P; and P,
as the projections onto the discrete spectrum of H and onto the continuous spectrum of ‘H
respectively.
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Remark 4.1. In this note we assume in the sequel that we work with admissible Hamulto-
nians satisfying the spectral assumptions in 4.1. However, analysis of these spectral condi-
tions for a large class of H operators will be done both numerically and analytically in the
forthcoming work [22].

5. MAIN RESULTS

We derive the existence and important properties of distorted Fourier bases gzgf of non-
self-adjoint matrix Hamiltonians, and hence a distorted Fourier transform, for a general
class of matrix Hamiltonians. Let S be the Schwartz class of functions. Then, we have the
following results:

Theorem 1. Given an admissible Hamiltonian H, and the projection on the continuous
spectrum of H, P., for initial data ¢ € S, we have

|7 Pl < t7%10]l1.
Let us define the space
LM = {f € L)Y F() i < o0, N =0,1,...,2M},
with norm || - || 1, defined in the standard fashion.
Theorem 2. Let H be an admissible Hamiltonian as defined above. Assume 1; c LYM and
(5.1) 08O, (0) =0,
for multi-indices o, B such that |o| +|5] =0,1,2,...,2M, where

@@:/@@me

and 955 is a distorted Fourier basis for H, which will be derived in Section 9. Then,
(5.2) e e Pap|| oo < C2 M |[40]| 1.0,
for any ¢ > 0.

Similar dispersive estimates to those proved in Theorem 1 for matrix Hamiltonian oper-
ators have been established using resolvent estimates in [11] studying matrix Hamiltonian
operators, as well in the study of asymptotic stability for various stable solitons in nonlinear
Schrédinger equations in the works [9], [10] and in the work proving stability on a manifold
of co-dimension 1 for the 3d cubic ground state soliton [25]. Similar estimates to those in
Theorem 2 were proven in [5], where the fact that the nonlinearities of interest were of even
integer powers was crucial to the argument. Here, we take an approach similar to that of
scattering theory as presented in [17]. Scattering theory is related to a resolvent approach
most certainly, though there are certain benefits to the method we thought would be of
general interest. Note, these dispersive estimates are essential for the argument in [21],
where perturbations of minimal mass solitons are analyzed.
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Remark 5.1. It should be noted that stmilar results should hold in all dimensions provided
one has the corresponding dispersive estimates. Particularly, for d > 3, one should be
able to generalize the dispersive estimates using very similar techniques. For d = 1, the
estimates likely follow from careful analysis of the distorted Fourier basis constructed in
20].

6. GENERAL DISTORTED FOURIER BASiS THEORY

We present here a review of combined results from [1] and [17], Chapter 14. Both
presentations are valid for operators of the form

(P(D)+V(x,D))u =0,

where P(D) is a self-adjoint, constant coefficient differential operator and V(z, D) is a
short range, symmetric differential operator. The perturbation V(z, D) is defined to be
short range in order to say that

lim  R(z) = R*(2)

z— A, £ Im2z>0

exists in the uniform operator topology of B(L**, Hy _s), where
L**(RY) = {u(@)|(1 + [2f*)2u() € L}
and
Hons = {u(2)|D°u € L3, 0 < |a] < m}.
Also, for any f € L**,
RE(\)f = Ry(\)f — Rg(WVR(\) f,

where Ry is the resolvent for the constant coefficient operator, P. As the notion of short
range deals with compactness of the operator Z(u) = R(Vu), being short range requires
sufficient decay assumptions at oo on V. Heuristically, it is required that the coefficients
of V' decrease as fast as an integrable function in |z| and for each fixed zy, we have

V(l‘o, 5)

———= —0as  — oo.

Pz, )

The reasons why these heuristics hold true are explored below, hence we forgo this
analysis here and move on with the fact that V(z, D) is a short range perturbation as an
assumption. Note that in the case explored below, V is Schwartz in  and is dominated
by P(£) as || — oo. It is also important to note that while contour integration works out
nicely in R?, the results presented here hold in any dimension where Rj and R, are arrived
at through a limiting procedure.
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The Agmon approach to the distorted Fourier transform is equivalent to the approach
taken by the author. Namely, we define

O+ (7€) = € — RT([¢])[Ve™ ().
Then, the distorted Fourier transform is a map Fy : L? — L? such that
(i) Ker(Fy) = L% where L2 is the restriction of L? to the discrete spectrum of P. Similarly,
we have L2, the restriction of L? to the continuous spectrum of P. Then, the restriction of

F+ is a unitary operator from L? onto L?,
(ii) for any f € L?

(Fef)(€) = (20)7% lim (@) (x, E)d in L2,
and

(F'ef)e) = 2m) 7% Jim | f(©)6s(r,)d€ in L]

where K is an increasing sequence of compact sets such that U;K; = R\ N for
N(H) = {¢ € RY||¢]? is an eigenvalue for H} U0,

and
(iii) If P, is the projection of L? onto L?, then

(PeH)f = (FiMpe)Fe) f
for any f € D(H) where Mp(g) denotes multiplication by P(§).

In addition, we have || P.f||zz = || F+f||z2- In other words, we have a Plancherel theorem
for our distorted Fourier basis.

Now, [17], Chapter 14 arrives at the same conclusions using
(Fe)(©) = F(I+VRy)“f(&).
However, using the resolvent identity
R(z) = Ro(2)(I + VRo(2)) ",

we will see that a formal iteration shows equivalence between these definitions for £ large.
It is precisely this iteration we use below to get uniform bounds in &.

7. CONVOLUTION KERNELS

In this section, we derive the integral kernel in R? for the inverse of the differential
operator

P,LL = —A- ’50’2
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where we have set p = || for simplicity. This will be quite useful in deriving the distorted
Fourier basis functions for more complicated operators below.

Specifically, given u, f : R* — R, we find K,,(x,y) such that if
Pu=f,
then

u= [ K,(z,y)f(y)dy.

R?)

To begin, we Fourier transform the equation to see

~

(&% —p*)a = f,
hence
E =)
So,
Ku(z,y) = FHE = p?) (= —y),
if we can define
Gx) = FH(E = ) Y(=)

in a meaningful sense.

Without loss of generality, set p > 0. Initially, assume that x # 0, though this will be
easily seen as a limiting case in the end. We have

G(z) = /Ldf

_ / / / Zlmlm;mr sin(0)d8ddr

rsin(|z|r)
\x| o (r=p)(r+p

by first making a rotational change of variables where 5 — ﬁ, then using polar coordinates.

Now, we are set up to use contour integration to find G(x). See Figure 2 for the contour
over which we integrate. We call this contour I'g .

Then, we have from residue theory

iz|x| ilz|p
/ ¢ dz = 2m [,ue ]
. (2= p)(z+p) 2u

= mietlle,
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FIGURE 2. The contour for computing the behavior of K,

However, breaking I' down, we also have

/ ze' el dy — 2 /R rsin(|z|r) i+ mietlzl B m’e‘i‘x'”.
rr. (2= ) (2 +p) o (r=m(r+p) 2 2

Combining terms and taking R — oo, we have

Glx) = 472 cos(u|a:])'
]
This is valid for all z since the integral diverges as x — 0.

Using simple residue theory, taking the distributional conventions

fA) = f(A+10)

or

fA) = f(A—i0)
result in

N - 4,/T2€:I:i\x|,u

To see this, define

Gi(x) = FE — (u+ie)*)](x)
= FUEl = = ie) (€] + po + ie) " ().
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Now, we may make the same change of variables and do contour integration as above,
though in this case we need not worry about avoiding +|{y|. So, our contour I'g g is the
hemisphere on the upper half plane formed by the real axis and the half circle of radius
say R > p. The only residue in such a region would be given by z = u+ 1€ as z = p — 1€ is
outside I'g¢. For each €, we then have

A .
Gi(x) = m—ﬁe"“”“e"“.

Taking € — 0 gives formula (7.1) for G™. The analysis for G~ is similar.

The above analysis is then easily seen to be equivalent to applying to the distributional
convention

JO) = 5 LA +i0) + f(x = i0)],

namely the case where both residues lying on the real axis must be taken into account.
However, since our eventual goal is to work with oscillatory integrals, for convenience and
without loss of generality, we will work with the complex operator G(z) = G*(x).

8. DISTORTED FOURIER BASIS

Note that in the sequel, we take the convention that the soliton parameter is A? instead
of X. This serves to remind the reader of the positivity of this parameter. The convention
of A slightly simplifies the variational formulation, but has no impact on the linear analysis
presented here.

We seek to understand the functions in the continuous spectrum of H by decomposing
them using a distorted Fourier basis given by

(8.1) (A + N = V(A + M = Vh)ug, = (X* + [&l*) ug,

where ug, = €% + g¢ and gg, is yet to be determined.
From (8.1),

[(FA+X)? = (N + &) Jug, = (A + M) Vaug, + Vi(=A + N = Va)ug,.
Hence,
(8'2) [(_A + )‘2)2 - ()‘2 + |§0‘2)2]g€0 = FEO (m)eixfo + VCB? D)gfm
where
V(z,D) = Vi(—=A+ 22— Vj),

and Fg,(z) is a Schwartz function. Then, taking the Fourier Transform, we have

(€17 + A% = (|6]* + X*)%ge, = F(& &) + (Vrde,)(©),
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where
(Vrg)(§) = N(Va+ Vi) = (9)/i(|€|2‘72) x(g) + (Vo + V1) * (I€]%9)
+ (€VR) * (€9) — (1V2) * (g).
Given
Ley = [(I€F7 + 22 = (|&]* + A*)?]
= [(l&] + [€l) (€] = €D (17 + 227 + &])],
we have
g = F{{LEY P+ Vrge) }
= ngf) * Fe, + Kgio * (V(:L‘,D)ggo),
where
(8.3) K () = (F H{Lg} D)
and

LE = [(1€] + €| £10)(I€] — €| F i0)(IE* + 207 + |&])].

Note that for simplicity we have omitted a small complex perturbation in the elliptic term
(J€I* + 22 + |&|?) since it does not effect the analysis.

To explore K, ;E) further, we see in R?
62’5-90

/g (€] + 1&ol £ 20)(I€] = |&ol F 10)(IEI* + 2% + [&o[?)

dé =

el
d
/R3 (€] + ol £ 20)([€] = ol F 0)([€] + |€[)([E]* + 2A% + [0 ) )

using the change of variables & — é—‘ Then, we have

/27r /77 /R ercos(@)\ﬂ ' (H)d d9d¢
: : rsin(f)dr .
o Jo Jo (r=+ 16l £i0)(r— 18] Fi0)(r? + 222 + [&[?)
Doing integration first in €, then a contour integral, we have as in Section 7 that
e L o lely/lEolP 222
€o €o €02 + A2 || )

For simplicity, we take K(z) = K. (x) as the analysis for K will be similar. Then, we
want to use an iterative argument to show that for mid to high range frequencies, these
distorted Fourier bases exist in L*. It will become clear in the sequel why L* is chosen.
Note that since near 0, K is bounded, we have K € L3¢ for any s > 0. In particular we
show the following:
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Alm

'R

iy /2X2 4 |go 2

F1GURE 3. The contour for computing the behavior of the fundamental so-
lution in the limiting case.

Lemma 8.1. For the operator K= defined in (8.3), we have
K*: L3 — L' (O((|&]* + A*) " |&o|2)).

Proof. We actually prove the result for

[a _ —1 1
Kafle) = 7 <<|§|2—<|so|+z'o>2>af>
_ / (i, ) F(y)dy.

The proof for K will be essentially the same.

Using distribution theory, we have for s € R
f(go(x) = 0(x),

~ 472
1 _ iz
K (z) = m[e\ ||§0\]’
_ 272 etlzll€ol
Kgo(x) _ 12m°e
ol

As convolution operators,
K°:L? = L? (0(1))
and
K?: L' — L (O(|&] ™)),

hence we wish to wish to define K*® in such a way as to preserve these estimates and such
that k, is analytic for 0 < Re(s) < 2 and continuous for 0 < Re(s) < 2. However, after
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making a branch cut on the left half of the real axis, for s € R we have

1€l + 1€ (1€] = l& D) f©)llze S 1S llzge

and continuity on 0 < Re(s) < 2 follows easily on a strip in the complex plane. For ana-
lyticity inside the strip, it is clear any factors gained taking derivatives will be logarithmic
and hence controlled by the polynomially decaying coefficients from Re(s). Hence, using
complex interpolation

K': L3 — L' (0(1&]2)).
]

For simplicity, we from now on write K instead of K, 510. Now, we seek to analyze the
equation

(8.4) gey = K& % Fey + K+ (V(w, D)g, ),

In particular, we have the following:

Theorem 3. Let P(x, D) be a differential operator of the form
P(z,D) = (=A+ XN = V})(—A + N\ = V),

where Vi, Vo € §. Assuming that there are no eigenvalues embedded in the continuous
spectrum [\*, 00), there exists gg; € L* such that Equation (8.4) is satisfied for ug, =
eimeo + ggz (). We have

9, () = K* x [fo(-, &, 1€])],
where fy is smooth in x, &, &, and
(@)Y 05 fol S 1.
Moreover, there exists a value M such that for & > M,
folz, &) = €0 f(2,&),
where
(85) ()" 05,07 (@, &) S &7,

for any multi-indices o and 3, N > 0.

Proof. The solution to (8.4) will be solved differently for large and small values of &. In
particular, we use a Fredholm theory approach for the small frequencies and an iterative
approach for the large frequencies. The analysis will be done using K as the analysis for
K~ will follow similarly. For simplicity, we set K = K.
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To begin, let us take |{y| > M, where M will be determined in the exposition. Then, we
solve Equation (8.4) using Picard iteration. For simplicity, let g, = v. Setting v* = 0 and
Tu = V(K *u), we have

vt o= K () * [Fg (2)e™ ]

v = K(2) * [(Fg (2)e™) + (V(2, D)K (2) * (Fg (x)e™*))]
= ( ) [(Fe ()e™ ) = (Vi + Vo)X + |6l K ()  (Fy ()€ )

Vo) K (z) # (Fgy(2)e'*) — (VVa - VE () # (Fy, (2)e'))
- (Vl( Wa() + AVo) K (x) # (Fg (2)e'*))]

o= K(x) * [Fg (2)e™ + V(z, Dy

= K@) (Y TRy ()

We wish to show that this iteration converges in L*. To see this, let u € L*. Note that
IK %V (z, D)ullps < ||K % Vul|ps + | VE * Vs + |AK % Vs,
where V, V, VeS. Then,
1 [l

~ -1 >
1K+ V (2, Dyulls S g ’1 Vull, 4 e e Iyl =Vl s
f =
+ 52_{(_))\2||K*Vu||L4.
0

Using the Hardy-Littlewood-Sobolev inequality to see
Iy~ * Veullze SVl 32 STV gl s

Li o

and the bounds on K, we have
1K+ V (2, Dyull s S 1&l72Vull 4

<
Y

_1
S 18l 2 IV o llull e

for some V € §. As a result,
1K % V (2, D)|| sz < Cléo| 2,
where C is determined by Vi, V,. If |&] > C?, then
| K %V (2, D)||pape < 1,
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and the existence of g¢ € L* for
(I = K *V(z,D))ge = g

follows from a contraction argument. In the notation from the theorem, we have C? = M.

Now, for the smaller frequencies, we apply Fredholm theory. This approach also works
for large |£|, however the iterative approach gives us uniform bounds for all &, such that
|€o| > M. Once differentiability in & has been obtained, we will then have uniform bounds
for all &,. However, we must be careful near {§; = 0 as K has a particularly challenging
dependence upon |£y|. We explore this shortly, but first let us finish the existence argument
for low frequencies.

To begin, Equation (8.4) shows that
(8.6) Gy = K+ (V(2,6)e"™) + K+ (V(z, D)gey),
where
V(z,D) = (—A+ X —V)Va + Vi(—A + \?)

is a second order operator.

Now, if K x (V(x,D)-) is a compact operator, we may use Fredholm Theory (see [12],
Appendix F) to say that either there is a unique solution to (8.6) or there exists a nontrivial
u € L* such that

(I—K*V)u=0.

However, expanding the equation for u, we see this u is an embedded resonance and hence an
embedded eigenvalue from [11] or [22]. As our spectral assumptions preclude the existence
of embedded eigenvalues, the solution to (8.6) is unique.

Let us now discuss the compactness. The operator itself is of the form

" (f/ ) / 2[€i|m—y|\£o| _€|:cy|m]‘7( Ry
I y, D,)u(y)dy
[z — yl([So]® + A2) y
/ ) [eilx—yl\éol _ 6*|x7y|\/w]
= 7r

[z — y[([&]? + \?)
X [(=Ay + X = Vi(y)Va(y) + Vi(y) (A, + N)]o(y)dy.

Hence, using integration by parts, we are concerned about the following two types of
operators

(1) P = / K(z — )V (y)uly)dy

(2) Pou = / Rz — )V (y)uly)dy,
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where V' € §. Of course, technically there will be terms with derivatives falling on K and
V', however a brief calculation shows that these fall into the same class of operators as Ps.
Indeed, by construction

(A — &K =0

and

hence when all derivatives fall on K, simply by looking at —A —[&y]?+|&o|* we get reduction
back to P; or P, as K is a convolution kernel for an exact solution.

We now need to prove
P : L' — LY,
fori=1,2.
Assume that u; —* 0 in L*. Since we are working in R?, using duality and the properties
of V, we have

Puj(z) — 0as j — o0
for almost every z, where ¢ = 1,2. By the uniform boundedness of weakly convergent
sequences, the Hardy-Littlewood-Sobolev Inequality, and Holder we have,
1Piuglips < NV, g llujllce
< C,

for i = 1,2. Hence, there is a subsequence jj, such that || Pu;, ||+ converges. Therefore, it

must converge to 0. As a result, the operator Kx(V-) : L* — L% is compact and there exists
: o 4 P o
a unique gg, for all . Note that V K is compact from L3 — L3 using similar arguments.

To discuss the continuous dependence upon &, we need to study the functions g, in

more detail. In particular, we must have Vg, smooth with respect to & and |£y. From the
expression for gg,, we know that

([ — K x (V(x7D)')>gfo = ([ - P)g&)
= K=x f/(:v,é“o)e”éo,
geo = (I = P)7H (K  (V(x,&)e™)),
where
K(&) =[(-A =) (A +2X° + &)

From Fredholm Theory and the spectral assumptions, (I — P)~! is a resolvent which is
uniquely defined. However, using the decay of V', we can write

V=11,
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where eV < 1, |eIVof| < || f|lweee given 0 < ¢ < ¢g. The constant ¢, is determined
by the decay of V. Hence, using a resolvent identity, we have

Ve, = Vil — VaKV) " Va(K * (V (2, &)e")).

Using the decay properties of Vi for i = 1,2 and the differentiability of K, for any & we
have VoK'V (z) is well-defined for z € C in a small neighborhood of |§]. As a result,

(I — VoKVt

is analytic with respect to z. Also, K is analytic with respect to || and &, Vo€ is analytic
with respect to £ and we see that g¢, depends smoothly on |£| and £. Using the resolvent
identity

folw,€) = Vel 4 V(1 = KV) K+ (Vei™),
the decay in z for f; follows.

For |{y| > M, let us return to the iteration scheme

g, = Kx[V( &),

g, = Kx V(&) + V(- &)ge ]
for n > 1. Assuming g: = €™ fo(z, &, [€0]), we have
fo = V(x,&)+e "OVE % (e fy),
Wher4e by the mapping properties of K, choosing M large enough, this expression is valid

in L2 for all |&| > M.
We would like to better understand the regularity in x and £. To begin, let

=K [e06(, )]

Then, we see
(0 — i&o)u(z) = (0p — &) (K * [¢(-, &)e' 0] ()
s / K (y)e® % g(x - y, &o)dy — i& / K (y)e@ 90 6(x — y, €)dy
+ / K(y)e' ™ v%¢, (z —y,&)dy
= / K (y)e'™ 9%, (x — y, &)dy.

From here, recognizing that e~ cancels from

e—iIEQ VK * (ei.l‘fo )
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and again using the mapping properties of K, we have
Hag.fO”L? S CCM?

for all multi-indices ae. Hence, fo € C2° N L2°. Similarly,

(=)0 foll 4 < Chva,

™~
CITN

for any N > 0 using the decay in x of the operator V
For the regularity in &, note that taking once again u = K * [¢?0:¢0)¢(-, &)], we have

(0 —iz)u = (0g, — ix)(K * [8(-, &)e*]) ()
_Art &) ile—ylléo] i(w)éo
G+ ) (i) [ emesesetincan

; §2+2)\2 i yl/E5+222 zy)§o¢(y fo)
dy+Z/K Wy, &)dy

— w:/K Yel@v g (g
+ [ K60z -y )y

1 1 1y€o
— (W_@>/K(ye “yé(y, &)

+ / K (y)e"™ V% g, (x =y, &o)dy,
where we have used i§,e™® = 9,e™* and integrated by parts. As a result

19g, foll 4 < [&0]>~"'Cy,
Combining the above results, we have

for any multi-index 3, |5 =0, 1,2,
080 fo(w, €)] < Ca ™,

or fo € S?%, which gives (8.5).
For the spatial regularity result, we once again use that the distorted Fourier basis

satisfies the equation
K % (Fe™%) + K % (Vgg,).
We have existence for g¢, in L*, but we can take advantage of the structure of K * P in

order to show improved regularity. Then

Vi, = (VK) * (Fe%) + (VE) * (Vgg,)-
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Hence, we must explore the nature of (VK) % (V). Upon differentiating, we see
(VE)(z —y) = O(jz —y| ™),
which means by a similar approach to Section 8, we get
Vel < CUFN g + VI3 l19ell o)
To see this, we first use the Hardy-Littlewood-Sobolev inequality (see [29]) with 7 =1 so
1 2 1 11

p 3 4 12
then Holder’s inequality such that
Vall, 12 <V g llgllze.

Then, we can iterate this for all derivatives and using Sobolev embeddings, get continuity
of all derivatives and hence smoothness.

To prove existence for Og,ge, in Sobolev spaces, we must show that g, ge, is defined and
bounded in some space of functions. In this direction, we look at

[(_A + 2)? + 53)(_A - gg)]géo = Ffoem&) + ‘7950
and
(A 42X + (& + h)") (A = (G0 + h)Ngegrn; = Feoun, @) + Vgegpn,
where h; = he; and e; is the unit vector in the j-th coordinate. Hence, if we define
Uh = Geo+h; — Yéo»
then we must solve
Lfo (Uh) = <F€0+hjem.(€o+hj) - Fﬁoeix&]) + O(h)U&) + V(Uh)
= O(h)(Fg, + Fgy + K % Vug,) + V(up).
We can write this as
Ley[vn = O(W) K * (K % (Vgg,))] = O(h)(G) + Von — O(h) K * (K * (Vge,))],
where we have
G=Fey+ Fey — VK * (K (Vge,)).
To see that G € L*, we need only see that
IV K 5 (K * (Vg < o

since the other terms are dealt with above in the spatial regularity analysis. However, we
have

Kx*(Kx*-): L' — L™,
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following analysis similar to the complex interpolation argument. Also, by moving all of
the derivatives onto Pu, we see this is smooth. All we lack is nice decay, hence

IVE 5 (K % (Vgelloe < 1K # (K (Vgg)) [ [V 11,
for V€ § as given in the description of P. From the Fredholm Theory, we know
H— — O()K * (K * (Vge))|r < C,
for C = C(&). However, given w € C§° U L* a sufficiently decaying, smooth function, we
have
< O+ lwkK * (K * (Vge,)) o)
< C
from Section 8, where C' is independent of h. In this case, we have
K x (K% (Vgg)) € L

using Holder’s inequality, so we can take w = (z)~!. Thus, we can take the limit as h — 0
to see that derivatives in &, are bounded in weighted L* spaces. Iterating this process
involves taking stronger weight functions at each step of the iteration. As a result, since
V has exponentially decaying terms in z and Vggo is well-defined in L* from the spatial
regularity, we have the desired regularity in &g.

Jw

2

Now that we have differentiability with respect to &,
By (I(=2 +2X2 + E)(~A — §)]ge, = Fe™ + Vg, )

which implies
LeyOieo), 960 = Oy, (Fe™) + Piey), ge
— 2(&);(—A =€) geo — (Co)(—A +2X% + £3) ge, -

For higher derivatives in &,, we iterate this procedure.

U

Remark 8.1. Note that the above analysis can also be done in the case where instead of
L* we use L*({x)~%) as in [1]. To see this, note that

1@l S N10llz2((aye).

where s > d, and

DNl z2((2) <) S |9l oo,

where s > d. Then, we can go to the Sobolev norms to apply Hardy-Littlewood-Sobolev and
use Holder’s inequality in weighted spaces and the boundedness of Vi and Vy in weighted L*
spaces to complete the argument.
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Remark 8.2. As x — oo, note that since Vi, Vo € S, using Equation (8.2), we have

72 Eilzlléo] _ ploly/IEoP+232

u — s
© &2+ A2 |z]

which explains the choice of spaces L** for x > % in [1].

9. REPRESENTATION OF THE SOLUTION

We present here a slightly different approach to the distorted Fourier transform, though
the motivation comes from [17].

Theorem 4. For V € S, there exists a distorted Fourier basis gzzg and correspondingly a
distorted Fourier transform G for the nonselfadjoint operator H, where

G+f = /qggt(zz)f(a:)d:p

Similarly, there exists an inverse Fourier basis gzNSgl(:E) and correspondingly an inverse
Fourier transform G=* for the nonselfadjoint operator H, where

01 = [(3t) (e
It follows that

||g:|:||[/2—>L2 5
16 e S
These operators are not unitary, however

1GE'G 2z S 1

and
gilgiﬁb = Pc¢

Before we prove the theorem, look at the operator

, [L.L. 0
}{“{ 0 LyL_ |’

for which we have the following self-adjoint realization

H:

L2L,L? 0
1 1 .
0  LL.L?
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Since
L§L+L§ = (CA+N V) I(—A+ N -V — V) (—A+ A2 — V)2
= (FAFN V= (FAEN V) ITR(-A A - V)2
= - LIVLE
This is a fourth order constant coefficient operator with a lower order perturbation. How-

ever, the perturbation is no longer a differential operator. Ideally, by a similar analysis to
that in [1], there exists a distorted Fourier basis, say @, such that

1 1

L2 L L0 = (N + %) 0.

1
To prove this, we need to show L? is a pseudodifferential operator of strong enough class,
which we explore in the sequel.
From Theorem 3, we have ug = €™ + fe(x), v = € + g¢(z) such that
2| Ue | _ /42 2\2 | Ug
| o],

where f¢(z), ge(x) € L2, smooth in x and &, and

tilligol _ €—|x|\/|so|2+2x2]

7.‘,2

&o|? + A2

fesge ~ 2]

as r — OQ.

Formally, we would like to say

L*L.L 0 L7 %u
1 1
0 L’L.L L2 v

N[

] — ()\2+€2)2

however as ug, ve ¢ L?, we must investigate further.
Before we begin, let us analyze the connection between u¢ and ve. For instance,
Li(L-Lyug) = LyL_(Liug)
= L+<)\2 + 62)2’&57

L (LiL_ve) = L_L,(L_v)
= L_(\+&)ve.
Hence
Liug = Cog
and

L_’Ug = CUg.
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In particular, we are interested in
Love = (=A+ X —V)(e™ + g)
= (24N L_ge — Vet
Cug = C(e™ + fo).
Then, C' = (A\? 4 £?), so
L ve = (N 4 &)ug,
LZlug = (M + &%),

and
1

Je= A2 + €2
A similar calculation holds for L us = Cve.

(L_ge — Vlei‘rg).

Note also that if we look at the vector
T iu§
¢§ — |: ’Ug :| )

Hoe = (A + €%)0e.

then we have

1 1
To be more precise, we say that the operator L2 L, L? has a distorted Fourier basis given
by e, then find an expression for the distorted Fourier transform of HF,. This distorted
Fourier transform will be defined via a distorted Fourier basis that will give the relationship
between ¢, ue and ve. The existence of @ must be proved since there is a lower order
PDO perturbation instead of a differential operator. See [17].

1
In order to prove sz is a PDO, we must use a result similar to one from [19], Chapter

29. To this end, we refer to the following theorem given in [19]:

Theorem 5. Let X be a compact manifold, ¥ a space of pseudo-differential operators and
02 be the space of half-densities on X. Let P € \IIZ}LQ(X; Q%, Q%) be a positive, elliptic, sym-
metric operator. Then, P defines a positive, self-adjoint operator P in L*(X, Q3. Ifm >0
and a € R, then P is also defined by a pseudodifferential operator in \If;hmg(X;Q%,Q%),
with principal and subprincipal symbols p® and ap®1p® if p and p° are those for P.

We seek to prove a slightly different version here:

Theorem 6. Let P be a positive, symmetric, self-adjoint operator in \I/Z?(’;(Z)(Rd). Then,
P defines a positive, self-adjoint operator P in L*(R4,RY). If m > 0 and a € R, then
P is also defined by a pseudodifferential operator in \IIZ:;’(Q)(]Rd,Rd), with principal and
subprincipal symbols p* and ap® 'p® if p and p* are those for P.
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Note that since R € S, F(R) € S by the properties of the nonlinearity. Hence, we have
the following:

Lemma 9.1. The perturbation Vy is short-range.

We need to prove that given the operator,
L.o=-A+XN-V e85
the new operator L® is a pseudodifferential operator for a € R.

Lemma 9.2. For an operator P, the resolvent R(z) = (P — 2)™! exists and is analytic
for all z except the eigenvalues of P. Also, ||R(2)||p2—12 is bounded by the inverse of the
distance from z to the nearest eigenvalue.

Proof. This follows from basic facts from spectral theory as discussed in [15]. O

Theorem 7. The operator L* is pseudodifferential operator in the class S** for a € R.

Before we prove the theorem, let us prove the following lemma from [18§].
Lemma 9.3. Let a € S™. If

(9.1) la(z,§)| > cl¢]™
for €] > C, then there exists b € S™™ such that
(i) a(z,&)b(z,§) — 1€ 57,

(1) a(x, D)b(x, D) — I € OpS™,
and

(7i1) b(x, D)a(x, D) — I € OpS™—.
Proof of Lemma. First, let us prove that (9.1) implies (). We can reduce this to the case
where m = 0 by looking at a(z,&)(1 + |£]?)™™/2 and b(x, £)(1 + |€[*)™/2.
Claim 9.4. If ay, ay € S° and F € C=(C?), then F(ay,as) € S°.

Proof. Since the Rea;, Ima; € S° for j = 1,2, we may assume that a; is real and

F € C*(R?). Then,

0F(a) OF

(991:]- n zk: 5’ak axjak?
OF(a) OF

85]' N k day 8£j k-

where 0,,a € S 0 O,ar € S ~1. Hence, it is clear the derivatives of F'(a) decay as necessary
for F(a) to be in S°. O
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Hence, for m = 0, choose F' € C™ so that F(z) = I for |z| > ¢. Set b = F(a) € S° so
a(x,&)b(x,&) =1 for |£] > C. This proves ().

Using (i), we have that
a(x, D)b(x, D) = I —r(x,D), r € S™1.
Set
b(z, D)r(x, D)* = by(z, D), by € ST™F,
so we can iterate out the error. Let &’ be the asymptotic sum of the by’s, so
a(z, D) (x,D) — I = a(z, D)(V/(x, D) — Z bi(x, D)) —r(z, D)* € OpS~*,
j<k
for every k. Then, we have (ii) replacing b with &’. Similarly, we can find a b” which satisfies
(7i). Note also that

V= =V —ab)+ (V'a— I,

hence b’ and b” are equivalent modulo S~°°. O

Proof of Theorem 7. Since L_ is self-adjoint, we have that R(z) is defined and analytic for
all z except at the eigenvalues of L_. The L? norm of the resolvent can be estimated by the
inverse of the distance to the set of eigenvalues. Now, since a < 0, we have by the spectral
theorem
Lou = —(2772')1/ 2*R(2)udz,

where the contour is slightly deformed near the origin to avoid z = 0 and 2z is analytic
in the right half plane and equal to 1 when z = 1. Since L*™' = L' L*, the distribution
kernel of L* is an entire analytic function of a.

To understand the behavior of the singularities, we construct a parametrix. Namely,
since |L_(x,&)| > c|¢|? for [¢| > C, we have the existence of an inverse modulo S~*. Then,
we can iterate that error, to find an inverse modulo S™°.

In particular, we have B, such that
(P—2)B,=1-0Q,,

where b, = F(P(z,§) — 2), F(2) ~ 1/|z| for z large and Q. € Op(S~'). Then, there is an
E. given by the asymptotic sum

" B.(x. D)(Q.(x, D)),
=0
such that
(P—2)E, =1-W,,
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where W, € Op(S~>°). So, we have
R(z) = E, + R(2)W..

Then, for a < 0, we have

Lo = —(27?2')_1/ 2*E.dz + T(a)u.

—100

Here, T'(a) should be analytic in a for @ < 1. In particular, this remainder will be a well-
behaved pseudo-differential operator using Beals” Theorem as discussed in [2]. From the
composition of pseudodifferential operators, we have that

Q.= 0¢L_(2,6)05F(L_ —z)/al.
a>0

Hence, the terms of F, outside of compact set in phase space look like
(P—2)""q
where ¢ € S™* for some x > 0.

_1 1

Hence, there is a pseudodifferential operator representation of L_? and thus L2 by

multiplication by the operator. If p is the principal symbol of L_, the principal symbol of
L* will be F(p) where F(z) = 2 for |z| > C.

O

1 1
Lemma 9.5. The pseudodifferential operator L_V; + Vi(—=A + \?) + L2V,L2 is a short
range perturbation.

Proof. This proof should be similar to that in Lemma 9.1. The argument for the differential
operator L_V; + Vi(—A + )\?) follows precisely as above. Hence, we focus only on the

1 1
compactness and iteration arguments for the pseudodifferential operator, L2V, L2. In what

follows, let Tu = L2V L2 K * (u). In particular, we need to prove:

(9-2) L2VL2e™™ = Vg, for Ve, €S, [|VellF ~ |6,
n( i —ndtl
(9-3) |« T (Ve )le = O(I&]™ %),
1 1
(9.4) Kx(L2VL2) : W — W4

For (9.2), we have in the sense of distributions that

Feltf = 3 €).
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Hence, since V' € S,
LEVLIE = / (2, €)= =EY (1) / Pl1, )€1 8¢, (€1)dérdar dé
- / (2, &)e e £V(951)/P(%lafo)eixl&alﬂfldf

= OV (1, 6) + Lot.,

where V € S(z) and |V| < &2 premsely as 1n Section 8. This comes in particular from

realizing that the principal symbol of L2 VL2 i
(€2 + A = Vi(2))Va(2).
The results (9.3) and (9.4) follow from the following theorem proved in [29], Chapter VI.

Theorem 8 (Stein). Suppose T, is a pseudo-differential operator whose symbol a belongs
to S™. If m is an integer and k > m, then T, is a bounded mapping from WP — Whk=mp
whenever 1 < p < o00.

Since L% € St and V € S°, we have L%VL% € S?%, hence
LAV W o It
As V € §, we in fact have more than this. Define the symbol class
St ={plp € 5™, 280 p(x,&)| < Caplé|™}.

In other words, we have the standard symbol class S™, where the symbol has rapid decay
in z. Here, V € SY. Note that due to the properties of Schwarz class functions, we have
for p € S™ and ¢ € S™2,

pq, qp € Syt
and
w: WP — L9

where 1 < p,q < .

For (9.3), from the analysis in Theorem 3 we have
(K %) : Li — W%,
We have from (9.2)

||/K(x—y)eiy{%o(y)dyllm < J&l 2.
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Then,

| ol

|| / Kz — y)LiV(y)L

— |6l LV @)L / K(y — 2)e=Vy (2)dzdy]| 4

/K(y — 2)e" OV, (2)dzdyl|

Sl 4 [ Ky = 20V ()dadylas
S Jl eV, .

using the fact that V' € SY and the mapping properties of K described in Theorem 3.
Iterating this procedure, we get the result.

For (9.4), if u € W24,
11
ILEVERul g 5 e
By decay properties of V', we have
11
leL3VEEul 4 S lullwaa + lullwra S lullwe.

The inherent integration by parts is justified as V € S. Hence, by iterating this procedure
and using properties of convolutions,

[K (L%VL%)] C WAL WA,

for any N € N. However, W24({-)") is compactly embedded in W?*, so (9.4) holds.
0

1 1
Lemma 9.6. There exists a distorted Fourier basis, ug, for L2 L, L?> with the aforemen-
tioned smoothness properties.

Proof. Apply the techniques from the proof of Theorem 3, applying (9.2), (9.3), and (9.4)
when necessary. Once the compactness is established, the standard self-adjoint techniques
are available to give

IPol2. = (2m) / Feode,
Fi'PFidp = Puo,

where F is the distorted Fourier transform associated to fbgco and Py(&) = (£2 + \)? is the
symbol for the leading order constant coefficient operator.
U
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Since
1 1 _1 1
L2L,L? 0 L2 o { L L. 0 ] L2 0
1 1 = 1 _1 )
0  L2L,I? 0 L2 0 LyL- ]| o L®
we have
L_% L% - -
[ (_l L05 " 0_ 9 Pof = FL(€ + N Fef,

f:[L2 01]f7
0 L2

we see
1 1 1
L2 0 L2 0 . - | L2 0 | ;
L | H? L1 | Pof = FL(E 4 N P 1| f
0 Lz 0 L_2 0 L2
Hence,
1 1
~ L2 0 ~ . L?* 0 ~
H(P.f) = C1 | FEI(E + NP |(Fe ),
0 L_*2 0 Lz
or

(P 2) = [ JUZR@I(E + 0202 J () (L= ) () dwde ]
JL 2t ()62 + M) [ tie(y) (L2 f2)(y)dyde.
The inverse operations in these arguments are justified by the fact that

L? = Ker(H) @ Ker(H*)™*.

We desire an oscillatory integral formulation for HFP.. The continuous spectrum is
spanned by the values +(\? + ¢2) for all |¢| > 0. Hence, we seek a diagonalization of
the form

_ o1 | W€ 0
HPC_Q 0 _()\2_|_€2) Q
1 1
Using the above analysis for L2 L, L2, we see that

o - L[ ivsepFE eee)irL
V2 | i+ )3 FLT (N + &) IFL?

N B I O S S A SR D
V2 LTPF N+ LF (N + )
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Note that we have for f: Pcf

fi iL_f
H = . ,

[ f2 —iLy fr
which is exactly what results from the decomposition. The resulting integral equation is
5 _ L% * L%

HE.f = _1 ek _1 :
L E O 2P FLT
1

So, since we have a pseudodifferential operator representation of L2, we could write HP.

in terms of an oscillatory integral.

Remark 9.1. We have now made precise the definition

~ 1 V)
(8:5) % = { —ifbé UE }
' —i(E2 4+ ML 2d (24 M2)LL2 G,

1
where using the pseudo-differential analysis above, Lj_EQilg s well-defined.

Proof of Theorem 4. If

then

where

LEL.LE 0
1 1 .
0 L2L. L2
Assume f € S, which we will relax later. Let ¢ be the PDO representation of P and

¢ () is the vector where both elements are the distorted Fourier basis function ¢¢ for the

1 1
self-adjoint operator L? L, L?. Then, we have

(GNE) = TS, )
= T(f,¢ )
= <f7(i)§>a



DISPERSIVE ESTIMATES FOR MATRIX HAMILTONIANS 33
where
. 1
N +E)z (N4

Tl e ven v

1
2
1 )
2
and ég is uniquely defined in the sense of distributions as

P(x, )™ + tig(x, §),

where

and © € §. Then,

Similarly, we have

where
Ot = PT & (x).
The modified Fourier transforms are in fact variations on the expansion involving the

matrix (). O

Corollary 9.7. As a result of the decomposition, we have a new proof of the fact that
[Pee™™ fllze S N1 fllza-

Proof. This follows simply from mapping properties of pseudodifferential operators and the
fact that the self-adjoint distorted Fourier transform is an L? isometry. OJ

Remark 9.2. Note that for convenience in terms of defining the resolvent, our result has
been proved here only in R3. However, using similar bounds developed in [1] for higher
dimensional resolvents, we expect that a result similar to that of 4 holds in all dimensions
and as a result similar estimates will follow below. The main difficulties presented would be
a thorough discussion of the spectrum of H as some of the numerical techniques are unique

to R3.
10. TiIME DECAY

Using our distorted Fourier basis, we have that a solution to the problem

(10.1) e P = Q'™ Qo,
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for

W= l (Azg@) _(/\20+ o } .

The structure on @ allows us to do oscillatory integration in order to study the properties
of e*. First of all, we prove Theorem 1.

Proof of 1. Using matrix notation, we have

909 = [ 6w

where
Ty | ™
dw =]
and ¢ is given by (9.5).
Looking at the integral representation, we have

P () / Gl () / D) () dyde.

Let x € C°, be a smooth, cut-off function chosen such that the iteration techniques in
Theorem 3 hold for £ € R?\ supp(x). Then, take

10.2 TP a(z) = etW y)dyd
(10.2) P () /E / G ()P () dyde
10.3 + 1— etV y)dyd
(10.3) /E 11— (€ / G )Py dyde.

Hence, we must bound
] = /eizfe:l:it(§2+)\2) /6_2y5¢(y>dyd§,
13 y
1= [+ (1= x(©Oog @ [ eiig)ay,
13

Y

I = /g [X(€) + (1 = x(€))]e e HE+N) / 9¢(y)¥(y)dydg,

Y

o= [I€)+ (=) @)= [ gyt

13 y

From henceforward, we work only with the terms
eEilzllgl

|
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from g¢, as the analysis for the exponentially decaying term will follow using simpler ver-
sions of the methods for this case. Many of the techniques used are developed from the
presentation in [25]. The challenge lies mostly in that 9¢|{| is not bounded near 0 for
|a] > 2. Thus, we must be careful near the origin using stationary phase arguments since
error terms require a minimum of two derivatives. A discussion of stationary phase complete
with proofs is given in [13] or [29]. Take the integral,

T= /h(x)e”P(x)dx,

where h(x) € O, P(z) € C*. Assume that 9,P(0) = 0 and 9>P(0) # 0. Then, the
principle of stationary phase gives

o0

_d _j
T ~T702 g a;7 7,

=0

where the asymptotic terms in the stationary phase expansion are given by
a; = L]h(O),

for L7 an order 2; differential operator as discussed in [13].

Equation I is bounded using standard techniques of contour integration from the Linear
Schrodinger equation. In particular, we have

—d, 7
[l zoe S 7210l

Before we investigate further, we recall some properties of the functions Jg ge,. From the
expression (8.6) for gg,, we know that

g = 1% (V(2,6)¢" ) + K = (V(z, D)g,).
where
Vg, = Vil = Vo Vi) Vol K » (V (,€0)e" ).

From Fredholm Theory and the spectral assumptions on H, (I — P,)~" is well-defined,
hence we can show that f/ggo is smooth in |§] and &. Also, K is smooth with respect to
€], Vee™® is smooth with respect to &. As a result, as proved in Theorem 3, g¢, = K * fo
where fo depends smoothly on |£| and . Therefore, for £ near 0, we can take up to 3
derivatives before we lose integrability in ge. For & large enough, from Theorem 3, we have

gﬁozK*f7

where

f = eixfofO(x>€0>a
where fo(,&) behaves like a symbol in S2.
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For (10.3), we use the principle of non-stationary phase and the principle of stationary
phase in different regions. We have

/ [1 = x(&)]og " (x)e™ / e () (y)dyde,
3 Y
where 1 — y is supported away from 0. In particular, we have integrals of the type

/g 1= (O™ + () EH?) / (€7 + ge())b(y) dydt,

Yy
where g and g are of the same form described above. Hence, we must bound the following

I = /E[l—x(é)]gs(1‘)6“(52“2’e‘iy%(y)dfa

I = /5[1 . X(é)]emﬁezt(@—o—)@)gg(y)qp(y)dé,

v o= /E 11— x(€)]ge (2) €D ge (1) ().

For integrals of type I1* and I11*, we have oscillatory integrals of the form

(10.4) /ei(|zfo|+(xz)§0+t§8y-éo)f()(x |_Z|Za go)d&]
Looking at the phase function, we have

o(&) = |zl|&o| + (x — 2)& + &5 — y - &o,

Vaole) = 2o+ (—2=9)+ ki
Ve b)) = 2t[d+%(1d— 57 5’2&’).

If we restrict & to a region such that
max{|z +y —z| — |2|,0

then ¢(&y) has no critical points. As a result, we can use the principle of non-stationary
phase on this region with the decay properties of the function f; to see we have decay like
t= for any N.

Let us hence assume that we are restricted a region

maxy |z +y — x| — |2/,0
ol < mexllety— ol = 1240}

so ¢ has at least one critical point. In fact, the critical point occurs where

+1,

(10.5) &o <1+%) =z+y—uw.
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Also, for |z +y — x| — |z] # 0, we have

|z +y—z|— |7
10.6 = .

(10.6) &l -

As a result, all critical points occur on the same sphere. Using (10.6), we have that if z,

y and z are such that a critical point exists, that critical point is unique. Hence, we can
define a cut-off function y,, . € C°(R?) such that

(5) B 1 for |§ | < max{\z—i—y z|—|z|,0} + 4
Xz,y,z 0 for |§ | > max{\z—i—y z|—|z|,0} +

Let us assume that a critical point exists, say &§. If |£§] < 2!, the Hessian matrix is at

least of rank 1 as ¢ ® £ is a rank 1 matrix. So, there is at least one nondegenerate direction
for £, After making an orthogonal change of coordinates bringing that nondegenerate
direction to &, using stationary phase on R, we have decay of the form

\|(1o.4)|yLoo <473

However, in the integral, we have ﬁ < so using the decay of fy in z, the overall decay

is once again

IE It?
_d

1(10.4) ][ S £72,

where the integral is bounded in the remaining directions. For |£§| > %, the Hessian is

nondegenerate. We can thus apply stationary phase in £ to get decay of the form

1(10.4) ||~ S t7%,

where we have once again used the regularity of fy is x and £. Then, given the uniform
decay of fp and boundedness in y and z, we have uniform boundedness with decay of type
e,

The analysis for oscillatory integrals of type IV* is similar in that the phase function
becomes

o) = |z||6] + (z — 2)& + &5 — |20l |€0| + (¥ — 20)&0,

o A lnl,, &8k
vfo(b(&)) = 2+ ’&)l ([d |§0‘2 )

Hence, where critical points exist, we split up the regions of integration into || > lz‘;%

and |&| < EEE0l - Once again, we have stationary phase in full on the ﬁrst region and

2t
stationary phase in at least one direction, coupled with the fact that ﬁ Away from

2|€ It
the critical points, we once again apply non-stationary phase.
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Let us now analyze (10.2). In particular, we have integrals of the type

SN+ gl [ (@ gt

3 y

Thus, we have to bound

11 = [[(©lgg @)t e g

£
1 = /g (O] E=HE g () e,
v = /g ()] (@)1 ge () de.

For integrals of type I1** and I11**, we have an oscillatory integral of the form

(10.7) / ei(x||§0|+t§8y§o)f0(:‘(:x|_ 2 ge,.

The phase function is

o(&) = l|zllo] +1t& — yfo,
V£o¢(’50) = 2t£0 y—l—‘iL’” |

|| §o @ &o

Vadl&o) = 2+ aila—=en

(o — =75)-

Let us begin with an integral of type I7**. After making the orthogonal change of coordi-
nates & — |z—‘ and moving to polar coordinates in &, we need to bound

2w 7zr|z0\ 2
H[[**HLOO S H/ // / efzr|y|cos(9)

X folx — zg,7sin(f cos(qb) r sm(@) sin(e), r cos(6), r)r?sin(0)drdfde|| .

If we Taylor expand fy in terms of (rsin(f) cos(¢),rsin(@)sin(¢), r cos(6),r), then we can
integrate in ¢. In which case, all terms in the expansion with odd powers of cos(¢) or sin(¢)
vanish under integrating out, leaving us with a function of the form

fg(?‘Q cos?(6),r).
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Integrating by parts in €, we have

—zr|z0| - )
P A A R e

X folx — zp, 7 cos* (), r)r? sin(0)drdfde|| -
el esin(rly])
S [ o

|y

X fo T — 20,7 rdrHLm

N ||/ / —zr\z0| Z_tr2e—ir\y|cos(0)
!Z | ||

X Oy folz — 2,7 cos*(8), r)rdydzodrdd)|| L~
Y A
i

X fo T — 20,7 rdr||Loo

*”"‘ZO| 2 Sin(—ir|y| cos(0
N ||/ / (—ir|y| cos(d))
Iz | ° |y
X Ggfo(x — 20,7 COS (9),T)rdrd9||Loo,

1 1
/ et dy = z/ sin(px)z"dx.
-1 -1

Note that the boundedness in y and 6 is hence maintained after the integration by parts.

since for n odd,

Let us extend the region of integration in r to R. Due to the nature of the oscillatory
functions involved, we experience no loss in doing so. Then, using the linear Schrodinger
equation dispersion, we have

11 £ ) /

. e—w\m Gl
X { X(r) fo(x — zo, r)r | dr|| L
|20l
s 5l / | /
ENE
X 7) fo(z — 20,7)7] (u + |20] + [y])(* — 20)

- f_l[ ( ) fo(z — 20, 7)r] (u+ [20] = [y|)(z — 20)dy|du| L.
From the estimate

aller < sup [|0%] L1,
|o| <d+1
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coupled with the facts that x € Cg°, fo € C;:°, and fj is rapidly decaying in x, we have
K% 1
T |z S (1 f1]22
t2

For the integrals of type 111", we immediately apply the linear Schrodinger estimate to
get

etly—z1ll¢]
e s 1o e hlan & €D )il

|’_‘ w\w

S

b

W[w

t
using once again the smoothness and decay of x, fo.

The analysis for oscillatory integrals of type IV** is similar to that for type I1**, except
now we have no 6 dependence in the phase. Thus, we have phase functions of the form

$(&) = |o]l&] + &5 — IyHé’ol
Vo) = 268 + (|| - |y|)|§0|

‘33’ - \y! & ® &
—= (], — .
IR

At this point, it becomes convenient to move to polar coordinates in £. As a result, we

have
—zr|zo| ) e—ir|zl|
TV** I < / / / zt7"2
|| || R~ |Z0| |Z1|

X — 2p, 7 sin(0) cos(¢), rsin() sin(¢), r cos(d),r)
X fo(x — z1,rsin(f) cos(¢), rsin(0) sin(¢), r cos(d), r)
x  r*sin()drdfde.
Hence, we can first extend the interval of integration in r to R, then immediately integrate

by parts in r to gain a factor of % We once again apply the linear Schrédinger dispersive
estimate to get

Vi o(&o) = 2ty +

k% 1
V] oo —3Hf||L1

to

Combining the above results, we have

_d
1(10.2) [ o < 72 [[] e

and
_d
[(10.3)[[zoe < 72|00 11

Hence, the theorem follows.
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We now proceed to prove Theorem 2.

Proof of 2. We proceed similarly to the proof of Theorem 1, except now we must bound
the following;:

I = |e—c|m/€x<§>¢£ :I:zt (£2422) /¢§ dyd£|

1= e [ x@log e € [odwpwivi
For 11, we look at oscillatory integrals of the form
[ =X+ g @) € [k ge()vo)dude.
g Yy

Motivated by the principle of stationary phase in [13], define the operator

2|& |2t
Considering the phase function as ¢(£) = t£2, it is clear
Lot _ ois©)

Then, let us take LMe*®© in IT and integrate by parts. Note, on the support of 1 — y(&),
¢/1€)? is a bounded multiplier. A calculation shows

Ocgel < | / é—,ei'x—y'ﬂewﬁfo<y,f>dy|

g —|z— [
| / \/ﬁe UV EHNIE (4, ) dy|
ei‘xfy‘lfl J— ef‘xfy‘ V £2+)‘2

+ / |z -y ey foly, §)dyl
etle—yllel — e—\m—y\\/m e
' |/ |z -y e 0e foly, §)dy|

< / (@) + () foly, €)ldy + / 9 foly,€)ldy.

Using the regularity of fy in y and &, and continuing this calculation for 8?4 ge, by applying
the decay results from similar terms in 1 we see

e / (1= x(€)eg " (@)™ / Ge (W) () dyde]| = S 57N [ .
3
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Now, for I, we need to bound

/5 ()] + g ' (2)eMERD (I 4 ge(y))de.

It is here our moments conditions become necessary. We wish to proceed similarly to case
11, but now |£\2 is a singular multiplier. In fact, note that after integration by parts M

times, the leading order operator will be on the order of |£|72M. As a result, we arrive at
the 2M moments conditions in (5.1). We have a gain in time decay using integration by
parts in L, and since

L;g(0) =0,
for j =1,...,2M, there still no singularities near £ = 0 where
(10.8) 36 = X(©)05' (@) [ e

and L; is the order 2j differential operator resulting from the stationary phase-like argu-
ments. Now, again we can apply the applicable results on oscillatory integrals of the terms
I, I11** and IV** from the proof of Theorem 1 with new functions f}

fé\/l<x - Z7y7€7 ’f‘) = ’x‘MlyMQli,]\@(é? |§|)LM3f0<x =z §7 |£|)

defined on the support of x(§) where M; + My + M3 = 2M. Using the moments conditions
and the weighted integrability of f, the argument proceeds precisely as that near & = 0 for
the unweighted time decay case. Hence, under our assumptions we have

et / W(O)F ()™ / Fe(y) Fly)dydel| e < 5.
I3

O

Remark 10.1. In turn, (5.1) becomes our moments condition for the function space P3t
as defined by

Pt = {¢p € PH||||lua < o0, |||x|*d||z2 < 0o, condition 5.1 is satisfied for j < A},
with norm
18llps = (lolzra + l*olZ2)" -

These function spaces will be used in [21] in order to find stable perturbations of minimal
mass solitons.
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11. DISPERSIVE ESTIMATES

From [31] or [22], we have H' = M ® S where M is 2d + 4 dimensional set of functions
that span the 4th order generalized null space at 0 and S is the continuous spectrum.

Since M is spanned by functions with exponential decay, we have for ¢ € M

™l < O+ ) [ e Hljo(a)]de
where ¢ is determined by the exponential decay of all functions in M.
Now, from [11] and 9 we have for ¢ € S,
(11.1) 73]l 2 < O] 2.
Lemma 11.1. Given Equation (11.1), we have
e @)l < Clld] -

Proof. For ¢ € S, we have

7|2 e 3]| 12 + Clle™ )| 12
le" H || 12 + Clle" )| 12
1|2 + Clle" ™| 2
10l 2 + Cllo]| 2
Cl|¢| 2

Hence, the result follows from interpolation. O

VAN VAN VAN VAR VA

In order to push through the contraction argument, we need various dispersive estimates
from [5]. We present the proofs here.

Theorem 9 (Erdogan-Schlag,Bourgain). Let P. and P, be projections onto the continuous
and discrete spectrum of H respectively. Then,

() 16" Pblm < Cllolm
(i) ()l < Cllolla
(i) e Pad)lne < CO+[P) [ eHlg(wlda
(i) o™ Pad)le < CUlell + (1 + 1) 0]l e)
©) llate ™ Pad)le < C1+1uP) [ ol ds

Proof. Estimate (7i7) follows from the discrete spectral decomposition into a 4 dimensional
generalized null space. The exponential decay is apparent from the properties of the eigen-
functions. Estimate (v) follows similarly.
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For ¢ € 0,.(H), we have from Section 10 or [11] that
le" Pl < Cll]lre.

For ¢ € 0,.(H), we have

e ]| 12 [He ™l 12 + Clle ™|l 2
1" M 2 + Clle"™ ¢l 2
IHoll 2 + Clle™™ |l 2
@]l a2 + Cllo] 22
Cllel a2

This gives (7). A similar argument shows
e 2t S @Ml racer + €™l 2o

Thus, by induction, we have (ii) for all positive integers s and hence by interpolation all
s> 0.

Let ¢ € 0,.(H) and u = €™ ¢. Then, since
ivt — HU = O,

VAN VAN VAR VAR VAN

then
d 20| 2 2a
pr |z|“|v(x,t)|*dxe = 2Re (Jz|**v, v;)
= 2Im (|z|**v, Hv)
= 2Im (|z[**v, Av) + O (/ |U|2€_C|x)
S [ laP= ol Volds + ol
Using the following interpolation inequality

. e
Il DYl 2 < [lf|*oll 2 * [0l fa,

we have
/!x\Q‘”IUHV’U\dw < |zl [2]*H V||| 2

o1 1
][l 2 = 1]l o

IN

Hence, using (i7)

d (% [e% 2_l 1
L G COTY I I Y P ) e ] 2
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Integrating, we have

t
« « o Q_é é
|l Zo o S Nl |<b|||§+/0 (zl*v(s)I[2 " 191l o + [[0(5)]1Z2]ds

@ ol |23 ollE
S Mzl + Il \v!HLZLoo([o,t])/O (19l 5e + ¢l 221ds
S Mzl®1611E + elllzl®1ollZe Lo o) + CE + )l ]*[¢]]]2-
Hence, estimate (iv) follows. O

12. STRICHARTZ ESTIMATES

From the above time decay, we can also prove the standard space-time Strichartz esti-
mates for "¢ where ¢ € P,H. We review the standard methods here as seen in [30].
From henceforward, let us assume that we work on the subspace of functions contained in

P.H.
Theorem 10. For p and p’ such that ]lj —1—1% =1, with 2 < p < oo, and t # 0, the
transformation e maps continuously L” (R?) into LP(R?) and

1

(12.1) e o e < WWHM“
p

Proof. This result follows from the interpolation result presented in [4]. 0
Definition 12.1. The pair (q,r) of real numbers is called admissible z'f% = % — C;l with
2§7’<d2fd2 when d > 2, or2 <r <oo whend=1 ord=2.

The following result proving Strichartz estimates is from [25].

Theorem 11 (Schlag). For every ¢ € L* and every admissible pair (q,7), the function
t — e belongs to LY(R, L™(R?))NC(R, L?*(R%)), and there exists a constant C depending
only on q such that

(12.2) 1€ Lo, Lrgayy < Cll8llL2-

Proof. Typically, one uses a duality argument when the operator e’

(€™, G r2arn)| S 16l e2l|Gll o

Mt is unitary. Namely,

To this end, write

[ Gtsl = (o [ Gy

[e’s) [e’s) L2 (Rd)

‘/ eM=*G(s)ds

VAN

16/l 2 ()

9

L2(R4)
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2 o0 (o]
= </ MG (s)ds, / ethG(t)dt>
L2(R4) —o0 —o0 L2(R?)

= </ G(t)dt,/ emt_sG(s)ds>
oo —oc L2(RY)

/ e 3G (s)ds

o0

where

H/ MG (s)ds

IN

HGHLq'LT'

LaLr
Using Equation 12.1, we have

/ M2 G(s)ds

o0

IN

/00 |G (s)| o ds

[e.o]

> 1
/ m IG(s)|l, ds

< 1
< [ G ds

o] |t—8|5

L

Hence, using the Hardy-Littlewood-Sobolev Theorem with v = —2

q7
H/ e G(s)ds

However, for systems, this is not applicable. Hence, we must use the Christ-Kiselev
Lemma [7].

5 HGHLQ'LT/'
LaL™

Lemma 12.2. Let X, Y be Banach spaces and let K(t,s) be the kernel of the operator
K : LP([0,T]; X) — L]0, T];Y).
Denote by || K|| the operator norm of K. Define the lower diagonal operator
K : LP([0,T); X) — LU([0,T];Y)
to be
Rf(t) = /tK(t, $) f(s)ds.
0

Then, the operator K is bounded from LP([0,T]; X) — L([0,T);Y) and it norm | K|| <
c||K||, provided p < q.

A perturbative approach originated by Kato is used. Define

(SF)(t,z) = /0 (e7 =P F(s,-))(x)ds.



DISPERSIVE ESTIMATES FOR MATRIX HAMILTONIANS 47

Then,
ISF e S I FllLrzz-
Using the fractional integration argument from the unitary case, we have
ISENcye S WE Ny
where (r,p) is admissible. By Duhamel, we have

t
efthPC _ efthOPC . Z/ efz(tfs)Hovef'LsHPCds.
0

Set V = MMV, where

0 (z)7'"
Then,
|eeorentgsas| s [T emontgs)| < lallae
0 LYLE 0 L

where the last inequality follows from local smoothing. Applying the Christ-Kiselev lemma,
for any Strichartz pair (r,p), we have

t
‘ / e~ it=90 N () ds S N9l
0 LiLE
Then,
He—z‘tHPcﬂ Loz < fllzz + HM—H/e—isHPcf 2’

so we need

H]\Zf‘lVe_iSHPcf S M Fllze-

L3L3

Taking a Fourier transform in s gives

!/HM1WRW—A—MRWRN%MSWM$

[e.o]

However, this follows from the smoothing estimate on Hy, plus the standard resolvent
identity under the spectral assumptions on H. Hence,

le™ P fll g < 1 fllzz-
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