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ABSTRACT. These notes will attempt to introduce the subject of nonlinear dynamics re-
lated to ground states (or solitons) in nonlinear dispersive equations. Many of the topics
we will discuss relate to things I have learned about soliton stability through my Ph.D.
thesis with Daniel Tataru along with graduate school projects I was lucky enough to
work on with Justin Holmer and Maciej Zworski, followed by subsequent collaborations
as a postdoc with Michael Weinstein and Herbert Koch. From all that they taught me, I
was able to look deeper into the topic in further collaborations with Pierre Albin, Hans
Christianson, Vincent Duchene, Chris Jones, Jianfeng Lu, Jason Metcalfe, Sarah Raynor,
Mikael Rechtsman, Gideon Simpson, Michael Taylor and Laurent Thomann. In addi-
tion, throughout the years there have been many helfpul conversations with Wilhelm
Schlag. In particular, much of what we will discuss analytically I have learned in much
greater depth due to my ongoing collaborations with my colleagues Hans Christianson,
Jason Metcalfe and Michael Taylor at the University of North Carolina, to whom I must
credit many of the observations presented below. I also must mention that much of my
numerical expertise has been developed in my past and ongoing collaborations with
Gideon Simpson, who has taught me a great deal and shown me many ways I never
thought possible to visualize spectral and stability issues. I also thank Mikael Rechts-
man for shaping much of what I know in terms of applications of nonlinear dispersive
equations in nonlinear optics. I am indebted to my many collaborators in all the works
cited and developed here as many of the insights here are theirs. Finally, a special thanks
to Sebastian Herr and the Guest Lectureship Program at Universitit Bielefeld for hosting
me during the Summer of 2012 and hence allowing for these lecture notes to even exist.
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CHAPTER 1

Bielefeld Lecture 1

In this series of lecture notes, we explore some analytic and computational aspects
of stability and scattering theory for nonlinear bound states. We begin with a study
problems of the form

(1.1) 0 = —Au+V@u+iu-fxu®u.
Such problems arise in the study of nonlinear optics, gravitational fields, Bose-Einstein
condensates, water waves and more. From a mathematical standpoint, these states act
as obstructions to dispersion in the sense that they can be explicit solutions, which serve
as critical points of this "infinite dimensional" dynamical system.

1.1. Examples

We will discuss in detail how such states arise, but as a general motivation, take the
nonlinear Schrodinger equation

(1.2) ius+Au+Vxu+|ulPu=0, u(O,x):uo(x)eHl,
the generalized Korteweg-de Vries equation

(1.3) ut+6§€u+6x(|u|pu)=0, u(0,x) = up(x) € H',

and the massive (m > 0) nonlinear Klein-Gordon equation

(1.4) up = Au—mu+ulPu, (w,u)0,x) = (up, u1)(x) € H x L2,

Aswe will discuss, solutions to the linear versions of these operators, the linear Schrédinger
equation

(1.5) iug+Au=0, u(0,x) = up(x) € H',
the Airy equation
(1.6) U +03u=0, u(0,x) = up(x) € H',

and the massive (m > 0) Klein-Gordon equation
(1.7) Uer = Au—mu, (u,ur)(0,%) = (uo, 1) (x) € H' x I,

are so-called "dispersive" equations. This means that the solution operators to (L.5),
and tend to push energy towards oo in a sense that we will make precise when
we study stability and perturbation in time-dependent problems. A nonlinear bound
state arises when the solution itself cause energy to be "trapped,” which is why we will
study so-called "attractive" or "focussing" nonlinearities. This is directly related to the
sign of the nonlinear terms being precisely the same as the sign of the Laplacian. In
other words, one expects rather different behavior for than for the "defocussing”
problem

(1.8) i+ Au+|ulPu=0, u,x) = up(x) € H'.

7



8 1. BIELEFELD LECTURE 1

Another key feature of a dispersive equation is the existence of one or many conserved
quantities, which will play a major role in our analysis and will be explored in a detail
later.

Though these are simply written as initial value problems, we for the most part will
look for solutions with some sort of decay at co, which makes the H®, s > 0 reasonable
spaces in which to analyze the various evolution equations. Note different boundary
conditions do arise in mathematical models, see for instance literature on Ginzburg-
Landau vortices, but while aspects of the the analysis can be similar, the approach must
be modified appropriately to deal with these non-trivial boundary conditions.

For the moment, let us simply proceed with the assumption that we will work in
spaces that have some decay. Let us take as an ansatz

u(x, ) = eMp(x)
in (12.1),
u(x, t) =p(x— A1)

in (L.3), and

u(x, 1) = eV Mig(x)

in (12.1), Then, given ¢ : R — R, we have

Oxx)— AP+ PP =0,
a nice nonlinear elliptic equation as above in (I.I). Note, this problem has studied for
a very long time, even going back to the work of Pohozaev, [Poh65]. For the version
of appearing here, note also that the sign of 1 > 0 makes a difference in that by

both elliptic regularity and simple asymptotics on the appropriate Green’s function, the
decay of a function u solving

A+MNu=f

is much stronger for A > 0 and indeed if 1 < 0, one expects exponential growth at oo for
the Green’s function, plus one has plan wave solutions that experience no decay.

1.2. A Simple ODE

Let us take the special case of d =1, A =1 and p = 2. The problem is now simply
a second order ODE and can be solved (up to translational symmetry!) under the as-
sumption that ¢’'(0) = 0 and the solution decays as | x| — oco. In particular, there exists a
solution of the form

¢(x) = sech(x).

To see this, note
1
¢z = A"~ S ¢".
Using the transformation w = 1/¢,
1
2 2
wi=Aw"-—,
* 2
giving ¢(x) = (24) 2sech(12 x).
Generically, one does not have such explicit ODE methods available, but many of
the properties implicit to the sech function remain in tact upon other means of finding
solutions to the elliptic equation. In particular, if one assumes radial symmetry of the
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1.3. VARIATIONAL CHARACTERIZATION 9

underlying space, one can frame the solution to such a problem as that of a system of
ODEs that has a positive, radial solution. One can apply shooting techniques or other
tools of classical dynamical systems to understand if such a solution exists.

1.3. Variational Characterization

To approach the problem variationally, we can write (L.I) as

—Au+V@u+Au—fxluu
Hy(w) + Hy(u) + H3(u) + Hy (1),

0

which allows us to write a Lagrangian energy

1.9%Lw = l(f IVulzdx+f V(x)lulzdx+/tf Iulzdx—f F(x,lulz)udx)
2 \Urd R4 RA R4
= LW+ LWw)+ZL3(w)+Za(u)
where
dF
(1.10) —(x,8) = f(x,9).

ds

Another way to generally go about solving such problems is through the method of con-
strained minimization in H'. Namely, given the Lagrangian ., we solve the problem

min{) %;| Y ¥%j=o0},

ueH! jeo jeo*
where 0 c {1,2,3,4} and 0* ={1,2,3,4}\ 0. Using that such a minimizer would be critical
point of the constrained Lagrangian along the level set of the constraint Lagrangian, we
find the Lagrange multiplier for such a problem gives

2 Hj=K ( 2 Hj)’
jeo jeo*
which if K can be scaled to be —1, gives a solution to the desired elliptic problem.

There are other ways to prove the existence of such nonlinear states however. For
instance, the operator H = —A + V has discrete spectrum, at small amplitude one can
use perturbation theory and the implicit function theorem to construct a nonlinear so-
lution. These particular methods allow one to really explore symmetry breaking and
find interesting and occasionally surprising dynamical systems, and will be explored in
this class.

No matter how these states are constructed, some natural questions arise that we
will attempt to answer here. First of all, are these states that we have constructed unique?
Are they stable? In what sense? Can we control the dynamics about one of these points?
Do they serve as global attractors for the infinite dimensional dynamical system? Are
there any implicit symmetries to the space over which the evolution is defined and the
evolution equation that can be exploited?

To begin, we recall the celebrated concentration compactness lemma of PL. Lions,
[Lio84al:

LEMMA 1.3.1 (Concentration Compactness). Let(p,) =1 beasequencein L' (R?) sat-
isfying:

0n=0 inRY, f pndx=2A
R4



10 1. BIELEFELD LECTURE 1

where A > 0 is fixed. Then there exists a subsequence (pp,) =1 Satisfying one of the three
following possibilities:
i. (compactness) there exists yy € R4 such that On, (- + yn,) is tight, i.e.

Ve >0, 3R < oo, P (X)dx = A —¢€;
Yk+Br

ii. (vanishing) lim_.oo SUP cpa fy+BR Pn, (x)dx =0, for all R < oo;
iii. (dichotomy) there exists a € [0, A] such that for all € > 0, there exists ko = 1 and
p},p% € LY (RY) satisfying for k = ko:
{ lon = (o} + oDl <€ | fgaprdx—al<e, | fpapidx—(A-a)l<e
d(Supp(p}), Supp(p?)) — co.
Key Idea: Let X be a metric space and {uy} a sequence of Borel probability measures on

X. For Re (0,00), y€ X, set Bg(y) ={x € X :d(x,y) < R} to be the closed ball of radius R,
centered at y. Define

(1.11) Qx(R) = sup pr(Br(y).
yexX

Of course each Qy is a monotone increasing function of R on [0, 00), and
(1.12) lim Qk(R) = 1.
R—o0
Using a standard diagonalization procedure, we can reduce to a subsequence (which we

still denote by {ux}) such that Qx — Q on Q*. The function Q is monotone increasing,
so set

(1.13) a= }%im Q(R)e[0,1].

We examine separately the three cases a =0, @ = 1, and 0 < @ < 1. We will see that these
three cases lead to the phenomena of vanishing, concentration, or splitting respectively.
(Observe that Lions labels the third case “dichotomy” rather than splitting.)

1.4. Exercises
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CHAPTER 2

Bielefeld Lecture 2

Much of the following can be found applied to very general geometric settings in
[CMMT12].
2.1. The concentration-vanishing-splitting trichotomy of Lions in a general setting
In this section we show the concentration-vanishing-splitting trichotomy of Lions
[Lio84a,Lio84b] can be extended in a natural fashion to a metric space setting.
Case I: @ = 0. In this case,

@.1) im sup ux(Br(3) =0, VR <oo.

1

k—o0 yex

This is precisely the case of vanishing.

CaseII: a = 1. In this case, for each u € (0, 1), there exists R = R(u) such that, for every k,
Qx(R(w) > p. That means there exist points yi(u) € X such that

(2.2) Kk Brw (Y (0)) > .

Set yx = yx(1/2), and observe that

2.3) ©n=1/2 = d(yr(Ww),yr) < R(1/2) + R(W).

This follows by definition, since otherwise there would be two disjoint balls in M, each
with uj-measure exceeding 1/2, which contradicts uy being a probability measure.
As a consequence, with y; = yx(1/2) as above, u € (1/2,1), and

(2.4) R(u) =R(1/2) +2R(u),

we have for all k

(2.5) Kk (B (Vi) > p.

As this holds for each p € (1/2,1), this is the phenomenon of concentration.
CasellIl: 0 < a < 1. Pick e > 0. Then choose R € (0,00) such that Q(R) > @ —e¢. There exists
ko such that for each k = ky,

(2.6) a—-e<Qr(R)<a+e.

We can also choose a sequence Ry — oo such that

2.7 Qr(Ry) =a+e.

By (2.6), there exist points y; € X such that

(2.8) Hk(Br(¥k) € (@ —€,a +6).

11



12 2. BIELEFELD LECTURE 2

Set
(2.9) Ej = Br(yw), Ef=X\Bg,(yo.
Then
(2.10) d(EL,ED) = Ry - R,
and

1k 0 — i (ED) — i (ED) = i (Br, (i) \ Br (1))

(2.11) <a+e-(a—e

=2e.
This is the phenomenon of splitting. Observe that and imply
(2.12) Wk(E}t)_m <e, |ﬂk(E,€)—(1—06)|<3€-

2.2. Useful Background Lemmas for Applying Concentration Compactness

We recall here a few key useful tools from functional analysis, for generalizations
and proofs, see [Eva98| or [Tay97a], which contains many generalizations to manifolds.
We will use here the Sobolev space notation that u € W*? if it has k derivatives in the
Sobolev space LP and u € C* if it has k derivaties that & Hélder continuous.

Theorem 2.1 (Sobolev Embedding) Let U be a bounded, open set inR? and ue WP (U).
Then,

o Ifk< %, thenu e L9 for
1 1 k
qg p d
and there exists C = C(U, d, k, q, p) such that
lwllLawy = Cllullyrp g
d]_
o Ifk> %, then u € Ck_[!’] 1'yfor
d d d
y= [z]‘f’l—z for;({Z,
<1 for % ez,
and there exists C = C(U, d, k, q, p) such that

u d < Cllully, .
l “Ck_[?]_l'y(U) I ”W P(U)

Theorem 2.2 (Rellich Compactness)
Let1 < p <d, and U be a bounded, open set in R® such that dU € C'. Then WY P(U) is
compactly embedded in L9(U), denoted W"P (U) cc L9, for

pd

1=g= .
q d—p

By compactly embedded, we mean here

lullLawy = CW, d, p, Pllullyrp

and for any bounded sequence {u,} in W'P, there is a convergent subsequence in L9.



2.3. APPLYING CONCENTRATION COMPACTNESS 13
Theorem 2.3 (Gagliardo-Nirenberg)
Given u € H (R%), we have
1,
Il o < Clp, d)llull ;T IV},

wherey(p+1) <2 and

d d

YT T

2.3. Applying Concentration Compactness
The nonlinear Schrédinger equations we consider are given by

ivi+Av+|vP v =0, xeR?
E:NLS (2.13)

v(0,x) = vo(x).
Recall, a nonlinear bound state is a choice of initial condition u (x) such that
E:NLS | (2.14) (1, x) = eMuy (%)

satisfies (2.13) with initial data v(0,x) = u,(x). Such a solution is also called a ground
state, a standing wave, or a solitary wave, or, sometimes, a soliton. Plugging in this
ansatz yields the following elliptic equation for u;:

(2.15) —Auy +Auy —luy P tuy =0.
Similarly, seeking a standing wave solution to a nonlinear Klein-Gordon equation,
(2.16) vi—Av+alv—vPlv=0, vt x) =e  ux),

leads to (2.15), with A = 02 — pi2.
In studying (2.15), we will assume

E:lam-del| (2.17) A>0,
given that the spectrum of —A is contained in a semi-infinite interval
E:delta-spec (2.18) Spec(-A) < [0,00).

We will analyze two methods of establishing the existence of a solution to (2.15).
One is to mimimize the functional

E:F-lambda| (2.19) Fy(u) = IVul3, + Allull?,

subject to the constraint
(2.20) ]p(u):f lulP*ldx =B,
M
with S € (0,00) fixed. For this, we will require
E (2.21) e(1+ 4 ) ie +1€(2 2”)
p-range . ) - L., P I
p g p n_2 p n_2
The other is to minimize the energy
1 1
2.22 E(w==|IV 2——[ PHdx,
(2.22) (W) = SIVullp ol Mlul x

subject to the constraint on the “mass”

- = =1
o . 2 v
. o = =
= 1 & &
o ] (2 2

E:Q-beta| (2.23) Q) = ul3, = B,
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14 2. BIELEFELD LECTURE 2

with S € (0,00) fixed. For this, we require the more stringent condition

(2.24) pe (1,1+ %)

The energy functional is conserved for sufficiently regular solutions to the non-
linear Schrodinger equation (2.13), which imparts special importance to energy mini-
mizers.

We preview these approaches in more detail.

minimize Fy (u) over u € H' (RY), subject to the constraint (2.20).
Ifuve H! ([Rd), we have

2.3.1. F) minimizers. We make the hypotheses (2.17) and (2.21), and desire to

d
d—F,l(u + Tl/)| e 2Re(-Au+Au,v),
(2.25) T =

d

— + =(p+ P luvdx.
dT]p(u TU)|T:0 (p l)i)"xeflul uvdx
If u € H'(R?) is a constrained minimizer, then

ve H' ®R%) and i)‘{e/ lulPtuvdx=0
(2.26) R4

= Re(—Au+Au,v)=0,

so the two elements of H1(R?), —Au+ Au and |u|” ' u, are linearly dependent over R.
Hence there exists a real constant K such that

2.27) —Au+Au=KolulP'u,

with equality holding in H~'(R%). To determine Kj, we pair each side of this equation
with © and use H' — H~! duality:

(2.28) IVl + Al =Ko [ 1l de = pro
Rd
Hence
1
(2.29) Ko=5 inf{Fy(w): ue H'®RY), J,(w) = B}.

Given the existence of such an infimizer, it follows that
(2.30) Ky > 0.

Now if u solves [2.27), then u,(x) = au(x) solves

(2.31) —Aug+Aug =lal" PV KoluglP  ug,
so that we can solve

(2.32) —Au+Au=KlulP'u

for any K > 0.
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2.2

2.4. EXERCISES 15

2.3.2. Energy minimizers. We make the hypothesis (2.24) on p and desire to min-
imize E(u), subject to the constraint (2.23). If u, v € H' (R%), we have

d
d—E(u+Tv)’ _ =NRe(-Au- ul”‘u, v),
(2.33) T =0

d

—_ + =2 , V).

dTQ(u TV)L:O Re(u, v)
If u € H'(R?) is a constrained minimizer, then

ve H'®RY, Re(u,v)=0
(2.34) 1
= Re(Au+|ul’ " u,v)=0,

and it follows that there exists A € R such that Au+ |u|P 1u = Au, or equivalently,
(2.35) —Au+Au=u’ tu.

2.4. Exercises






CHAPTER 3

Bielefeld Lecture 3

Much of the following can be found applied to very general geometric settings in
(CMMT12].

3.1. F; minimizers

s2
We wish to prove finish our goal of minimizing F) (u), subject to the constraint

Jp(u) = . Observe that 2.17)-(2.18) imply

3.1) Fp() = [ul3)) ay-
The hypothesis on the range of p implies
(3.2) H'®RY c LPHLRY).
Hence there exists a constant C > 0 such that

(3.3) lull?,., < CFy(u),
so that

(3.4) Ig=inflFy(w) : ue H' R, J,(u) = B} > 0.

Suppose {u,} ¢ H' (R?) is a sequence satisfying
2.0.5] (3.5 Jp) = B, pﬂ(uv)szwé_
Passing to a subsequence if necessary, we have
(3.6) uy — ue H'RY)
converging in the weak topology. Rellich’s theorem implies
(3.7) H'®RY — 1P ()
is compact provided Q is relatively compact. This implies that, for such Q,

E:Rellich| (3.8) u, — uin the L’*1(Q) norm.

s@nt

3.1.1. Concentration. The enemy of finding a minimizer is the possibility of min-
imizing sequences escaping to spatial infinity. We will show that some minimizing sub-
sequence concentrates, which we will define shortly.

Let us first record a basic Lemma of concentration compactness. This is given in
Lions [Lio84a], pp. 115-117.

LEMMA 3.1.1
Fix B € (0,00). Let{u,} € LPTYRY) bea sequence satisfying [ |u,|P™ dx = B. Then, after
extracting a subsequence, one of the following three cases holds:

17



18 3. BIELEFELD LECTURE 3

(i) Vanishing. IfBg(y) = {x € R : d(x, y) < R} is the closed ball, then for all0 < R < oo,

E:vanishing| (3.9) lim sup luy P dx =0.
Vﬁoo_yele Br(y)

(ii) Concentration. There exists a sequence of points {y,} ¢ M with the property that
foreach e >0, there exists R(e) < oo such that

E:vanishing| (3.10) f Iuvl”+1dx>,6—e.
Bre)(yv)

(iii) Splitting. There exists a € (0, ) with the following properties: For each e > 0,
there exists vy = 1 and sets E5, E? « R? such that

E:splitting-1| (3.11) d(E}, E) — 00 asv — oo,
and
E:splitting-2| (3.12) U” lu /P dx—al <e, fbluvl’”“dx—(ﬁ—a) <e.
EV v

We now show that for a minimizing sequence in our problem, the vanishing phe-
nomenon cannot occur. The proof uses the following lemma, essentially given in [Lio84b].

L:vanishing| LEMMA 3.1.2Assume {u,} is bounded in H' (R%), and

E:vanishing-2| (3.13) lim sup Iuvl2 dx =0, for someR > 0.
V7 yerd JBR(Y)
Then
2n
E:vanishing-3| (3.14) 2<r< P = | uVIILr(Rd) — 0.
n —

PrOOE This is a special case of Lemma I.1 on p. 231 of [Lio84b]. The only two geo-
metric properties used in the proof in [Lio84b] are the existence of Sobolev embeddings
on balls of radius R > 0, and the fact that there exists m < oo such that R” has a covering
by balls of radius R in such a way that each point is contained in at most m balls. As an
idea for how applicable the concentration compactness machinery is, these two facts
hold on every smooth Riemannian manifold with ¥ bounded geometry.

In reality, we prove the following general version of[3.1.2}

LEMMA 3.1.3Assume {u,} is bounded in L9 (R%) and {V un} bounded in LP(RY), and

‘ L:genvanishing

| E:genvanishing-2 | (3.15) lim sup |uy|9dx =0, for someR > 0.
Vﬁooyele Br(y)
Then
dp
| E:genvanishing-3 | (3.16) g<r< p = | uV”Lr(Rd) — 0.

The key ideas go as following:
If |upllz < L uniformly, then we can apply Hélder’s inequality and the Sobolev
embedding theorem repeatedly to observe

sup luylPdx—0
yerd JBR)
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for any R > 0 and p > min(q, dp/(d — p)), which then implies

sup Iunlp_IIVunldx—r()
yeRd JB(y,R)

forp>q,(p-Dp' >q.
Hence, using the Sobolev embedding with k = 1, p = 1, we have a y > 1 such that

_ _ _ Y
f Ul dx = c(f (lttnl? +p|un|f"l|wnndx)
B(,R) B(y,R)

< e%*(f (lum+ﬁ|un|ﬁ-l|wn|)dx),
B(y,R)

where from above €, — 0, which implies

f lun|PYdx — 0.
B(y,R)

To complete the proof in general, define v, (x) = min{u,(x), L}. Then, we can do the
same procedure on {v,}, but now

1
limsupf |u,|*dx < lim /Ivnl"‘dx+ flunlpdx,
Rd n—oo

n—o0 L=«

which is uniformly bounded by L*7? for g < p < dp/(d — p) and the term on the right
vanishes as L — oo.
d

P:no-vanishing ‘ PROPOSITION 3.1Suppose{u,} is a minimizing sequence. Then no subsequence can sat-

isfy B.9).

PrROOE If holds, then so does (3.13), by Hélder’s inequality on finite measure
balls. Then (3.14) holds with r = p +1 (recall (2.21)). This contradicts the assumption
that J,(u) = > 0. O

To show that splitting is impossible, we start by showing that Iz has the property
that, for all 5 >0,

(3.17) Ig<Iy+Ig_y, for anyn € (0, B).

Lions gives (3.17) a key role in results of [Lio84a]- [Lio84b]|, showing that, in various
situations, splitting cannot occur. In fact, in this case we have much more structure.

PROPOSITION 3.2For all f > 0, we have

(3.18) Ig=1p2PHY.

PROOE. Suppose u, satisfies (3.5), so

(3.19) Jp(uy) =P, Faluy) — Ig.
Then for a >0,

(3.20) Jplaw,) = aP*' B, Fylau,) — a*Ip.
Hence

(3.21) y=a""'p=1I,=d’ls
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Now if we replace f by y and a by a™!, we get I < a 21, i.e., I, = a*Ig, which together
with (3.21) implies

(3.22) y=a""'p = I, =d’l,

and proves the proposition. (]

Note that since CFy(u) = [|ulP*'dx, we have I; > 0, so Ig > 0 for every g > 0, and

follows.

Remark. The proof of Proposition implies that F)-minimizers scale to other F)-
minimizers. We state this formally.

COROLLARY 1If f > 0 and u minimizes F,, subject to the constraint J,(u) = B, and if
x >0, then ux = xu minimizes F), subject to the constraint J, (uy) = K””ﬁ.

Let us now show that splitting cannot occur for a minimizing subsequence. Sup-
pose on the contrary that there exists a € (0, ) and for each € > 0, sets Eﬁ,Eﬁ’ c R such
that (3.11)-(3.12) occur. Choose € > 0 sufficiently small that

(3.23) Iﬂ<la+1ﬁ—a_cle’

where C; > 0 is a sufficiently large constant to be fixed later. Since ||uy |l ;1 gay is uni-
formly bounded, if follows from (3.11) that there exists v, such that v = v, implies

(3.24) f luy | dx <e,
Sy

where S, is a set of the form
(3.25) Sy=ixeR?:d, <d(x,E)) <d, +2} c M\ (EL UED),
for some d, > 0. For r >0 and v = vy, set
(3.26) () =ixeR:d(x, B <},
so that S, = E,(d, +2) \ E(d,). Define functions XE/ and y2 by
1, ifxeE,(d),

(3.27) 10 ={1-dx,E(d), ifxeEy(dy+1),
0, ifx¢E, (d,+1),

and

0, ifxeE,(d,+1),
(3.28) b ={dw, E (), ifxeE,(dy+2),
1, ifx¢FE,(d, +2),

These functions are both Lipschitz with Lipschitz constant 1 and almost disjoint sup-
ports. Set uE, = x?,uv and uf} =xbu,. Since 0 < Xﬁv +}(€ <1, we have

(3.29) Jp W) +J,ub) < f WL+ Dl P av < Jyu,) = B.

Also, of course since A =0,

(3.30) M2, + Alubl?, < Aluyll,.
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We have Vu'iv = Xﬁ,Vuv + (Vﬁ,)uV and similarly for u?, and IV)(ﬁVI < 1 except for a set of
measure zero, so

(3.31) IVULI2, +IVUllZ, < IVuy I3, +fs |luy|* dx.
As a consequence, we have
(3.32) Fy(d) + Fa(ud) < Fy(wy) +e,

Using the support properties of ug,, uf} together with (3.11)-(3.12) yields

(3.33) IJp(uuv)—aI, IJp(ue)—(ﬁ—a)IS?’e-
Combining (3.32)-(3.33), and letting v — oo, we get
(3.34) I+ 1o < Ig+ Cae,

where C, depends only on §¢ > 0, the bottom of the spectrum of —A. Hence if C; > C, is
chosen sufficiently large in (which simply amounts to producing € sufficiently
small), we contradict (3.23). This, together with Proposition yields the following
proposition, which states that for a minimizing sequence u,, only the concentration
phenomenon can occur.

PROPOSITION 3.3Let {u,} be a minimizing sequence of Iy. Then every subsequence of
the {uy} has a further subsequence (which we will continue to denote by {u,}) with the
following property. There exists a sequence {y,} € M and a function R(€) such that for all
v,

(3.35) f luy P dx>B—€, Ve>0,
BR(e)(yV)

Remark 3.1.4
It is very important to observe the following facts in Proposition[3.3 The sequence of
points {y,} is independent of € > 0, and the function R(e) is independent of the index v.

3.1.2. Compactness and existence of minimizers. We retain the hypotheses (2.18)—
lb Let {u,} c H! (R%) bea minimizing sequence for (3.4), that is,

1
(3.36) Ip(uy) =P, Fyluy) = Iﬁ'f';;

where F, is given by and J, is given by as usual. After passing to a subse-
quence if necessary, Proposition shows we have points {y,} ¢ R? and a function R(e)
such that holds.

We now fix a base point, say the origin 0 € R and apply translation invariance: for
each v, set v, (x) = uy(x — yy), so that v, is now concentrated near 0 instead of near y,.
The sequence {v,} satisfies

1
(3.37) Ip(wy) = Jp(uy) = B, FA(UV):FA(UV)SIﬁ'*‘;»
and

(3.38) f lvy|P L dx>p—¢€, Ve>O0.
B ©)
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Passing to a further subsequence, which we continue to denote by {v,}, we have

(3.39) vy — v weakly in HI(IRZd).

Since F) is comparable to the H' (R%) norm squared, we have

(3.40) Fy(v) slivnlgjlfF(vv) = Ig.

Similarly

(3.41) Jp(v) <limintJp(vy) = B.

On the other hand, by (3.7), we have for each € > 0,

(3.42) vy — v, in the LP*! (Bj, (0)) norm,

so that implies J,(v) = B. Hence J,(v) = §, which in turn implies
(3.43) Fy(v) =1Ig.

Let us summarize this argument in the following Proposition.

PROPOSITION 3.4
If 2.18)—(2.21) hold, then there exists a minimizer v € H' (R of Fy(v), subject to the
constraint J,(v) = B.

Remark. It follows from (3.43) that convergence v, — v in (3.39) holds in norm in
H'R?), hence in norm in LP*1(RY).

3.2. Exercises
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CHAPTER 4

Bielefeld Lecture 4

Much of the following can be found applied to very general geometric settings in
(CMMT12].

4.1. Energy Minimizers

Now, we approach the topic of minimizing energy with respect to fixed mass, though
we must limit ourselves to a slightly smaller range of powers p in the nonlinear term of

(2.13). We require
4
4.1) pe(1,1+;),

which is the range of L? subcritical powers in the standard Euclidean case example. We
desire to minimize the functional

1 2 1 1
(4.2) E(u)=5||Vu||Lz—mf|ul’”+ dx

over H' (M), subject to the constraint
(4.3) Q) = lul?, = p.

As seen in (2.33)-(2.35), given u € H' a solution to the constrained minimization prob-
lem, we must have, for some 1 € R,

(4.4) —Au+Au—|ulP tu=o.

The range of powers in plays an important role in the Gagliardo-Nirenberg
inequality

1,
(4.5) el gt ey < Clluel 57 ll
where
n

(4.6) Y= ST oo hence y(p+1) <2.
As a result, we have

1

lul?, = E(w + Nl + Q(u)

(47) H! p+ 1 Lp+l

< B + CQ) P V2w P + Q)
which gives a priori bounds at || || ;n in terms of bounds on E(u) and Q(u). Then, take
(4.8) Fp=inflEw) :ue H', Q) = B},
for B > 0. The a priori bounds in show that for a particular §, we have g > —co
since y(p + 1) < 2. Taking at this point the sequence u, € H' such that
(4.9) Quy) =B, E(uy) = Fp+ %

23
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24 4. BIELEFELD LECTURE 4

Note, from (4.7), we have that |lu,|l;n bounded. Then, we apply the concentration-
compactness techniques to the L' sequence given by {|u, |?}.
It turns out that we need to assume

(4.10) 5 <0,

to show in the concentration-compactness argument that splitting and vanishing can-
not occur. In connection with this, note that replacing u by au in (4.2) and letting
a /" +oo shows that

(4.11) Fp— —oo0 as ff— +oo.

In particular, %5 < 0 for all sufficiently large 8. We will see later that .4 < 0 for all §, but
note it is not guaranteed that .#5 < 0 for all § in general.

4.1.1. Concentration. We need to show that there is no vanishing and no splitting.
We first establish that there is no vanishing when #g < 0. In fact, The vanishing condi-
tion for our sequence implies that given Br(y) = {x € RY:d M (x, ) < R}, we have

(4.12) lim sup luy?dx=0, VR<oo.
V=0 eRd I BR(y)

Using Lemma we have the following.
PROPOSITION 4.1Assume $g < 0. For u, a sequence minimizing the energy with fixed
mass, (4.12) cannot occur.

PROOE. For p as in (4.1), let us assume that @.12) occurs for {u,}. Then, Lemma
[B.1.2lshows

(4.13) luyll g pe1 — 0,
implying
1 2
(4.14) Ellv”V”LZ — Fp <0,
a contradiction. (]

Our next task is to establish that there is no splitting. If there were splitting, we see
that for any a € (0, §), for each € > 0 there exists vo = 1 and sets Eff, Eff < R4 such that

(4.15) d(E", EY) — coas v — oo

and

(4.16) ’f Iuvlzdx—a <e, f Iuvlzdx—(ﬁ—a) <e.
Ef Eb

We record here some subadditivity properties of .#g in order to argue similarly to the
splitting argument in Section|3.1.1

PROPOSITION 4.2If3 >0, F5<0,0>1, then
(4.17) ﬂgﬁ<0ﬂﬁ.
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PROOE. Let u, be a minimizing sequence as in (4.9). Define
1/2 2
(4.18) Wy =0""uUy, 8o lwyl},= op.

Hence,

_o , ol p+1
E(wv)—EIIVuVIILz—pH luy P dx

(4.19) ol

-0
= 0E(uy) - ———— [luy |7
p+1

p+1:
Passing to the limit gives
(4.20) ﬂgﬁ < Uﬂp.

However, given .#g <0, as in the proof of Proposition lluy |l p+1 does not approach 0
and the result follows. [l

Then, we have the following result similar to Proposition[3.2]

PROPOSITION 4.3Given 0 <n < § and 9 < 0, we have
(4.21) Ip < Ig_n+ Iy
PROOFE. Assume without loss of generality that 7 < f —n and take
(4.22) B-n=o0n

with o = 1. Hence, using Proposition[4.2lwe have

o+1 o+1
(4.23) Ion =09y, Ip=Igsin < ——Ion=——Ipy.
As aresult,
o+1
Ip=Fo+1n < ij]
1
(4.24) = ﬂﬁ*’l + ;jan
=Igpt+ I

(]

Applying this proposition in the same way as in Section we have the result
that no splitting can occur for the sequence {u,}.

Therefore, upon passing to a subsequence, we have concentration. There exist y, €
R4 (independent of ¢) with the following property. For each € > 0, there exists R(e) < 00
such that

(4.25) f g2 dx > f—e.
BE(E)(J,V)
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26 4. BIELEFELD LECTURE 4

4.1.2. Existence of energy minimizers. Aslong as
(4.26) Fp <0,

we are left with the situation where u, € H'(R?) satisfies and the concentration
phenomenon (4.25). We can translate the points y, to a subset of some compact K c R%.
We relabel the associated translates of u, as u,. Passing to a subsequence, we have
(4.27) uy — u, weak” in H' RY).

By Rellich compactness, u, — u in L?(B), in norm, for each bounded B < R?. Hence, by
(4.25)

(4.28) lull?, = B.
Hence,
(4.29) u, — u in I? ([Rd) norm.

Now, as in (4.5), we have

l,
(4.30) lu=uyllpper < Cllu—uyll 5" lu— w7,
SO
(4.31) u, — u in LP*'(R?) norm.
Now
(4.32) Va2, - —— w172 — 5,
- 2" T i e TR

and

1 1
(4.33) N5y — el

Also, since (4.28) holds,

(4.34) %nwniz - pi Clulfy = 9.
Hence

(4.35) IVull?, = liminf (| Vi, |17,,
SO

(4.36) Vu, — Vu in L*R?) norm,

and u minimizes E(u) subject to the constraint (4.3), at least provided (4.26) holds.

4.1.3. Primer on Symmetrization. We recall here some properties of symmetric
rearrangements in R?. Probably the best reference for these results are [LLO1]. Let us
define the symmetric, decreasing rearrangement of a function, f, such that

Fr(xD) = inf{t|udl f1 > £ < w(B(O,1x))},
where p is the standard Lebesgue measure. Another way to define such a rearrangement
is
* > *
= fo Xiylg>n 4L,

where y’, is the standard cut-off function to A* = B(0, R4), where Vol(A) = Vol(A™).
Note that

xIf* > 8 ={xllfI>1".
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Since
/Ifl”dx - pfo Ll f1 > i,

it is easy to see that

If e =1 fllzr

for any 1 < p < co. Hence, one observes that symmetrization will decrease the energy or
F, iff
||Vu* ”L2 < IIVuIILz

The key to this inequality relies upon the observation that

- (u,w) = (A u,u)

(-Au,w) =lim ———,

—0 3

meaning that one would like to prove
@u*, u*) = @y, ),

which follows from the following propostion.

PROPOSITION 4.4 (Lieb-Loss)
Let fi,..., [in are non-negative functions on R% that vanish at co. Letting k < m, define
B ={b"} a k x m matrix. Then, given

m |
I(fl,yfm):f[l_[f](z b”xi)dxl...dxk,
J i=1

=1

then
I, ) S IR - )

The proof of this proposition relies upon the fact that heat kernel of the Laplacian
is a monotonic, decreasing function and that R? is invariant under reflection symmetry.

4.1.4. Symmetrization approach to F)-minimizers. We assume

2n
(4.37) A>0, p+1€(2,m), B e (0,00).
We aim to minimize
(4.38) Fr(w) = IVull?, + Allul?,,
subject to the constraint
(439 ot = [ 1Pt dx=p.
We turn to the task of finding the desired minimizer. Note that implies
(4.40) Fr(w) = llul3,,,
and in this setting we have the Sobolev embedding result
2n

1-ga bl
(4.41) H'el?, Vqel2,—],
if n=3,V g€ [2,00)if n=2. The results (4.40)—(4.41) imply
(4.42) lul3 e < CFr(u),
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SO
(4.43) Ig =inf{Fy(u) : Jp(u) = B} > 0.
Let u, € H' satisfy
1
(4.44) Ipuy) =B, F,l(uv)slﬁ+;.
Passing to a subsequence, which we continue to denote (u,), we have

(4.45) u, — ue H', converging weakly.

Rellich’s Compactness theorem gives

(4.46) H'(Q) — LP*}(Q) compact,
for all smoothly bounded Q c R?, as long as p + 1 satisfies li SO
(4.47) u, — u, in LP*1(Q) norm,

for all such Q c R%. Fix a base poin as the origin, then replace u, by its radial decreas-
ing rearrangement. By the rearrangement lemma, this replacement does not increase
Vi, ll72. On the other hand, such a replacement clearly leaves || i, | ;2 fixed, hence low-
ers Fy (uy). It also leaves J, (uy) fixed. Thus we can assume u, (x) = 0, that it is rotation-
ally symmetric about 0, that it is monotone in dist(x, 0), and that (4.44), (4.45) and (4.47)
hold. We need to show that

(4.48) Jpw) =g, ie., lulppn=p"P.
Clearly J,(u) < f and F) (u) < Ig. Given , it would follow from and that
(4.49) Fyu) = I,

and also that H'-norm convergence holds in (4.45).
To demonstrate (4.48), let us set [[ull g1 = [Vl 2 + lull 12,

H! = set of radially symmetric functions in H',
Mp =M\ B(0,R), and
(4.50) Jrv =" My

We assert the following.

LEMMA 4.1.1Given q > 2, we have
(4.51) lim ||]R||$(Hl La) = 0.
R—oo r

Given this lemma, we have for the radial sequence (u,) satisfying (4.44) that, for
each € > 0, there exists R < oo such that

(4.52) f luy P dV <e, Vv,
Mg

and then (4.48) follows from (4.47).
It remains to prove Lemmma If we show that

(453) hm ”]R”g(Hl L) = 0,
R—o0 r
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then, since for g > 2

q q-2 2
[ 1wt ax=iong, [ 1w
(4.54) Mg Mg

q-2 2
eVl VN5,

we have (4.51).

It remains to prove (4.53). Here is one approach. We can replace R by R + 1. Take
xR € Lip(M), yr(x) =0 for x € B(0,R), xyr(x) = dist(x, Br(0)) for x € Br41(0), yr(x) =1
for x € Mg+1. Then, for v e H}, we have

(4.55) XrV € Hy ,(Mg) = Hy(Mg) N H},
and
(4.56) IVr2 s vl

Hence, in all cases except R?, (4.53) is a consequence of the following.

LEMMA 4.1.2Except for R?, we have

(4.57) vl <n@R)IVvlz, VYve Hy, (Mg),
with
(4.58) lim n(R) =0.

R—o00

PROOF. Take ve H&r(M r). Slightly abusing notation, we write v(x) = v(r). Then

o0
(4.59) IVol7, = f W' (NIPA) dr,
R
where
(4.60) A(r) = (n—1)-dimensional area of {x € RY dist(x,0) = r}.
Now

(e 9)
vl zeo Sf V' (nldr
R

(4.61) :f W A2 AT V2 dr
r

=nIVl e,
by Cauchy’s inequality, where

0 dr \1/2
(4.62) n(R):(fR m) .

This gives (4.57), except in the case of R?. O

Finally, the case of R? in (4.53) follows from the next result, given in [BL83] as Radial
Lemma A.II, which in turn follows [Str05].

LEMMA 4.1.30nR", n =2, then, forR =1,

(4.63) sup |v(x)] < CuR™ " V2|0l ;n, Vve H), (M)
|x|=R
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Much of the following can be found applied to very general geometric settings in

[CMMT12].
5.1. Symmetrization approach to energy minimizers
sab
We fix B > 0, and pick u, € H! such that
1
c.0A| (5.1) Quy)=p, Ew)=<Ip+—,

v

with

W =lul?, E@=21vul2, - ——u?!
(52) Qu - uLZ! u _2 uLZ p+l uLp-H)

Sp=inf{E(w):ue H', Q(u) = B}.
As seen in this leads to bounds

c.1] (5.3) Nyl g1, Nyl ppor < K < 00.

To proceed, fix the origin as a base point. A symmetric, decreasing replacement leaves
Q(uy) invariant. Thus we can assume our minimizing sequence (u,) consists of such
radial decreasing functions. Passing to a subsequence, we have

c.2| (5.4 u, — u, weak® in H,

hence weak* in L? and in LP*!. The limit u is radial and decreasing. The next result
provides valuable information about E(u).

pc.2| PROPOSITION 5.1 For such a sequence (u,), we have

Q
w

(5.5) u, — u in LP*'-norm.

PROOE. Aslongas p+1<2n/(n—2), Rellich’s theorem gives
c.a] (5.6) H'(B(0,R)) — LP*}(B(0,R)) compact,

for each R < oo, where B(0, R) is the ball of radius R centered at 0. Hence we have

(5.7) u, — u in LP*1(B(0,R))-norm, VR < oo.

Q
[¢)]

To proceed, denote by H the space of radially symmetric functions in H'. Set

Q
(&)

(5.8) Mp=M\B(,R), Jpv=v

Mg’
The following complement to follows from Lemma Namely, given g > 2, we
have, for ve H},

c.7| (5.9) IJrvlLa 55:1(R)”V”H}» 64(R)—0 as R— oo.

31



32 5. BIELEFELD LECTURE 5

Consequently, we have for the radial sequence (u,) that, for each € > 0, there exists R <
oo such that

(5.10) fluvlp”dVSG, vv,

Mg
and then follows from (5.7), proving Proposition O

From (5.4) we have || Vul ;2 <liminf||Vu, | ;2, and this together with gives

(5.11) E(u) <liminf E(u,) = 9.
We'd like to know that
c.10] (5.12) Q) =p.

However, doing so as in the previous section requires g > 2, so it is not clear how to
establish (5.12) directly.

5.2. Symmetrization approach to Weinstein functional maximization
sadx

We note how the symmetrization procedure allows for a simplified proof of the exis-
tence of a maximum for the Weinstein functional W (u), in the Euclidean space setting,
R" (for n = 2). Recall,

hul
(5.13) W) = —————z,
lul%, 1V ul?,

with a =2—-(n-2)(p-1)/2, f=n(p-1)/2. We keep the requirement on p. The
Gagliardo-Nirenberg estimate implies W (u) is bounded from above. Denote its supre-
mum by Wiax.

Now, if u, € H'(R") and W (uy) — Wpay, then W (u}) = W(w,) if u}; is the radial
decreasing rearrangement of u,, so we need only maximize W (u) over H,1 (R™). For the
next step, we follow the standard argument and use the fact that W () is invariant under
u— au and u(x) — u(bx) to impose the normalization

(5.14) llz =1, IVl =1,
SO
(5.15) ity ot — WD)

If we pass to a subsequence such that u, — u weak* in H!(R"), results from §A.4 yield
uy — win norm in LPT1(R™). Also [u];2 < 1 and |Vul;2 <1, so

A.4X.3| (5.16) W(u) = Whax.

This requires W (u) = Winax (hence ||u|l;2 = [Vul ;2 = 1, and therefore u, — u in norm in

H'(R™).) We have the desired maximizer. A computation of

d (N(w),v)
A.4X.4 (5.17) —W(u+7tv) 2—2,3
dr =0 ul IVl

shows that such a maximizer u solves the equation

A.4X.5| (5.18) Au—-Au+KuP =0,
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with
519) P IVul?, p+1 IVul?,
. - 2 ) = 1’
B llull?, Bonul?

hence, with the normalization imposed above,

a p+1
(5.20) A==, K= .

5.3. More on W, via Scaling

We note here the role of W, following [Wei83]. We take p = 1+4/n. Let us define
uy =A“ u(A%).

Then,
fluﬂlzdxzﬂza_"/zflulzdx.

Hence, given a = n/4, we have that
leallzz = llull 2.
Note also, given a solution u to
Ay +y—yP =0,
we have
—Aa+Aa—aP =0,
when p = 1+4/n giving us a connection between ground states for all A, provided one

has uniqueness of such ground states. Let us diverge momentarily into the nonlinear
Schrodinger equation

iup+Au+ulP'u=0, wu(x,0)=uy(x)e H.
A quick calculation shows that
E(u(n) = Eu(0), Qu(n)=Qu0)

where E, Q are as in our constrained minimization calculations.
Using the energy estimate (4.7), and plugging in the optimal constant provided by
the bound state mass, we observe

Up}p2

(1  luol

iz

giving a priori control on the H! norm for all time!!

4
) IVul?, (1) < E(u),
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CHAPTER 6

Bielefeld Lecture 6

Much of the following can be found applied to very general geometric settings in
(CMMT12].
6.1. Smoothness of minimizers
Let Q c R” be an open set, and assume u € HllOC (Q) solves
(6.1) —Au+Au=fw), fw=KluPu,
with p as in (2.21).

’ P:local-reg-prop ‘ PROPOSITION 6.1Every solution u € H, (Q) to (6.1) satisfies

E:local—ell—reg‘

E:loc-Sobolev

(6.2) ue CP Q)

if p € N. If p is an odd integer, then u € C®(Q). If p is an even integer, u € C*(Q) for all
s< p+2,and if p is an even integer and u = 0 on Q then u € C*(Q). Finally, for any p
satisfying (2.21), if u is nowhere vanishing on 2, then u € C*(Q).

PROOE. We have linear elliptic regularity: for 1 < g <ocoand s =0,

~Au+tAu=feH)I(Q = ue HP(Q),

c loc

(6.3)
—Au+Au=feC(Q) = ueC*?(Q) (ifs¢ 2),

see for instance [Eva98|, Chapter 6. As in[2.1} we also have Sobolev embeddings, such
as

- n
HY @), 0<s< 7

(6.4)
HMP ) c (), 0<s<l.

loc
In order to get started, write
1n+2
p= ; n-2
for some y > 1. Then for f(u) as in (6.1),

(6.5)

ue HL (Q) = ue2""2Q) (ifn=3)

loc

(6.6)

= fa eV @),
so that yields
6.7) ue H2,2ny/(n+2) Q)

loc

35



36 6. BIELEFELD LECTURE 6

ifn=3.1fn=2,thenuce Hﬁ)g (Q) for all g < co. Observe

6.8) 2ny >n© >n+2
’ ni2 2 V7 T4
If holds, we have

(6.9) ueC(Q)

for some s € (0,1). In the endpoint case y = (n+2)/4, we have
(6.10) uell ©Q), Vg<oo,

and hence f(u) € Lf(’) (@) for all g < oo as well. Then by (6.3),
(6.11) ue H,'(Q), Vq<oo,

and holds in this case as well. If y < (n +2)/4, we use the Sobolev embeddings
to get

2ny/(n+2-4y)

(6.12) uel @),
and hence
(6.13) flw e L2/ ),
where
n-2
6.14 =y ———— >y
(6.14) Y=Y n+2—4y >y

Inserting this improved regularity for f(u) into the elliptic regularity estimates
yields now

(6.15) ue g2l 2 )

loc
A finite number of iterations, say L, of this procedure yields the property (6.9). This in
turn implies f(u) € C5(Q), hence u € C5*2(Q) for some s € (0, 1).
From this, the conclusions of Propositionfollow, once we observe thatif p > 11is
not an odd integer, then one cannot improve the implication

(6.16) ueC(Q), s=p, = f(uweClQ),

except when p is an even integer and u does not change sign, while if p is an odd integer,
we get f(u) € C5(Q).
O

We now want global estimates for functions u € H' satisfying on all of R%. We
always have

(6.17) A-A)"L: g — g2

whenever A > 0 and g = 2, however when g # 2 one often needs a stronger bound on A.
Hence we will take a different approach, which will also yield some decay estimates on
solutions.

Let Q < R? be a bounded open set, Q € Q. Assume Q contains a ball of radius 1.
Then we can choose translations T; such that, if we set Q i=T;j (Q), then the countable
collection {Q j} covers R%, and we can assume that there exists m < oo such that each
point x € R? is in at most m of the ﬁj.
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Now depending on p satisfying (2.21), let L be the number of iterations required in
the proof of Proposition[6.1] Choose intermediate nested open sets:

(6.18) el e...eqV eq,

along with the associated translates

(6.19) ol = 1",

We set

(6.20) Aj=lull ),

so that

(6.21) lullfy =3 A%
]

Applying the proof of Proposition[6.I]on Q and its translates by isometries yields a sim-
ilar statement on each Q; with constants independent of j. From (6.20), we have

(6.22) I u”LZn/(n—Z)(Q].) < ClAj
with C; independent of j. As usual, if n = 2, this holds for L"(Qj), g < co. Hence

||f(u) ||L2ny/(n+2) (Q]_) < C2|| up "LZn/(n—Z)p(Qj)

(6.23) P ap
= CgCl Aj .
The local elliptic regularity then gives
(6.24) 1ull o2y gy S C3(C2C7 AY + CLA)) < CaA;.
]

Iterating this argument L times, we obtain
(6.25) lulles@,) = Cx Ay

for a constant C, independent of j, and where s satisfies similar properties to that in
Proposition[6.1] We record the result in the following Proposition.

PROPOSITION 6.2If u € H' is a solution to (6.1), then (6.25) holds with A; given by
(6.20), Cx independentof j, and s =2+ p if p ¢ 2N, and for every s <2+ p if p € 2N.

Remark 6.1.1

Observe that the second inequality in (6.24) uses that Aj < |ul g for each j. Hence Cy
is independent of j, but depends on ||ull ;n in a nonlinear fashion. In light of (6.21), we
conclude

2 2
(6.26) DIy = C () Ny
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6.1.1. Positivity of Minimizers. In this subsection we examine the question of pos-
itivity of minimizers. If u € H ! is a minimizer of Fy, subject to the constraint J,(u) = 5,
set v(x) = |u(x)|. Of course we have

(6.27) lvllpz =lullz, Vol =1Vulz, vl =l e,
so v is a solution to the same constrained minimization problem. But then
(6.28) v=0,ve H', -Av+Av=KolvIP 'y,

with Ko = I/ as in (2.29). Then Propositionimplies veC?*P and ve C®if pisan
integer. We improve this in the next Proposition.

PROPOSITION 6.3 The function v = |u(x)| satisfies
(6.29) v(x)>0

forall x e M, and hence v e C*.

This result is a consequence of the following Harnack inequality, which follows from
Theorem 8.20 - Corollary 8.21 of [GTO01]. If v = 0 solves <i and if Q;.l) are asin (6.18)—

li then (in light of the bounds on |v|P~! established in there exists a constant
Co, independent of j, such that

(6.30) sup u(x) <Cp inf u(x),
er}” er;.)

Given (6.30), if v = 0 solves (6.28) and is not = 0, strict positivity is immediate, and
smoothness follows from Proposition[6.1} so Proposition[6.3]is proven. This in turn im-
mediately gives the following.

COROLLARY 2
Every real-valued F) -minimizer u satisfies either u>0 or u <0.

We now wish to extend the global regularity estimates on u beyond s = 2 + p, when
u > 0. Theissueis that although u > 0, ¥ must decay at infinity, and since f () is singular
at u = 0, there is some work to be done. Again the Harnack inequality (with u
in place of v) provides the key to success. With this, we can establish the following
improvement of Proposition|[6.2

PROPOSITION 6.4If u € H' solves and u > 0, then (6.25) and (6.26) hold for every
s < oo with constants depending on s but noton j.

PrOOE. It suffices to prove the statment for s € N. Proposition[6.2]implies that the
assertions are true when s = 3, and we proceed by induction. Let k € N and suppose
(6.25) holds for s = k. Then the covering property of the {Q} implies

for some Cy independent of j. We want to show

(6.32) lull g ) < Crar A
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for some Cy.1 independent of j.
We need to estimate the C* norm of f(u). The chain rule applied to f (1) gives

(6.33) Daf(u) = Z Cyu(}’l) . u(Yv)f(v) (w).

Yitye - +yv=a,v,lyul=1
Now
(6.34) IfY W)l = CluP™,

and from the Harnack inequality and our induction hypothesis, there exists C;, C, such
that

(6.35) CiAj<usCAjonQy),
so that
(6.36) TAUES CA;"V.

Hence for |a| < k (so that, in particular, v, |yl < k), we have
p—v
|D® f(u)| < C;A;Aj
(6.37) <C'AP
- ]
< CHA]',

where again C" is allowed to depend nonlinearly on the quantity ||u| 1. The last in-
equality in |l uses the global bound A; < || u| ;. Hence

(6.38) 1 @)l iy < CAj.
J

Then the local elliptic regularity applied to yields (6.32), completing the proof.
O

6.1.2. Exponential Decay in the case of Symmetric Minimizers. Using the prop-
erties of regularity and integrability we have now computed, let us write the bound state
now solving the radial ODE

Ury + ur—/1u+u”:0,u'(0):O,rlim u=0.
—00

Setting v = r@~D/2y gives

vrr = (q(u) + BI1%)y,

where g(u) =1 - uP~1 and B =(d—-1)(d—-3)/4. Note, this transformation "blows down
geometrically at r = 0 and is related to the Emden-Fowler transformation to be dis-
cussed later. Then, since u is monotonically decreasing as a symmetrized minimizer
and u € H', we have for r > ry sufficiently large that

qr) +Birt=Al2.

Setting w = v> = 0, we have

1
> Wrr = v+ (g + BlrHw,

giving w, = Aw for r = ry. Given z = e‘ﬂr(wr +vAw), we then have

zr =20
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for r = ry. Hence, z is non-decreasing. Should there exist r; > rg such that z(r;) > 0, we
observe also that

f (W, + Aw) > oo.
It

This is a contradiction to the fact that u € H} implies w € W'!. Hence,
(eﬂr w) <0,
r

giving w < Ce™ VA" hence

lul < r*(d—l)/Zefx/Z/Zr.

Integrating (r?~'u,), = r% ' (Au - uP) gives that u, decays exponentially, hence plug-

ging into the equation gives u,, decays exponentially.
s2.5
6.1.3. Further decay estimates. The following decay estimates are an observation

of Michael Taylor. We continue to study properties of a positive solution 1 € H' to the
elliptic equation

(6.39) —-Au+Au=f(u),
where
(6.40) fw) =KlulP tu.

We also continue to assume this equation holds on a manifold M that is weakly ho-
mogeneous in the sense described in the previous sections. So far we have shown that
u e L9 for every q € [2,00], and for each s < oo,

(6.41) lulles@, < CsAjr Y,

where {Q i} is an open cover of M by sets which are images under isometries of a fixed
set Q and Aj=| uIIHl(Qj), )

(6.42) Y A= ulf,.
j

These are varieties of decay results. In this section we seek stronger decay results. Here,
we replace the hypothesis A > —§, by

(6.43) A>0,

which for §¢ = 0 involves no change.
Since {¢’® : t > 0} is a contraction semigroup on L7 for each q > 1, we have

(o]
(6.44) A+ )71 = f e Mgy,
0
which implies
(6.45) (~A+ ) L4

for every ¢ € [1,00], with operator norm bounded by A~!. Our previously estabished L4
estimates on u imply

(6.46) fwell, Ygell,ool.
Since u = (-A+A)~! f(u), we hence have u € L9 for every g € [1,00].
Now set

6 B =lulisg,
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so that
(6.48) Y Bj=|ullp.
i

Comparing to || we see the collection {B;} satisfy “stricter bounds” than {A;}. In
this sense, the following result improves (6.41).

PROPOSITION 6.5For eache € (0,1), and each s < oo, there exists Ce, s < oo such that

E:u-first-int

E:u-first-int

s3.4

1- .
(6.49) Il o) < CesASBYS, V).

PROOF. To start, (6.41) implies

(6.50) [ ””Lw(ﬁj) < CA;
for every j, with constants independent of j. Interpolating with (6.47), for each € > 0 we
can produce g > 1 such that

~ €2 pl—€/2
(6.51) ||u||Lq(Qj) <CA;"B; "%,
for every j, with constants indepenent of j. Next, (6.41) implies that for each k < oo
there exists a constant Cj. < co such that
(6.52) Il gra ;) = CrAjy
for every j, where again Cy, is independent of j. Then interpolation with (6.51) implies
that, for each € € (0,1), o < o0, there exists C¢ s such that

1—

(6.53) I u”qu(Q]_) = Ce,aAi‘Bj 5
where again the constants are independent of j. Taking o > 0 sufficiently large proves

the Proposition.
|

6.1.4. Smoothness, positivity, and decay of energy minimizers. If u € H ! mini-
mizes (4.2), subject to the constraint (4.3), so does v = |ul, so v solves
(6.54) veH, v=0, —-Av+Av—|v/P tv=0,

for some A € R. Boundedness (and decay) results of §6.1/hold. Then, as in §6.1.1} the
Harnack inequality (6.30) implies v > 0, and we get:

PROPOSITION 6.6 Every real-valued energy minimizer u satisfies either u > 0 on M or

u <0 on M, and belongs to €.

Given this, the decay results Proposition[6.4)and Proposition[6.5/apply to these en-
ergy minimizers.

6.2. Exercises






CHAPTER 7

Bielefeld Lecture 7

Much of the following can be found applied to very general geometric settings in
(CMMT12].

7.1. Second variation of energy

With € (0,00), let

(7.1) X={ueH:Qu)=p}, Fp=inf{E(w):ueX},
and

(7.2) Y ={ueX:E(u)=9g.

Conditions guaranteeing that Y is nonempty have been given in §4.1.2] Recall that E(u)
and Q(u) are given by (4.2)—(4.3). Here we study

d2
3.5.4 7.3 —E(w(s)),
(7.3) S Bw(s)
when w(s) is a smooth path in X satisfying w(0) = u € Y. To be definite, take ue Y,
(7.4) weT,X={yeH :Re(u,y) =0},
and set
+
(7.5) wis)=a—Y_ 4o plr2,
lu+ syl
In light of the discussion in §6.1.4} we can assume
3.5.8| (7.6) u>0on M,
but we cannot assume v is real valued. Set
3.5.9| (7.7 v =vwo+iy), Vo, ¥ realvalued.
Then the condition is equivalent to

3.5.10| (7.8) (u,9o) =0,

with no constraint on y;.
The chain rule gives

3.5.11| (7.9) disE(w(s)) =DE(w(s))w'(s),
and in particular
(7.10) iE(w(s)) =DE(w)w' (0).
ds 5=0

Differentiating gives
2

(7.11) %E(w(sn = D*E(w(s) (W' (s), w'(s)) + DE(w(s)) w" (s),

w
[¢)]
[N
w

w
(9]
[
N

43
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and in particular

d2
3.5.14| (7.12) d—szE(w(s)) 0= D?E(u)(w'(0), w'(0)) + DE(w)w” (0).
s=
We turn to the computation of w’(0) and w"” (0). Rewrite (7.5) as
w(s) = aF(s)(u+ sy),
3.5.15 (7.13)

F(s) = llu+ syl = @+ s? |y )?) V2

Then

F'(s) = —s(a® + S|y II>) 32 y)l?,
3.5.16 (7.14)

F'(s) = —(@® + syl 2 llyl? - slyll? %(az + syl =%,
SO
3.5.17| (7.15) F=0, F'0=-a>lyl*
We have

w'(s) = aF(s)y + aF' (s)(u+sy), so
3.5.18] (7.16) )
w' (0)=aFO0)y=v,
and

w"(s)=2aF' ()w+aF"(s)u, so
3.5.20 (7.17) ||1//||2

w"(0)=aF"(0)u=- U,
a
Thus and become
d

3.5.22| (7.18) aE(W(S))L:O =DE(Wvy,
and

3.5.23| (7.19 dZE =D’E ~ LwiPnE

5.23] (7.19) “SEws)| = D*Ew W) - — IwI°DEwu.

Also

3.5.24| (7.20) DE(uw) —dE( )

.O. . ul//—% L£+S1// ‘S=0’
and
2 d
3.5.25| (7.21) D°E(w)(y,yv) = WE(M+ sw)L:O.
Our next task is to compute the right sides of and (7.21). It is convenient to
set
3.5.25A| (7.22) E(u)=Tw) - J(w),
with
1 -
3.5.25B| (7.23) T(u) = EIIVuIIiz, J(u) = Pl ||ullf;+11-

First, the calculation

1
T(u+sy) =S IVu+ sVy|?

3.5.26| (7.24) ) §2
= 5||Vu||2+s9%e(w.vw) + Envuxn2
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gives
d
(7.25) Tt sy)| = Re(Vu, Vy) = Re(-Au,p),
and
dz 2 2 2
(7.26) 5 T sy)| _ =19y = IVyoll* + 19y .
Next, write
; 1 _
(7.27) Jutsy)=——v f (w+ sy) P2 (@ 4 sy PHD2 gy
Then

—_— + = _1 — — —
3 l ](u S1//) = f[(u+ sw)(p 1)/2(u )(P+1)/2
‘5'30 (;.28) N 2 S¢ ll}

+ (u+ sy) P2 @4 sy PV 2| gy,

and

az . 1 +1 D2 —
Ju+sy) = zf[p (u+sy) P~ V2@ 4 sy P~V 2y

ds? 2
" p-1 (u+sw)(pfs)/Zm_'_Sw)(erl)/ZwZ
(7.29) 2
n P2 (u+Sw)(p—l)/2m+sw)(p—l)/2wa
-1 _ _
+ P2 (u+ syp) PV 2@ 4 sy P=I2%% | g

In particular,

d . 1 _
_ ——— p-17
ds](u+ sw)‘szo 2flul (uw + uy)dx

3.5.32| (7.30)

=Re(lulP tu,p).
Before evaluating (7.29) at s = 0, let us record that (7.25) and (7.30) imply
d
(7.31) B sy)| = Re-Au-lul" ).
ds 5=0

(This calculation does not use .) For u € Y,i.e., aminimizer of E| x, this must vanish
for all v € T, X, described by (7.4). Consequently, given u€ Y,

3.5.34| (7.32) we HY, Re(u, ) =0 = Re(Au+|ulPLu,yp) =0.
It follows that there exists A € R such that
3.5.35| (7.33) Au+ulPlu=2u,

and we recover (2.34)—(2.35).
We also note that the last term in is

L L )|
a? v ds uxsu 5=0

1 -
=;Ilwllzfﬁe(—Au—|u|” Yy, w)

3.5.36 (7.34)
1
= ;uwuz(—ﬂtu, u)

=-Allyl?,
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the second identity by (7.33).
We now evaluate (7.29) at s = 0. For this, we will use (7.6), and write ¥ = v + iy,
asin (7.7). We have

az . 1
el _ = p-1 2
FrA sw)LZO— 2f[(p+1)|u| ]

-1 _ .
p P32 p+/2, 2

+ v
(7.35) N PT‘lu(wn/zﬁ(p—s)/zwz dx
1 ~1 _
= S+ Dl g+ ”Tme(|u|r’—3u2w, )
p+1

= T(u”‘lw,w) + pT_liﬁe(u”‘lw,w),
the last identity by (7.6). Now
3.5.38] (7.36) WP Yy, w) = WP o, wo) + (WP 1y, ),

and

Re(u” 1y, v) =£)%efu"‘1(u/0— iy)?dx
3.5.39| (7.37) H

= (WP o, wo) — (WP Ly, ),

SO
az . +1 -1,
Slusy)| = = w yo o+ @ yo, o)
+1 -1
(7.38) + Pz WPy, y) - Pz WPy, 1)

= p? o, wo) + WPy, y).
Together with (7.26), this gives
a2
TS Bt sy)| = -ayo—pu’ o, o)
+(=Ayy —uP yy, ).
This, together with and (7.34), yields

dz -1
TS Ew)]| = (8= pu”)yo.p0) + Awo, o)

3.5.41| (7.39)

3.5.42 (7.40)
+ (A= uP Ny, ) + Ay, ),
when w(s) is given by (7.5). In other words,

2

d
3.5.43] (7.41) WE(LU(S))L:O = (Lawo,wo) + (L_y1,¥1),

with L, : H! — H™! given by

Loyo = (=A+A— plul” o,
Loyy = (=A+A—[ulP Hy.

3.5.44| (7.42)

The Friedrichs method defines L, and L_ as self-adjoint operators on L?, with domain
H?.
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7.1.1. Second variation of F;. In this setting, we take p as in lh Jp asin (2.20),
and F) as in (2.19). With § € (0,00), set

(7.43) X={ueH:Jp(w)=p}, Ig=inf{Fr(w):ueX}
and
(7.44) Y ={ueX:Fy(u=Igh

Conditions guaranteeing that Y is nonempty have been given in Here we compute

2

d
(7.45) WFA(W(S)L

where w(s) is a smooth path in X satisfying w(0) = u € Y. To be definite, take € ¥ (we
can and will assume u > 0), take

(7.46) weT,X=1{weH :Re(P,y)=0},
and set
(7.47) w(s)=a U+t sy a=lullpa = pYePY,

—,
lu+syllppa

A calculation parallel to that done for (d/ds)?E(w(s)) in which this time we leave
to the reader, gives

1 d?
(7.48) > @FA(W(S)) o= (Lywo, o) + (Loy1,y1),
where y =y + iy, with g,y real valued, and L, as in (7.42), i.e.,

Liywo=(-A+A-plulP Hyy,

(7.49) .
Loy =(A+A—uP My,

provided a certain rescaling, described below, is performed. In this case, the condition
that y € H! belong to T, X becomes
(7.50) (P, o) =0,

with no further condition on . Contrast (7.50) with (7.8).
We describe the rescaling of u that yields (7.49). If X is as in (7.43) and if u € Y as in

(7.44) and is = 0, then there exists K € R such that such that
(7.51) —Au+Au=Ku".

Taking the inner product with u yields

(7.52) K=p"I.

We can rescale, replacing u by xu, to arrange that K = 1 in (7.51), so, with a different S,
the new u minimizes F) subject to the constraint J, (u) = §, and satisfies

(7.53) —Au+Au—-uP =0.

Cf. Corollary([1} It is for this rescaled u that (7.48)—(7.49) hold.
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7.1.2. Properties of L.. We have defined operators L, and L_ in §§7.]] as

Liwo = (=A+A - plulP Yy,

(7.54) .
Loy =A+A—ulP yy,

arising when u € H' is either an energy minimizer of an F, -minimizer, satisfying .
We also assume u > 0. In light of decay results on u established in these are self-
adjoint operators on L2, with domain H2. In these respective cases, we have seen that,
with w(s) respectively as in (7.5) or (7.47),

(7.55) ;—;E(w(s)))szo=(L+1//0,1//0)+(L—1l/1.1l/1),
d4?

(7.56) SR _ = Levo.vo) + Ly, y),

withy; e H ! real valued, v, otherwise arbitrary, and

(7.57) (u,w9) =0 incase (7.55),

(7.58) (uP,y9) =0 incase (7.56).

Since u is a minimizer, we know that (7.55) (resp., (7.56)) is = 0 for all such paths w(s).
We deduce that

(7.59) (L+ W0, w0) 20,

for all real-valued v, € H' satisfying (7.57) when u is an energy minimizer, and for all
¥ satisfying (7.58) when u is an Fj-minimizer (satisfying (7.53)). Also, in both cases,

(760) (L—U/l)w1) = 0;

for all real valued v, € H!. Since L, and L_ are reality preserving, these results extend
readily to the case where v and v are allowed to be complex valued.

As we have seen, if u € H! minimizes E(u), subject to the constraint || ulli2 = f, then
there exists A € R such that

(7.61) Au-Au+|uP lu=o0.

(This is also the PDE satisfied by the rescaled F)-minimizer, discussed in §7.1.1]) From
(7.60), we have the following information about A.

PROPOSITION 7.1If u is an energy minimizer satisfying (7.61), then
(7.62) Spec(—A + 1) € [0,00).

PROOE. Infact, forally e H!,

(A + Dy, ) = (L_y,w) + (ul” y,p)
(7.63) = (lulP 'y, y)
=>0.
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By contrast with the positivity of L_, note that

Lyw, ) = —(Au—Au+ plulPu,u)

3.6.94| (7.64) :—(p—l)flul””dx
<0,

the second identity by (7.61) if « is an energy minimizer and by (7.53) if u is an (appro-
priately rescaled) Fj-minimizer. This result, together with (7.59), implies:

p3.6.2| PROPOSITION 7.2fu is either an energy minimizer or an F) -minimizer, satisfying {7.53),
then L, has exactly one negative eigenvalue.

Returning to L_, we note that

(7.65) Lou=-Au-Au+ulP w=0,
SO
(7.66) ue N (L)

We have the following more precise result.

p3.6.3| PROPOSITION 7.3If u is either an energy minimizer or an Fy -minimizer, satisfying (7.53),
then

3.6.12| (7.67) N (L-) = Span(u).

PROOE. Itsuffices to show that any nonzero, real-valued element of A" (L_) must be
either everywhere > 0 or < 0, since then no two such can be orthogonal to each other.
Now, if v € A (L) is real valued and ||v||;2 = 1, then v minimizes

3.6.13] (7.68) UVVIZ + Al — (ulP v o) vl = 13

Then |v| is also minimizing, so |v| € A (L-). Then the Harnack inequality implies |v| > 0,
so indeed either v >0 or v < 0. O

We turn to some comments on A (L, ). Since derivatives commute with A we have
(assuming u > 0)

3.6.14| (7.69) A(Ou) — A(0uw) + plulP~ 1 (0u) =0,
hence
3.6.15| (7.70) djue N(Ly), ifforj=1,..4d,

given estimates on u assuring that du € 2(L.).
It is useful to regard L, and L_ as two operators in a continuum, defined by

3.6.16] (7.71) Loy = —Ay + Ay —alulP 1y,

for a € R, particularly for a € [1, p].. Note that

3.6.17| (7.72) Li=L., Lp=1L,.

For each a € R, L, is self-adjoint on L2, with domain 2 (Lg) = H?. The following result
extends Proposition[7.2]
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PROPOSITION 7.4Assume u > 0 is either an energy minimizer or an Fy -minimizer, sat-
isfying (7.53). Then, if 1 < a < p, L, has exactly one negative eigenvalue, and it has mul-
tiplicity one.

PROOE. First note that
(Lgu,u) = (Liu+ Q- a)uP " u, u)
(7.73)
=—(a- 1)[ uP*ldx,
which is < 0if @ > 1. Next, for w € H',
Lay,¥) = (Lpy + (p— @)u” 'y, y)
=Ly, )+ (p—a) f uP Nyl dx,

so, by (7.59), if u is an energy minimizer,

(7.74)

(7.75) (w,v)=0= (Lyw,¥) =0 if a<p,
while if u is an Fj-minimizer satisfying (7.53),
(7.76) W?,9)=0= (Lay,w) =0 if a<p.

These results prove the proposition. (I

The result (7.60) implies SpecL; < [0,00), and Proposition[7.4limplies that Ess Spec L, <
[0,00) for 1 < a < p. We can say more about the essential spectrum.

PROPOSITION 7.51f u is either an energy minimizer or an Fy -minimizer satisfying (7.53),
then, forallac R,

(7.77) EssSpec L, = EssSpec(—A + A).

PROOE. Given a € R, pick p > 0 so large that L, + p and —A + (1 + p) are both invert-
ible. By Weyl’s essential spectrum theorem ( [RS§78a], p. 112) it suffices to note that

(7.78) Sa=WLa+wW ' =(-A+A+w) ! is compact.

Recalling the formula for L,, we have, by the resolvent identity,

(7.79) Sa=—a(La+ ) " Myp-1 (-A+A+w) ™,

whose compactness follows readily from the decay results given in and
plus the Rellich theorem. g

For the next result, we assume the following:
(7.80) Spec(-A+A)c[§,00), &>0.

For F)-minimizers, this is equivalent to the hypothesis (2.17)—(2.18). For energy mini-
mizers, (7.80) is slightly stronger than (7.62), and it can be expected to hold for almost
all (if not all) energy minimizers.

PROPOSITION 7.6Let u be either an energy minimizer or an Fy-minimizer satisfying

(7.53), and assume holds. Then
(7.81) l<a<p=AN(Ly =0.



3.6.27

3.6.28

3.6.29

3.6.30

3.6.31

w w w w w
&) [ [ [ [
w w w w w
&) [¢)] S w N

s3.8

w
[o0]
=

3.8.2

w
oo
N
=

7.1. SECOND VARIATION OF ENERGY 51

PROOE. By Proposition[7.5and (7.80), for each a,
(7.82) Ess SpecL, < [§,00), 6>0.

Suppose ap € (1, p) and dim A (L4,) = m > 0. The Kato-Rellich theorem ( [RS78al, p. 22)
implies there exist analytic functions 1;(a),1 < j < m, for a close to ap, with A;(ag) =
0, such that these are all the eigenvalues of L, near 0. Also ( [RS78a], p. 71) there are
corresponding eigenfunctions v j4, analytic in a:

(7.83) Lawja=Aj@Vja, WjaV¥ka =0k

the orthonormality holding for a real (and close to ay).
Let us denote by y* the (normalized) eigenfunction of L, given by Proposition
We have

(7.84) Wjayh) =0,
for j€{1,...,m}, real a close to ag. Now apply d/da to (7.83). We get
(7.85) ~uP W0+ Lol ja = V(@Y ja+ Aj (@) ja,
where

d
(7.86) $ja= Ja Ve

The normalization in (7.83) implies
(7.87) (Wja; gja) =0,
so taking the inner product of (7.85) with v ;, gives

(7.88) Xy@wjall == [ w ol dx,

since

(7.89) LaSjarVja) = Cja Aj@yja) =0.

Hence, for a close to 0,

(7.90) Aj(@ <o,

and if 1;(ap) = 0, we get

(7.91) Ajla) <0 for ag<a<ap+e,

for some positive e. This contradicts Proposition[7.4} and completes the proof. ]

7.1.3. Conditional orbital stability result. Asin we fix > 0 and set

(7.92) X:{uEHl:Q(u)zﬁ}, Fp=inf{E(u): ue X},
Y:{uEX:E(u):ﬂﬁ}.

Under these hypotheses, the nonlinear Schrodinger equation

(7.93) ivi+Av+|v|P'v=0, (0) =y,

is globally solvable, given vy € H', via an argument given in [SS99], §3.2.2. Conservation
of mass and energy imply that X and Y are invariant under the solution operator to
(7.93). We investigate the following question concerning orbital stability. Assume

(7.94) voeX
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is close to Y (distance measured in H'-norm). We then ask whether the solution v(t) to
(7.93) can be shown to be close to Y, for all # € R. Since energy is conserved for solutions

to (7.93):
3.8.3| (7.95) E(v(1)) = E(vo),

a positive result would follow if one could show that if # € X and E(u) is close to 5
then uiscloseto Y.

We establish such a result, under the following two assumptions. The first is an
essential uniqueness hypothesis:

If u;, up are positive functions in Y, there is an isometry

8 (7.96)
@Q: RY — RY such that uy = u; 0.

Recall that if u € Y, there exists A € R such that

w
¢ S

w
oo
(4]

(7.97) —Au+Au—|uP tu=o.

The hypothesis (7.96) implies that (7.97) holds with the same A for all # € Y. Our second
hypothesis is that (7.80) hold, i.e.,

(7.98) Spec(-A+ A1) c[§,00), forsome §>0,

which, recall, is slightly stronger than (7.62).
To state our first result, let ¢ denote the group of operators on functions on R? of
the form

w
oo
(o))

3.8.7| (7.99) ux) — e%ulpx), 0eR, ¢:R? - R isometry.

Thus ¥ acts as a group of isometries on L2 and on H', preserving X and Y. The following
is immediate.

p3.8.1| PROPOSITION 7.7 Under the hypothesis (3.8.4), 4 acts transitivelyon Y, and Y is a smooth,
finite dimensional submanifold of X.

To proceed, for e > 0, set
3.8.8| (7.100) Oc={uc X :distzn(u,Y) <€}

Then @, is invariant under the action of ¢. By Proposition[7.7} if € is sufficiently small,
given u € Y, O, is swept out by the ¢-action on a codimension-m space Z, normal to Y
at u (with m =dimY).

The following is an orbital stability result.

p3.8.2| PROPOSITION 7.8Assume hypotheses and (7.98). For e > 0 sufficiently small, the
following holds. If v, € O, and E(v,) — 78, then

3.8.9| (7.101) dp(vy,Y)—0.

Note that we can take 7, € X such that E(7,) = E(vy), and dist(7,, Y) = dist(v,, Y),
so without loss of generality we can assume v, € . We will parametrize an appropriate
space X by a neighborhood of 0 in an R-linear subspace V of T, X, of codimension m,
as follows. We set

3.8.10| (7.102) V={yeT,X:y LT,V
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Recall the characterization of T, X in (7.4), supplemented by (7.7)-(7.8). V is an R-linear
subspace of H 1 of codimension m + 1, a Hilbert space with the H L_norm.
To proceed, we define a function F on a neighborhood of 0 € V by

(7.103) Fy)=E(a ”Z:z”).
We have
(7.104) F(0) = E(u) =3, DF(0)=0,
and calculations of §3.5 give
(7.105) D*FO) W, y) = (Lywo,wo) + (L_y1,y1).

In light of this, Proposition[7.8]is a consequence of the following.

p3.8.3| PROPOSITION 7.9Let V be a real Hilbert space, %, a ball of radius r centered at0 € V,
and F : B, — R a C? function satisfying the following conditions:

3.8.14] (7.106) F0) =95 yeB\0=F{y)>.5

(so DF(0) = 0). Also assume there exists C > 0 and an orthogonal projection P:V — V,
with range of finite codimension, such that, forw €V,

3.8.15] (7.107) D*F(0)(w,y) = CllPy|3..
Then, if p € (0, 1) is small enough,
3.8.16| (7.108) Vv € By, Fyy) — I5 = |y llv — 0.

PROOE. Taylor’s formula with remainder gives
1
3.8.17| (7.109) F(y) :Jﬁ+§D2F(O)(1//,1//)+R(1//),

with

1
3.8.18| (7.110) R(w)zfo [D*F(ty) - D*FO)] (y,w) 1 - ) dt = o(lyl3).

Hence, if € %, and p is small enough,

C
Fy) =I5+ Eupwuzv— (7]

3.8.19 (7.111) c
= g+ ZIPYIG — o(lPyIR),

where P+ = I — P has finite dimensional range. Hence the hypothesis (7.108) on v,
implies

3.8.20| (7.112) 1Py, lly — O.

We need to show that PYy, — 0 in W = Range P* c V. The sequence (P1y,) is a
bounded sequence in W, so (1) has a subsequence (which we continue to denote (y))
such that Py, — . Hence vy, — . Now F(y,) — S implies F({) = .#3. The hypoth-
esis then gives ¥ = 0, and completes the proof. O
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Remark. In the setting of Proposition the range of P is the orthogonal complement
of T,Y in

(7.113) w=wo+iy1€ T, X: (Lo, wo) + (L-w1,¥1) =0},
which is a linear space, by (7.59)—(7.60), and is finite dimensional, given (7.98), by (7.82).

7.2. Exercises



CHAPTER 8

Bielefeld Lecture 8

Much of the following can be found in the seminal papers of Weinstein [Wei85b,
Wei86].

8.1. Lyapunov Stability

. . . iA2 . .
As discussed in Lecture 1, using the ansatz u(x, t) = e"*"'R(x) in we get a semi-
linear elliptic equation for R:

—AR+A’R—|R*°R=0.

Using variational techniques discussed above, we can prove there exists a minimizer to
the resulting Lagrangian, say Rj, the soliton solution, which is positive, radially sym-
metric, and exponentially decaying. In the case above with a monomial nonlinearity, by
scaling we can actually write Ry = A%(©)R; (1x). Set R = R, for simplicity. We call R the
"ground state" solution. From the work of McLeod [McC93], we know that solitons are
unique in the case of the nonlinearity given above. As proved above and by Weinstein
in [Wei83], R minimizes the functional
N ji4,14=N

s < T ll4ulle
lFuell;
The result we desire to prove is that these soliton solutions are stable. Namely, that if
we begin at time 0 close to a soliton, we should stay close to a soliton for all subsequent
times. In what follows, we present the work of M. Weinstein [Wei83]. Let us introduce
the following norm:

(02 (0, 98)]" = Inf {IVQ(+x0, 0T = VR, + A206C + 30, 0 = Ral}.

where ¥g is the set of functions generated by the symmetries of NLS applied to R.
Hence, for all times ¢, we measure how the profile of ¢) compares to that of R;.
For solutions to NLS, we have conservation of mass

M (D) =f|(/>|2dx,
and conservation of energy
1 |¢|p+1
HP) = | =IVPI* - ——dx.
@) f 2I ¢ p+1 o

From these, we define the Lyapunov functional
E(P) = HP) +A° M ().
We are now ready to state the main result.

55
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8.1.1. Main Result. Without loss of generality, we set A = 1.

Theorem 8.1
Let R(x) be the (assumed to be unique here) ground state soliton. For any € > 0, there
exists 0 > 0 such that if p(¢po,9r) < 8, then for all t > 0, we have p(¢p(t),%9R) <e.

PROOE Set ¢p(x + xo, ne'Y = R(x) + w, w = u+ iv. Then, we have

AE = E(Po())—E(R())
= E(Pp()—-ER())
= &(P(+xp,0e")-ER)
= &R+w) -8R

= (Lyu,u)+(Lov,v) - Clwl3 - Cllwl,,

for§>0,L_=-A+1-RP7! L, =—A+1- pRP~L. This follows from keeping the qua-
dratic terms from Taylor series expansion about R.
The result then depends upon the following lemma.

LEMMA 8.1.1
If xo, y are chosen to minimize

{1V +x0, D€ = VR, + A219 (- + x0, D€' — Rl },
then we have the following estimate
(Lyu,u) + (L-v,v) = C3 w3, - Callwll3, = Csllwll .

Since according to our ansatz, p(¢,9r) ~ llwll ;n we have that A& = g(p) for g(x) =
cx*(1 - ax% — bx*). Since & is continuous for functions in H', choose & such that py < &
implies A& (0) < g(e). Since A& is constant, g(p(?)) < g(e) for all times ¢. Hence, since g
is increasing on a small interval around 0, we get that p < e for all times ¢. This gives us
the result. U

All that remains is to prove the lemma.

PROOE. Proof of Lemma

PROPOSITION 8.1
The operator L_ is a non-negative self-adjoint operator with null space given by span(R,,)
and

(L-8,8)=(88)
forallg L X;R,0,R.
Proor. If L_ is non-negative and has kernel generated only by R, then let us take

pu= inf (L_g,8)
Igli,2=1
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with g having the assumed orthogonality properties. If u = 0, using energy estimates
there exists a minimizing sequence of functions u, such that

0<fIVuVIde+a)fIuvlzdxszgluvlzdx+n

for any 17 > 0. Hence, ||uy|lzpn is uniformly bounded. Hence, a subsequence converges
weakly to u, € H! again with the correct orthogonality conditions by the regularity and
decay properties of R. Similarly, since || uy ||;2 = 1, we have

ijj|uv|2dx—» fR”Iu*Izdx;é 0.
Suppose || u.ll;2 <1, then define g. = u./|lu«ll;2. Since by weak convergence we have
IV, |l ;2 < liminf | Vi | 2,

V—00

we have
(L_uy, uy) <liminf(L_u,, u,)

V—00

and hence

(L-8«,8«)=0.

Since L_ is nonnegative, the minimum is attained at some u, such that [u.l;2 = 1,
making it admissible and in this case clearly such that

U, = R/|RIl 2.

given the nature of the kernel. However, (R, Ry) # 0 by the slope condition that can be
derived by scaling, meaning that u, = 0, a contradition.
To verify that L_ = 0 and ker(L_) = R, we have first of all that for R > 0, L_R = 0 using
standard arguments for elliptic operators.
O

From the minimization of p over x, y implies the following integral identities:
prflajRu(x, H=0,

and
fR”’v(x, Hdx=0.

We arrive at these equations simply by differentiating p with respect to xo and y respec-
tively, then using that w is the minimum solution by assumption.

We have that L_R =0 and R is a positive ground state solution, hence by oscillation
theory, we must have (L_v, v) = (v, v) since v ¢ span(R) by the second integral identity
above. Hence, using this plus standard elliptic estimates, we see (L_v,v) = C|| V”iﬂ .

Let us now make a simplifying assumption that we will remove later. Let us make

the assumption
f|¢|2dx:fR2dx.

Hence, we have that (¢, R) = —% [(u, w) + (v, v)].
Now, we need some results about the operator L., which will require several spec-
tral assumptions to be satisfied.

8.2. Exercises






CHAPTER 9

Bielefeld Lecture 9

Much of the following can be found applied in the seminal works of Weinstein
[Wei85b,Wei86).

9.1. Lyapunov Stability Continued

PROPOSITION 9.1
Given that L. has a unique negative eigenvalue and that0y M(Ry) > 0, we haveinf(f py=o(L+ f, f) =
0.

PROOE. This can be proved possibly two ways. Given

d
24p(1-3%)
12
p+1
Lp+l

IV ull
Jlu) =

NIzl

if one can prove that R is the minimizer of this functional then the relation follows from
analysis of the second variation of the functional J, see [Wei85a]. Note here also that
if indeed R is the minimizer of this functional, then the second variation shows that
L, +r; is anon-negative operator where ry is rank-one, which implies there is only one
negative eigenvalue. Indeed, in Euclidean space

dZ
wﬂe:O(R'*'Ew) =0

is such that

(Tw,w)=0
where
@+ g(z ~d) Tz = Liz+Q@-d)ayqR 2R
pd
~bpa(R AR+ (5= =20, (AR 2AR.
Hence,

d
(L+fi Nz~ %)c,,,d(AR,f)z

provided (f,R) = 0. If such a result can be established for monomial nonlinearities, it
can be established for more general nonlinearities assuming uniqueness of the ground
state and nondegeneracy of the kernel of L, using continuity of eigenvalues for L. (1),
the linearization of the equation

Au—-Au+(1-DuP T +1fwHu=o.

59
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A more general proof also in [Wei85a] uses the general result that if A is a self-
adjoint operator with exactly one negative eigenvalue, 1y, with corresponding eigen-
function ¥ = 0, then given a function R such that (R, fy) # 0 and R L Ker(A), we have

a:rr}in(Af,f)zo

for (f,R)=0if
(A"'R,R) <0.

Note, this explains the slope stability condition of the soliton curve since L;'R = -0, R.
O

PROPOSITION 9.2
Ker(L,) = span{dR}.

Proor. This will follow given the knowledge that R is the unique, positive radial
solution, which follows from [McC93] and a partial result following the ODE analysis
from [Wei85al].

Given the structure of Ly, any L? solution of L, v = 0 can be decomposed into har-
monics of the form v = f(r) Y (8). The kernel functions generated by partial;R corre-
spond to the k = 1 harmonic. By oscillation theory, this is the complete description of
the kernel on this harmonic.

For k = 2, since 9, R has no interior zeros, it is the ground state of (L), the radial
ODE operator L. restricted to the k = 1 harmonic, which implies that (L,); is a non-
negative operator. Hence, (L) for k > 1 is a positive operator and (L,);f =0, f € L?
implies f =0.

For k = 0, the result would be implied by uniqueness of the radial bound state R}.
Indeed, (L) f(r) = 0 would then be forced to correspond with d,R,, where R, solves
the initial value problem

—AgRq+AR;— Rl =0, Ry(0) = a, R, (0) =0.
However, ODE techniques show that |0, (04 Ryl 4, (1)) — coas r — cofor Ry = Rg,. Hence,
fel?
Note, as the k = 0 state is the only state in which further kernel functions could
arise, we see that Ker(L;) < d + 1 again using oscillation theory. O

Letustake p=u+iv.

PROPOSITION 9.3
We have (L. u,u) = Dlull%, = D'IVQI2, 917, = D" ¢l

PROOE. The proof of this is somewhat intricate. To begin, we write © = Uperp + Upar
where
Upar = (U, R)R = —%[(u, u)+ (v, V)R,
and
Uperp =U— (U, R)R=u+ %[(u, u) + (v, V)]R.

(WLOG, assume (R, R) = 1. If not, there is simply a factor of (R_lm floating around in the
constants).
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Then, (Lyu,u) = (LyUpar, Upar) + (Lt Uperp, Uperp) + 2(Ly Upar, Uperp). We wish to
analyze each term separately.

By assumption, (uperp, R) =0, hence (Li Uperp, Uperp) = C(Uperp, Uperp). Otherwise,
Uperp = ¢+ VR which would violate the integral identity above. Hence,

1
(L tperp, Uperp) = C(Uperp, Uperp) = dlu, 1) = 2 [(w, 1) + (v, v)I%].
Now,
1
(Lt tpar, Upar) = 7 (L R, Rt 1) + (0, V)1,

where (L4 R, R) is some negative constant.
Finally,

(L+Uperp, Upar) = (U, R)(LiUperp, R)
~d'lpI” IVl - d"h.o.t.(lpl),

by expanding the above expression and using the fact the regularity of R.
Putting all of these estimates gives us the desired inequality. (]

%

So, ifin fact |¢[|%, = | R|I%,, then we are done. If not, find A such that [$]3, = |R111%,
and use the above result along with the fact that || R — Ry || ;p is small. Then, we have the
result in general.

O

9.1.1. Modulation of Parameters. For simplicity, let us briefly diverge from the
Schrédinger equation to study the KdV equation, which implicitly has less symmetry
since it is real and scalar. The generalized KdV equation

{ 0w +0,02w+yP)=0, t,xeR

eqn:gkdv| (9.1) v (0,x) =wo(x)

has an explicit soliton solution
2
Ve, 1) = Qp 245y (X) 1= €PTQpc(x — (X0 + €7 1))

with ¢ >0, xp € R and
1

(Pt 1\p1 %1 p-1
9.2 Q= (25 seet®T (224,
he solutions Q,, are called traveling waves or solitons. These are minimizers of the
constrained variational problem

9.3) min{E(w): we H', w2 =p> 0},
> Ut - —— up+1

where
E =
(@) f p+1

Minimizers also are extremals of the Lagrangian

y)
(9.4) S(u) :E(u)+5/u2dx,

where A is a Lagrangian multiplier.

We wish to see that given a perturbation u(x, t) = v (x — xp) + w(x, £), at each time
there exists a minimum translation x, for instance. Note, we of course must also ask
about the scaling parameter, but for the moment let us simplify and only consider the
translation. We will follow an argument of Bona [Bon75]. Let | w| ;1 << 1, hence ||u(x, t)ll g1 ~

1 1
—u— dx.
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1Qpll g1. Since KAV (1.3) gives a continuous flow in H ! for p < oo (more to come in the
evolution equation section later), there exists some T > 0 such that

lwl g <21Qpl.

CLAIM 9.1.1. There exists xy < oo such that
X0 = inff lu—y(x+yldx.
YeRJR

PROOF. Let us restrict ourselves to time interval I = [0, T], where T is defined above
such that | w| ;1 cannot grow too large. Define

p(y) = f (u(x, t) —w(x+ y)?dx.

As y — oo, the scales separate and we have

poo= [ 10+ [1Q,7 =21Q 1.
However, p(xp) < 2[|Qp |l ;2 by assumption, hence xp must be finite. O

Similar considerations hold with the scaling parameter noting that in (9.1), scaling
separates spatial scales as well by changing the velocity of y.

9.1.2. The Implicit Funtion Theorem. Staying with for the moment, let us
also explore why defining xy(#), c(f) can be seen a continuous, even differentiable flow
satisfying chosen "non-degenerate” orthogonality conditions as for instance those in
our orbital stability argument. For an application of the following result to bound state
dynamics, see [Holl1].

LEMMA 9.1.2
Ford >0, letd <c<67L. Thereexistse >0, C > 0 such that if the solution to ulx,t) =
We(x—x0) + w, lwllipn <e, there there exists a unique ¢, Xy such that

|xo — %ol = Clwlpn, lec—cl=Cllwlgpn,
and w = u—vy.(x— xg) such that
(W, Pe(x —x0)) =W, Pc(x—xp)) =0.
Before we proceed, note this lemma is using alternative orthogonality conditions to
those chosen above for a particular application and simplicity of illustration, but note

that one function is even and the other odd since we know implicitly it is important to
project away from the symmetric bound state and its anti-symmetric derivative.

PROOF. Define the map ®(u, y,¢): H' xR x R* — R? by

(U=ye(x=y),we(x-y) ]
(u—yex—y),x-Nyclx-y) |’

Looking at the Jacobian in the y, c parameters, we get

0 <601I/Cr Wc)
—zlyell?, 0

which is invertible! Hence, we can define a continuous map in H' of y(¢), c(£). (]

D(u,y,c)=

’

Dy.=-
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9.1.3. ANote on Continuityin A. We present here a collection of results from [Sha83],
[Sha85] and [SS85].
A soliton solution

—AR, +wR, — f(Ry),

minimizes the Lagrangian given by
1
Ju(R) = EfIVRIdJH%fIRIZdX—fF(R)dx,

for F' = f.
Using a rescaling argument, we see that if R, minimizes J,, then

d-2 2 w? 5
Ky(Ry) = TflRwl dx+d(?f|Rw| dx+fF(Rw)dx)=0.

Define M,, = {R € H} (R%), K,,(R) =0, R # 0}.

LEMMA 9.1.3
M is a C' hypersurface in H} (R%) bounded away from 0.

PROOE Since f is continuous, K = K, is a C! functional. If we take a function ug €
H} such that 6K (uo) = 0, it satisfies the equation
—(d —2)Augy + dw?ug — d f (up) =0.

Once again using a rescaling argument, we have

(d-2)* 2 2 2 2 2
> fIVuOI dx+d°w fluol dx—d fF(IuOI)dx=0.

Hence, if K (1) =0, then

d—2)? d(d-2
( 5 ) fIVuolzdx— (2 )IIVuOIdezo.

Hence, 1y = 0, so for uy € M, 5K (up) # 0 and M is a C! hypersurface. By the restrictions
on the nonlinearity, we have

ad-2 1
K(u) = TfIVulzdx+ Zflulzdx—Cf|u|l+ldx,

where [ = 1+4/(d - 2). Using Gagliardo-Niremberg for d > 2, we have

el
H!
= Cllulgy

with a > 2. For ||ul| ;p <€, € small, we have K(u) >0, so M is bounded away from 0. [

Theorem 9.1
For some v # 0, there exists

dw)= inf J,(v),
veM,,
and

d(w)z{inféflelzdx, K,(1) <0, v#£0}.
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Moreover, v satisfies a (possibly rescaled) soliton equation.

PROOE. Consider any function v € H} such that K, (v) < 0. Let vg(x) = v(x/p).
Then, we have

d—2d-2 2 d w? 2
Kw(vﬁ)zﬁ TfIVUI dx+p d(;[lvl dx+fG(|v|)dx).
For =1, K, (v1) <0 and for § small, Ky (vg) > 0. Hence, there exists Bo € (0,1) such that
Ky (vg,) =0and
1 -2 1
EfIVvﬁolzdxz Od flelzdx< EfIVvlzdx.

Since J,(v) = 1/d(f |Vv[?dx + K, (v)), then

d(w) il}/i; Jo (V) :inf{lld‘[IVvlzdx, K, () =0,v #0}
veM,,

inf{l/df IVv|?dx, K,(v) <0, v#0}.

Hence, we have equivalence of the minimization problems.

Let vy be a minimizing sequence. Then, [|V vi|?dx is bounded and by the prop-
erties of the nonlinearity, we have G(n) > —6/27]2 - C(e)nl+1, for I <1+4/(d-2). Since
Kw(Uk) = Or

d-2 2
0= Kot == [IWuildx+ac- [1uldxs [ Gouidn,

or
d-2 w—¢
0= — flekIde+d(—2 fIvklzdx—C(e)flvkll“dx).
Since H,1 is compactly embedded in Lf for2<p<2+4/(d-2), weseethat |[vx| g <oo
and there exists a subsequence also denoted v such that
v =" vg€ H}, vp— vge LP for2< p<2+4/(d-2).

Since weak limits are lower semicontinuous, we have

d-2 2
Ko (00) Tf|vUo|2dx+d(%f|vO|2dx+fG(|vo|2)dx)

< %f|Vvk|2dx+d(%2fIvklzdx+fG(|vk|2)dx):O.
Hence, the weak limit is actually strong and
d(w) = Viergw]w(l/) = Ju (o).
By Lagrange multipliers for J,, and K,,,,
—Avg +@?vo + flug) vo = A—(d — 2)Avg + dw? vo + d f (|vo) o).

Integrating, using a minimizing/scaling argument, the applying that K,(vo) = 0, we
have that A = 0, proving the result. O

It is clear that d(w) = 1/d f |[Vv|2dx where v is the minimizer from the previous
theorem. For each w, call the minimizer R,,.
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LEMMA 9.1.4
Letwy < wy besuch that (w1,w2] < (0,00), then d(w) andflRwlzdx are uniformly bounded
inw e [wy,wy].

PROOE. Since K is continuous in in w, d(w) is bounded for w € [w;,w>]. We have
K., (R,) = 0. Since G(1) = —cn'*! for n large and G(0) = G'(0) = G"(0) = 0, we have

gnz +Gm) > —Cano*,
forand a>0and [y =1+4/(d—2). Hence,

f(ng +G(lvD)dx > —caf v+ dx.
As K, (Ry) = 0, using Gagliardo-Niremberg, we have

(

d-2 2_a?
Tf|VRw|2dx+dwTa)fIRwlzdx—Ca(fIVRwlzdx)“50.

As aresult, |Ryll;2 is bounded in terms of the bound on [|[VR, |l ;2. O

LEMMA 9.1.5We have that d(w) is increasing in o and if w, < w», then

(02— w?)

dwy) < d(wl)—%flRwlldeO(wrwz),
w2 — w?

dw) < d(w2)+%flszlzdx+o(w1—w2).

Consequently, d(w) is continuous in w € (0,00).
PROOE. Let w1 < w>. Then,
(w3 —w?)
Ko (Ro) = Ko (Ro) = d=2L [ | R Pl

Since K, (Ry,) =0, we have
Ky, (Ry,) <0,
and

1 1
d(wy) = Ef|VRw2|2dx>inf{aflvmzdx, Ky, <0, v#0}.

Hence, we have d(w») > d(w1).
Set yp(x) = Ry, (x/B). Then,

oy pd-2
%fwl?wﬂzdx
2
2
d %1 2
+ dp (?flszl dx+/G(|Rw2|)dx)
d—-2)p?? d-2
= %fw}?wﬂzdx—ﬁd(%fIVszlzdx

w2 — w?
+ d(zz—l)f|Rw2|2dx.

le (u/ﬁ)
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Define A1y = (w3 - w})/2 [|R,,|*dx, then

dd-2 d-2
Ko, (Wp) = %d(wz)ﬁd‘z —d(—dwn) + A)pY,

and setting
1 3

- 271, '
A+ @T=2awn

B2

we have Ky, (wp,) =0and hence

1
d(wy) < Efllllﬁzlzdx= ﬁgfzd(wg).

For w, — w; small, we have |A15| < C(w3 — w? since | Ry ;2 is bounded. So,

A
d_2=l— 12

5 d(wy) +0(A12),
and
(@3-}
9.5) d(1) < d(wy) - —2—L | Ry, I3, + 0wz — w1),

2
which gives the first inequality in the lemma. A similar procedure using a rescaling of
R,, in K, gives

() —w]) 2
(9.6) d(wy) < d(w) + —5—1Ru, I + 0wz — w1).
Continuity is a direct consequence of and (9.6). |
Theorem 9.2

Select wg € (0,00). For w in a neighborhood of wy, let R, be the unique ground state
solution satisfying the equation

—AR, +w*R, — f(Ry) =0.
Assumealso that L = —A+ w(z) — f'(Ru,) does not have an eigenvalue at 0. If f € C? satisfy-
ing conditions for existence, see [BL76], then the map w — R, is a C*> map fromR — H}.
PROOE.

CLAIM 9.1.6. We have that the map v — Ry, is continuous in a neighborhood of wy
with values taken in in H}.

PROOE. From Lemma|9.1.5, we know that d(w) is continuous with respect to w and
that || Ry |2 is bounded locally in terms of w. Take (w;) to be a sequence converging to
wo. Then (Ry,;) is bounded in H} and a subsequence can be chosen to converge weakly
in H} to some v. Then,

-2 2
0=K,(R,) = TflVRwlzdx+ %flRa,|2+fF(Rw)dx.

Letting w; — wo, we see that from the lower semicontinuity of the weak limit and as-
sumptions on F that K,,, (v) < 0. Hence,

f|Vu|2dxzf|VRwo|2dx.
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By lower semicontinuity of the weak limit again, we have [|Vvl;2 = VR, ll;2, which by

uniqueness implies v = Ry,. Hence R,, —¥ Ry, in H}. By continuity of d, we can take

a strong limit in the expression for K,, to see that R, — Ry, in I2. Hence, R, — Ry, in

H'. O
CLAIM 9.1.7. In a neighborhood of Ry, € H}, all solutions lieon a C' curve.

PROOE. We have —AR + w?R + f(R) =0. Define a function
Glw,u) = u—(* A" f(u), ue H.

The function G(w, u) € H} since u € H}, f(u) € L?%/(4*2) ysing the assumptions on the
nonlinearity and (w?-A)~! f(u) € H' by Sobolev embeddings. The function G is actually
aC! operator from (0, 00) x H,1 into H,l. Clearly, G(wg, Ry,) = 0.

Look at the operator givenby L = —A+ w% + f'(Ry,). Using Weyl’s criteria, we see the
continuous spectrum is precisely (w(z), oo) and L has only discrete spectrum to the left of
w%. Via our uniqueness assumption, we have assumed that L is invertible. Therefore,
the compact operator

(Ao —A)"2 ' (Rug) (Ao —A)"2

on L% does not have —1 in its spectrum. So,

0G -

5 @0 Bog) = T+ (@5 =2 [ (Ray),
acting from H! to H} is also invertible. Using the implicit function theorem, the solu-
tions of G(w, u) = 0 in a neighborhood of wg, Ry, form a C! curve in (0,00) x Hrl. O

Using the claims, we have that w — R,, is a C! curve near w = wg, R, = R, € Hrl.
Since Ry, is bounded in H}, by the aymptotic analysis at co, on a neighborhood of w, the
functions

d-1
|x| 2 Ry (x)
are bounded independently of w and x. Bootstrapping using the soliton equation, we
have that R, is uniformly bounded. Since
OR
9.7) (—A+w? + f'(Rw)] 6—‘” = —2wR,.
w

Since L is invertible, % is uniformly bounded. Hence [%12 is bounded in H'. Taking

difference quotients in (9.7), we have that R, is C? with values in H!. Then, aaz 52“’ exists
and satisfies
0%R OR
2 / w 1" w12
[—A +w” + f (Rw)]m = —4(1)Rw — ZRw — f (Rw)[%] .
O

9.2. Exercises






CHAPTER 10

Dispersive Estimates - Resolvent Estimates

The crucial result for proving the Strichartz estimates for the Schrodinger equa-
tion is the following lemma. This is also utilized heavily to get bounds for the distorted
Fourier bases. The discussion we present here comes from [Ste93a].

LEMMA 10.0.1
Given0<y<d,1<p<q<oo,and % = % - %, then the following holds

If*Uyl™) lza@ay = Ap.gll fll1pgay-
PROOE. We have

f*UyIMix) = ff(x—y)|y|*7dy

f(x—y)lyl‘ydy+f flx=ylylrdy.
lyI<R lyI=R

The first integral is convolution of f with the function |y|™Y ypr) (), for y a characteris-
tic function. This function is radial, decreasing and integrable.

CLAIM 10.0.2. For ¢ radial and decreasing,
suplf ¢ (x)=Mf(x) | d(y)dy,
>0
where ¢;(x) = t~4p(x/t) and M is the standard maximal operator such that

(M f)(x) = sup cdr_df If(x—pldy.
lyl<r

r>0

PROOE It suffices to prove

If *p(x)| = Mf(x),
where [¢dy = 1 since the result follows from scaling. To begin, let ¢ = Zj.\’: 14jXB;»
where each a; is positive and each B; is a ball centered at the origin. Since }_; a;1B;| =1

and (f * y;)(x) = |Bj|Mf(x), the result follows immediately. Since any radial, decreas-
ing ¢ can be approximated by finite sums of this type, the result follows in the limit. [J

Using the claim, we have

Rf(x— Nyl dy < (Mf)(x) | Iy dy = cRYY (Mf)(x).

lyl< YI<R

Using Hoélder’s Inequality, we have

T Em T AY =T X0
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_nr

_n
where ||y xpr)c I,y =cR 4 by the requirement that % = % -

Summing the two integrals, we have

I(F * Iy ) @)1 < CIMF@R™Y + | fllpR 4.

Let R be chosen such that

MG _ poner- _ g,
I fllzp
Then,
_ po1-Z
IF* 1Y@ < IMAH@INfI, .

and the result follows from standard L” bounds on maximal operators, as proved below.
O

10.0.1. Maximal Functions.

DEFINITION 10.0.3. We define the centered maximal function of f:

M -
(M) =Sup e Joen

Similarly, we define the uncentered maximal function:

_ 1
(Mf)(x) =sup —f lfldy.
x€B|B| B

If(yldy.

Observe Mf(x) = Mf(x).

LEMMA 10.0.4 (Properties of Maximal Functions). (i) For f € LP,

(10.1) IMfle <Clifllp, 1< p<oo.
(i) For fe L!,

— c
(10.2) [{(IMf|>a}| < — Il

In order to prove these results, we need the following lemma.

LEMMA 10.0.5 (Vitali Covering Lemma). Suppose{Bx} is a finite family of balls, then
there exists a disjoint subset of the balls {B,} such that

(10.3) |UBk|=C) IBal.

PROOE. Begin by choosing the largest ball, say By,. Then, choose By, the next
largest ball such that By, N B, = @. Continue this process.
We have

UBr <|J4By,.
i

Suppose that B; is in the set {By}, but that B; # By, for any i. Then, B; must intersect a
larger ball B,. By the triangle inequality, we have Bj < 4By since for x € By, y € Bj, we
have:

dx,y) =d(x,xq) + d(xXq,y) <R+ d(y,yj) + d(xq,y;) <4R.
Thus, Equation follows from properties of measures. |



10. DISPERSIVE ESTIMATES - RESOLVENT ESTIMATES 71

PROOE. (ii) x € {lel > a} implies there exists By such that x € By and

I fldy = a.
B Jp, 1YY

Then
{IMflza}c |J B

xe{IMflza}

By the Vitali Covering Lemma, locally there exists {By, } such that By, N By =0 and

HIMflza}l < 4) |Byl
k
4
<= - d
< a;fg%m y
4
< —Iflp.

This result can then be extended by looking at {IM f1= a} as the limit of an increasing
sequence of compact sets.
(i) Let f € LP. Write f = fi + f> where:

(@ fi = f-xy<e€l? and
b fo = f-x{fzg}eLl.
Then Mf(x) >a= M(fl + f2)(x) > a, so Mfg(x) > 5. Thus,

M R A=
C
= ZIfly
C o0
< —f 11> | dh+ |11 > al
als
which implies
915 = [ par ¥ > allda
< fo pa”‘zfa |{|f|>h}|dh+f0 pa” t{If1> o
2
<

oo ph
||f||uﬂ+f0 fopa”_zda|{|f|>h}|dh
= CIfIY,.

We present here several results from [RS§78b], [HS96] and [Tay97b].

DEFINITION 10.0.6. Let A be a linear operator on a Banach space X. The spectrum
of A, denoted g (A) is the set of all A € C such that A— A is not invertible. This can happen
in the following ways:

(1) Ker(A-A) #0,
(2) Ker(A-A) =0, and Ran(A-A) is dense,
(3) Ker(A—A) =0, but Ran(A— 1) is not dense.
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The resolvent set of an operator A, denoted p(A) is the set of all A € C such that A— 1
is invertible. If A € p(A), the resolvent of A is given by Ra(A) = (A— AL, The discrete
spectrum of A, 0 4(A) is given by the set of finite multiplicity, isolated points of 0 (A). The
residual spectrum of an operator A, denoted o .5(A) is given by the set {1 € C|Ker (A-1) =
{0} and Ran(A— 1) is not dense}. The essential spectrum is given by 0 55 = 0(A) — 0 4(A).

Theorem 10.1
The resolvent set p(A) is an open subset of C (0 (A) is then closed) and R4 (A) is an analytic
operator-valued funtion of A on p(A).
PRrROOE To show that p(A) is open, assume Ag € p(A) and let A € C such that
A=A=](A=2)HI7
Then, we have
(10.4) A-A=(A-N)1-(A-2) A -Ag)).

By construction, ||(A - Ag)‘l(ﬂt —Ap)ll < 1, hence using Neumann series and operator
norms in Banach spaces, we have 1-(A- 1) ~L(1—Ao) is invertible, so A—A is invertible.
Thus, for any 1 € p(A), there exists an open, symmetric e-neighborhood, I, such that
for any A € I, A— A is invertible. Note, ¢ can be taken to be [|(A— 1) "' ~1. Hence, the
resolvent set p(A) is open.

To show that R4(A) is analytic at Ag, use to say that

A-N=(A-20)T0-A =) (A=A H 7L
Taking
IA=Aolll(A=2Ag) M7t <1,

we again use Neumann series to say

(e8]

A-1D7T1 = A7 Y A-ApF -2k
k=0
= Y A=A A-219F

k=0

Since this is norm convergent, we have a power series representation and hence analyt-
icity. ]

DEFINITION 10.0.7. We define the adjoint of an operator A with domain D(A), de-
noted A*, as a map A* : D(Ax) — € satisfying the following relation

(Ax,y) =(y, A" ),
forally € D(A), x € D(A*), where
D(A") = {x € #||{Ay, x)| < Cxlly|l for Cy indepent of y and all y € D(A)}.

Theorem 10.2
Let # be a Hilbert space. For any densely defined linear operator A,

Ran(A) & Ker(A*) = .
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PROOE. It suffices to prove that Ker(A*) is the orthogonal complement of Ran(A),
then use the following lemma.

LEMMA 10.0.8
Let M be any closed subspace of #, and let M* be its orthogonal complement. Then, any
x € A€ can be written uniquely as x =y + z with y € M and z € M*.

PROOF OF LEMMA. Let y be the projection of x onto M, set z=x—y. Let t e Rand
meM.Ifd = ||x—yl| =inf,ep lx — nl, then

d* < llx—(y+tm)? = llx - yI* + Zllml? - 2tRe(x - y, m).
Hence, for all ¢,
ml? = 2tRe(x - y, m) = 0.

However, this implies that (z, m) = 0. Uniqueness follows from standard arguments. [J

Now, let u € Ran(A) and v € Ker(A*). Then, there exists f € D(A) such that u= Af
and

(u, vy ={Af, vy =(f, A" vy =0.

Hence, Ker(A*) c (Ran(A)*. Now, let w € (Ran(A))*. For any u = Af € Ran(A), we
have

0="(u,w)=(Af, w) =(f, A" w).
As D(A) is dense, A*w =0, so (Ran(A)* c Ker(A*). O

PROPOSITION 10.0.9. Let A be a densely defined operator. Then,
(1) A* is always closed,
(2) if A is closed, then D(A*) is dense,
(3) if A is closed, then A** = A.

Theorem 10.3
Let A be self-adjoint. If for some M > 0 and for all u € D(A),

1(A=Aul = Mlul,
then A € p(A). Moreover,
{zeCllz—A| < M} c p(A).

Theorem 10.4

Let A be self-adjoint. Then,

()o(A)cR,

(2) Ores(A) =9,

(3) eigenvectors corresponding to distinct eigenvalues are orthogonal.

COROLLARY 10.0.10. Let A be self-adjoint and z € C, Jm(z) # 0. Then,

IRA(2)| < |Tmz|~" .
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Theorem 10.5
Let A be self-adjoint, A € p(A). Then,

IRA < [dist(A, o (A)] ™.

DEFINITION 10.0.11. The Riesz projection for an operator A is given by the contour
integral

1
P/lo = RA(A')d/lr
2mi Jry,
where Ay € 04(A) andT ), is a contour which does not intersect o (A) anywhere except Ay.
Note, P, is a projection onto the eigenspace at Ay. Hence, if we allowT to encircle all of
o(A), we can say

1
fA= ﬁf}f(/l)RA(/Ud/L

for sufficiently regular f.

Theorem 10.6

Let A be a self-adjoint operator and B be a closed operator such that:

(a) For some (and hence all) z€ p(B) N p(A), (A-z)™' - (B-2z)~! is compact,
and either

(b1)o(A) #R and p(B) # ¢

or

(b2) There are points of p(B) in both the upper and lower half-planes.

Then, 0 ¢ss(A) = 0 ¢55(B).

Theorem 10.7 (Weyl’s Theorem)

Let A be a self-adjoint operator and let C be a relatively compact perturbation of A. Then
Oess(A) = 0¢s5(B).

Note that from here, for V with sufficient decay, it is clear that gess(-A + V) =
Oess(—A) =[0,00).
We begin with some preliminaries from the notes of Tataru [Tat00] and [Tay97b].

10.0.2. Pseudodifferential Operators. In this section, we discuss properties of Pseu-
dodifferential Operators (PDO’s). In R”, we define the Weyl quantization of an operator
a(x, hD) where a € & [R?*"), a = a(x,¢) by:

1 o
@mn fnqe fR eI ax, Hu(y)dydg,

for u € . and a symbol class by:

a(x,D)u(x) =

SE(m) = {ae C®®*™)10% al < Co1&I72'*% 1 for all multi-indices a},
where m : R2" — (0, 00) is is an order function, i.e. there exist constants C, N such that
m(z) < C{z— w)Nm(w).
We also define
S;®m)y= [ Skom.

k=—00
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For k, 6 = 0 we write simply S(m).
Look at P(x,D)u = f. One possible approach to such problems involves approxi-
mate solutions or parametrices:

K= P(x,D)K = I +error.

If the error is small, iterative methods give an exact solution. If the error is smooth, the
problem is solved modulo smooth functions.

As seen in [Str03], let R = error from above. Then, to solve the equation locally, we need
to find g such that (PK) * g = g+ (K * g) in some set U. Thus, we have changed the
problem to solving the integral equation g+ K * g = f on U. Choose a cut-off function ¢
which is one on U and zero off V where U c V. Choose ¢ a cut-off function on V. Note
that ¢ = v. Hence, we need only solve the system

g+y(K*(pg) =y .

We define
Rg= [wwKe-ow) dy

where Kg is supported on V. Then, we have
vk k
g=2 DR w)),
k=0

which converges for for U, V small enough to make 1K <1.
Let us approach the problem more formally. Consider u — P(x, D)u, and suppose
that P(x, D)u = c(x) D u which implies
cx)F '\ FD%
cF e

f c(X) &% adé.

c(x)D%u

Thus for P(x, D) = Y. cq(x) D%, we have p(x,&) := ) c,&%, which we call the symbol of the
operator. That is,

PG D= [ puode™ agds.
Suppose now that p(x,¢) is a smooth function on R3", Define P(x, D)u by

(10.5) P(x,D)u=fp(x,€)eixfa(f)d6.
Since ue & = i€ &, if

10508 p(x, &)] < Ca (1 +1¢] +x) Ve,
then

P(x,D): ¥ — .
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We want to use the Fourier transform to get an idea of what the adjoints will look like.
Let Pu(x) = [ p(x,)e* " Vu(y)dydé.

Dy = [ [ pendie sdsds
- f a f B0 Ee () dxde
= fu(y)?‘lf(p(x,&)e‘iva(x))dxdy
=>P'u(y) = f f plx,&)e” Iy (x)dxdé.

Thus if P(x,D) = ¥ cq(x)D%, (P(x,D))* =¥ D%cq(x).
REMARK 10.0.12. We say (P(x,D))* = P(D, x).

10.0.3. Weyl Calculus. We make a slight variation in the definition of P(x,D) in
(10.5). Set

(10.6) p" (x, D)(w) =fp (gé) et y(y)dydé.

The Weyl calculus is extremely useful since (p* (x, D))* = p*(x, D). We will see more on
functional calculi in section 9.

REMARK 10.0.13. Note that Pseudodifferential Operators do not necessarily com-
mute.

EXAMPLE 10.0.14. [x,D]=xD-Dx=1i.

Thus, we need a functional calculus. That is, we need to determine how pseudodif-
ferential operators act under compositions. First, we prove the uncertainty principle.

10.0.4. The Uncertainty Principle. Recall that functions of the form e/*0 are purely
oscillatory, whereas 0 x, are purely spatial. Suppose we see a concentration around (0, 0)
in phase space. Note that xdy = 0. Given a function u, || xull;> measures the concentra-
tion around x = 0, and || || ;» measures the concentration around ¢ = 0.

LEMMA 10.0.15 (Uncertainty Principle).
n
lxull 21 Dull 2 = 2 w7,
inR",

PROOE

‘f x-axlulzdx
Rn

f x(u-0,i+ui-0u)dx

f nlulzdx
Rn

IA

2llxull 2 | Dull 2.

Note that equality holds if u is a Gaussian.
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10.0.5. L2 boundedness of Pseudodifferential Operators.

Theorem 10.8Suppose m(x,{) is supported on B(0,1) xR" and that|0$ m(x, )| < Cq, then
m(x,D): [* — 2.

PROOF. We know B(0,1) < Q(0,1) where Q(a,r) ={x : |xj—a;jl<r, V1<i<n}
so we use Fourier series in LZ(Q(O, 1)). Let ¢; be a basis which has the property that
each entry is bounded in I? and L. Then, m(x, &) = Zj ¢j(x)m;(S), where m;(§) =
S m(x, ¢ j(x)dx. Using integration by parts and our assumptions on m, |m;({)| <
Cj~N,VN. Therefore,

o0
m(x,D) = )_ ¢j(x)m;j(D)
j=1
and

(e8]
Imx, D)l f2—.r2 < ) llpjllzeelmijli e < co.
j=1

Theorem 10.9Suppose m(x,¢&) is:
e bounded
e stmooth iné
» homogeneous of order 0 in¢.
Then, m(x,D) : L> — L?.

PROOE Since m is homogeneous in ¢, we have |agm| < ca(%)“, m(x, &) = m(x, %).
We choose ¢; to be an I? basis of eigenfunctions for —Ag-1. The ¢ ;j are restrictions of
homogeneous harmonic polynomials of degree j.

lpjlle = j~N;
m(x,i) = Zgbj(i)mj(x),
1 [

where m;(x) = [ m(x, %)(ﬁj(%)dsn_l. Thus we have rapid decay |m;(x)| < j~V.

D
ij(x)daj(ﬁ):»

S lmjll ;oo < oo,

m(x, D)

IA

lm(x, D)2 2

10.0.6. Symbol Classes.

DEFINITION 10.0.16 (Symbol Classes). We say a symbol a(x,¢) is the the symbol class
Sy ifandonlyifae € ([R?") and

10807 a(x, )] < cq,p(1 +1E)™ PP,
where m is called the order of a, and0 <0 <p<1.

EXAMPLE 10.0.17. Iflagafp(x,f)l < Cq,p, then p € 88,0.
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Theorem 10.10/fa€ S ,,0< p <1, then a(x, D) is L* bounded.

PROOFE. Let us use a partition of unity: R” = u jAj, where
Aj={277  <j¢é =27, Ag=B(0,1).
Then,
o0
1= _Z()(b,-(f), supp (¢) = A;.
J:

|6“¢j| < o271 = ¢ (1 + €))7 since ¢; moves from 0 to 1 in a region the size of 27,
Write a(x,$) = Z]- a;(x,$), where a;(x,$) = a(x,$)¢;(x,¢). Then

ofoa;(x, 5)‘ < Cqp2/PIPIGD,

Step 1: Boundedness of a; (x, D).
Let us introduce a change of variables x = 1y, 0y = %Gy sothata;(x,D) — a;j(Ay, L,—j).
In other words, we dilate space by A and contract the frequency by % Then we have

v .
0%ba;((Ay, e (A2JP)IBI-laD,

IfA=277F, thena; e 58,0 = a; is L* bounded.
Step 2: Orthogonality of the a;’s (Summing the a;’s).
We will need the Cotlar-Stein Lemma.

LEMMA 10.0.18 (Cotlar-Stein). Let A= [, Axdx, where Ay: H— H. If

1
f||A;Ay||IZJ_.deS C
and
1
fIIAxA;IIIZJ_,deSC,
then |Alg—pg <C.

PROOF OF LEMMA[T0.0.18l We will use the following facts from functional analysis:
Fact 1: | A[? = || AA*||
Fact 2: If B is a self-adjoint operator, then || B||" = || B"||.

Thus, we have || A||2" = || A* A||"* = ||(A* A)"||, where

Xon—

(A" A)" = sz,, A} A AL Ay AY,  Axy,dx.

But we also have

” A;I Ax2 A;S Ax4 e A* Ax2n “ = ” A;I Ax2 ” e ” A

X2n-1

Ay |

%
X2n-1
and

I A; Ax, Aj@ Axy o Ay Ay, Il =

X2n-1

< AL IAG AL -1 Agy,, AL 1 Ax, I

X

Thus, we can say

* * x 1 * 1 1
Ay, Ax, Ay Axy - Ay Ao | S AL 121 AL, Ay 122+ [T Ay, 1112

*

X2n-1

Now, let us make some simplifying assumptions:
1. M has a finite measure m.
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2. | A« |l is uniformly bounded by N.

Then,
* n P * 1 1 2n—1
At < fMZn AL IZIAL Ag 12 -1l Agy, I 2dx < NCP" '
= |14l < (mN)# C'72 "= C,
For complete details, see [Ste93a]. O

Now, continuing with our proof of the theorem, let A = a(x,D), a = ¥ A}, Aj =
aj(x,D). Thus, A;’f =a;(D,x), and

(Aj AL u)(x) a;(x, D)ay (D, x)u(x)
f aj(x,&)e" e ar(y,Huly)dydé

= 0

DI—

when |j-k| > 1as aj;, a; have different regions of support. Thus, we get Z;?:}C_l IA; AZ Iz <

C.
LEMMA 10.0.19 (Rapid Decay of Mixed Terms). |j—k|>1= ||A;. Al = (2 4+ 2%)~N,
PROOF. Suppose j < k—1. We have A% A = A%Sk(D) Ay + A% (1 - Sx(D)) A where
Sk selects a ball inside the support of Ax_,. Now, A;. is L2 bounded, while S (D) and

Ay have disjoint supports. Similarly, Ay is L? bounded, while A;f and (1 — Sk (D)) have
disjoint supports. Thus,

IA

Y @l +2kN
lj—kl>1
< C

(e} . 1
Y IA% A2
j=0

if we can properly bound Si(D)ay(x, D) and a; (D, x)(1 = S§(D)). To do this, let us use
the Bargmann Transform and scaling:

S (Q)a (Ax 2)—T*TS (2) T*Ta (Ax 2) T'T.
k|7 |\ A% = | = k(7 kA% .

We have the following two kernels to work with,
Ki(é1,x1,E2,x2) = (Tar(Ax,DIA)T™)
Ky(é2,%2,&3,x3) = (TSp(DINT™).

IA

[K1 (&1, X1,82, X2)] [1+1&1 — &l + |x1 — x| + dist ((x2,&2), supp ak)]_N
|Ka (&2, %2,E3,%3)| < [1+1&2 — &3l + |2 — x3] +dist ((x2,&2), supp Sp)1 .
Thus,

A

|K(€l!xlr£3rx3)| =
< f[1+|51 — &)+ X1 — Xo| + dist ((x2, &), supp ap)]™N
1+ 1En — &3]+ |x2 — x3] + dist ((x2,&2),supp S N d&rdx,

_N _N
= 1 2 (1 + |(£1)x1) - (€3yx3)|) ’

where r = 2k1-p), O
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10.0.7. Adjoints and Compositions of Pseudodifferential Operators. Adjoints.

Formally, using Taylor series, we see

[A(x, D)]* u(x) f a(y,&)e* N u(y)dyde

a . (x -2 ..
_ f Z—"X“(’C"ny D7 €0 () dyde
= !

eif(x—y) u(y)dydcf.

a!

f > (-D)*0%0¢ alx, &)

So, we would like to show A(x, D)* = B(x, D) where
(-1)*0%0¢ a(x,¢)
b(-xr 6) ~ —' .
a!
But does this converge? We need a(x,¢) nice as |a| — oco. Let a(x,¢) € S;”(S, then b(x, &) €

m~—|al(p—6)
LS5
Products.

. Note that this works fine if p > § but is meaningless if p < 6.

Again, formally using Taylor series, we have

(A(x,D)B(x, D)u)(x)

f a(x,8)e*“ Vp(y,v)e" V"D u(z)dzdvdyde

f O?a(x, &o0¢b(x,v)
a

Tl N yuy)dzdvdydé.

Then, by taking the Fourier transform with respect to y, then integrating over v, we have

0fa(x,§)0¢b(x,¢) |
s i§(x—2)
f 3 Tl e u(y)dzdé.
So, formally,
07 a(x,)0y b(x, <)

ilalg)

c(x,&) ~

)

and again we need p > 6 for this to make sense.

()
DEFINITION 10.0.20. Leta; € SZ(’S, m;j \, —oo, then we say a ~ Zl aj if
]:
N
. my-1
a- Zl aje S
]:

t:16 | Theorem 10.11 (Formal Series) (i) Let a(x,¢) € 8215 for0<=6 <p<1. Then,

(10.7) A(x,D)* = B(x, D)

where b(x,&) € S"Z‘é, and

(—i)*9%0¢ a(x,8)

(10.8) b(x,¢) ~ po



t:16.2.a

t:16.2.b

3

5

o] el g
IS
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(i) Let a; € s;fg, j=1,2for0<6<p<1. The

(10.9) A1(x,D)A2(x,D) = C(x, D)
forc(x,&) € Spm(‘;mz where

05 ay (x,§)0% aa (x, )

il

(10.10) c(x,é) ~

We need to prove a few propositions before proving Theorem|10.11
PROPOSITION 10.0.21. Leraj € S;ng, m;j \, —oo, then there exist a € S;"(‘S such that
(o]
a~y_ aj.
j=1
PROPOSITION 10.0.22. Let f; € R, then there exists a function f € C* such that f'(0) =
fi-
PROPOSITION 10.0.23. Suppose a€ Sy, a; € S;’z, mj\\ —oo, (a —Z]m:l aj) € Sz,jp,
. — ~ oo .
nj\, —oo, then a ijla].
We will first prove Proposition|10.0.22
PROOF OF PROPOSITION[10.0.22] Define the function
x =1{lin[-1,1], 0in [-2,2]},

where y is smooth. Let

(o] f] . X
x) =) =xly(=)
/ ]go Ji €j

fore; — 0 as j — oo to be chosen. Then

msZ%mm.

j=0
We wish to choose our ¢’s such that the sum converges.

=y i foeg!
|axf|sclz()7"(zej)f =)
= !
Similarly,
i~k
00 . k-1 '€j.
=S et d .
=k G =R = J!

So, we need I%(Zej)j‘kl < le for k< j. Let h= j—k. Then, (Zej)h% <27/, Choose€;
such that this occurs for h=0,1, ..., j. O

PROOF OF PROPOSITION[I0.0.21l Lety ={1€ BS, 0€ By},

S ¢
a(x) 5) = Z aj(xy 6)% (_) )
j=0 Rj
where Rj — co. Choose the R;’s such that this sum converges, or

¢ 1 -
0¢ 0 a;(x O (R—) | = o5 (L lghmmTielespe

J
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for |a| +1B] = j, mj—1 > m;. We have different cases for the different derivatives:

Case 1. All derivatives fall on a; =
(1) A bad constant,
(2) An extra (1 + |&E])™i~™i-1,
We must choose R; large enough such that 2 controls 1.
Case 2. Some derivatives fall on )((Rij) = afactor of le where ¢ = R;.

Show convergence:

oo 5 & oo 1 lal+|Bl
Y |a§’6xaj(x,f)x(—)| < C Y —@+gpmillerho oy
=0 R; j=lal+1pl j=i
< oo.
REMARK 10.0.24. A note on remainder estimates:
a-y ==y aj(x,f)(l—)((—))+ > aj)((—).
j=1 j=1 R; j=m+1 Rj
We have:
o0
Y |oof aj)(x,f)x(g) <
j=m+1 J
max{m+1,la|+|Bl} fos) 1 o+ 616
- mij_1—|ajp
< ._Z + .72 5 (1+ENmM .
j=m+1 Jj=lal+1pl
PROOF OF PROPOSITION[I0.0.23l We want to show
m
0208 (alx,&) = Y. aj(x, )| < cqp(1+ |1 PIa+IIAL
j=1
But,
ﬁ m
0§05 (a(x,§) = ) a;j(x, )| <
j=1
< [0%bla(x 6)—§a'(x Ol +10%0" f a;(x, )|
= ¢ 9x ) j &Evx J
j=1 j=m+1
< (1+(&pmPlal+dlbly ¢
So,

(o)
a~)y_ aj.
j=1

DEFINITION 10.0.25.
§7° = S{%-
m=0
This is the symbol class with all derivatives rapidly decaying.

We are now in a position ro prove Theorem|10.11
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PROOF OF THEOREM[IO.I1l Use a Littlewood-Paley Decomposition to get
(o]
a(x,D)=Y_ a;(x,D)
r)

J

where supp(a;) < {|¢] ~ 2/}.
Given aj, we want b; s.t.

o¢oka;(x,0)

bi= X~y

We know that:
|ag5§aj (x,&)| < Cayﬁzj(m—plalwlﬁl).
Rescale using x — Ax and ¢ — A~1&. Then, we have
|ag0£aj(/1x, A7) < Caﬁgj(m—p\alwlﬁl)A—Ial+lﬁ\.

We want to choose A so that 27/PA1~1 =2/} or A2 = 2/6-p),
Letd; = aj(Ax,A" 1), then

|6?6§€zj| < ca,ﬁzf’”u'“‘*‘ﬁ‘,
where p=A"1277° =200} = ¢y = 220-0) < 1. Thus,

ﬂj(}’,f)z

_ S 0xaixnd) a N+1
= ) g XN fo

lal=0

LrNoN a;((1-h)x+ hyd)
(N+1)!

Then,
aj(x,D)"u=
= faj(y,f)e""t““y)u(y)dydf

_ f% 0%a;(x,Q)(y—x)“

eif(xfy) u(y)dyd{

|
lal a.

N+1
+ [ S N G s Ry Ddhdyde,

where Iaj‘f(??a(x, = ca,ﬁ,um'”ﬁ'. We need to prove a(x,D)* —by_1(x,¢) € ;fZN . 88,0. To
do this, let us restate the problem in a stronger form.

$Pa6,8)| < caar,p, 121 = N, then

Assuming |a§+“la§

a(x,D)* = by-1(x,&) € S{ .
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This is the same as above, we have simply moved the factors of u. The proof of this
statement goes as follows:

a(x,D)*u=
fa(y,f)e"“x‘y)u(y)dydf

fN 0%a(x,&) 5)(y X%

lal

lf(x*y) u(y)dydf

+f ((y- x)ax)N“ WNa((I=h)x + hy,&)dhdydé
beeif(xfy)u(y)dy

1 .
+f/ oo nN eV a((1 - hyx+ hy,&u(y)dydédh,
0

where

0%0:a(x,&)
pye ¥ BOAED

o=y i¥al
Is the remainder in S ,?

CLAIM 10.0.26. The function q(x,y,&) = OxNaéVa((l — h)x + hy,§) is bounded with
bounded derivatives.

PROOF OF CLAIM. Let
Qu(x) = f q(x, 3,6 N u(y)dydé.
We need the kernel of TQT*. So, we have:

K(EerZ!é‘lvxl) =
— e*%(}’*xl )? ei-fl (y*xl)q(x’ ¥, f)eif(x*y) e*%(x*xz)Z eifz(xzfx) dxdydé

_ fe_%(y_xl)zeifl(y_xl)q(x—xg,y,E)ei‘t(x_y)”‘tz(xz_x)dxdydf

f e—%(n—y)z elo1y—x1) qE—&s,y, f)eif(xz—y) dydé,

as (x—y)=(x—x2) + (x2 - ).
Repeat this argument to get proper bounds on K(¢2,x2,¢1,x1) and thus g € 53,0
This will prove (10.7H10.8). O

Now we proceed to prove (10.9410.10).

108+ 0k ay (x, )| = Caa o lal = N

|a§+“la§a2(x,5)| < Caapr @I =N
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We need to prove a; (x, D)ay(x, D) — by-1(x,D) € 53,0-
(a1(x,D)ax(x, D)u)(x) =
= f a1 (x,8)e* "D ay(z,v)e™ N u(y)dydzdédv

Y a1(x,0e " P ay(z,v)e" YV u(y)dydzdédv
lal<N

Y. aix,de

lal<N
+ff01 a (x,cf)ei’f(x_Z)axNaz((l —hx+hy,v)
(z=x)NeVE N uy)dydzdédvdh
= fbN_leiE(x_Z)eiV(z_y)u(y)dydzdfdv.

. aa ) .
zé(x—z)M(z_x)“eW(Z‘J’)u(y)dydzdfdv

Note that g € ¥°° with bounded derivatives. Let
Qu(x) = f q(x,&,y,v)e* VeV y()dydedzdv.
We need derivatives on the Bargman Kernel of Q and TQT*.
K(x2,82,x1,61) =
_ fe_%("_”)z piS2(x2=) 4,8, 2,v, y)eié’(x—z)eiv(z—y)
‘e_%(xl_y)zei‘rl(y_xl)dxdydzdédv

/q(x_ 12,€, ZV, Y- xl)eifz(xz—x)+if(x—z)eiV(Z—y)+i51(y—m)dxdydzdfdv

f q(x—x2,2,v,y — xl)ei¢dxdydzd€dv,

where p= ({2 = &) (2 —x) + &2 —x) +v(z—y) + &1 (y — x1).
Integrate in x to get:

= f GE—&a,2,v,y — x) @ CRmAVENTQY=2)) gy qed zdy.
Repeat this process to get the desired bounds on K(¢», x2,¢1, x1).

10.0.8. Properties of the Calculus of PD.O.s. Left Calculus: a(x, D)
Right Calculus: a(D, y)
Weyl Calculus: aw(g,D).

a(x;y,D)b(y;rz,D) =c(xT+Z,D), where

(-1)%0%07 a(x, )R b(y, &)
2i)lal+1Bl g1 61

Using Taylor Series, take y into z from a4, y into x from b. In this series, we get

cx, &)=Y

1
c=ab+ —{a,b}+..
21

What is the symbol of a PD.O.?

85
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Normally, we must talk about a Calculus and a symbol. We have:
a(x,D) — a(x,$)
1
a(D, x) — b(x,D) — b(x,&) = a(x,&) + 7ax5(x, +...

The Principal Symbol of an Operator.
Ifae OP5PP”;‘s with error in OPS}':;é—p , then the principle symbol is contained in

sm
pd / Sm+57p
pd 7

and it is independent of the Calculus.
EXAMPLE 10.0.27. The principal symbol of a(x, D)* is m.
EXAMPLE 10.0.28. The principal symbol for the product a, (x, D) ay(x, D) is
(princ. symb.(ay))(princ. symb.(ay)).

An important fact is that the the principal symbol of a commutator is well-defined.
A commutator of a PD.O. is given by:

[a1(x, D), az(x, D)] = a1(x, D)az(x, D) — az (x, D)a, (x, D),
where a; € S;"é, ap € S;"fs. In the expansion of the commutator, we see the first term is

simply 0, while the second term is %{al, as}. Hence, the principal symbol of a commu-
tator is the essentially the Poisson Bracket of the two elements.

10.0.9. L? bounds for PD.0.s. For multipliers, [0%m(&)| < (1 + &)1 = m(D) :
LP — LP.

Theorem 10.12
Ifae$?,,6<1,thena(x,D):LP — LP.

PROOE For multipliers, we have
m(D)u(x) = fK(x—y)u(y)dy,
where K = 1, |[K(x)| < |x|™", and |0, K (x)| < |x|~""L. In this case, we have
K(x,y) = f a(x,&)e*Vac.

Using a Littlewood-Paley decomposition, we can set a = 3 a; and similarly K = } K.
Then,

Ki(x,y)=Kj(x,x-y)
Let z = x—y. We have:
IKj(x,2)| <2/™(1+27|z))~N
and
10K (x,2)| =27V (1427 |z)) 7V,
Thus, by summing over j, we see:

K, x=p)l<|lx—yl™"
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and
10,K(x, x| <lx—yl """
Asod a(x,§) e S‘fﬁ and 0xa;(x,$) = 270,
105K (x, x — y)| < 2792071 + 27 |2))™N 4+ 2/ D) (1 4 27 |z~
= |0, K(x, ) < |x—y/ "L,
O

REMARK 10.0.29. We only need 5 < 1 for L?> boundedness. The kernel bounds are not
integrable. In general, we have a(x, D) : L' /- L'. However, we do have:

a(x, D) : H1 hnd H1
a(x,D): BMO — BMO.
10.0.10. Sobolev Spaces. For PD.O’s, we have Ony? 5 LF— L2

PROPOSITION 10.0.30. OPSﬂp”g tHS— H™, seR.
PROOF. We know that (1+|D[?)? : HS — I? is an isometry simply by Fourier trans-
form. Hence,

a(x,D): H* — H" ™o (1+|D?) 2 a(x,D)(1+|D|?) 7 : I? — L2

PROPOSITION 10.0.31. OPS’s: WP — WP for1 < p <oo.
PROOF. WSP = (1+|D[>)Z L”, for 1 < p < oco. O

Note that derivatives of L™ functions are Lipschitz functions. Half derivatives are
Holder functions. Roughly, L — C% — Lip where « is not an integer. We have that

CT#(1+|DA) 7 C*®
but that
C*=(1+|DI>)* BMO.

10.0.11. Invertibility of PD.O/s. Let a’/ (x)D;Dju = f, a’/ € C*, positive definite.

PROPOSITION 10.0.32. f € H?, ue H" implies that u € H**> where u, f are as above.

We have here an expression of the form p(x, D)u = f where p(x,D) = aiffifj, SO
p(x,é) € S?,o and |p(x,&)| = |&|? for large |¢].

PROOE Let g(x,¢) € Sl‘%. Act g(x, D) on both sides of p(x, D)u = f. Thus,

p(x,Dyu=f = q(x,D)p(x,D)—1I=r(x,D)
= u-+ r(x,D)Lt:q@CyD)f;

where r € S, g € 31_,%)- O

Theorem 10.13
Supposea € Sl’;1 ,p>0,a(x,&) =|E|™ forlarge|¢|, then thereisab € S;’g’ s.t. a(x,D)b(x,D)—
TeS™.
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REMARK 10.0.33. §7%°:.%' — C®. The Kernel of an operator in S~ satisfies:
10207 K(x, )| < cap1+1x—yD7N.
Note that inverses are unique up to S™°.
b;(x,D) = b;(x,D)a(x, D)b;(x,D) + OP# ™ = b, (x,D) + OPF ™.

PROOF. We seek

b(x’f) ~ Z bj(xy 6))
j=0

where b; € OPyp%_j(p_é) s.t. b(x,D)a(x,D) -1 € S~°. We will choose the b;’s induc-
tively such that:
~(N+1)(p—6)
p,0 )

For N = 0, seek by € OPS," s.t. I - bo(x, D)a(x,D) € OPS,#™. Take by(x,¢) =
a(x, &1 for large |¢| and use symbol calculus.

For the induction step, assume that I — (bg + ... + by-1)(x, D)a(x,D) = ry(x,D) €

s N9 Choose
p,0

(bg +...+ bn)(x,D)a(x,D)— 1€ OPS

rn(x,¢)

a(x,§)
for large |£|. Note that we do not worry about small || values as we can control them by
adding S™° symbols. Then,

bn(x,¢) =

~N(p-6
by(x,&) € OPS, 1777

Thus, by the symbol calculus, we get

bn(x,D)a(x,D) = rn(x, D) + ry41(x, D)
~(N+1)(p-6)
p,0 )

=>7rnN+1 €S
Idea: Look at the differential operator —A. We have
(~Au,u) = |Vull?,.
DEFINITION 10.0.34. We define a(x,{) € ST to be positive definite if
(a(x, Dyu,u = clull? ,, —Dlul® ;.
H2 H'2
That is, the operator a(x, D) is positive definite in the usual sense, modulo an error of the
next lowest order.
EXAMPLE 10.0.35. (1+|D|?)? is positive definite.
We also have the notion of a non-negative definite symbol:
0 < lalx,D)ul®=<a(x,D)u,a(x,D)u) = a(x,D)* a(x, D)u, u)
= a(x,D)"a(x, D) is non-negative definite.

Note that (1 +|[D[?)Z + a(x,D)*a(x, D) is positive definite. a € S% and the principal
symbolis (1 +[¢[2) 2 +|a(x, )2,

We present here the proof that a general bounded operator is in fact a psuedodif-
ferential operator for some symbol b as present in [EZ06]. In particular, this allows us
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to say that our smooth, decaying error is in fact a PDO in the discussion from Section
This proof is done here from the semiclassical analysis point of view with 7 =1,
while the original microlocal result is presented in [Bea77|. However, as the proofs are
similar, we present the more concise version from [EZ06].

Theorem 10.14 There exist constants C, M > 0 such that

bl <C Y 10p@*D)llj2_ 2,
la|l=M

forallbe &' ([R?4).

PROOF. We have

bx, Du(d) = g f bix, e’ a)de,

where the Fourier transform is taken formally here in .%’.
Set ¢ = ¢p(x), ¥ = ¥(x) € &. Then, we can take ﬂ(b(/nf/e‘(x"r}) as a function of dual
variables (x*,&*) € R2. We have

—— | F (bpire’)(0,0)|

o )d f f b(x, PP (&) e’ dxdé
KbCx, DYy, )1 < bl 22 1Pl 2 Nl 2.

@n )d

Fix (x*,¢*) € R?? and rewrite the inequality with ¢p(x) e/ replacing ¢(x) and fre~¢"®
replacing 1(¢), which does not alter the L2 norm. Then,

o )d|9(b¢wel<“>)(x N < 1Bl 2 2 1Pl 2wl 2.

Take y € CSO([RM). Take ¢, v € & so that

{ ¢(x)=1if (x,§) esuppy
W (&) =1if (x,&) e suppy.

Write
¢ = ye 0,
Then,
X(%,6) = 1, PP (e’ 0.

Using standard estimates on the Fourier transform, we have

IZxlp<C Y 10%lp,
la|<2d+1

SO

IFplp<C Y 0%l
la|<2d+1
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Thus, for any (x*,&*) € R24, we have

IF (D) (x*, &) < 1 F (p1bpire’ )| 1
1 o i
= Wu%«pl)*9(b¢we’<"’f>)upo
1 S ixd)
= Gl F @0 IF b )

< Clblz_r2
where C depends only on ¢, ¥ and y, not (x*,¢*). Hence,
(10.11) IZ (bl oo < ClIll 2 2.
CLAIM 10.0.36.

\F(xb)(x*, &%) = CL*, )72 Y 10p@“ D)l
|la|<2d+1

PROOF. We have

() EDPF () (x*,EY) fuw (")) Pe IO+ y p(x, &) dxdé

ff e—i((x*'x>+({*,€))DzD§(Xb(x,f))dxdf.
R2d

Summing over («, B) with |a| + || < 2d + 1 and using (10.11), we have

K ENFqDIe = G Y IFDIDIEb)
|al+|Bl<2d+1
< G )Y 10p@*blz_pz.
|al<2d+1
|
Hence,
bl < CIF D) <C Y. 10p@*b)l2_ e
lal<2d+1
Note that this can be applied in any quantization by standard arguments. ([
DEFINITION 10.0.37. Write
adgA=[B, A,

where ad is called the adjoint action.

DEFINITION 10.0.38. A pair (x*,&*) € R24 js identified with a linear operator (x,&) =
(x*,xy+(*, 8.

Theorem 10.15 (Beals’s Theorem)
Let A: ¥ — &' be a continuous linear operator. Then A = Op(a) for a symbol a € & if
andonly ifforall N =0,1,2,... and all linear functions I, ..., ly, we have

(10.12) lady, x,p) 0+ 0 adjy,p) Al ;22 = O(1).
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PROOE. If a € ., then (10.12) holds via standard microlocal techniques. Namely,
since || Allj2_.;2 = O(1) and commuting with /; (x, D) yields a term of order O(1).
Since A is a continuous linear operator, there is a Schwartz kernel

Au(x) :fuqzd Kalx,y)u(y)dy

where K, € &' (R?*?). Denote K4 the kernel of A.
If a € &' (R??) is defined by

. I3 w w
(10.13) a(x,é)z[ e HWOK (a+ —, x— —)dw,
R4 2 2

then

1 xX+y v
K x, = a R el<x yf) d R
Alx, y) om2d fuqad ( > ¢) ¢
where the integrals are shorthand for the formal Fourier transform on &’. Indeed,

1 ey xX+y w x+y w
Kal(x, Ky wd g [ ==+ —, —= - —| dwd
al%y) (2n)dffe A( 2 22 2) wds

— 1 X+y i(X—y;f)
= o [ a0
since
1 .
2 )dfelmyfw@df:(sx—y(w)
¥/

in &'. Hence, A= Op(a) for a as defined in (10.13).
Now, we would like to know that a € ., or

sup|0®al < C,
de

for each multi-index a.
To do so, we use (10.12). Define /; by the pair (x},¢ ;). Compute

oL x+y —

Op(Dg, ux) = (Zn)dfpfj (aE22. ] o9 ucpacay
_o_ 1 x+y )
) (zmdf a7 ¢) D, (¢ uiyraedy
- 1 XY N iy
= _(Zn)dfa( 5 ,é)el X=y,6 (xj—ypu(y)dédy
= ~lxj Alu=-ady; Au(x).

Similarly,

Op(ija)u(x) = adejAu(x).
In other words, for j =1,...,n,

ady; A=—-0p(Dg; a)
adejA = Op(ij a).

Hence, from our hypothesis, we have

lop@*a)ll <1
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for all multi-indices . From Theorem|10.14} we have

10%al=<C Y. 10p@*“Fa)l 2 ;2 < Cq.
|Bl=d+1

Hence, a € . and we have the result. |
In this note, we derive the integral kernel in R3 for the inverse of the differential
operator
Py=-A-pP.
Specifically, given u, f : R — R, we find Ky (x, y) such that if
Pyu=f,
then

uszS K,(x, ) f(y)dy.
To begin, we Fourier transform the equation to see
& -pda=7,
hence
GRS EY
So,
Ky, y) = F7HE =) x-y),
if we can define
G =7 E - )W

in a meaningful sense.
Without loss of generality, set u > 0. Initially, asssume that x # 0, though this will be
easily seen as a limiting case in the end. We have

eix{
o

2 z\xlrcos(@)
ff fo(r—u)(r rsm(@)d@d(pdr

rsin(|x|r)
IXI o (r=wWr+up
by first making a rotational change of variables where {3 — %, then using polar coordi-
nates.

Now, we are set up to use contour integration to find G(x). See Figure |1] for the
contour over which we integrate. We call this contour I'g .

Then, we have from residue theory

#ezlx\p

Zezzlxl
f ———dz = 2ni
Tre (2= (z+ 1) 2u

= gwie™k,

G(x)

However, breaking I' down, we also have

zel#xl J MR rsin(x|r) el ge=ilxlu
—————dz= + - )
frh (z—w)(z+ W) fo (r-wr+uw 2 2
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FIGURE 1. The contour for computing the behavior of K}, fig:fundl

Combining terms and taking R — oo, we have

2
Glx) = 4w cos(ylxl).
| x|

This is valid for all x since the integral diverges as x — 0.
Notice that in this analysis we have used the distributional convention

1
f)= > [f(A+i0)+ f(A—i0)].
However, it is not hard to see that taking the convention

) =f(A+i0)

results in the
4”2 eti [x|pe
Gx)= ————.
x|
In this note we discuss the principles of stationary and nonstationary phase used to
prove decay in time for the linearized Hamiltonian. The following come from [Ste93a]
and [EZ06].

LEMMA 10.0.39 (Non-stationary phase) Suppose v is smooth with sufficient decay and
that ¢ is a smooth function with no critical points in the support of w. Then

I = fR My de=0a™),

as A — oo, forall N = 0. In particular,

TISA™ Y supla®yl.
la|<sN R4
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PROOE. Define

L= Ew(a(l),m

for x € supp(y). Note that
LN (eI = it

hence

1) = ‘ f ) LN (e (x)dx
R

= Ud e M (LN (x)dx| <AV,
R
0

DEFINITION 10.0.40. A critical point xy of ¢ is called nondegenerate if the symmetric
matrix

(x0)

5
3:0;

is invertible.

LEMMA 10.0.41 (Stationary phase)
Suppose ¢(x9) = 0, ¢ has a nondegenerate critical point at xo. If v is supported in a
sufficiently small neighborhood of xy, then

f e MWy (0dx~A"% Y ajA,
R j=0

where the a;’s depend only on finitely many derivatives of ¢ and .

PROOE. Let us assume that ¢(x) = ¥ x5 — ¥4 ., x5. Let 1= (h,...,1q) be a multi-
index. Then, note that

d 0o d e I

+ilx? —x% I; 2 1. a1
|| e e x!xj’dxj=|| e  xlidxaFinTz2
j=1J-00

je1v-o0

X

by deforming the contour of integration using the decay of e~ * . Factor out

d
[[ A~/ = p-@+iibiz

j=1
then expand
d I
[T si 2
j=1

into a power series in 1~ for large A. Then, we see that

. 2 oo .

fde“w’(x)e_x xtdx ~ A~(@+1r2 > cj(m, DA,
R =
Jj=0

Letn(x) € CP(R?). We need that

Udei,w(x)xln(x)dx < -,
R
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To prove this, let

and

Since we have
d 0 d
Ur;=r4,
j=1

find functions Q;, j =1,...,d such that supp(Q;) = T'j, Q; is homogeneous of degree 0
for all j, smooth away from the origin and

d
Y Qj(x)=1
j=1
for all x # 0. Then, we have

iAp() I _ iAp) I ,
fnqed e x'n(x)dx ;[Rde x'(x0)Q;j(x)dx.

In each cone, use integration by parts with the operator

o -1 0f
Djf(x) = (iZl/lx]') la—xj,

such that
DM = gidd
Using the bound |x;| = @d)~1?|x|in I'; and
IDHNQ; ()] < CyA~N X2,
By splitting the integral into [ ) and fza\ (o), then choosing € = 174/2, we are done

with the proof. By the principal of nonstationary phase, when 1 € . and 7 vanishes
near the origin, then

fe”‘b(X)n(x)dx =ou™)

for every N = 0. Then, using a Taylor series and the previous estimates, we have the
result. ]

10.1. General Distorted Fourier Basis Theory

We present here the combined results of [Agm75b] and [Hor05|, Chapter 14.
Both presentations are valid for operators of the form

(PD)+V(x,D)u=0,

where P(D) is a self-adjoint, constant coefficient differential operator and V' (x, D) is a
short range, symmetric differential operator. The perturbation V(x, D) is defined to be
short range in order to say that

lim  R(z)=R*(2)

z—A,+Jmz>0
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exists in the uniform operator topology of B(L>$, #5 ), where
LR = {u()| (1 +1x%) 2 u(x) € L%}
and
Hom s ={ux)|D%ue >, 0<|al < m}.
Also, for any f € L>*,
R*A)f =Ry f-RyMVR*),
where Ry is the resolvent for the constant coefficient operator. As the notion of short
range deals with compactness of the operator Z(u) = R(Vu), being short range requires
sufficient decay assumptions at co. Heuristically, it is required that the coefficients of V'
decrease as fast as an integrable function in | x| and for each fixed xy, we have
V(x0,¢)
Py(x,8)

The reasons why these heuristics hold true are explored in this chapter, hence we
forego this analysis here and move on with the fact that V(x, D) is a short range pertur-
bation as an assumption. Note that in the case explored below, V is Schwartz in x and is
dominated by P(¢) as €] — oo. It is also important to note that while our contour inte-
gration works out nicely in 3d, the results presented here hold in any dimension where
Ry and R, are arrived at through a limiting procedure.

The Agmon approach to the distorted Fourier transform is equivalent to the ap-
proach taken by the author. Namely, define

¢+ (x,8) = ™ — RT(EN[Ve ] (x).

Then, we define the distorted Fourier transform to be % : % — 12 such that
(i) Ker(%,) = Lfi. The restriction of & is a unitary operator from L% onto 1.2,
(ii) for any f € L?

—0asé— oco.

(F. )@ =@m? lim fO0pa(xOdxin L2,

©J|x|<N

and

@ epe=entlm [ FOe.modein L
J

where K] is an increasing sequence of compact sets such that U;K; = R4\ A for

N (H)={¢€ [Rdllcfl2 is an eigenvalue for H} U0,

and
(iii) If P, is the projection of L2 onto L2, then
(PcH)f = (FIMpyFs) f
for any f € D(H) where Mp) denotes multiplication by P(S).
In addition to all of this, we have ||P.fll;2 = %+ fl;2. In other words, we have a

Plancherel theorem for our distorted Fourier basis.
Now, [Hor05|, Chapter 14 arrives at the same conclusions using

(FNO=FU+VR)fO).
However, using the resolvent identity

R(2) = Ro(2)I + VRy(2)) ",
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we see that a formal iteration argument shows equivalence between these definitions
for ¢ large. It is precisely this iteration we use to get uniform bounds in ¢.
We derive the integral kernel in R? for the inverse of the differential operator

Py=-A-pP
Specifically, given u, f: R3 — R, we find K, (x, y) such that if
Pyu=f,

then

u:fRS Ky, ) f(ndy.
To begin, we Fourier transform the equation to see
& -pha=f,
hence
u=F G -pH N+ f.
So,
Ky, ) =F M@ - N -y),
if we can define
G =F & - pH W

in a meaningful sense.
Without loss of generality, set u > 0. Initially, asssume that x # 0, though this will be
easily seen as a limiting case in the end. We have

eixf
o

2 z\xlrcos(@)
ff f T rsm(@)d@d(pdr

®  rsin(|x|r)
|x| o (r=wWr+up
by first making a rotational change of variables where {3 — ﬁ,
nates.
Now, we are again set up to use contour integration to find G(x). See Figure [1] for
the contour over which we integrate. We call this contour I'g .
Then, we have from residue theory

Zelzlxl
f —dz = 2mi
Tre (Z—W)(z+ W)

mie

G(x)

then using polar coordi-

pe”x“‘

2u
ilxlp

However, breaking I' down, we also have

f zel?xl y _fR rsin(x|r) el gemilxly
R J _
Tre (Z2—W)(z+ ) 0

r
(r=wr+uw 2 2
Combining terms and taking R — oo, we have

4772 cos(ulxl)

G(x) =
| x|
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This is valid for all x since the integral diverges as x — 0.
Notice that in this analysis we have used the distributional convention

1 . .
f)= > [f(A+i0)+ f(A—i0)].
However, it is not hard to see that taking the convention

f) = fA£i0)

results in the

4n26ii|x|u
Gx)= ————.
| x|

10.2. Strichartz Estimates

From the above time decay, we can also prove the standard space-time Strichartz
estimates for e/”¢ where ¢ € P..#. We review the standard methods here as seen
in [SS99]. From henceforward, let us assume that we work on the subspace of functions
contained in P, /.

Theorem 10.16 For p and p' such that% + % =1, with2 < p <00, and t # 0, the transfor-

eqn:strichl

mation e'”' maps continuously L ®Y) into LP R?) and
i 1
(10.14) e ¢l < a5 bl ppr -
[g7°2 »
PROOE This result follows from interpolation, see REFERENCE. O
DEFINITION 10.2.1. The pair (q,r) of real numbers is called admissible if% = % - %

with25r<dz—f12 whend>2,0or2<r<ocowhend=1ord=2.

3

One uses a duality argument when the operator e/ is unitary. Namely,

| SE
|<el t¢,G>L2(Rd+1)| ,S "(,b”L2 ”G”Lq’Lr"

To this end, write

oo oo |
| f (€'}, G) o gayds] = |<¢>, f el”—SG(s)ds> |
—00 -0 L2(RY)

S
f e 5G(s)ds
—00

IA

1l 12 @)

’

L2(R4)

where

[T 2
”[ e SG(s)ds

oo | oo |
< f e SG(s)ds, f et ‘”G(t)dt>
L2(R4) - —oo L2(RY)

o0
0o oo |

= <f G(t)dr,f el”f—SG(s)ds>
—c0 -0 Lz(Rd)

oo .
f e SG(s)ds

IA

1Gl gy

Larr
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Using Equation|12.147} we have

o | oo
f IS G(s)ds f
o —c0

—00
b 1
——— G, ds
/;oo |t_sld(%*%) L

oo 1
| 1G)I, v ds.

2
T |t-s|q

IN

e 175G (s) ”L’ ds

IN

Hence, using the Hardy-Littlewood-Sobolev Theorem with y = — %,
&8 .
‘U e #15G(s)ds
—00

10.3. Exercises

Larr SHGl g -
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CHAPTER 11

Examples and Applications - Dirac § potentials

We review here work done with Justin Holmer, Maciej Zworski, Vincent Duchéne
and Michael Weinstein.

11.1. Karlsruhe Lecture 2 - Scattering Theory for One 6 function
11.2. Wave Operators

Wave operators provide a means for converting operator bounds for a “free” dynam-
ics generated by a constant coefficient Hamiltonian, Hy = —A to analogous operator
bounds about “interacting”" dynamics associated with a variable coefficient Hamilton-
ian, H = —A + V, on its continuous spectral subspace. Indeed let W, and W denote
wave operators associated with the free and interacting Hamiltonians Hy and H (de-

fined by and (11.9)). Then we have
11.1) W W} =P, Wi W,=Id
(11.2) FUDP, = W f(H)WZ, f(Ho) = W f(H)W., fBorelonR.

It follows that bounds on f(H) P, acting between W 171 (R4) and W*2P2(R%) can be de-
rived from bounds on f(Hp) between these spaces if the wave operators W, are bounded
between W71 (R?) and W2 P2 (RY) for kj =z 0and p = 1. Here, WhPRY), k=1, p=1
denotes the Sobolev space of functions having derivatives up to order k in L” (R%).
Boundedness of wave operators in wkp ([Rd), under smoothness and decay assump-
tions on V(x) was proved by Yajima [Yaj95| in dimensions d = 2. Weder [Wed99| proved
boundedness in dimension one; see also [DF06]. In [Wed99] it is assumed that V €
L}Y(IR), the space of all complex-valued measurable functions ¢ defined on R such that

(11.3) Il =f|(/J(X)I(1+IXI)de<oo.

For V falling into a class of generic potentials, the assumption is y > 3/2, otherwise it is
assumed y > 5/2. Wave operator bounds can be used to establish dispersive estimates,
namely

da

. _da_d
- HWie_’HotW;f“ = Cll™> 7 | f ]l oy,

a14) e rmy| 1@

LP (R4)
p_l+q_1 =1, p=1.

Applications of dispersive estimates and wave operator bounds for singular poten-
tials have appeared in the work of two separate works by two different combinations of
the authors [MW10,DW11], which motivated this work. In general, Schrodinger opera-
tors with singular potentials arise in several mathematical models, which have recently
been extensively investigated. See, for example, [GHWO04, JW04, HMZ07b, HMZ07a,
HZ07, FOO08, LCFF* 08, |[FJ08, MW10], where Dirac delta function potentials are con-
sidered. Boundedness of wave operators for singular potentials is used implicitly in
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references [JW04| and [GHWO4], but this boundedness appears not to have been ad-
dressed previously. This gap in the literature is addressed by the current work. Another
motivation for the present work is the study of scattering for highly oscillatory struc-
tures in the homogenization limit [DW11], where bounds on (m? + H) " P.(H)(m? - 82),
where H = —0% + V(x) is a Schrodinger operator with a singular (distribution) part to the
potential V' (x), are required; see section

This article is devoted to an extension of the one-dimensional results [Wed99| to
the case of singular potentials. In particular, our results apply to Hamiltonians of the
form

H= -0+ V(x),

where V (x) satisfies:

Hypotheses (V)
(11.5) V(X) = Vsing(x) + Vreg(x)’
N-1
(11.6) Vsing (%) = q;i0(x-y), q;,¥; €R, yj<yj+1, q; #0,
Jj=0
(11.7) IWreglpt @ = fR(1+|sl)%+|Vreg(s)| ds < oo.
5+

11.3. Main results

We first define and review properties of the wave operators. For basic results on
wave operators see, for example, [Agm75a,RS79,/Sch02].

Introduce the self-adjoint operators Hy = —A and H = —A + V. Here, V is a real-
valued potential, satisfying assumptions given below; see Section[11.6] Let P, = P.(H)
denote the continuous spectral projection associated with H. The wave operators, Wy
and their adjoints W’ are defined by

(11.8) W, =s— lim pitH p=itHo
t—z+oo
(11.9) Wf=s- tEI-P eitHog=itHp

The wave operators satisfy the properties and (I1.2). The notion of wave operators
is intimately related to the idea of distorted Fourier bases, which are discussed in detail
in [Agm75b], [Hor05], [RS78b]. In one dimension, this is directly related to the Jost
solutions. These objects are studied in general in [RS§78b] and generalized to even a
certain class of non-self-adjoint operators in [KS06a].

The central Theorem|11.3} combined with the calculations of section implies
the following:

Theorem 11.1Consider the Schrédinger operator with a potential, V(x), satisfying Hy-
potheses (V). Then W, and W originally defined on WP nL?, 1 < p < oo, have exten-
sions to bounded operators on wbr 1< p < oo. Moreover, there are constants C, such
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that:
(11.10) IWe fllwrrw < Coll Fllwrr gy 1WE fllwirm < Coll fFllwrr gy
(11.11) feW'P[®R), 1< p<oo.

REMARK 11.3.1. In general, the wave operators are not bounded on L'. The con-
straint p > 1 is due to the Hilbert transform, /€ not being bounded on L; see [Wed99).

11.4. Strategy of Proof

sec:strategy

We use the approach for wave operators on R initiated by Weder in [Wed99]. The
heart of the matter concerns the detailed low and high frequency behavior of Jost solu-
tions, worked out by Deift and Trubowitz [DT79], or a consequence of their methods.
The idea is to split the wave operators into high and low frequency components:

Wi = W4 nigh+ Ws jow-

For the high frequency component we prove for ¢ € .,
Wenigntd =Y. 54,0, where S49= [ A, nody.
j —00

For each A = Aj, we use the criterion (Young’s inequality [Fol95]) for L”, 1 < p < oo

boundedness:
Cy = supf [A(x, | dy + sup | |A(x,y)|ldx < oo
xeR JR yeR JR
= [Sa0| ., < Ca ¢l -
to prove
(11.12) IWenign®ll e < Cp |0l wir, 1<p<oo, k=0.

For the low frequency components, we have

Wi,low ~ I + ZSA]-,
j
where S4 ; is as above and ./ denotes the Hilbert Transform

(1113) (#Pw) = %P-V. f @dﬁ fooe”“‘ (~i sgn(k) pk)dk

Here, & and %! denote the Fourier Transform on R and its inverse, defined by
o 1 . . .
(11.14)  ¢k) = Fpk) = z—fe"kxd)(x)dx, dx) = ﬂ_ldb(x):fe’kx(b(k)dk.
7

Thus, for low frequencies, boundedness

(11.15) IWe tow®|lyr = Cp |@llyr, 1<p<oo, k=0

reduces to the boundedness properties of the Hilbert transform [Ste93a]:

Theorem 11.2.7% : W*P — WXP for1 < p < oo and k = 0, with | 7P| yyip g < Kp 19l yrg-

Estimates (11.12) and (I1.15) then imply the theorem. The proof of (11.12) and (11.15)
is given in section We now develop some background for implementing the strat-

egy.
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11.5. Background spectral theory of H = -2 + V

11.5.1. Distorted plane waves, e.. (x; k). Consider the operator H = —Oi +V(x), de-
fined as a self-adjoint operator on L?(R). Denote by P, and P, the discrete and contin-
uous spectrum projections. P; and P, are orthogonal projections with P, = Id — P.

Denote by Ry the outgoing “free” resolvent operator Ry(k) = (—8%—k?)~! with kernel

Ry(k) (x,y) = —(2ik) " teliklx - y)
and finally introduce the distorted plane waves, e (x; k):

DEFINITION 11.5.1. The functions u = e (x; k) are the unique solutions to (H— u=
0 satisfying

(11.16) er(x;k) = e*ihr 4 outgoing(x),
where a function U is said to be outgoing as | x| — oco if
(0x Fik)U— 0, x — *oo0.

Thus, e+ (x; k) is given by the integral equation:

(11.17) e. (x;k) = e — Ry (k) Vey (x; k)
or equivalently
(11.18) ei(x; k):eiikx—RV(k)Veiikx,

The continuous spectral projection, P, is given by

1 o0 - -
(11.19) P f(x) = gffo (e+(x, k) er(y, k) +e_(x,k) e_(y, k))f(y)dlcdy.

see, for example, [TZ].
We write

P.f = F; F, f, where it follows from that
(11.20) Fof = fR V.00 f) dy, Fif = fR V. (5, k) F(k) dk and

1 e.(x;k) k=0,
V2n e_(x;—k) k<O.

We also define W_(x, k) = ¥, (x,—k).

(11.21) ¥, (y,k) =

11.5.2. Jostsolutions. To make direct use of the arguments in [Wed99] and [DT79],
we express the results of the preceding subsection in terms of Jost solutions, commonly
introduced for one-dimensional Schrédinger operators.

Given the Schrodinger equation

d2
(11.22) ———u+Vu=~ku, kecC,
dx?

we define the Jost solutions, fj(x, k), j = 1,2, Imk = 0, to be the unique solutions of (11.22)
satisfying the conditions:
filx, k) — e** —0, x— oo, and

(11.23) flx,k) — e -0, x— —o0.
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The Jost solutions are linearly independent solutions of (11.22) for k # 0. Therefore,
there are unique functions 7'(k), Rj(k), j =1,2 such that for ke R\0

R (k 1
(11.24) k) = Tl((k)) fl(x,k)+m filx,—k),
Ry (k)

1
YTk) ﬁﬂxrk)+'5?25.ﬁ(xf_k)

For a potential, V, with compact support within (-r,r), R;(k) and T (k) are defined via
the solutions:

(11.25) filx, k)

o | e+ Ry(em ™, x<-r,
(11.26) e+(x,k)—t(k)f1(x,k)—{ Telx, x>
o o T(k)e 'k~ x<-r,
(11.27) e_(x,k)—t(k)fz(x,k)—{ e TK L R (K)el®, x>
Generically,
(11.28) T(k)=ak+o(k), 1+Rjk)=ajk+o(k), j=1,2, k—0.

T (k) is called the transmission coefficient associated with H. R;(k) is the right to left
reflection coefficient, and R (k) the left to right reflection coefficient.
Finally, it is convenient to denote by m;(x, k), j =1,2

def:mj| (11.29) mixk) = e k), and  max k) = e fH(x, k).
It follows from (11.16), (11.23) and (11.24) that

1{ Tk) e** my(x, k) k=0,

PsirT| (11.30) Yookl = T 1k ok my—k) k<0,

where m;(x,k)—1— 0as x — ooand my(x,k)—1 — 0as x — —oo. The detailed smooth-
ness and decay properties, in x and k, of m;(x; k) — 1 are required in estimates. These
are given in section|11.8

11.6. Statement of the Central Theorem
sec:state

Our central result, from which Theorem follows, is:

thm:central | Theorem 11.3Let H = —8%+ V (x) be self-adjoint on L?(R) for which the transmission and
reflection coefficients (see (11.24)) satisfy the bounds:

C
RT-assume | (11.31) IR (k)| + |Ro(K)| + | T (k)1 < %,
1
dkRT-assume | (11.32) [0k R (k)| + |0xR2(K)| + |0k T(k)| = @(m)ﬂkl — 00).
Assume further that Sy is bounded on WLP(R,) and S, is bounded on WP (R_) forl<
p < oo, with
Sjdef | (11.33) (5;j®) (x) = fR Rj(x,y) ®(y) dy,

Rjdef| (11.34) Ri(x,y) = feikx(mj(x,k)_l)e—iky "
R
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Then Wy and W/ originally defined on WYP NI2, 1< p < oo, extend to bounded
operators on WYP, 1 < p < co. Furthermore, there are constants Cp such that:

(11.35) Wy fllyrpe = Cp”f”wlvny ||W;f||wl.p = Cp”f”wl.n;
(11.36) fewhPnI? 1<p<oo.

REMARK 11.6.1. Deift and Trubowitz [DT79] establish the hypotheses of the Theorem
for any potential V (x), for which (1 + |x|) |V (x)| € LY R). We show in Section that
their proof also applies to a potential of the type in Hypothesis (V), V = Vsing + Vyeg,
where Vsing has a finite set of Dirac masses within an interval (- A, A), and such that

34
(1 +1xD) | Vreg(x)| € L2* [R).
REMARK 11.6.2. In fact, less restrictive bounds on Vy.g as developed in [DF06] would

suffice. However, for simplicity we will follow the work of [Wed99] as it makes some com-
putations more explicit.

11.7. Proof of Central Theorem|11.3

sec:proof-of-Whighlow ‘

We follow the strategy described in section Theorem will follow from
by verifying the hypotheses of Theorem for V = Viing + Vyeg. This verification is

computed in section
Let y(x = 1) € C*°(R) denote non-decreasing cut-off functions such that

1
2’
1.

IV IA

(11.37) x(x=1) :{ (1) ;‘

To localize in frequency space, introduce v (k| < ko) € C3°(R) be a compactly sup-
ported cut-off function, depending on a parameter, kj, to be chosen, such that

1 |k|§ k(),

(11.38) w(|k|5k0):{ 0 |kl= 2k .

We decompose any ¢ € L?(R) into its low and high frequency parts:

low+high| (11.39) ¢(x) = Prow(x) + Ppign(x), whereusing D= —i0y,

phi-low| (11.40)  ¢ow(®) = w(D| < ko)p(x) = fRe"k"w(lklsko)(ﬁ(k) dk,

phi-high| (11.41)  ¢pign(x) = (1 — w(D| < ko)) p(x) = fRe"k’fu—wum < ko) ) p(k) dk .

11.7.1. Boundson W, ¢;,,,. For x = 0, we can express W, ¢;,,, (x), in terms of m, (x, k),
and for x < 0, we can express W, ¢, (x), in terms of my(x, k). Since the cases x = 0 and
X < 0 are very similar, we only carry this calculation out in detail for x = 0. We have,
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using the notation P f(x) = f(—x),

Widiow = Fi‘g y(DI < ko)

o R o R
f e T (k) my (x, k) v (1k| < ko) (k) dk+f e™** T(—k) my(x,—k) w (k| < ko) p(k) dk
0 —

(o0]

fo e T (k) my (x, k) w (k| < ko) $p(k) dk

0o . o

+f e*% (R (= k) e~ 2% my (x, — k) + my (x, k)] w (k| < ko) p(k) dk
oI n 0 : ~

= fo e my (x, k) [T (k) + Ry (K)P] v (k| < ko) (k) dk+f e my (x, k) d(k) dk, x=0,

—00

where we have applied and (T1.30).
We continue by using that [° [...] dk = %ffgo (1+sgn(k)) [...] dk, we have

1
(11.42)  Widrow = 5[

o0

(1 +sgn(k)) ¥ (my (x, k) = DT (k) w (k| < ko) p(k)dk

+ % f (1 +sgn(k)) ¥ (my (x, k) = DRy (k)P y (k| < ko) p(k)dk

+ % f (1 —sgn(k)) ¥ (my (x, k) - 1) w (k| < ko) p(k)dk

1 o0 . A
+ 5[ (1 +sgn(k)) e T (k) v (k| < ko) (k) dk
1 [ ; X
+ 5[ (1 +sgn(k)) eX* Ry (k)P w (k| < ko) p(k)d k

1 [ ; N
+ Ef (1 -sgn(k)) e* y (k| < ko) pk)dk, x=0.
—0o
For x < 0 an analogous representation holds with m; (x, k) replaced by m (x, k).

We now show that W, ; ;,,, is a bounded operator on WKP(R,). Bach term in the
first three lines of is of the form:

(11.43) ¢ — Sjo(I+iF)o¥D),
and each term in the last three lines is of the form

(11.44) ¢ — (I+iF) o YD),
where S, j =1,2is defined in (TI1.33)- (I1.34), .# denotes the Hilbert transform (IT.13),
and

YD)=F ' ¥k F and
Y (k) = T(k) w(lk| < ko) or Ry (k) P y(lk| < ko) or w(lk| < ko).
By hypotheses on T'(k) and R(k), Y(k) is a multiplier on Wk"’(I]'\P) forl1<p<oo
[Ste93al. The Hilbert transform is bounded (Theorem|11.2), so that the boundedness of

the operators in (I1.43) and (I1.44) on WP for 1 < p < oo follows from boundedness of
§;, that holds by hypothesis. Therefore, one has

(11.45) IWediowllwrrm = Cldlwrrg)

and this completes the low frequency analysis.
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11.7.2. High Frequencies. We have, using (11.24) and the notation Pf(x) = f(—x),
Widnigh = FiF(1-y(D|< ko))

fo TR my (x, k) (1 - v (1K| < ko) (k) dk

0 _ .
. f T(= k)™ my (x, =) (1w (k] < ko)) ) dk

—00

f TR my (x, K (1 - v (1K < ko) k) dk
0

+

0o . R
f e ™[Ry (—k)e 2% my (x, — k) + my (x, )11 =y (k| < ko) p(k)dk

—00

e my (x, k) (k) dk.

o . 0
fo e my (x, K) [T (k) + Ry (k)P1(1 -y (k| < ko))¢(k)dk+/

o0

For x = 0 we rewrite this expression as

1 [ . A
Widhigh = 5[_ e (1+sgn(k)) (my(x, k) = DT (k) (1 -y (k| < ko)) p(k)dk

1 [ . X
+§f " (1+ sgn(k)) (my (x, k) - DRy (K P(L -y (|kI < ko)) (k) d k

1 (% . A
+§f ™™ (1 sgn(k)) (my (x, k) - DA -y (k| < ko)) p(k)dk

—00

1 [ . R
+Ef M (1+sgn(k) T (1 -y (1| < ko)) p(k)d k

—00

+%f ¥ (1 +sgn(k) Ry (k)P - (1k| < ko) (k) dk

—00

+%f e (1 —sgn(k) (1 - (k| < ko) p(k)dk, x=0.

—00

An analogous expression, with m (x, k) replaced by m»(x, k), is used for x < 0. We pro-
ceed now to show that each term is bounded on WP (R,), p=1.
Each summand in this decomposition of W ¢p;gy, is of the form:

(11.46) p—SjopD)p, or ¢— p(D)p.

where p(D) = 1 p(k)Z. Here, Sj, j=1,2, defined in (I1.33) and (I1.34), is bounded
on WYP(R,) for 1 < p < oo by hypothesis. Moreover, p(k) is a multiplier on W'”(R)
for 1 < p < oo due to hypotheses on R(k), T (k) — 1,0, R(k) and 0 T (k), and the fact that
1-w(k| < ko) is smooth, asymptotically constant as k — oo and vanishing in a neigh-
borhood of 0. It follows that

W+h1ghbound (1147) ||W+(ybhigh”W1'l’([R+) = C”V”L13 (R) ”(P”lep(RJr)‘
5+

An estimate analogous to (11.47), similarly proved using a representation of W ¢p;gp(x)
for x <0, in terms of S5, also holds. Thus,

hlgh-bound (1148) ” W+¢high|lwl,p(R) = C”V”L13+(R) ”(,b”mﬂ,p([m .
2

The decomposition (11.39) and the bounds (11.45) and (11.48) imply the result.
This completes the proof of the central result, Theorem|11.3
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11.8. Completion of the proof of Theorem|11.1

sec:completion

This section is devoted to the completion of the proof of Theorem|[11.1} as a con-
sequence of Theorem The hypotheses of Theorem are satisfied for potentials
Ve L13+(IRR), by results in [DT79]. We briefly recall the argument below, and then we

2

generalize it to potentials of the form (11.5) in Section|11.8.2

11.8.1. The case of regular potentials. It follows from definition, m; (x, k) = g ikx filx, k),
that m (x, k) is the unique solution of
2

d d
(11.49) M2k ——m =V m, keC,
with my (x; k) — 1 as x — co. Consequently, we have
(o0}
(11.50) m(x,k) = 1+f Di(y -0V mi(y,kdy,
X
x .
Dir(x) = fez’kydy.
0

yx)"
n!

Indeed, for V € Ll3 . (R), the iterates of the Volterra integral are bounded by , with
3

[e.e]
146 Ef -0Vl dg,
X
and therefore converge. It follows that defines equivalently m; (x, k), and that
mi(x, k) < e"Py(x).

Now, by a careful analysis when |x| — —oo, one can improve the estimate with

o0
eqn:u.niform-bounds| (11.51) mi(x, k) < C(1 +II1aX(—x,0))f A+ 1DV (D) dt.
X

As a consequence, the function m; (x, k) — 1 is in the Hardy space, and therefore there
exists B; € L2(R x R,) such that

o .
defB1| (11.52) ml(x,k)=1+f By (x, )2 dy,
0

Now, the function By (x, y) is equivalently defined with

(o) y oo
(11.53) Bi(x,) zf V(t)dt+f f V()Bi(t,2) dt dz
X 0 Jx+y-z

+y
o0
(11.54) =) Kulx,y),
n=0

where K, is defined by induction with

o) y poo
Ko(x, ) =f Vde,  Knn(xy) =f f V(OKn(t, 2)dtdz.
0 Jx+y-z

xX+y

It is then easy to prove by induction that

n

K (%, )] < Yn(!x)

This allows us to confirm that the sum in (I1.54) is well-defined and satisfies (I1.53),
plus the estimates

(11.55) IBi(x, ) < e"n(x+y), 1B1(x,)lp <"y,

nx+y), withn(x)zf V()| dt.

X
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from which we can deduce, taking the x—derivative of (11.53)

(e 9)
(11.56) |0xBi(x,y)| = C "™ (V(x+y) +f
X+y

Now, the construction above, and (11.52) with the estimates (11.55) and (11.56), are
sufficient to prove

IV(t)Idt), xeR, y>0.

LEMMA 11.8.1. S is bounded on WYP(R,) and S, is bounded on WP (R_) for 1 <
p < oo.

PROOF. We focus on the bound for S; on WEPR,). The bound for S, is bounded
on WkP(R_) is similar. To prove boundedness of S; and 8S; on L” of the operator we
use that the operator

SrP(x) = fRR(x,y) D(y) dy,

is bounded on L? with estimate

(11.57) ISR® llzp = Cr [@lfp, 1=p<oco

if

(11.58) Cpr =sup IR(x,y)I dy + sup IH(x,y)I dx < co.
x=0 y=0

Using the representation formula (11.52) we have

Rj(x,y) = fe”“x‘y)f ¢ By (x,2) dk dz = By (x,12F).
R 0 2

Thus, the operator S; simpliﬁes to
_ y- ° ¢
Sow = [ B (x, )cp(y)d Bi|x 2| 0¢-xd x>0.
x 2 0 2
Since we must estimate S; on W1 we also compute

fo "B (x, £) (00D - x) d{ + f ~ 0cBy (x, 5) O -0 dl

0x (519) (x)

[e9}
= f Bl(x,y )( ay)q)(y)dy+f 0.B x,yz )(IJ(y)dy, x20.
X
Note that by (11.55) and (11.56) we have for large enough x that

~

(11.59) |B1(x,2)] < f |V (s)lds and [0xBj(x,2)| S|V (x| +f [V (s)|ds.
Xtz

X+z
Therefore,
sup | 1y=x|B1 (x, ) dy + sup | 1y>x|B1 (x, —x)| dx
x=0 y=0
< Zsupf f [V(s)lds dy
x=0 AAX

IA

Xty +
zfo (1+ . ) fzy(1+s)z \V(s)ds

<const x ||V||L3 ®)"

2+

A similar bound applies to the kernel 1,0, B; (x, %) Thus, we have
1S1@lwrrg,) = I1S1PlLr®,) + 0% (S1P) I P ®,) < C||V||L13 ® 1®lwirg,) -
5+
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Applying similar arguments with S; replaced by S, for x < 0 yields boundedness of S
on WhP. O

LEMMA 11.8.2.

C C
IR; (K, IT(k)—1] = I VkeR,  [10kT(k), 10kR1(K)I, [0kR2 (k)| < I as k| — oo.

PROOFE. We follow again the method of [DT79]. From (I1.50), one has
L [ sikiy-x
ml(x,k)=1+—.f eV DV (yymi(y, k) dy
2ik Jo
. 1 [too .
= e‘z”cx(—.f ™ my (3, V() dy)
2ik J-

1 +o00o
# (1= [ mbvo) dy]+ome— oo

Moreover, one has from (I11.23) and (11.24)

—2ikx R2(k) 1 :
_T(k) + _T(k) + o(1)(x 00).

mi(x, k) = e

This, and the same study on my(x, k), leads to the following integral representations:

1 1 +00
(11.60) T = Vo) mwkvody,
Ry (k 1 [t .
(11.61) Tz((k)) = ﬂf_ M mi(y, V() dy,
Ry (k 1 [t .
(11.62) Tl((k)) = oo f_ e my(y, )V (y) dy.

These integral representations, together with the L3/2* decay assumption on the po-
tential and the uniform bounds (I1.51), lead immediately to

C
Ri(k)|, |ITk)-1 = —.
IR}, 1T(R) -1 = 7=

Now, differentiating (11.52) with respect to k leads to the uniform estimate

Omi(x, k) = C<k){x),

so that yields
C
0k T(k)| = —, as |k| — oo.
|kl
The equivalent estimates for R; (k), R2 (k) follow similarly from (11.61) and (I1.62), and
Lemmal[I1.8.2lholds. O

11.8.2. The case of potentials with a singular component. We prove that one can
generalize the construction above for generalized potentials, satisfying Hypothesis (V),
with equivalent estimates, so that Lemma[11.8.1]and[11.8.2]hold. As a consequence, the
hypotheses of Theorem|[11.3]are satisfied, and Theorem[11.1]is proved.
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Proof of Lemmal|11.8.1L We prove the desired estimates for m; (x, k), x = 0, and similar
results apply to my(x, k), x < 0. Let us define the function B (x, y) with

(o] N-1 y oo
Bi(x,y) = f Vieg(t) dt + Z alx;—(x+y) +f f Vieg(D)B1(t,2) dt dz
x+y 1=0 0 Jx+y-z
yN-1
(11.63) +f Y Bi(x;,21(x;— (x+y—2)) dz
0 =0
(11.64) =) Kulx,y),
n=0

with 1 the classical symmetric Heaviside function defined such that

and K, defined by induction, with

oo N-1
Ko(x,y) =f Vieg(Ddt + Y ¢/1(x;— (x+Y)),
X+ 1=0

y
Y [oo N-1 ¥y
Ky1(x,y) =f f Vieg (DKy(t,2)dtdz + Z | Kulx;,2)1l(x;—(x+y—2)dz.
0 Jx+y-z 1=0 0

Following the proof of Lemma 3, [DT79], it is easy to show by induction the follow-
ing pointwise bound

Hx)
Knw )l < 20y,
with y; and 77 defined as
(o) N-1
Y1) = | (=0 Vieg(Dldt + Y |l —x)1(x; - x),
X 1=0
(o) N-1
mw z[ Vieg(Dldt + Y 111(x; - 1),
X =0

This allows us to confirm that the sum in (11.64) is well-defined and satisfies (11.63),
plus the estimates

(11.65) IB1 (x, )| < "9y (x+3), 1B1(x,)llp < e"Py(x)

and, differentiating with respect to x,

(e 9)
(11.66) |0xBi(x,y)|= C "™ ( Vix+y) + f IV(t)Idt), x€R, y>0.
X+y
Then, when we define by abusing the notation (which we justify in the following)

(11.67) mi(x,k) =1 +f Bi(x, y)e*'* ay,
0
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it is easy to deduce from (11.63) that

6xm1(x,k)=f (5x31(x»y)—6yBl(x,y))92i’“J’ dy+f ayBl(x’y)eZiky dy
0

oo N-1
f f Vreg(t)Bl(t y) dt eZIky dy f Z ClBl(xl y)l(xl x)eZlky dy

(11.68) - f 2ikBi(x,y)e*™™ dy — B,(x,0).
0
oo X oo N-1 X
0%m(x, k) =f Vieg(0)B1(x, y)e* Y dy + Y ¢1Bi(x1, )5 (x; - x)e* Y dy
0 0 1=0
0o X N-1
(11.69) - f 2ik6xBl(x,y)eZIky dy + Vieg(x) + Z c16(x; — x).
0 1=0

Therefore, m; (x, k) is the unique function satisfying
2

d
P 2m1+21k—m1 ché(x x1) + Vyeg M1, k€C,

with m; (x; k) — 1 as x — oo, so that the abuse of notation is genuine.

Finally, Lemmal[11.8.1]follows from (I1.67), with the estimates (I1.65) and (T1.66).
Proof of Lemma[11.8.2 We follow again the method of [DT79]. The generalization
of to potentials satisfying Hypotheses (V) is

N-1

1 © . 1 .
my(x, k) =1+-— f @ D)V (mi (1, k) dy+ =— Y c1(e®F 70 —1ymy (x, k)L (x; - x)
2ik Jo 2ik =0

—2ikx +oo . N-1 "
= S (f Ry (1,0 Vieg) dy + Y. ce* x’ml(xz,k))
—0o =0

1 +00 N-1
T (f m1 (3, k) Viegy) dy + clml(xl,k)) +0(1)(x — —o0).
-0 =0

Moreover, one has from (I1.23) and (11.24)
2 Ro(k 1
e—Zlkx 2 (k)

,k = _— 1 —

my (x, k) 0 + 0 + o(1)(x — —o0).

This, and the same study on my(x, k), leads to the following integral representations:

1 1 N-1

(11.70) m = kf ml(y,k)Vreg(y) dy - — Z Clml(xlrk);
Ry (k) L7 ik 2ik

(11.71) W = ﬂf_w e my (3, k) Vieg(y) dy + 2k Z cre”"my (x, k),
Ry (k) L7 5k 2ik

11.72 = — y 891% dy + — e k).

a7 o Zikf_oo " my(y, k) Vieg (y) dy + Zik ;,)Cle my(x;, k)

The identity (T1.67), with the estimates (I1.65), guarantees the uniform bounds
Imi(x, k) < C(x),  [0m(x, k)| <= C(k)(x).

Therefore the L'3/2* decay assumption on the potential V;4 leads immediately to

Ri(k T(k)-1
IR}, TR ~11 = .
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Now, differentiating (11.70) with respect to k yields

C
10k T (k)| < o | k| — oo.

The equivalent estimates for R; (k), R2(k) follow similarly from (I1.71) and (I1.72), and
Lemma[11.8.2lholds.

11.8.3. V(x) = a sum of Dirac delta masses. In this section we verify directly the
hypotheses of Theorem [I1.3|for the case of a potential, which is the sum of Dirac delta
functions, thereby establishing the applicability of our main results to this case.

We follow the analysis from [HMZ07b| and [TZ], see also [GS01], [GT92] for specific
examples. Seek solutions of the form

1
(11.73) (Hq,y—ikz)ei(x, k) =0,

where Hj 5 = Zﬁ-";ol qj6(x—y;) when G = (qo,***,qn-1), ¥ = (Yo,-**,¥n-1), and where
e+ (x, k) represent the distorted Fourier basis functions as defined (11.16). Thus,

ek 4 Bye ik~ for x < yp,

Aret** 4 Bre i for yo < x < 1,
(11.74) e.(x, k)=

Anetk* for x > YN-1,

where we have taken Ay = 1 and By = 0. With this choice of notation, we have, referring
to (I1.26) and (I1.27), Ay = T the transmission coefficient and By = R; the reflection
coefficient for the “incoming” plane wave e’** from —co. Then, we have the following
system of equations implied by continuity and jump conditions at the points {y;} for
j=0,...,N-1:

ek 4 Byt = AjeikNo 4 B ek
ik [Are’0 — e 0 — k00 1 goe | = 2gy [A1e™0 4 By |
AN_leikJ/N—l + BN_le—ikyN_] _ ANeikyN‘l
ik [ANeikyN_] — An-1e 70 + BN—1e_ikyO] = 2qn-1 [ANeikyN_] ] .

Note, the above system guarantees unitarity, or that
(11.75) |Bol* +1ANI* = 1.
We can define similarly

Doe”** for x < yp,

Cre'** + Dye % for yp < x < y1,
(11.76) e_(x, k)=

Cnek + e % for x > yn_1,

where now the incoming wave is e~*** from oo and the scattering matrix is determined
by the transmission coefficients Dy = T and the reflection coefficient Cy = R, for the
“incoming” plane wave e~ ** from oco.
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11.8.3.1. Bounds on m;, my: In addition, for general singular potentials with com-
pact support, we have

—ikx e+ (x,k)
_; et < YN-1,
mk) = e fk=] ¢ Th OTX<IN-1
1, for x> yn_1,
. ikx e—(x,k) f >
ma(x, k) = X k=4 ¢ Tm TN
1, for x < yp.

Hence, there exists constants Cé (yn-1) and Cé (¥o) such that
(11.77) 0% m1 (x, k)| < Cl(yn-1) for yy_1 > x=0,
(11.78) 0% mo (x, k)| < C4 (yo) for yo < x < 0.

As a result, we see that an arbitrary collection of § functions satisfies the required esti-
mate for the proof of Lemma|11.8.1

We conclude this subsection with explicit computations of the transmission and
reflection coefficients for single and double 6 well potentials:

11.8.3.2. Single 6 potential (H; = —g6(x)): Setting up the appropriate equations,
we have

q
11.79 Ri=r, = ,
( ) 1= 7 ik—q
(11.80) T=t;, = ik
’ T k-q

where ry, f4 are the reflection and transmission coefficients for H, respectively. We

must show the bounds from (11.31) hold, however such bounds follow clearly for (11.80), (11.79).

11.8.3.3. Double é potential (H;,; = —q(6(x+ L) +6(x—L))): Setting up the appro-
priate equations, we have

) ([ qUik— ¥l qik+ et .,

(11.81) Ri=rqL _( PER(ik+ qReti )¢
2 ~2ikL

(11.82) T=tqr = (qzezi“—(ikﬂl)ze_zm)e -

where 14,1, 4, are the reflection and transmission coefficients for Hy,; respectively.
Again, we must verify Lemma (I1.8.2), hence we must prove for instance

tqr(k)<CQA+k)~,
provided gL # 1/2. Indeed, we have
2k(k? - 2ikq + g% (e**L — 1)) —2ik?(2Lg%e**L — (ik + q))
(k2 —2ikq + g2 (e*kL —1))2 ’

i‘q,L k) =

which satisfies
g, (k) ~O (k™)

as k — oo and

|t (R)] ~ 6 )

4¢%L-2q
as k — 0. A similar computation holds for ry 1.
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CHAPTER 12

Nonlinear Dynamics

In this chapter, we discuss nonlinear scattering theory and finite dimensional dy-
namics.

In this note we study the dynamics of specific solutions to the focusing nonlinear
Schrodinger equation

iug+Au+B(uP)u=0, u:RxR%—C

(12.1) { u(0,x) = ug(x), uop: RY — C.

Specifically, we will set 1y = a¢ (x) where 0 < a < 1 and ¢, is the unique positive, radial,
exponentially decaying soliton solution of the elliptic equation

(12.2) ~Apa+ APy — B(x, p2) .

The above elliptic equation results from using the ansatz u(t, x) = el tA? ¢, (x) in the Eq.
(12.1). Hence, this constitutes a steady state, nondispersive solution. For a general study
of the existence and properties of such solutions, see [?]. Also, great deal of work has
gone into studying the stability of soliton solutions, see [BW98, 2, 2, 2, RSS03b, Sch09,
?,Sha83}|Sha83, ?, Wei85b,|Wei86, 2, 2, 2]. In general, there are several types of stability
studied:

DEFINITION 12.0.3. A soliton ¢ is orbitally stable if for any € > 0, there exists § > 0
such that if the initial condition uy is such that

ignfll up(x) — eie(p(x+ Nl <9,
Y

then the solution u(x, t) of NLS satisfies

infllu(x, 0) - ePpx+ Pl <e
Y

DEFINITION 12.0.4. A soliton ¢ is said to be linearly stable if we can control the
growth in some sense of the solution to the problem linearized around the soliton. This
linearization will be explored later, but for now, let 7€ be the Hamiltonian resulting from
linearizing the equation about a soliton. Then, the new solution space is > x L> = A + L
N for

A= ker 7",
=1

and A" defined similarly for #*. If P is the projection onto L. _A*, then we have linear
stability if

sup e Pyl 2 < oo,
t

wherey = el? ((P;Lz (x—vt)+R(t,x— vt)). This notion is closely related to that of orbital
stability in most cases.

117



118 12. NONLINEAR DYNAMICS

DEFINITION 12.0.5. Let ug = ¢y (x) + R(x). A solution to NLS is said to be asymptot-
ically stable if there exists € > 0 such that |R|| < € in some norm implies that there exists
w(x) such that

it
(12.3) lutx, ) = pa, — e 22wl 2 — 0.

In other words, a small perturbation of a soliton eventually converges to a soliton solu-
tion (of possibly different soliton parameter) plus dispersion. This is closely related to the
notion of scattering for dispersive equations and soliton resolution.

In the case of orbitally stable solitons, we are particularly interested in understand-
ing when one actually has asymptotic stability. For the cubic NLS equation in R

(12.4) i+ Au+|ulPu=0,

the works of [Wei85b,|Wei86) ?,2,Sha83)Sha85|] show that we have orbital stability, while
the results of [2] uses inverse scattering techniques to prove that asymptotic stability ac-
tually occurs. The methods require that the equation be integrable, which is in general
not satisfied for other nonlinearities orin higher dimensions. In the sequel, we study
how this remarkable phenomenon actually depends upon the regularity of the function
B(s).

12.1. Conserved Quantities

We assume that 1y € H! and |x|ug € L2. We refer to this property by saying that ug
has finite variance. For this initial data, from the spatial and phase invariance of NLS,
we have the following conserved quantities. Conservation of Mass:

_1 2, 1 2
Q(u)—szlul dx—szluol dx.
Conservation of Energy:
E(u):f |Vu|2dx—f G(Iulz)dx:f |Vu0|2dx—f G(lug|®)dx,
R4 R4 R4 R4
where
t
G(t)=f B(s)ds.
0

We also have the so-called pseudoconformal conservation law:

4
(12.5) G +2itV)ull3, —4t2fd G(lu)dx = | x¢l%, —f 0(s)ds,
R 0
where

B(s) = fR @@+ 2)G(uP) ~ 4dp(ul) uP).

12.2. Variational Techniques and Stability Results

Once we have the existence of soliton solutions, we would like to know if those
solutions are stable. There are several forms of stability that defined above. All of these
are tied very closely to the spectral properties of the linearized equation. From analysis
due in [Wei85b| and [GSS90], these spectral properties depend heavily on the function
6(A) described above. From a Lagrange multiplier approach, we see that

(12.6) iE( )——AiQ( )
. an Pr) = i Pa).
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Hence, the condition for orbital stability and instability becomes

d
7@ >0

and
d
EQ(M <0,

respectively. For monomial nonlinearities, a simple scaling argument shows that L?
subcritical powers give stable solitons and supercritical powers give unstable solitons.

Now, we will also study nonlinearities for which no such scaling occurs. Hence,
we must use the differentiability of Q(¢p3) proved in [Sha83}|Sha85] and analyze at this
curve numerically. Rodnianski, Soffer and Schlag [RSS03b] prove that this condition
holds for a slightly different class of nonlinearities that depends on a small parameter
0 and are small perturbations of stable power nonlinearities for any A provided 6 small
enough. Numerics show that for the nonlinearity above, the graph of Q(¢,) with respect
to A for 0 < A < oo is a map which is co at A = 0,00 and has a global minimum at some
Ao > 0 depending upon p, g. Hence, we have orbital instability for 0 < 1 < Ay and orbital
stability for A9 < A. At Ay, we should expect to see instability as some perturbations
can lead to orbitally unstable solitons and some perturbations can lead to energies for
which soliton solutions are not allowed (below Q(¢y,)).

A recent result of Comech-Pelinovsky [?] prove using spectral analysis that in fact
the minimal mass ground state is unstable. Also, the recent results of Schlag [Sch09]
and Krieger-Schlag [?] prove that though solitons for L2 supercritical NLS are unstable,
there is in fact a submanifold of perturbations along which there is in fact asymptotic
stability in three and one dimensions respectively. To do this, they project onto on of
the eigenvalues of the linearized Hamiltonian that does not cause instability. As shown
in [?] and discussed later, we linearize around a minimal energy ground state, all the
eigenvalues collapse to degree 4 generalized null space at 0. Hence, we hope that by
projecting onto some subset of the kernel for this Hamiltonian, we might see a similar
result at Ay. We also hope to show that any perturbation which reduces the L? energy
leads to linearized decay. These results will be discussed in more detail in later sections.

12.3. Linearization

Before we begin, we comment that all asymptotic stability results apart from inverse
scattering rely heavily upon making the assumption u(z, x) = '’ (¢(x) + R(t, x)), where
A =1 here for simplicity. By linearizing about the soliton and studying the resulting
equation on the perturbation R, one can study the long time dynamics under assump-
tions on the initial perturbation R(0, x), see [?,2,Sch09, ?]. However, this linearization
scheme relies heavily upon the error in the scheme actually being quadratic in R, which
will not occur if the regularity of f is too low.

To begin, let us write down the form of the linearized equation. First of all, let us
assume we are looking for a solution ¢ = eit't (¢pr + R(x, 1). For simplicity, set ¢ = ¢;.
Inserting this into the equation we know that since ¢ is a soliton solution we have

(12.7) iR):+AR) = -BUPIHR-28(IpI*)pRe(R) + O(R?),
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by splitting R up into its real and imaginary parts, then doing a Taylor Expansion. Hence,
ifR=u+iv, we get

(12.8)

where
(12.9)

where

and

Lo=-A+2A*-B(¢?)

Ly = =AM+ A% = B(¢3) - 2B/ (@3).

For a detailed look at the spectrum of such operators for general nonlinearities,
see [2,?]. For linearized Hamiltonians resulting from perturbations of stable solitons,
we have the following:

L., L_ are self-adjoint operators.

L_=0.

There exists one simple, negative eigenvalue for L. .

The continuous spectrum of L_, L, is (A%, 00).

The null space of L_ is spanned by ¢ .

The null space of L, is spanned by d;¢, for j =1,...,d.

The generalized null space is of order 2 and spanned by 2d + 2 eigenfunctions.
To see this, look at dy¢py and x;¢p, for j = 1,...,d. We have L0y = 2¢,.
Hence, L_L, 03¢, = 0. A similar analysis shows L, L_x;¢, = 0.

An embedded resonance is in fact an embedded eigenvalue.

The continuous spectrum of A is (—oo, —12) U (12, 00).

There are no large embedded eigenvalues for #.

There are a finite number of allowed spherical harmonics in an expansion for
an embedded eigenvalue.

12.4. Applicable Nonlinearities

In this section, we develop the nonlinearities that do not have the proper regular-
ity described to make the above linearization rigorous. To begin, we study sub-critical
monomial nonlinearities

B(s) =s?,

where g < %, g # 2. In other words, all subcritical exponents in all dimensions except for
the cubic when d = 1. Specifically, we will focus on d = 1 and the nonlinearities known
as the quadratic

ﬁ(s) = S%

and the quartic

B(s) = s2.

Also, we study what are called saturated nonlinearities given by

p—q

s 2
Bls)=s =

1+s2

Nl
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Whereoo>p>%>q>0f0rd23andoo>p>%i>q>0f0rd<3. In this case, for
|u| large, the behavior is L2 subcritical and for | | small, the behavior is L2 supercritical.
Note that

) = ———,
1+x 72
ﬁ'(x) = w,
1+x2 )2
i - xg2(§(E—I)+(pq—%—%—q%2)xpz_q+(%2—5)x”“7),
1+xz)3

hence there will be regularity issues for p < 4 (possible for d = 2).

12.5. Effective Hamiltonian Approach

For now, let us assume we are working with cubic NLS. We assume that the oscilla-
tion observed in orbital stability occurs through an exchange of mass between solitons.
Then, we assume the manifold of solutions is of the form

M =1 pyn(uyx) + e pon (20},
with symplectic form w(u, v) = Jm [ uidx. Then, we have
0y, — i un(uix),
0y, —  eMn(ux) +e pxn (X
0
0y, —  e2n(pax) + e xn (upx).
Then, to find the 2-form on the manifold M, we look at

1
w(0y,,04) = 5fnz(x)dx,

o = e pan(uzx)

w(0y,,0y,) = sin(y, -Yz)uluzfn(mx)n(uzx)dﬁ ay(p1, f2,Y1,72)

w(0y,,0,,) = cos(yy —Yz)ulf[n(mx)n(uzx) + xpion) (2 X)N (1 X)]dx = @z (U1, f2, Y1, Y2)
w(0y;,0y,) = —cos(y; —yz)uzf[n(ulx)n(uzx) +xpun (XN (e x)dx = as(w, t2,Y1,72)
W0y, 04,) = sinm—Yz)f[n(mx)+xu1n’(u1x)][n(uzx)+xuzn’(uzx)]dx=a4(u1,uznr1,yz)

1
®(0y,,0,) = Efnz(x)dx.

For later simplicity, we set

g = [Goneo)dx

& (U1, p2) = f[xn’(,ulx)n(uzx)]dx
&, p2) = f[xn(,ulxm'(uzx)]dx
gl = [10/Ga0n (odx.
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Since w(,Xf) = fydy1+ fuydin + fy,dy2 + fu,dpz and 2 f = a fy, 0y, + 0y, + 00, +
pd,,. In order to find @, 8, o and p, we use

w(,0y) — dyr+azdyz—asdus,
w(,0y,) — dyz+azdy)+aidy,
w(,0y) — du+ardys +azdus,
w(,0y,) — duz—aydy;+azdy;.

Then, we get
a -1 —a3 0 ay a fu
A Bl_|-a -1 a 0 B|_| fu
o 0 aq 1 (2%} o le
p -ay 0 a3z 1 p Fre
Then,
1 a3 2azay —as(l+ajas+aras)
(mastazaz-1)  (@1as-aza3+])  (afai-alai+2aza3-1)  (alai-asai+2aza3-1)
—ar -1 a4(a1a4 azaz—1) 2a2a4
A‘l = (arag+azaz—1) (aras—azaz+1) (a a4—azai+2aga3 1) (zx a a2a3+2a2a3 1)
ay —2
0 (aras—azaz+1) (a1as—ara3+1) (a1as—azaz+1)
451 as -1
(a1as+azaz—1) (a1as+azaz—1) (a1as+azaz—1)
Hence,
o= fin . as fu, 2aszay fy,
1 =
(as+aras—1) (as—aras+1)  (a? a4—a2a3+2a2a3—1)

as(l+araq+azas)fy,
(a? a4 - a2a3 +2a2a3—1)

. — a2 fu, Ju as(aras—azasz—1)fy,
Y2 = - +
(mag+aa3—1) (as—azaz+1)  (a? a4—a2a3+2a2a3—1)
20!1(7(2]“1/2
(a? a4—a2a3+2a2a3—1)
[t _ alf#z le _ a2f7’2
! (arag—azasz+1) (ajag—azaz+1) (ajas—azasz+1)
. _ alflll + a3f)’1 _ f)’z ]
H2 ((1’1014+£¥20!3—1) (a1a4+a2a3—1) (a1a4+a2a3—1) ’

12.6. Hartree Equation in R® - Spectral Theory

We review here results for equations of the form
—Apr+Ada = (al* x1xI")pr =0

near a nonlinear bound state in the Hartree equation, otherwise known as Schrédinger-
Poisson. We note there is an implicit scaling

$2(x) = Ap(A2 1),

where ¢ = ¢;. Also Linearizing about such a state in the nonlinear Hartree (Schrédinger
Poisson) equation, we have

ius+Au—V(xDu+ (x|~ = |ul? uzO,u:[R%led—rC
1210 o skt
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gives a similar non-self-adjoint system to Schrédinger where now looking for a solution

v =eN1(g, + R(x, 1)). gives

—(xI"" % @+ R P+ R+ R) + (x| *p*)p+ O(R*)

— (%7t * (¢ + 2Re(R)P) (P + R) + O (R?)

—(IxI7 xR —2(|x| " = (pRe(R))p + O (R%)

—(IxI7 % ¢ Re(R) = 2(1x1 " * (PRe(R))P— (1x] 7! * ¢*)Im(R) + O(R?),

iR +AR- (V(Ix)+A%)R

by splitting R up into its real and imaginary parts, then doing a Taylor Expansion. Hence,
if R=u+iv, we get

u u
(12.11) 0[( v)—]f( v),
where
0 L_
(12.12) Jf_( L. 0 )
where

Lv=-Av+V(xv+A2v—(x" xppv
and
Liu=-Au+V(xDu+2A2u— (x| =D u—2(x"" = (pu)¢.

Our goal for this section is to understand the spectrum of . It is known, see Lenz-
mann (2009) that

Ker(L-) = {¢}
and
Ker(Ly) = {01¢,02¢,05¢}.
Also, orthogonality to adjoint kernel appears to give a coercive estimate of the form
(L_u,uy +{L_v,v) = cll(u, V)|l 1.

Such coercivity is used to apply the orbital stability machinery of Weinstein to allow long
time dynamics to be explored in Datchev-Ventura (2010), [?].

12.7. Example: Double Well Potentials
The cubic nonlinear Schrodinger/Gross-Pitaevskii (NLS/GP) equation
(12.13) i0;u=(-A+V@)u —ufu

plays a central role in the mathematical description of nonlinear optical and quantum
many-body phenomena. In the context of nonlinear optics, © denotes the slowly vary-
ing envelope of a nearly monochromatic electromagnetic field propagating in a wave-
guide, t the distance along the wave-guide and x € R? the dimensions transverse to the
wave guide [?,?]. At low intensity, light is guided to a higher refractive index region, cor-
responding to a potential well V(x). The Kerr nonlinear effect gives rise to an increase
in the refractive index in regions of higher intensity;, | u|?, and therefore a “deeper” effec-
tive potential well V (x) — |ul?. In the context of quantum many-body physics, NLS/GP
emerges in the mean-field limit of many weakly interacting identical quantum particles
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Plot of a potential V with eigenfunctions y and v,

—y=Vx)
)
y=y,() ]

A oa
']
'Y

) 1
] )
) v
1 '
' 1
[ 1
[ 1
)

’ [y

04 . . . . . . . . ,
50 40 -3 -20 10 0 10 20 3 40 50

FIGURE 1. Double-well potential, V(x;3,1). Superposed are the
two eigenstates, even ground (¢() and odd excited () states, of the
Schroédinger operator, —02 + V (x;3,1)

obeying Bose statistics, as the number of particles tends to infinity; see [2,2,?] and other
recent works. The potential V (x) governs the confining trap for the quantum particlesE]

In this paper we focus on a class of symmetric double-well potentials. A model to
keep in mind is the two parameter family of symmetric double well potentials:

(12.15) Vix)=V( L) 1 —% 1 _%
' 0=Vo)=-|—=e  +——=e 4’ |,
Vano? Vano?2

which converges as 0 — 0" to a double-delta well at £L. In ﬁgurethe caseL=3,0=1
is shown.

Double-well potentials are of particular interest in optics as models of coupled par-
allel wave guides channeling light beams, which interact through evanescent tails. In
the quantum context, these are natural and simple systems in which to study quantum
tunneling. As discussed below, the combined effects of a confining double-well poten-
tial with focusing cubic nonlinearity lead to the phenomenon of spontaneous symmetry
breaking of the ground state at sufficiently high optical power or particle number. See,
for example, [?, 2, ?] for experimental studies of symmetry breaking. Our goal in this
paper is to investigate the phase space dynamics of NLS/GP near the symmetry breaking
point.

The equation NLS/GP, (12.161), is a Hamiltonian system and expressible in the form:
OH
Su*’

H denotes the conserved Hamiltonian energy functional:

(12.16) i0;u =

Hlu] = f(qu|2+V|u|2—i|ul4)dx.

INLS / GP falls into a larger class of models:
(12.14) i0u=(-A+ ViU + gK|lu?|u,

allowing for more general nonlinear terms, e.g. more general functions of |u|? or K nonlocal; see, for example,
[?]. For g <0 (focusing case) our analysis yields very similar results to those obtained in this paper. For g >0
(defocusing) our methods can be adapted to prove a shadowing result for trajectories of the finite dimensional
reduction which arises in this case as well.
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The conserved squared L? norm (particle number / optical power) is denoted:
(12.17) Nlul = f|u|2dx.

We are interested in the dynamics near special classes of nonlinear bound states of
NLS/GP. Nonlinear bound states are solutions of the form
ulx, 1) = e Wo(x),

where Y, is spatially localized:

(12.18) A+ V(x)¥q —|¥alP Po = Q¥o, PoeH R).
Consider first the case of the linear eigenvalue problem:
(12.19) (A+V(X)¥q = Q¥q, Yoe H'R).

In this case, there is a least energy ground state, y, with corresponding simple
eigenvalue Qg [RS78b|. If the separation between wells is sufficiently large, then the
ground state eigenfunction is a bimodal positive symmetric state, which reflects the
discrete symmetry of the potential [2,2,JW04]; see figure[1] In addition, there is an anti-
symmetric (odd) state, ¥; with energy Q;, such that Qg < Q; <0.

In the attractive / focusing nonlinear case, (12.13), the character of solutions, and
the solution set varies with the solution norm. Indeed, if we consider the set of solutions

of (12.18) on the level set
(12.20) f|\y9|2 =,

we find that for large enough well-separation, there is a symmetry breaking threshold
Ner [2]; see figure[2}

(1) If A < A, there is a unique positive, symmetric and bimodal state.

(2) For & > A, (modulo phase) there are three positive localized states: a sym-
metric state (which exists for all .4 > 0) and two asymmetric states, biased
respectively to the right and left wells.

(3) As ./ increases beyond .4, this symmetry broken state becomes increasingly
concentrated in one of the wells [2,?].

(4) The symmetric (bimodal) state is dynamically stable for A" < A, and unsta-
ble for & > A¢;. For & > A, the asymmetric states are stable.

That symmetry breaking occurs at sufficiently large values of A was studied variation-
ally in [?] for the nonlinear Hartree equation. Their method can be adapted to a large
class of equations, for which a ground state can be realized as a minimizer of a Hamil-
tonian, /7, subject to fixed .4#". The above detailed portrait of the symmetry breaking
transition and the exchange of stability among branches was studied in detail in [2]. In
particular, for large well-separation, L,

(12.21) Ner(L) =0 (Q1(L) - Qo (L) =6(e™"), x>0.

Figure[3|displays a numerical computation of the symmetry-broken state, occurring for
N > N, where V(x) is of the type displayed (12.15).

Our goal is to explore the detailed general dynamics near the symmetry breaking
transition. In particular, we wish to show that on large but finite time scales, the dy-
namics is controlled by a finite dimensional dynamical system. Note that this is not a
study of soliton stability for the nonlinear system, though the questions are certainly re-
lated as shall be observed in the sequel. Toward a formulation of precise results, we first
introduce a class of double-well potentials in one dimension. Following [?], start with
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Jul
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luf

FIGURE 2. A symmetric (bimodal) soliton and an asymmetric soliton,
which exists only for A > A,

a single rapidly decaying potential well centered at 0, V;(x), for which the Schrodiner
operator Hy = —32 + Vj has exactly one (simple) eigenvalue w. Then, construct a double
well potential

(12.22) Vix)=Wkx-L)+W(kx+L), L>0
and define the Schrédinger operator
(12.23) Hp = -0%+V].

There exists Ly > 0 such that for L > Ly, H; has a pair of simple eigenvalues, Qg = Q¢ (L)
and Q; = Q; (L) and corresponding eigenfunctions ¢ (even) and v; (odd):

Hy;j=Qw;, j=0,1; w]'ELZ
Qp<Q; <0.

As noted above, the symmetry breaking threshold, A¢(L) (equation (12.21)) is expo-
nentially small for large well-separation. Therefore, to study the dynamics in a neigh-
borhood of the symmetry breaking point, it is natural to use coordinates associated with
the linear operator Hy = —0% + V. Throughout this result, we will assume that V is such
that 1 and vy are the only discrete eigenfunctions of Hy and in addition that V is suf-
ficiently smooth and decaying as defined in [Wed99] and discussed in Appendix[12.13]
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T T T T
Stable Symmetric/Bimodal Branch
— — — Unstable Symmetric Branch

1.6

0.2
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Q
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FIGURE 3. A numerical plot of the symmetry breaking in the soliton
curve. Specifically, we plot here N versus Q for a double- (Gauss-
ian) well potential with separation parameter L = 3 and o = 1. Note
the stable curve is invariant under reflection about the y axis, hence
the slightly thicker curve represents the resulting degeneracy for the

asymmetric states.

as to guarantee dispersive estimates to do perturbation theory. We note that the essen-
tial estimates are also satisfied for double delta-function wells, the we explore in our
numerical computations. These ideas will be explored further in a forthcoming note [?].

REMARK 12.7.1. Though we choose L such that the spectral assumptions are satisfied,
we note that throughout this paper we work with a fixed L for a particular V(x). Thus
our estimates depend on this fixed L. In our small data analysis, various parameters are
chosen, independent of L.

We expand the solution as follows:

u(x,t) = co(Dyo(x) +c1(Dy1(x) + £(t, x),

(12.24) (wj,%0) =0, j=0,L

By orthogonality, we have

(12.25) N uG, )] = e + ler (B + f |R(x, O1* dx = N [u(-,0)].

Referring to this decomposition, we now give an overview of the paper:

(1) In section[12.8| we express the NLS / GP as an equivalent dynamical system
governing ¢y (1), ¢1 () and Z(x, t). This Hamiltonian system, equivalent to NLS
/ GB, has the form of two equations governing discrete nonlinear “oscillators”,
coupled to an equation for a wave field, Z(x, t).
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(2) In section we study the finite dimensional reduction governing ¢y and
c1, obtained by dropping all terms which couple the oscillator and field vari-
ables. This reduction is a finite dimensional Hamiltonian system with con-
served Hamiltonian:

H(CO’ C_O) C1, C_l);
given in (12.50), and 12 invariant
Nlco, c1l =lcol* + ey .

This finite dimensional Hamiltonian undergoes symmetry breaking for a crit-
ical value of N, denoted N:P.

REMARK 12.7.2. Thereduction described is also obtainable via substitution
of the Ansatz into the Lagrangian of NLS/GR that is restrict £nis-gp 10
the bound state manifold, and obtain the equations of motion; see, for example,
[HZ07] and references cited therein.

Use of these two invariants facilitates an analysis of the finite dimensional
phase space; trajectories with prescribed values of H and N lie on a two-dimensional
surface. We then discuss some of the rich dynamics of this finite dimensional
reduction and our goal is to prove their persistence for non-trivial time scales
for the full PDE, NLS/GP.

For the dynamics on level set N ~ NIP =~ _A,, we establish the following
behavior:

(@) N < NED : There is an elliptic fixed point, corresponding to the stable
symmetric state of NLS/GP for A4 < A;,. A neighorhood of this fixed
point is foliated by stable time-periodic solutions.

(b) N > NEP : The fixed point for N < NP persists, but transitions from
being a stable elliptic point to an unstable saddle. This corresponds to
the unstable symmetric-bimodal state for A > A,,. At N = NEP, two
new elliptic equilibria bifurcate and, a neighborhood of each is foliated
by stable time-periodic solutions. These stable time-periodic oscillations
correspond to stable oscillations around the stable asymmetric standing
waves for A > A,;.

(c) N> NEP:There are periodic solutions, outside a separatrix, which encit-
cle both new equilibria. In the physical configuration space, these corre-
spond to soliton transport from one well to the other and back, continu-
ing periodically. Furthermore, one can quantify the “energy barrier” that
must be exceeded to dislodge a “soliton” from localization about one of
the wells. Energy thresholds, such as that described above play an impor-
tant role in transport of energy in inhomogeneous and discrete systems.
Natural directions to pursue beyond this work are transport in systems
with many wells and the Peireles-Nabbaro barrier for motion of localized
coherent structures in discrete lattice systems.

(3) In section|12.11|we prove that certain phase space structures for the finite di-
mensional dynamical systems, persist in character for the full NLS/GP system,
on long, but finite time scales. Stated nontechnically,
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Theorem: For any sufficiently small amplitude periodic solution about an equi-
librium state of the finite dimensional reduction (/N above or below the bifur-

cation threshold), there is a solution of the PDE (NLS/GP), whose projection

into the finite dimensional phase space, shadows this finite dimension orbit

on very long time scales.

A precise statement is given in Theorem [3} see also Figure [4] The time
scales on which these results hold enable us to see nearly periodic oscillations
for the PDE on long time scales, i.e. through many, many oscillations, but not
on an infinite time scale. Indeed, we do not expect the persistence of such
oscillations on infinite time scales due to nonlinear coupling of bound to ra-
diation modes for the full system, for example, [2, 2]. We conjecture that in
the infinite time limit, the soliton executes a (radiation) damped oscillation to
some stable nonlinear bound state, corresponding to the damped oscillatory
decay to a stable equilibrium of the finite dimensional reduction. Evidence is
presented in section 22, where numerical simulations are discussed.

We remark that our current theorem does not apply to perturbations of
general “large” periodic orbits of the finite dimensional reduction. More de-
tailed information on the Floquet theory of the linearized equations about
general periodic orbits is still needed. This is currently being investigated.

(4) In section 22 we provide a summary and discussion of open problems.
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12.7.1. Notation.

(1) The spaces H*(R™), LP(R™), W*P are the standardly defined Sobolev integra-

tion spaces.
(2) We have the L2 inner product: {f,g) = fRn fg.
(3) Projection onto the bound states of —A + V:

Pif = wpfHyj=@iHyj j=01
(4) Projection onto the continuous spectral part of —A+V:

P.f = (I-Py—Py)f.

12.8. Formulation of NLS/GP as a coupled finite-infinite dimensional system

In this section we derive an equivalent formulation of NLS/GP, appropriate for study-
ing the exchange of energy between the bound and radiative parts of the solution. We
substitute the decomposition into NLS / GP and, to the resulting equation, apply
the projection operators Py, P; and P, to obtain the coupled system

. 2 22 2. — Y
i¢o — Qoo + aooool col” o + ano11(cy Co +2|c11°co) = Fo(co, €1, Co, C1; K, R),

(12.26)i¢; — Qic1 + annilerl?er + agon1 (561 + 2lcol? 1) = Fi(co, c1, €0, 615 R, R),

iR — HR = P.Fy(co, c1,00,01) + PcFr(co, ¢1, 00, C1; R, R).
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FIGURE 4. A numerical plot of an oscillatory solution to (12.13) at
times a, b, ¢, and d respectively from the corresponding phase plane

diagram of the finite dimensional Hamiltonian truncation.

Here,

(12.27) Aijkl = WiV VeV,

(12.28) Fj=m;F,

for j =0,1 where

F

[2lcolPy§ + 2lc1 Py +2(codr + c1é0)woyn | &
[cows + ciwi +2cocvoyn| 2
[ 511//1 + 501//0] %2 + [ZCO'WO +2€1’l[/1 ] |t%|2 + |¢%|2%,

+ o+

(12.29)
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and
(12.30)  Fp= |CO|2C0W?J + (Cgél +2|CO|201)1//%1//1 + (C%C'o +2c¢plc1 |2)1//01//% + |C1|ZCIU/? )
(12.31) Fgr=| 2|Co|21//(2) + 2|C1|2U/% +2(coC1+ c180) Yoy | R
+[ dwi+ i+ 2c0c1woy | R
+[ 1w + Gowo| B + [2cowo + 21w | 1)
+|RIPR .
We have that a;j; #0 < i+ j+k+[=0mod2. For simplicity we take
ajjr=1ifi+ j+k+1=0mod 2.

REMARK 12.8.1. In general, it is only possible to scale say apooo and ay11 to 1 and one
should have an arbitrary constant ago11 = apo11(L). However, since we fix L as above, the
constant agg11 will not change scale with our eventual asymptotic parameter. Hence, we
will take some liberty and assume in the sequel that agy11 = 1 though in a true physical
model the parameters 8y, 8, and e in Theorem[3 would be modified slightly depending
on ago11 (and hence L).

Initial conditions for (12.26) are:

(12.32) ¢j0) =y, u(,0), j=0,1; 2(,0) = Peu(-,0).

The system may be viewed as an infinite dimensional Hamiltonian system, com-
prised of two coupled subsystems: one finite dimensional, governing bound state de-
grees of freedom described by ¢y and c;, and a second, infinite dimensional, governing
a dispersive wave field, Z(-, ) = P.u(:, t). In the next section, we focus on the finite di-
mensional truncation of obtained by setting R = 0. After obtaining a detailed
description of the phase space of this truncation in section [12.9] we then turn toward
proving the long-time persistence of structures within the finite dimensional system,
within the full infinite dimensional problem.

Before embarking on this path, we conclude this section with an alternative coor-
dinate description of (12.26). These coordinates prove very useful in understanding the
bifurcations within the finite dynamical subsystem, as ./ is varied, and its participation
within the infinite dimensional dynamics.

sec:hamco

12.8.1. Alternative coordinates. We require the following decomposition, which
is proved in Appendix 22.
Introduce the following change of coordinates:

(co(t), 1 (2),Co(1),€1(0), (-, 1)) — (A0, a(D), B(1),0(0),R(-, 1))

defined by
(12.33) co(t) = A(1)e®
(12.34) c1(t) = (a() +ip(0))e?,
(12.35) ux, 1) = 9D AW, + (@) + i)y, + R), #=eP DR,

Such coordinates have been used for finite dimensional systems in for instance the
works [2], [2]. Substitution of this ansatz into NLS/GP, we see

(iA—0A- QAo+ (iad—B-0@+iP) - (a+if)Q)w;
+iR;— HR—OR = Fy(A,a, B) + Fr(A, @, B; R, R),
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where Fj, Fg is determined similarly to (12.30),(12.31). See Appendix ?? for further de-

tails. Hence,

or

A = Jm(F),

@ = 0B+QB+Im(F),

,3 = —Oa-Qia-Re(F),

0 = —-Q¢-A'Re(Fy),

iRy = HR+OR+P.(F,+Fp)
A = Jwm(F),
@ = (-Qo-A'Re(Fy)B+QiB+Im(F),
B = —(-Qp- A Re(Fp))a—Qra—Re(F),
0 = —-Qo-A'Re(F),
iRy = (H-Qo)R—-A'9Re(Fy)R+ P.(Fy+ Fg).

Note, there will be linear terms in R and R contained in F, which we must handle very
carefully in our eventual iteration argument.
This leads to the system of the form

A
&
p
6
iR;

—2aBA+Error(R, R; A, a, B),

[Q; — (a® + %) — A* +01B +Error(R, R; A, a, ),

—[Q — (a® + p? + A%) —2A% + O)a + Error(R, R; A, a, B),

—Qo+ A%+ (3a® + %) + A 'Error(R, R; A, a, B),

(H-Qo)R— A" Re(mo(F)R + PcFy(A, a, f) + P.Fr(A, a, B R, R).

Then, substituting 0, the system becomes

(12.36)
(12.37)
(12.38)
(12.39)
(12.40)

A = -2aBA+Errora(R,R; A a,p),
@ = [Q)-Qo+2a’]f+Errorg(R,R; A a,pB),
B = -[Q1—Qo-2A*+2a*la+Erorg(R,R; A a,f),
0 = -Qo+A*+3a®+ B +Erorg(R,R; A a, B),
iRy = (H-Qo)R+(A’+3a®+B%)R

+PCFb(A) arﬂ) +PCFR(A) a;ﬁ;RrR)r

with P.R = R and

(12.41) P.Fy

(12.42) P Fgr

P [ A3y + (@ + B+ By + Ala+ i By

+ 24+ POviyo+ AXa—ifyydyn +2A% @+ iBwiyn ],

= Pe([24%y5 +4A@yoyi +2(a” + f)yi] R

+ [A2W3+(C¥+iﬁ)zl//%+2A(a+i,6)1//Ow1]R

+ [Ayo+ (@= iy | R + [24y0 + 2@+ iy | IR + IRIR).

For simplicity, set & = («, 8, A).



12.8. FORMULATION OF NLS/GP AS A COUPLED FINITE-INFINITE DIMENSIONAL SYSTEM 133

PROPOSITION 12.8.2. Assume A, ..., R defined as in (12.36) -(12.40). Then, we have

\ eqn:est—ERROR—A‘ (12.43) |Erroral < 16PIRI oo + G IR0 + IRl oo,
‘eqn:est—ERROR—alpha‘ (12.44) |Errorg] < 162 1IRI e + |G IR0 + IRII oo,
[eqn:est-ERROR-beta| (12.45) |Errorgl < 1812 RI 1 + G RIFeo + 1 RI3e0,
\ eqn:est-ERROR-theta \ (12.46) |Errorgl < AT (1612 IRI oo + G RIIG o + [ RII3o0 ) -

The error terms in a and f gained from 6 are of the form A" a, A™f < 1.

we seek to prove the error bounds from Proposition[12.8.2] We assume we are near
the symmetry breaking equilibrium point, meaning we may take a(?), f(¢) < A(¢) and
A(t)>c>0.
Then, we have
(A - 0A-QoA)eOyo+(ia—p-0@+if)—(a+if)Q)ely,
+i(0;—~H-0)R=
— [Py + @ + B+ Pl + Ala + B iy + 240 + Fviwe
+ A (a—iByiyt +2A% (a+ifyiy'
— [2A%93 + 4 A yoy +2(a® + BA)YE] R
+[A2y3 + (@ + Byl +2A(a+iByoy | R
—[Awo+ (@ - iB)w1 | R? - [2Awo +2(a+if)y1] IRI* - |RI*R.
Hence,
(A — OA-QuA+ A3+ Ala+iP) +2A* + p%) =
— [A@W§, R® + (@ —if)yoy1, RD] - [2AW5, IR +2(a + i) (yoy, IRID]
- [wo,IRIPRY].
As a result, we have
(ia-f-0@+if) = Qa+ip)—(@*+p)a+ip)
—2A%(a+if) - A%(a—ip))
—[Awow1, R® + (@ - if)(y?, R?)] e
— 2oy, IR + 2(a+ iB) Y3, IR
~ [0, IRR)]
and
iRi—HR-0OR = -—P,[Ays+(a*+pH)(a+if)w;+Ala+iB)*yiy,
+2A(@* + BAYiwo + A2(a— iByiyt +2A% (a+iPyiy!
—P. [2A%5 + 4 A(@)yoy +2(a® + B2)yE] R
—P. [A%y5 + (@ +iP)*ws +2Aa+ i) woy:| R
—P;[Awo+ (@ —iB)w1] R* - P.[2Awo +2(a +if)w1 ] IR
~P.IRI’R
or

iR, — HR—0OR=[Fy(A a,B,0)+ Fr(A,a,B,0;R,R)],
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where we have assumed
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P F), = F),, PcFg = Fj.

Let us take A > 0. Then, we see

A = -2aBfA+Error,,
@ = [Q—(a®+p%) —A?+6]B+Error,,
B = -l —(a’2+ﬂ2+A2)—2A2+9]a+Errork,
A0 = -QuA+A’+ ABa® + )+ Error,
iRi—HR—OR = Fy(A a,p)+Fr(Aa B;R R.

Specifically, we have (12.36)-(12.40) with

Errora(R,R, @)

Errorg (R, R, &)

Errorg(R, R, @)

and

Errorg (R, R, @)

Jm (—([2A%y5 +4A(@yiy +2(a” + BHYiwo ], R)
([A%y3 + (a+ip)*yiwo+2A(+ ifygy: ], R)
(A5, R®) + (@ = iB)(yoy1, RD)]

[2A¢u5, IR +2(@+ i) (Woy1, IRP] + (wo,IRR)),

Im (~([24%93y1 +4A@ oyt +2(a% + FAyS], R)
([Azw(z)wl +(a+ iﬁ)zw? +2A(a+ iﬁ)wwﬂ ,R)
[Awoy1, R?) + (a— if)(y?, RD)]

[2Aow1, IR1?) +2(a + iB) w2, IR + (w1, IRIPR))
BAT Re (—([2A4%y; + 4 A(@)wiwy +2(a” + BAYwiwo], R)
(223 + (@ + i) 2 ypiwo + 2A(a + iByiy ], R)
[ACwd, B®) + (@ = i) oy, RD)]

[2A¢w5, IR +2(a + iB)woyr, IR ] + (o, IRIPRY),

—Re (—([24%yp3y +4A@ oy +2(a? + BHYS], R)
(A2 + @+ Py} + 24+ iBwoy?], B
[Apoyr, R?) + (@ — iB)(yi, R

[2Apoy1, IRI?) +2(a+ i) (w3, IRI®)] + (w1, IRI*R))

a AT Re (—([24%y5 + 4A(@) Wiy +2(0” + BAwiwo], R)
(A% + (@ +iB)*yiyo +2A(a+iB)wiy ], R
[AW5, R*) + (@ —iB)(woy1, R

[2AW5, IRIP) +2(a + iB)woy1, IRIPY] + (wo,IRIRY),

— AT Re (—([24%y3 + 4A(@ iy +2(a” + BAwiwe], R)
(A% + (@+ip)yiyo + 2A+iPwiyi ], R
[ACy§, R®) + (@ — iB) (o1, RD)]

[2A5, IRI®) +2(a + iB)woy, IRI*)] + (wo, IRIR)).
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For convenience, we rewrite the system (12.36)-(12.40) in compact form as:
& = Fpp(@) + Gpp(6; R, R),
(12.47) 0=-Qp+A%+3a%+B%+Gy(R,R; A a, B,
(i0; — (H— Qo) — (A? +3a° + $?))R = P.Fp(3) + P.Fr(3; R, R).

For simplicity, we take Fj, = P F}, and Fg = P.Fp in the sequel.

12.9. Phase space of the finite dimensional Hamiltonian truncation

In this section we study the finite-dimensional system obtained by setting the dis-
persive part of the solution, R(x, t), equal to zero in (12.26). We denote the solution of
the resulting system by (oo (1), p1 (1)) € C?:

ipo =Qopo = (pGP0 +2p161p0 + P37 P0),
ipo = —Qofo + (o> o + 20106160 + P17 o),

ip1 = Q1p1~ (p3P1 +2p0Pop1 +p5P1),
ip1 = —-Q1p1 + (01°p1 +2|00l*p1 + Po?p1).
Symmetry breaking for a system of this type arising from a general class of defocusing
nonlinearities was considered recently in [?].

This is a two degree of freedom Hamiltonian system, with time-translation and

phase invariances inherited from NLS/GP. The associated time-conserved Hamiltonian
and L? (optical power or particle number) functionals are:

(12.48)

1 1 1 _ _
(1249)  H=Qlpol*+Qilp1l* = Slpol = lo1l =2Ip11*lpol” = 5 (016" + 91 p5),
(12.50) N =|pol*+|p1l*.
In terms of H, system (12.48) can be expressed in Hamiltonian form

(12.51) i0,6=JVzH,
where
00 0 1 0 O
. | po | -1 0 0 O
(12.52) o= o1 |’ J= 0 0 0 1
o1 0 0 -1 0

In terms of the alternative coordinates of section (12.8.1),
o= Aeie, p1=(a+ iﬁ)eie,
hence the system (12.48) takes the form:
a=[Q1+0-(a%+p>-A%] B,
B=—[Q+0-(a?+p%)-34A%]q,
A= —2apfA,
0=-Qq+ A% +3a%+ 2.

(12.53)

Recall that, for simplicity, we have set a; jx; = 1 for all i, j, k, [ =0, 1. Note that 6 com-
pletely decouples from the A, @, B equations, meaning we have
a=[{Q-Qo+2a%] B,
(12.54) f=-[Q—-Q-24A*+2a? | a,
A=-2apBA,
where now the 6 equation is decoupled to give

(12.55) 0=—-Qo+ A% +3a%+ p2.
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One can verify, by changing coordinates in (12.49{{12.50) or directly from (12.53),
the time-invariant quantities:

N = A*+a*+p?,
H

QoA% + Q) (@ + ) - %A“ - %(az +B%)?
—2A%(a? + p?) - A%(a® - p?).

We obtain a closed system for (a, B) using that N = A? + a? + 2 is conserved. Then,
we may reduce the system to

o= [ Q10 +26¥2] ,6,

p=-[Qo+2Ra*+f*-N)|a ’
In addition, the system has the conserved quantity
2

qn: ode-sys-alpha-reduced ‘ (12.56) Q10=021—-Qp

[eqn:reduced-ham| (12.57) H= % % (N— % + Q0@ + B%) —2Na? + (a® + 2> + a* - B|.
In this case, we have
\ eqn:little-ham \ (12.58) ( g ) = JVH,
where
J= [ o ] .

Now, let us define the matrices B.; and B’eq to be those related to linearization
about the equilibrium solution (Aeq, @eq, Beg,0eq) and the decoupled reduced system
(Aeg) @eq, Beq) respectively. Similarly, let

(12.59) M(1), M(t)

be the resulting monodromy matrices for the linearization about nearby time depen-
dent periodic orbits (A(?), a(#), B(£),0(1)) and the decoupled reduced system (A(%), a (1), B(1))
respectively.

In the following section, we actually discuss the relevant bounds on the operators

eBeat and ePr.

sec:fd-phasespace

12.9.1. Bifurcation of equilibria and Symmetry Breaking. Recall that N = N[A, «, ]
is a constant of the motion for the system (12.53), corresponding to the physical quan-
tities optical power or particle number. Thus it is natural to explore the nature of the
phase space restricted to the level sets of N. We are interested in time-periodic states
of frequency Q, corresponding in the physical space to solutions of NLS/GP of the form
u(x, t) = e Y. Thus, we transform the system to a rotating frame by setting

(12.60) 0(t) = (1) -Qt

and obtain
| eqn:alpha-rotate | (12.61) &= [ Q0 -Q+0() - (a®+ ,52) - A? ] B,
B=-[Q1-Q+6()-(a*+pH)-34%]a,
A=-2apA,

O=Q-0¢+A*+3a° + °.
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The states we seek are equilibria in this rotating frame. Thus, we require

(12.62) [Q1-Q-(a*+p%)-A*] B=0,

(12.63) [Q1-Q-(a®+p*)-34%]a=0,
(12.64) aBA=0,

(12.65) Q-Qo+A%+3a%+ % =0,

whose solutions we consider on the level set

(12.66) A +a?+p*=N.

It is easy to observe an equilibrium corresponding to the
Symmetric states:

(12.67) For N20: A, =NZ, a,=p.=0, Q,=Q—N.

Via (12.35) we identify this with the symmetric ground state of NLS/GP;
U(x, ) ~ N2 el RN g0

Due to its correspondence with the symmetric state, we refer to this equilibrium of the
finite dimensional reduction as the symmetric equilibrium.
A second, bifurcating family can be found explicitly as follows. Define
Qo -
2 2

REMARK 12.9.1. Had we set the nonlinearity coefficient g = —1 and the “interaction
weights’; a; jx; equal to one, we would have

(12.68) NED =

Qo
NED = >0
o g(widx-3 [yiyidx)
Positivity in (12.69) is observed by using the asymptotic relation of wo andw to the eigen-
state of the single / isolated potential well; see [2]

(12.69)

Using (12.65) we first eliminate Q from (12.62) and obtain [ Q; — Qo +2a? | f=0.
Since Q; — Qg > 0 we conclude = 0. Thus, (12.64) is satisfied. We now use (12.65) again
to eliminate Q from (12.63). Thus we have, since =0

2 2 _ nFD
A® —a” = N,

A* +a® = N.

Solving for A and a we have the following equilibria, corresponding to symmetry broken
states, which bifurcate for at N = NZP:
Symmetry broken states:

Q
For NszrDsz:

1
_(N+NfP\?  (N-NEP
(12700 As=|——"| ,au=|—F""

1
2
5 > ) , B =0, Qu = —2Q¢+ NFP - N.

2Though NfrD is a good first order approximation to A¢r, the true symmetry breaking point in the non-
linear problem (I2:13). As in this note we will be studying existence of solutions close to those described by
the finite dimensional dynamics of (I2.48), we will work from here on using Ay = NEP.
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Via (12.35) we identify this with the asymmetric ground state of NLS/GP;
1

N+ NEP N-NEP\2

Tcr —C’) w1 .

%
) Wol(x) +

Ux, 1) ~ el 2 +Ne =Nt ((
’ 2

Due to its correspondence with the asymmetric (or symmetry broken) states of NLS/GB we
refer to these equilibria of the finite dimensional reduction as the asymmetric equilibria.

12.9.2. Near-equilibrium periodic solutions of the finite dimensional system.

PROPOSITION 12.9.2. For N < NEP, a neighborhood of the elliptic fixed point (0,0)
and, for N > NEP, neighborhoods of the elliptic fixed points (+1/ (N — NEP)/2,0), is foli-
ated by periodic orbits of .

PrOOE The strategy of proof is to exploit the convexity of H near an elliptic fixed
point. Note that, with the definition NfrD =010/2 = (Q1 —Qp)/2, we have

Hy = 2al20?+p*-(N-NIP), Hp=BINEP +2a7%),
Hoo = 2[60°+p*—(N-N5P), Hpp=[Qi0+2a%], Hyp=4ap.
We find that the linearly stable elliptic equilibria are (a, 8) = (0,0) for N < NIP and

_nNFD
(+y/ =0 0) for N> NEP. At these equilibria, D? H is strictly convex with minimum
value equal to zero. Hence, for a fixed § > 0, the level set H(«, B) is a bounded, closed
curve in the (a, ) plane, encircling the equilibrium, a periodic orbit for (12.56) . U

REMARK 12.9.3. We note that the dichotomy in the types of equilibria found for N >
NEP and N < NEP exactly describe the phenomenon of symmetry breaking for the profile
of the stable bound state for (12.13) at small amplitudes as seen in [?].

We can estimate the period of small amplitude periodic solutions about equilibria

by linearization:
|IN-NEP
alt) = |2—6r|+6h1(t),

B = ehy(D).
Substitution into (12.53) gives

. N-NEP -
(12.71) hi=—-4(N-N:P) (Nf,D+ M)hl +e0(h).
and therefore a period of oscillation
(12.72) T=—2  4+0()=T.(N-NP)+ 0.
IN2 - N%.|2

Similarly, for N — N/P < 0 we have

(12.73) a=c¢hy,
(12.74) B=¢ehy,

which when plugged into gives
(12.75) hy = -4|N—NEPINEP by + e (1R,
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and the period of oscillation near the equilibrium point is expect to be:

(12.76) T= T +O(N-NEP) =T_(N-NEP)+ O ().

(IN - NEPINEP):

REMARK 12.9.4. It is on a time scale of a large number of periods, T, that we hope
to control the difference between the observed finite dimensional periodic solutions and
the full solution to the PDE.

In Appendix|12.12|we apply the implicit function theorem (Poincaré continuation
approach) to (I2.56) to construct approximations to these small amplitude periodic so-
lutions and their periods. In terms of the system (12.48) for p( (1), p1 (%), we have:

PROPOSITION 12.9.5. Fix (N — N5P) > 0 or (N — NEP) < 0 such that |IN — NEP| «
1. Let us assume NEP > N — NEP|. Take (py, p}") be the corresponding equilibrium
solution for (12.48). For any periodic solution po(t), p1(t) of (12.48) such that

(12.77) (o (1), p1(0) — (g, p1 N < IN = NP,
we have

(12.78) (po(t+T),p1(t+ 1)) = (po (1), p1(2)),
where

(12.79) T<2T..

REMARK 12.9.6. For small perturbations of the equilibrium point (for either (N —
NfrD) <0or(N- NfrD) > 0, it is for precisely the period Ty (N — NfrD) on which we must
control the coupling to the continuous spectrum for the full solution to in order to
prove these finite dimensional structures are observable over many oscillations, see Sec-
tion[12.11} In order to generalize our result to any periodic solution predicted by the finite
dimensional dynamics, we must understand fully the period of each full oscillation. This
will be discussed further in Section 22.

12.9.3. Stability of equilibria; finite dimensional analysis. In this section, we con-
sider the stability of the solution branches obtained in the previous section. We rewrite
the system , using the last equation to eliminate —Q + © from the equations for a
and B. Thus we have

o= [Qlo+2a2] ﬁ,
B=—[Qio+2a%-24?%]a,
A=-2aBA,
0=Q-Qq+ A% +3a% + 2.

(12.80)

Note that in these coordinates the equations for «, § and A decouple from the equation
for ©.

The finite dimensional system has a phase portrait, equivalent to ; see Figure
In particular, we observe elliptic and hyperbolic equilibria, and periodic orbits. We
now embark on detailed linear stability analysis of these states.

Linearization about an arbitrary solution

(12.81) (a« (1), B« (1), Ax(1),0. (1)



egqn:sys-lin-alpha

tB-symm

tB-symm-eig

tB-symm-eig-unstable

140 12. NONLINEAR DYNAMICS

gives the linearized perturbation equation

da 4a, B Q10 +20a?) 0 0 da
5. | 9B B —(Qi0+6a% —242) 0 —4a,A. 0 5B
Bl 6A - —2A, B —20, A, 20,6+ 0 A
56 6 2B, 24, 0 56
da
_ op
(12.82) = B0 | 4,
56

Since the evolution of @, § and A, decouple from that for ®, we consider the behavior of
the reduced system

Sa 4a, B 2(NEP +a2) 0 Sa
0;| 8B | = | —2(NfP +3ak - A%) 0 —4a, A, 5p
6A —2A. B+ —2a, A —2a. P« 0A
oa
(12.83) = B®| 66 |.
5A

Then, B is the 3 by 3 block in matrix of equation . In obtaining , we used
that NfrD =Q0/2.

Linearized dynamics about the symmetric equilibrium state:

For the symmetric equilibrium, as displayed in we have

(12.84) (@9, 8¢9, A% 0%9(1)) = (0,0, N2, (—Qp + N) 1).
Hence,
0 NEP 0 0
BB - N-NfP 0o 0 0
=B-=2 0 0O 0 0
0 0 Nz 0

For the reduced system, we have

0 NEP o
(12.85) B_=2| N-NP 0 0],
0 0 0

whose eigenvalues and implied linear stability character is as follows:
1
(12.86) N<NELP: 29=0, A.(N) = +2i [ (NP — N) NEP ]2, (stable elliptic point),

1
(12.87) N>NEP: 29=0, A.(N) = 2 (N- NEP) NEP']2 | (unstable saddle).

see Fig. [5| Thus, the symmetric state transitions from stable to unstable as N increases
beyond NEP.

Furthermore, B_ can be diagonalized
-1

2NEP 2NEP o Ay 0 0 2NEP 2NEP o
B_ = Y A0 0 A- 0 Y A= 0
0 0 1 0 0 0 0 0 1
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FIGURE 5. Symmetric state for N— NXP < 0 corresponds to an equilib-
rium elliptic point (a, 8) = (0,0). Plotted phase portrait corresponds to
parameter values N, =.1 and N — NfP = —.05 (left) and N, = .1 and
N—-NEDP = 05 (right). It is clear for N— NZP < 0 the equilibrium sotion
is stable and for N — NZP > 0 the equilibrium sotion is unstable.

and the linear evolution is given by

(12.88)
) 2NFP 2NFD g M0 0 2NFP oNFD o 17!
Bt = A A= 0 0 e+t o Ay Ao 0
0 0 1 0 0 1 0 0 1

In other words, for N < NZP we have the bound

NED % .
cos(|A+|t)6a+(m) sin(|A4|0)d B
cr
\N—Nf,’)l)
NEP

0A

eB-'sa =

Nl—

cos(l)t+|t)6ﬁ+( sin([A4|H)6a

The full linearized dynamics are governed by the matrix

(12.89)

* * * 0

*  Bis * 0
B = * * * 0|’

0 0 2Nz 0

where B has the same eigenvalues as B, with 1 = 0 now a generalized eigenvalue of
multiplicity two, implying linear growth of 66 (¢). Explicitly, we have

NEP(N - NEP) 0 00

B2 0 NEP(N-NEP) 0 0
- 0 0 0 0
0 0 0 0

Hence, it is clear

B~ = My+2NZtM +cos2\/ NEPIN — NEP| 1) M,

+sin(2\/ NEP|N — NEP 1) M,
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where

0 0 0 0]
00 0O
Moo= 1o o1 ol
|0 0 0 1 |
0 0 0 0]
0 00O
My = 00 0 0]}
|0 0 1 0|
1 0 0 0]
01 00
M = 00 0 0]
0 0 0 O |
[ /NFD
VIN-NEP|
VIN-N[P|
Mszw 0 0 0
0 0 0 0
0 0 0 0

Note here the leading order behavior is then a system which oscillates at the correct
period and grows linearly only in the phase term. On a component basis, we may say

NFD .
B-15 ~ 7 +sin@y/ NFP|N = NEP| ) —X— 1,8, + 2N tn38,.
/N_NFD
cr

Alternatively, we can use the spectrum of B_ to define the matrix

1 1 0 0
1 1
. (NEP-NY2 . (NEP_N)2
p=| (%) i) 0o
0 0 1 0
0 0 0 1
Then, we have
P'B P =
1
—2i ((NEP - N)NED)? 0 0
1
0 2i(NEP-N)NEP)2 0 0
0 0 0 0
0 0 2Nz 0
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Hence, we see

e 2i((NfP- N)NFD)% 0 0 0
Pt = p 0 RPN e g g | po
0 0 1 0
0 0 0 1
0 0 0 O
1 0 0 0 O
2
+2N2¢t 000 0
0 010

Linearized dynamics about asymmetric equilibrium states, N > N/P:
For either asymmetric equilibrium, displayed in (12.67) we have

@%,B57, A%7,0% (1)) =

1 1
FD\ 2 FD\ 2
(N—Ngr )2,0’(N+NC, )2’(_2Q0+N50_N)t _

2 2
Hence,
0 (N +NED) 0 0
~2(N - NED) 0 2(N2 - (NEP)?)Z 0
(1291 By = 0 —(N? - (NEPy?)z 0 0
\%(N—NfrD)% 0 \/E(N+N5D)% 0
In this case, we substitute ( into the expression for B in (12.83) and obtain:
0 N+NEP 0
(12.92) B=| -2(N-NIP) 0 2(N2 - (NEPP)? |,
0 _(Nz_(NFD)Z)% 0

where N > NP = &0 The eigenvalues of 3 are:

1
(12.93) Ao=0, Ax(N) = +2i (N*-(NEPY?)?, N>NEP.
Therefore, the bifurcating asymmetric states are stable elliptic points. Also, B is diago-

nalizable, resulting in

) 31+ cos(A410)8a+Vsin([A, )66 + 3¥(1 — cos(|A+ 1) A
eBrisa = cos(|A+|t)6,6+"‘131n(|/1+|t)6a+sin(|/l+|t)6A .
%T/‘l(l cos(|A4|D))0a + 3 sin(|/1+|t)6,6 + % +cos(|A4]1))6A
where
1
_ ( N+NEP )?
V| ——=
IN - NEP|
In a manner analogous to the case of symmetric bound states, we have

N+NFD
N NFD
=0, B,

B

— o O O
— o O O
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Hence, it follows

1 1
eB+l’,,—,7 ~ ﬁ+sln(2(N2_N§r)2 t) (Nz_chr)lezél
1
1 (N+NEDPy2
2 2 Ccr -
+(1-cos(2(N*-NZ,)? m(—N—NfrD) 13é1

+(N+NEPY2 (1 + n3és.

Once again, we see the dominant behavior be oscillations in «, 8, A with a linear growth

1
accompanied by a factor of order N2 in 6.
As before, we can use the spectrum of B to define the matrix

1 1 1 0
1 1
. (N-NEPY2 .(N-NEPY2
b —2;(N+NCFD) 21(N+N5D)] o o
" N-NED\2 N-NEP\2 N-NEP\2
B (N+Nf,D ) B (N+NCFrD) (N+N5,D )
0 0 0 1
and
1 1
1 1 [ N+NEP\2 1 ( N+NEPY2 0
1 _Z(N—NE,D) _Z(N—NCF,D)
1 1 ( N+NEP 2 1 ( N+NEP 2 0
pPl=]| 1 E(N—NCF,D) _Z(N—NCF,D)
1 0 1(N+Nfr")%
2 2\ N-N}P
| 0 0 0 1
Then, we have
P'B.P, =
1
—2i ((N? = (NEP)%))2 0 0 0
1
0 2i ((N? = (NEP)YY)2 0 0
0 0 0 0

1 1 1
\/%(N—NfrD)i \/%(N—Nf,[’)i %(N—NCFrD)E 0
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Hence, we see

ezi((Nf,D+N)(N—NcF,D))%t 0 0 0
1
Pt = p, 0 e 2i(Ne?-MWN=-Ne”)*t g ¢ | p7l
0 0 10
0 0 0 1
000 0
1
FAVE(N - NEDy2 (2N -Ne) 2t _qyp [ 000 01 by
0000
010 0
000 0
1
FAVE(N - NFPy2 (¢ 2I V=N 2 e _pyp | 00 00 5
0000
1000
0 0 0 0
oo 0 0
+8V2(N-NIPyze| o o 0 0
1 0 lvarD‘LN 0
2 2 N—NID

REMARK 12.9.7. The analysis of eB+' provides partial understanding of the inher-
ent instability in the phase of the finite dimensional periodic orbits. Specifically, an orbit
(A1, a1, B1) will oscillate with period Ty while a different orbit (Az, a», B2) will oscillate
with period T,. As a result, if two orbits begin quite close in phase, they will naturally os-
cillate out of phase with one another, which from the analysis above gives the linear shift
in the 50 component. However, the oscillations will be purely described by the (A, a, )
system, meaning we must decouple the phase from the equation to get stability.

12.9.4. Stability of Periodic Orbits Near Equilibria. In this subsection we discuss
the linearize evolution about near-equilibrium periodic orbits.

PROPOSITION 12.9.8. Fixe > 0. There exists ad > 0 such that if a given periodic orbit
solution of (12.80), (A(f), a (1), B(1),0(1)), with period T with

(12.94) [(A(0), a(0), 5(0),0) — (Aeg, Xegs Beg)Beqg) < b,
then given M and M the monodromy matrices as in we have
(12.95) IM(0)l 20— 100 < (1 + )l || oo 1o,

(12.96) IVl o g0 < (1 + )| €50 oo oo,

PROOE. The proof follows from continuity of the Floquet multipliers, which we set
here to be 11,12, A3, A4. We discuss the case for B, and M(#) here. The analysis for the
case for Eeq and M will follow similarly.

Itis clear that (A(£), a(t), B(t),0(1)) is a solution to (12.82), giving at least one Floquet
multiplier A; = 1. Similarly, diffentiation with respect to the period gives a similar result,
meaning we in fact have 1; = 1, = 1.

From the analysis of the phase diagram for periodic orbits in «, 8, we have that
a(t) = a(—1) and B(t) = —pB(—1). Hence

T
(12.97) f a(s)B(s)ds=0.
0
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We know from standard Floquet theory that given a monodromy matrix M 4 for the sys-
tem

for A(z + T) = A(z), we have
det My (1) = el TAG)ds,

Hence, given tr(B(f)) = a8, we have
4
H /1]' =1.
j=1

As a result either A3 = A4 with |A3] = |A4] = 1 or A3, A4 € R with A3 = AZI. By con-
tinuity of the Floquet multipliers, near @4, we have the only the degeneracy at 1 =1
resulting in a similar growth behavior to that of B¢’ as seen in Section[12.9.3 (]

12.10. An Ansatz for the Coupled System

Starting with the finite dimensional system given in (12.56), we consider a periodic
orbit, (a(1), B(1)), near equilibrium point and construct a periodic orbit of the extended
system (12.54):

0. (1) = (a@), B, A().

Below we shall specify how near the equilibrium o . need be.
We now write the system (12.47) by centering around the orbit o, of the finite di-
mensional truncation:

o(t)=04()+n,

(12.98) = (A +na(0), &) +14(0), B() +15(D)).
This corresponds to a solution of the form:
ute,t) = e“O((AWD+naO)Wo+ (@) +1a (1) +i(B(1) + 1)y
+R(x, 1))

with initial conditions
o (x) = €O ( A(0) wo(x) + [@(0) + iBO)] ¥1(x) ).
Centered about 0., the system becomes:

i = DgFrp(0.()7+[Erp(G+ +1) — Frp(F.) — Dg Erp (8.7
+Grp(+,7;R,R),

0 = -Qo+A%+3a’+B2+Gy(RR;A a,p),

iRy = (H-Qo)R+(A2+3@*+P)R+Fy(0.+n)+Fr(0.+mR R)

+(A*- A% + 3(@*-a*) + B*-B*)R.
We have the estimates:
| Fpp (G« +7) — Fpp(G+) — DsFpp (607 | =0 (ARI* +H1*).

See Appendix ?? for the explicit expressions in the system.

We denote by R the leading order part of R, driven by the periodic solution o, (£):
(12.99) iR;=(H—-Q)R+ (A*+3ad° + B*)R+ P.Fy,(5 ).
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The correction to R is given by w, which satisfies:
(12.100) R=R+w.

Introduce, M(t), afundamental solution matrix for the system of ODEs with time-periodic
coefficients:

0¢n =Dy F(0.(1) 1.

We shall study the following system of integral equations for (#), 8(t), w(x, 1):

GO fo Wi ) [(Fpp(@ .+ +m) = Fpp(64+) — Do Frp (G 4)7)
+Gpp(@4,7; R, R)] ds,
(12.101) 0 =00 +/0r [-Qo+ A% +3a% + B? + Gy(R, R; 5., 1)] ds,
w(t) :[IeiH(t—s)—iQO(t—sHifit(il2+3d2+ﬁ2)(s')ds’
0

x P [(Fy(G 4 +1) = Fy(34)) + FrR(G+,7; R, R)] .

We view a solution, (7}, R), of this system of integral equations as fixed point of a
mapping, 4 :

(12.102) @, w) = 4@, w).

In the next section we formulate and solve this fixed point problem in a function
space, which yields the existence of solutions to NLS/GP which “shadow” the periodic
orbit, 0. (t), on the time scale of many periods.

12.11. Main Results

Recall that the period of the orbits described in Proposition|12.9.2satisfies
_1
Tperiod ~ (|NfrD - N|NfrD) 2,

In this section we shall construct solutions to the full PDEs, which “shadow” the finite
dimensional orbits for many periods.

Let 7 > 0 denote a number to be chosen sufficiently small. And define the region of
parameter space, about the symmetry breaking point, in which we conduct our study

by

[N’ =N| =7,
(12.103) NED = 77,
For now 0 < y < 1, but we shall place further constraints will be placed on y.

REMARK 12.11.1. Recall thattY = NEP ~ ;. (L), where L is the well-spacing param-
eter for the double-well. Since, for L sufficiently large, Nz (L) ~ Qi(L) —Qo(L) < e *F,
the eigenvalues splitting , and T can be made small by choosing L sufficiently large.

In terms of 7, we now describe the periodic solutions discussed in Propositions

and[12.9.5
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‘ prop:delta-perorb ‘ PROPOSITION 12.11.2. There exists 7o > 0, such that for0 < T < 1¢, the system (12.54)
has periodic solutions, which are small perturbations of the equilibria:
(12.104) JADI? ~ 77, 1@ +I1B(OI* ~7, N>NEP,
orbit-size-tau| (12.105) AP ~17, la@ P+ ~1'*°, N<NEP,

where 6 > 0 is to be chosen below.
The period of oscillations of the periodic solutions of Proposition is

1+y

(12.106) Tperiod(®) ~T~ % .

We shall seek to construct solutions on a time interval of the form

1+y

(12.107) 0= t=Tu(1), Tu(®~T X Tperipa®) =17 2 5,

where € > 0 is to be chosen below.

12.11.1. Notation. It should be noted, notationally when we refer to

(12.108) ASB,

we mean
(12.109) A=CB

for some C of order 1. Also, for

(12.110) A<B,
we mean
(12.111) A<cB

for some ¢ > 0 much less than 1.
12.11.2. Statement of Theorem.

THEOREM 3. Assume0<T<Tgand§<y<1l.

Denote by
o.(0) = (AW, am,pm ),

a periodic solution of (12.53), for which:
(1) whose period Tperioa(T) satisfies
1+y

_1 _
Tperiod(T) S (|NfrD —N|NfrD) 2 =1 2

(2) whose fundamental matrix, M(t) of the linearized dynamics about o . (t) satis-
fies the norm bound:
- Fp\}
0<8,t< Tyoriod™ = IM(OM () <C (—”)
period |N—NfrD|
(3) and which is a small orbit about an equilibrium ( A%, a4, pged ) as in Proposi-
tion(12.11
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Take initial data for NLS/GP of the form
(12.112) up(x) = 0O (Ao (x) + [@0) +iBO)y;(x)),

where0(0) € R is chosen arbitrarily.
Then there exists a solution u(x, t) of (12.13) of the form

u(x, 1) = 0 ((A(1) + 0 a(0)wo(x) + (@10 +1e (D) + i (B +1p) 1 (x)
+R(x, )+ w(x, 1),

where R as in (12.99).
Furthermore, n(t) = (n4(2),na(2),n(1) ), 0(1) € C'([0, Tu (1)), w € L HL N L{LY and w
satisfies the bounds

1
lis
(12113) "T]”L?"[O,T* (1)) + ” w”L?O([()_T* (T)];H)lc) + ” w”L%([O,T* @LLP) ,S ‘[2+ 1;
forallte I=10,T.(0)] =10, Tperioa(r) "] wheree >0, 81 > 6 are specified in the proof.
12.11.3. Proof of theorem. In the sequel, we will often use the contracted notation

LW = LP((0, T*; WRI ®)),
where T* is given by (12.107), (12.103).

We now show that the map
@, w) =M@, w)

defined in section[12.10lis a contraction.
Define the space

X = X(0,Tx(m) =
{ @ w):neLP0, T.()), we LP(0, T.(1)]; Hy) N L1(10, T @)}, LY) }

equipped with the natural norm
1@, wllxa = 17l + I W||L‘;(1;L§°) +1l wIILL;o([;Hi),
where I=1[0,T,(1)].
We define B; (I) ¢ X(I) such that (7}, R) € B;(I) if and only if
(12.114) Gh, w)lxepy < T2+,

where §; > 0 will be chosen later.
We must prove the following:

PROPOSITION 12.11.3. The mapping 4 : X(I) — X(I), defined in (12.102), has the
properties

(1) By (D) — B (D).
(2) Thereexistsx < 1 such that given (7} j, w;) € B; (I) for j = 1,2, we have

a(M @1, wr), M (12, w2)) < x d((71, wr), @2, w2)).
Thus, there exists a unique solution (1), w) in B;(I).

PROOE. We begin by proving necessary bounds on R.
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PROPOSITION 12.11.4. Givenasolution. = (A(t),a(t), B(t)) to (12.54), as in Propo-
sition|12.11.2, there exists 1o > 0,6¢ > 0, such that for all T < ¢ we have the following:
forallte I, and defining

t - ~
(12.115) E:f o HU=9-iQ0(=9)+i [{ (2436 +f))ds b B(5.)ds
0
for Fy, defined in (12.26), we have
||R||L‘;°(1;L§°) < i,

PROOE. Note that it is only the magnitude of the components of g, via F(0 (1)),
which factor in to the bounds of R.
From Proposition(12.11.2|and the finite dimensional conservation laws

(12.116) At)=17 + €o(0),
where |eg| ~ TIEJ. Based on the expansion in the ansatz, we have
Fylo) = PJAyy+ (A% (@—-if)+2A%a+ip)wiu
+((@+ip? A+ 2A@ + f)woy?
+(@®+ )@+ Byl

The term of largest order in this expansion is
(12.117) Ay,

The bounds on the remaining terms will follow similarly, so we look at
ft e—i(H—Qo)(t—s)—if;(A2+3d2+/§2)(s’)ds’Pc(Tg +eo)31//(3)ds
0
- TS—ZY ‘/(;te—i(H—Qo)(t—s)—iff(;l2+3d2+ﬁ2)(S’)ds’Pcwgds.
In particular, we will show there exists ¢ > 8, such that
(12.118) ”T% fote’“H’QO’(H)’ifst(A2*35‘2+52)(S')“/PcwgdsnLc;?X < gl+do,

From (12.53), we know
(12.119) 0=—-Qo+ A2 +3a2(0) + .

Hence, the leading order constant terms from the derivative are NfrD —Qg. We write

t ~ ~
7 fe—i(H—Qo)(r—s)—if;(A2+3a2+ﬁ2)(s’)ds’Pcwgds:
0

3y _ir_if L5 ; _inFDo irye_i i A FD
e iHt LG(t)f el9($)+lQoS iNg, sele iQos+iNg, spcwgdsz
0

- t -
ki efthfiB(t)f 10 +iQs—iNPs
0

d1l R .
Xd——.(H—Qo +NfrD)—lele—zQOSHNcFrDSPngdS’
S

where the resolvent (H — Qg + NfrD )~! is a well-defined operator in H 1 on Pcu/g, see
Appendix|12.13] Using the estimates from Appendix|12.13|and integration by parts, we
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have

t ~
efthfiH(t)f eiG(sHiQosfiNfrDseiHsfiﬂgeriNCF,DsPngds
0

3
< 17 |(H-Qo+ NEPY Py
, ' ,-
+T7Y e—the—tﬁ(t)(H_QO+N5D)_1Pcwg’
3 t [
+T7Y@(T)f0 le"™ (H - Qo+ N;2) ' Peyrgllods
. _
S TP IH-Qo+ NEPY Pyl

Y _iHr —if -
+72 e e 0O (H - Qg+ NP) ' Pyl n

3 ro
+120(1) f e S(H - Qo+ NEPY 1Pyl ds
0

3y 3y 3y
S 124712 4720(1)¢.

By selectingy > %, we ensur:e that all terms resulting from integration by parts are bounded
Ly

by 7!*% forall te I=1[0,7" 2 ~¢]. O
Using dispersive estimates, we have additional bounds for R given by the following
LEMMA 12.11.5. Given R defined as in (12.99), we have

~ ~3 3
IRl S AP
and
IR <IARII
ALY ~
for any Strichartz pair (p, q).

PROOE. To begin, we first note that by the L2 boundedness of wave operators dis-
cussed in Appendix|12.13} we need only consider

IKEDRIl 2,

where (x) = (1+ (x)%)!/2.
As in Lemma|l2.11.4} we look at the the worst term, namely

IA

. ~
KHRIgerz = 1 [ M09 R0 Peydsly

3y 3 3
= 12 |lyplipllls
3y 3

RS

where we have used the Strichartz estimate (13.43) with dual Strichartz norm L% (I; LY.
The Strichartz estimate follows similarly. (]

REMARK 12.11.6. Though such estimates do not arise in this work, let us also point
out the following simple estimate

t .
(12.120) KRy < T%fom,e"H”‘%z)ds

3 t 3
(12.121) < ﬁyf (t-s)"2ds<12 12,
0
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which is proved in [2] and may be applicable when trying to prove long or infinite time
results on similar problems to the one studied here.
Note, by standard Sobolev embeddings and the contraction assumption, we have

(12.122) IRl e, S T2,

Since we have proper bounds on R, we must now bound
t
Il = ||f0 MM (8)[Fpp(@ s +7) = Frp(64) — Do+ Fpp(@.)7

+Gpp (G +7; R, R)]ds| 1

and

! iH(t—s) iQo(t—5) i [L(A2+3@2+p?)(s)ds'
”w"L‘f’H}CﬂL‘;L‘f I A e e e’s

X

P [(Fp(@ s +1) = Fp(G+)) + Fr(G+,7; R, R) | ds| joo 1 2 1o
From Appendix|12.13} we have for any Strichartz pair (p, q) that

t
—
(12.123) I fo e IR o SIFE Oy,

where (p, ) is a dual Strichartz pair. In one dimension, it is useful to note we may take
p= % +p1 and G =1+ up for pj >0 small, j = 1,2. In other words, we can be as close to
the endpoint estimate of p = % and g =1 as we need to be.
By reducing the system and including the lowest order terms from the expansions
above, we can reduce to controlling a model problem of the form
N+ NP

t
fo IN - NP
A%(R, x) + A% (w, x) +2An(x, R) +n*(R, x)
An(w, y) +n*(w, Y)lds

g+-~-+Term

=
Il

1
2

+ +

Term717 +Term Tl]

’

where y € %, and

t - ~
w = feiH(tfs)eiQO(tfs)eifst(A2+3d2+ﬂ2)(s’)ds’
0

x  PABA w3 +2ARn+ Ay3Rn)
(A2 2w+ w? +2Anw + Ay, w)R + Ay, Ry w)
(A*y3R+ Ay, RYR)1ds

= Termi +Termy +---+ Term};.

+
+

For our model problem, we now take (n, w) € X, [[(n, w) || x < T%“sl . In addition, take
), w)) € X, @), wplx <7120 for j=1,2.

It follows
1

N+ NFD 2 [
) [ A odsii

IN - NED|

ITerm{ll = (

IA
=
™
™
N
™)
@
=

Y 1
TE+2§17€ < T§+51

IA
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provided we choose
-y
2.121) 61> T e
In addition, it is clear from the analysis there that
ri +01—€
IITerm Term e = T2 171 =mn2llre0.

Next, for Ter m;’ we get

| Term!| (N+NFD) ||f 3(s)dsl|
erm (o] = _— S S|l 70
2 LS |N—N5D| n L?
s 12z EIInIILoo
< T%+3§1 €

provided
(12.125) 261 >e.
Similarly, we have
I Term)' — Term}* e < 7207 gy =2l

For Ter mg, we have

N+NEP\Z et
m ||f AR, pydsll g
Ccr

Y 1Y
T§—§+y+1—§—§—e~_[y € <T2+61

I Term} |l e

IA

provided

1
12:126) y-eslig

Since Termg7 is independent of (1, w), it follows easily that
I Term Term:_}2 e =0,

meaning this term does not factor into the contraction.
The bound on Ter mZ is of the form

l
ITermylre = (UJ?TDJ ||f A, yyds)
< rffwllxllL%L}CIIWIngLgo
< TR wl e
< TV T wlpape < 7240
t

provided

7 2
02127 y>Tale

153
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m _ 2
ITerm," — Term,*| 1

For Ter mg, we have

n
I Ter mg| o

IA

IA

< T w) e
9 7
= 78 81 ”Wl_WZ”L‘%LC;CO-
1
(N+—W)left2/~\ (x, Rydsl
|N—N5D| A X, Sliree

Y

2727€ R
Il 1 Rl e

Y_ 1
T2l <7201, (> 2€),

which follows from previous constraints on y. Once again, we have as well

n n; Y_
ITermg' — Termg®lize = 727¢lm —n2ll e

For Ter mg, we have using Proposition|12.11.4

n
[ Ter mg|lre

IA

IA

N+ NEP
IN - N£P

b
) IIf0 N7 (R, x)dsll g

1 _ 1
7201 | oo < 72701,

which follows if §; > €. Furthermore,

I Termg1 - Termg2 Il o0

For Ter mg, we have
n
[ Ter my |
provided
12.128)
Furthermore,

5y
| Term! — TermP |0 < 1%
7 7 WLE

For Ter my, we have

I Ter mgll e

IA

IA

IA

IA

1
15—
< 127N = noll .
N+NFD 2 t
Ccr 1
—_— Ilf Anw, y)dsl| e
(|N—N5D|) 0 ' !
4
T Il zge Nl 4 o0
3_3e 1
8 —§—7+§1 §+51
T N e <7

3 6 8
Y>—-+-€—=01.

FD
( N+ N
IN = NP

5

3_3

€15
8747 |[(n — 2, w1 — wo) | x.

It ,
) 1w sl
0

3y _ 3¢

2
84
7l oo l Wl 2 70

l+51
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by previous constraints on y. Again, it follows that

m _ 72 < Li+d-3i06 _
[Termg —Termg li> =< 7 [l wgllL%Lio.

We now study the map on the dispersive part, w. For Term}’,using the Strichartz
estimates (I3.43), we have

w —
I Termy ||L<;°H;mL‘;L;°—

r. — 7 _ s rtea2 =2 R2\(d / ~
”fo QT H(E=5) fiQ0(t-5) i [} (A%+38%+ %) (s ds Pe3 A2y dsl oo i g oo

3
<7 Il s,

3¢ 1 3
<7757 4||n||Loosr2+‘51,(y>g),

by previous constraints on y. Hence,

3737

w w: <
| Term;" — Term;* I minrize < 78T T Iy =2l .
For Ter mY’, we have using bounds on R in H' (Lemma|12.11.5)

w —
I Termy llpeopinrtre =
b iH(=9) iQo(t—s) i [H(A2+3@%+p?)(s)ds' 1B
| 0 ¢ e Pc2ARndsll ;o pinree

Y ~
<T2|[RIl 1 g lInllzge

Ze 9 _7_7¢ 1
<7 T Iyl <70 T Il <7201,

which follows using y > I + Xe. Hence, it follows that

7_1Te

| Termy — Termy? || ;001 4700 < T RhE Im1 =12z
2 2 NIy = 1~ N2llree.
For Termj’, using Lemmal(12.11.5{once again we have

w —
I Termg” llpeopinrsre =
t - ~
iH(t-s) ,iQo(t—5) i [[(A2+3&%+B2)(sNdS' b 7.2
I fo e e ells p PeAYGRNAS | oo g1 10

L B2
=T2Rygll 1 linllzee

Ze 9y Ze 1
<7t TET T T Iyl < T8 T8 T Iyl <727

01
)

which follows easily from previous constraints on y. Hence, it follows directly that

7_Te

9y €
wi wy -
ITermy" — Termy*llpwopippage < T3 7874 I —nali.
For Ter m;’, we have

w —
I Term,” llpeopinrtre =

t ‘= .

iH(t—5) ,iQo(t—s) i [L(A2+3a%+B%)(shds' p 32,2

”f G H(=5) 4iQ0(t=9) i [ PSS b, Ry 0ds o g o
0

<t Jydw| o <t E gy <72

1)
3,11 b
3wk

(>§)
Y>3
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which follows from previous constraints on y. Furthermore,
5,.Y_ 3¢
w1 w» ste—7
Term,"' — Term, IIL?OH}QL%L? < 71878 4|w;— w2”L?°H}C'
For Ter m’S”, we have

w —
I Termg’ llpeominrtre =

t ~ ~
iH(t=5) ,iQ0(t—s) ,i [ (A2+3a%+F*)(shds' p . 3
”/ G H=9) i Q0(1=9) i [} PSS Do o g o
0

IA

1y 1
-5 —€+251 < 2 +51
T I w”L?H}C =T )
which follows easily by previous constraints on y. Moreover,

1-y
w w —+—€+20
||Term51—TermSZIIL?oH%nL%Lio < 172 1||wl—wzlch;oH}c.

For Ter m{’, we have
w —
I Termg’ llpeopinrsre =

t ~ ~
iH(t-s) JiQo(t—5) i [L(A2+3a2+p2)(s)ds' =
||f0 e e etls 2P Anwds|| poo 1y oo

Y_1_Y

€ 51—€
=72°272 ”T]”L‘f”w”Lf;oH}ST IIwIILgoH}C,
which follows easily from previous constraints on ;. Hence, it follows directly that
w w; 01—€
||Term6I—Termﬁzlcht,oH}mLiL;o <= ”wl_w2||L‘;°H;-

For Ter m;", we have from Lemma|12.11.5
w —
I Termz” llpeopinrtre =

t - ~
iH(t—s) iQo(t—s) i [[(A2+3@%*+F2)(s"ds' p 3 5
| et deitett-ell PeAGH )RSl o1ty

,,,,,, en A
=72 2 2 ”R”L?"H}C”w”L?"H}

i 7 1 7
<T® 874w ooy < 72101, (7> 5),
t

X

which follows from previous constraints on y. It follows directly that

wr _ w2 < 18787 14€ -
ITerm;” —Term, IIL?OH}ﬁLﬁLio =7 [l wr wzllL?oH}(.

The bounds for Termg" follows in a similar manner.
For Ter m{ and Ter m}}, we have

w —
I Termy ”L‘;OH;mL‘;Lgo—
t - ~
PH(t—5s) iQo(t—s) i [L(A2+3a2+B2)(shds' p 72.,2 5
||j; e e 0 e fs ﬁ PCA 'l//oRdS”Lt;oH}l(nlelLio

25 13, 7_1, lis
=tllyoRlpp <78 8750 < 7270
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and
w —
I Termyy lieominrtre =

t ~ ~
iH(t-5) ,iQo(t=5) ,i [[(A2+3&2+B?)(s)ds' p 7 S\ B
| [ ertudeineti-ge PeAGH RORAS| 1 iy

B B 2y+1-3y-3-3 lis
5TY||R||L}H)1(||R||L;?ISTY 877871 < 72701,

Both of these terms are independent of (1, w), meaning the contraction mapping fol-
lows easily.
Hence, choosing y, §;, and € such that the constraints (12.124), (I12.125), (12.126),
(12.127), are satisfied, the contraction argument follows and the result holds.
Once we have solved for (G, R), it is clear that the resulting function 8 € C(I) by
construction. (]

12.12. Poincaré Continuation and Control of the Period for the Reduced System of
ODE’s

In this Appendix, we construct periodic solutions, as (Poincaré) continuations of
the elliptic equilibrium states. The argument (see [?], Chapter 14) is based on the im-
plicit function theorem. Consequences of this analysis are leading order approxima-
tions of periodic solutions and their associated periods as stated in Proposition[12.9.5
Recall the reduced system of ODE’s for a, § in the alternative coordinates:

L ey A B

We will work in the case N > N.P, as the result for N < N%P follows from similar analy-
sis. Hence, we have an equilibrium solution given by

N-NEP
a, == TN’ ,B* =0.

We first center our calculation about the equilibrium state. Let € be a parameter, to
be chosen small, which sets the scale of the neighborhood about the equilibrium and
define:

a=a.+eh,f=chy

(In this section, ¢ is completely unrelated to the small ¢ parameter in Theorem([3]) Then,
we have

_ \FD
o ) = pr@asa( B e T o e |

hy 2 —(6h% —2h3)
> 2h%hy
| U} =mh3) )’

h N - NED
(12.129) (0, —Df(ax,px)) ( h; ) =¢\/ TUNZ(}H, h) +€° N3 (hy, hp),



s-def

Hexpand
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where
. ~ 0 1)(4WN-NEP) 0
Df(ax,Bs) = JD*H(ax, Bs) = ( 1 0 ) ( 0 N+ NEP
~ 0 N+ NEP
| —4W-NEP) 0 '

with eigenvalues +2i (N2 — (NEP)2)z.

Therefore, at leading order in €, solutions have period

(12.130) Tt d

. o=—"—"—.
IN2 - (NEPy2|2

Since (12.129) is nonlinear and autonomous, the period will vary with amplitude.
We make the unknown period explicit by introducing a new independent variable via:
and seek a solution of (12.129) in the form:

Hy(s) ) :( hi (1) )
H;(s) ha (1)

H(s+1) = H(s),

H(s) = (

corresponding to a solution which is T'(¢)— periodic in .
We motivate our rigorous construction of periodic solutions by making a formal
expansion of the solution and period in powers of the small parameter, ¢:

(12.132) Hi=H" +eH" +H? +...
Hy=HY +eH" +?HP +....
(12.133) T(e) = To(l+ep +€2up +...)
Here, Tj is the leading order approximation to the period, given in (12.130), and H](.k) Vs

j=1,k=0 are to be determined.
The system for H(s) = H(s;¢) is then

- - N-NEP . P
(12.134) 0sH = T(e)Df (@, ) H + T()e\| ————No(F) + T()e” N (F).

Substitution of the expansions (12.132) and (12.133) into (12.134) yields the hierar-
chy of equations:

€%: (35— ToDf(as,B) ) HO = o,
e': (05— ToDf(as,B) ) HY = ToywmDf(a.,p) HO + NV
e*: (05— ToDf(@s, ) )H? = ToueDf(as, ) H® + N®
e™: (05— ToDf(ax,B:) ) H™ = ToumDf(as,f)H® + N™ m=3,

where N™ = N(m)(FI(j),,uj; 0<sj<sm-1).



solvability

nondegen

12.12. POINCARE CONTINUATION AND CONTROL OF THE PERIOD FOR THE REDUCED SYSTEM OF ODE’S 159

We now discuss the solution of the above hierarchy. Beginning with the equation
for H?, we determine the kernel of d; — ToD f (., B+). In particular,

r 1 1 i [N+NEP
Bs 0 2 4\ N-NEP
e = o N-NEP N-NED eis . [N+NFD
| N+NIP N+NZID A A
N+NE
~ cos(1) 1 N+NFD sin(f)
B N-NEP .
-2 NTNiD sin(1) cos(1)
and therefore
Ker((@s — TyDf (@, B.))) = span {£(s),0,£(5)},
where
R cos(s)
(12.135) &(s) = o | N=NEP
- N+NFD sin(s)

We take HO (s) = &(s).
We now turn to the equation for H. In general, the equation

@s— ToDf(ae, BNHAY = F, Fs+1) = f(s)

is solvable if and only if

1
(12.136) f y7(s) f(s) ds=0forall y e Ker(d,+ ToDf(as, )7 ).
0

Due to the Hamiltonian structure, D f(a.,B«) =
given by

JD?H(a., B.), the adjoint kernel is

Ker((0; - ToDf (@, f.))") = span {JE(0), Jo, (01},

It is elementary to check however that if H? (s) is chosen as above, and therefore

H {0) (s) | _ [ even(s)
HP%s )~ | odd(s) )’
then the right hand sides of each equation in the hierarchy for H"” (s) satisfies
N™(s) | _ ( odd(s)
N™(s) ] ~ \ even(s)

It follows, on symmetry grounds, that the full right hand side of each equation is orthog-
onal to the second adjoint vector, J0,¢(s). Orthogonality to J¢(s) in implies

To (JE JD*H(a, B)E 20,1}y tm + JENU™
This determines p,, uniquely, provided the following non-degeneracy condition holds:
(12.137) JE, ID*H(as, B)E 1201y #0

To verify this, we use T J = —1I to simplify (I2.137), and we obtain for the case under

consideration, N > NfrD , that

(J&, JD*H(a., B)E) 20,1 = 4N — NLP) #0.

212(10,1)) = 0-

(12.138)
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The calculation implies

_1 1
u1 ~ 712 and therefore ey ~72 <« 1

The above formal expansion is made rigorous via the implicit function theorem.
Define
F(H,6T;¢) = (F, o) (Hy, H, 6 T;€) = 0,
6T =T(e) - Tp.

where

Fi(H,8T;e) = H - ToDf (@, f) H—STDf(ats, B) H

N-NID .
+(Top+6T)e T”NZ(H) +(To+8T)e* Ns(H)

F>(H,6T;€) =8TJE, JD*H(ax, B)E 120,1))

N-NiP .
TNZ(HHeNs(H)

Hence, F: Cl,,, (SN xC} , (SH)xR— C, (") xCL,,, (S") xR, where C¥(S") is the space
of k times differentiable functions of period 1. Note that (H,6T) = (&,0) is a solution
for € = 0. To apply the Implicit Function Theorem to conclude the existence of a so-
lution € — (H(e),8T(¢)) for € sufficiently small, we need to check that the Jacobian,
dﬁ,aTF(IjIO,O;O) is an isomorphism between Cgm(sl) X C(l)dd(Sl) x R and ngd(Sl) X
C;ven (Sl) xR.

Hence, we derive

1 -
—e(To+6T)f -Jé(s)ds
0

@dF)o = dgspF(Hy,0;0)
_ [ 0—ToDf(aw,p)  —Df(a.,p:)Ho
0 Js, ]DZH(CZ*,,B*)f)LZ([o,l])

We claim that since, by (12.138), JE&, ]DZH(a*,,B*)E)Lz([O,m # 0, (dF)g is invert-
ible. To see this, consider the equation (dF)o(Y,p)” = (Z,7)T € C°(S) x R. Solvabil-
ity of the second equation requires (]3 , ]DZH(a*,,B*)E)Lz([O,m # 0. Furthermore, this
non-degeneracy condition ensures that § T can be chosen so that the first equation is
solvable for Y € Cj,,,,(S") x C} , ,(S"). This completes the proof.

even

12.13. Dispersive Estimates

sec:est

In this Appendix, we follow closely the work [Wed99] on wave operators for Schrédigner
operators defined on R. For proofs and further exposition see [Wed99] and the refer-
ences contained within. First of all, let us define Hy = —A and H = —A + V with the
constraints on V to be discussed in the sequel.

The wave operators, W, are defined by
(12.139) W, = lim /e,

- t—oo

Similarly, their adjoints are defined by

(12.140) wi = lim eltHop=itHp
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where P, is the projection onto the continuous spectrum of H. The notion of wave
operators is intimately related to the idea of distorted Fourier bases, which are discussed
in detail in [Agm75a], [Hor05], [RS78b]. In one dimension, this is directly related to the
Jost solutions. These objects are studied in general in [RS78b] and generalized to even
a certain class of non-self-adjoint operators in [KS06a].

We define a space L)I, the space of all complex-valued measurable functions ¢ de-
fined on R such that

(12.141) ||¢||L$ =f|¢(x)|(1 +|x))7dx < oo.

Also, take the space WP to be the standard Sobolev space defined by having k deriva-
tives bounded in the L” norm. Then, we have the following

THEOREM 4 (Weder). Suppose thatV € L%, fory > g and that for some k = 1,2,...,
v e Ll for1=0,1,2,...,k—1. Then Wy and W; originally defined on Wy, N L%, 1 <

p < oo, have extensions to bounded operators on Wi, ,, 1 < p < co. Moreover, there are
constants Cy, such that:

(12.142) IWs fllwip < Cpll fllywrps ITWZE fllyip < Cpll fllyrp,
where fe WP A 12,1 < p<oo.

Note, there are specific requirements on the potential V which allow Theorem[4]to
be extended to the cases p = 1 and p = co, however we will not discuss them here. Also,
the theorem holds for V € le, with y > % provided H has no resonance at the endpoint

of the continuous spectrum.
An important property of wave operators is that for any Borel function f, we have

(12.143) FUHDP, = WL f(Ho) W, f(Hy) = W, f(H)PWy.
Hence, we have
(12.144) e Pefliy = Wee oW fil1p

and using standard dispersive estimates for the linear Schrodinger operator (see for in-
stance [SS99] for a concise overview) arrive at

iHt -(3-%)
(12.145) e Pefllr < Cpt "2 Pl fllyykcp-
Define a Strichartz pair (g, r) to be admissible if
2 1 1
(12.146) - _Z
q 2 r

with 2 < r < oo. Then, we arrive at the celebrated Strichartz estimates

(12.147) le'™ Peugll yyir < lluollyy

and, using duality techniques and once again the boundedness of the wave operators,
we have

t .
(12.148) ||f0 e 9P, £ds| quer SIFG DI

where (g, r) and (g, 7) satisfy (12.146).
As aside note, using positive commutators and well crafted local smoothing spaces,
from [2], we have the full Strichartz estimate

Al =l
q ki
L) Wy

t .
(12.149) ||j; eM=Ip, fds|| o2 S, Ol
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where (p, q) is any allowable pair as in (12.146). Now, implementing the boundedness
of wave operators on W*? spaces from [Wed99], we have the following useful relation

o
(12.150) I f e =P fds| oo SIF(x, Ol
O t X

where again (p, §) is a Strichartz pair as in without first going through the dis-
persive estimates.

Note, as mentioned in the introduction the discussion above may be extended to
the case of V having delta function type singularities using formalism discussed in [?].

12.14. Exercises

12.14.1. Commutator / Resolvent type bounds. In [DW11], where homogeniza-
tion of high contrast oscillatory structures with defects is studied, bounds on (Hy +
1)‘1(H£7'J~, + 1) are required to estimate a Lipmann Schwinger equation. We have, by
our main theorem that

(Ho+1)~'(Hgy+1)Pc = (Ho+ 1) Wi (Ho + VW, : L* — L.

12.14.2. Dispersive and Strichartz estimates in H' for 5-Schrédinger. We may
represent

itk?

. 1 0 - -
”ZbgHHPCf:EffO e’Tk(e+(x,k) e (6, k) + e (x, k) e,(x,k))f(y)dkdy.

From here, we may use direct computations to arrive at Strichartz estimates and apply
Weder's results on wave operators since the potentials are all in L' with compact sup-
port.

Using the properties of wave operators, we have

(12.152) e A Peflire = IWe e oW, flipp

and using standard dispersive estimates for the linear Schrodinger operator (see for in-
stance [SS99] for a concise overview) arrive at

iHt -(3-3)

(12.153) e PefliLr <Cpt "2 77Nl fllyrp-
Define a Strichartz pair (g, r) to be admissible if

2 1 1
(12.154) —=__

qg 2 r
with 2 < r < oco. Then, we arrive at the celebrated Strichartz estimates
(12.155) e Peugll payrr < Nl
and

t .
(12.156) fo eH=S)p

using duality techniques and once again the boundedness of the wave operators.
As aside note, using positive commutators and well crafted local smoothing spaces,
from [MMTO08] we have the Strichartz estimate

r.
f ezH(t—s)pCf
0

SOl a0
qul,rN f Lth,r

(12.157)

<|If,Ol.p.4.
LooLZN”f( )”L’;Lj
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Now, by boundedness of wave operators on W7 spaces for singular potentials as proved
in Theorem we have the following useful relation

r.
f etH(t—s)Pcf
0 L[°H!

where (P, §) is a dual Strichartz pair without first going through the dispersive estimates.

12.158 SUF O 5,04
( ) SIFGE DN py 1

12.14.3. Local Well-Posedness in H'! for 5-NLS. Consider the nonlinear Schrodinger
/ Gross-Pitaevskii, with a potential consisting of a finite set of Dirac delta functions:

i0;u+ Hg yu— [ul®°u=0,
u(x,0) = up(x) € H',
for 0 < 0 < co. We seek a solution in the following sense:
u=Alul,

where

. ro.
(12.159) A[u](t)ze_’HWtuo—if e Har=IuP7 y(s)ds.
0

We claim that local well-posedness can be established via the contraction mapping
principle in the space C°([0, T); H!(R)) for T sufficiently small. To prove the neces-
sary boundedness and contraction estimates, it is natural to apply the operator (I +

H,w)%PC, which commutes with the group e a3t to (12.159). Then, estimates follow
in a straightforward way, using that H'(R) is an algebra, provided the space

(12.160) AR ={f: U+ Hyp)2 Pof e PR}
is equivalent to the classical Sobolev space H'. This follows from the relations
(I+H)2P,=W(I-2)IW*, W*(I+H)2W = (I-02)2

and our results on the boundedness of wave operators associated with Hy 5 on H'.

sec:dwp
12.14.4. Long time dynamics for NLS with a double § well potential. In [MW10],

the long time dynamics of solutions to the nonlinear Schrodinger / Gross-Pitaevskii
equation

eqn:nlsdwp-gK| (12.161) i0iu=(-A+Vx)u + gK[IuIZ] u,

where V is a symmetric, double well potential, are studied. In particular, under ap-
propriate spectral assumptions on the operator H = —92 + V(x), in a neighborhood of
a symmetry breaking bifurcation point, there are different classes of oscillating solu-
tions which shadow periodic orbits of a finite dimensional reduction on very
long, but finite, time scales. These solutions correspond to states with mass concentra-
tions oscillating between the two wells of a symmetric potential well. The proof requires
dispersive / Strichartz type estimates. The results of this paper imply that the results
of [MW10)] extend to for the case of singular potentials, such as

V(x)=-qlo(x—L)+6(x+L)].






CHAPTER 13

Non-self-adjoint Operators

In this chapter, we analytically and numerically describe the spectrum on a lin-
earized Hamiltonian resulting from a saturated NLS equation. It will become clear that
while much is still unknown about the spectrum, in general, one can see that they are
in fact admissible as defined below.

13.1. Spectral Properties of the Linearized Hamiltonian

To begin, let us write down the form of the linearized equation. First of all, let us
assume we are looking for a solution ¥ = e!* (R, + ¢(x, 1)). For simplicity, set R = R).
Inserting this into the equation we know that since ¢ is a soliton solution we have

(13.1) i) +Ap) = —BR*)P-2B(R)R*Re(¢h) + O(?),

by splitting ¢ up into its real and imaginary parts, then doing a Taylor Expansion. Hence,
ifp=u+iv, weget

u u
(13.2) at( v)—Jf( 1/)’
where
0 L_
(13.3) Jf—( L, 0 ),
where

L_=-A+A-p(Ry)
and
Li=-A+A-B(Ry) -2 (R}R;.
There are many things we can immediately say about L_, L, and #. For areference

on the spectral theory involved, see Hislop-Sigal [HS96] or Reed-Simon [RS78b]. First

of all, both L_ and L, are self-adjoint operators. Also, L_ is a non-negative definite

operator and its null space is span{R}. Note also that the functions g—g forj=1,2,..,n

are in the null space of L. By comparison with the operator A + 1 and using the fact
that R decays exponentially, we see that the essential spectrum of # is the set (—oo, 1]U
[A,00) from Weyl’s Theorem, see for instance |[RS78b]. Finally, using the fact that L_ is
non-negative definite and looking at eigenvalues .#2, we see

(13.4) L_Liu=v*u.
However, this can be rewritten as
1 1
Tg=L2L.L2g=v*g
1
for g = L2 u. Since the operator T is self-adjoint, we must have v e RU iR.

165
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We formalize this heuristic discussion with the following theorem from [ES06]. Be-
fore we begin, note that we also have

—A+ 22 0

- -
Vs Vi ’

when we act on u and 2 instead of u; and u, where u = u; +iu,.

Theorem 13.1 (Erdogan-Schlag)

Assume there are no embedded eigenvalues in the continuous spectrum of spec(F). The
essential spectrum of /€ equals (—oo, —22) U [A2%,00). Moreover, spec(A) = —spec(SE =
spec(H) = spec(H*) and spec(H) < RUiIR. The discrete spectrum consists of eigenvalues
{Zj};\]:p 0 = N < oo, of finite multiplicity. For each z; # 0, the algebraic and geometric
multiplicities coincide and Ran(/€ — z;) is closed. The zero eigenvalue has finite multi-
plicity.

PROOE. Using standard techniques, 7 is closed on W%? x W2, Since 7 = 7,
we have spec#p < R. For Re(z) # 0, we have

o (H - 25! 0
(13.5) (S —2) = (F + 2) 0 (Hoz—zz)‘l
(Hz-z9)71 0
(136) - [ 0 (Hg_zz)_l (s]f()"l'z),
and
B.&-27" = (H-2 'I-UI-UJ(H—-2) ' D U ) (-2 U,
where
]:[ 0. i ],Ul: |V1|% Ol ,Ug: |V1|%Sl.gl’l(V1) 1 0 .
-0 0 |2 0 |Val2 sign(Va)

and W, = Vi—V, and W, = V; + V5. From (I3.5), we see that 0 o554 = (—00, —A2]U[A?, 00)
since the resolvent can be written in terms of (Hg —z%). Then, using Weyl’s Theorem
from [RS78b], since we have sufficient decay on V; and V», A is relatively compact to
FEp, SO O o55(HC) = 0 o55H#p. By analytic Fredholm theory, we have that (# —2z)~lismero-
morphic on C\ (—oo,—A%] U [A?,00). Further, the poles of the resolvent are eigenvalues
of finite multiplicity and Ran(# — z;) is closed at each pole z;.

For the matrices

[0 1 o i 1 o0

D=1y 0% =i 07770 -1

we have ¢ ;0 ; = A and a? = I for j = 1,2,3. Hence, the symmetries of the spectrum
arise naturally by looking at

’

oo ju=U.
Let us now look at #u = Eu for E # 0. This gives that u;, up # 0 and u; L Ker(L-).
Hence, for g = Lz up, we get

1 1
L:L,L2g=Eg.

1 1
CLAM 13.1.1. The operator LZL, L% : HARY) — HARY) is self-adjoint.
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1 1
PROOF. Suppose that (L2L. L2 f,g) = (f,h) forall f e H* and fixed g he I2. Let
1
f €XKer(L-), then we have h e {Ker(L_)}1). Applying the Fredholm alternative to L%, we
1 1

have h = L2 h; for some h; € D(L2) = H!. Since h, is defined only modulo Ker(L_), we
have

11 1 1
(LZLy L2 f,g) = (f, L2 (M + cp)) = (L2 f, hy + cb)
1
forany ce Cand all f € H*. Set f; = L2 f, then

1
(LEL, f1,8) = (fi, ln +c¢).

Note that we have f; € H® and fj L ¢. In order to remove the latter restriction, take ¢ to
be such that

1
(LEL+¢p, &) = (¢, Iy + cop),
then

1
(LZLy ¢, 8) = (f1 + A, hy + c).

Taking now hy = h; + c¢p, we have

1
(LEL+ f1,8) = (fi, ho)
forall f € H3. Since this now implies that /; L Ker(L,), wehave h; = L (hy +Z?=1 cjdj),

hy € H3. Once again, choose the c;’s such that
1 d d d
LELrfi+ Y Ajd), &) =(Lifi+ Y Ajpj ha+c ) cjdj)
j=1 j=1 j=1
for all A;. Finally, we have

1
(L2 f>,8) = (fo, ho)
1
forall f; € H! where h = L%L+ hy, ho € H3. Since L_ is self-adjoint, hy = L2g. Hence,
1 1
geH'and h=L2L,12. O

Let us discuss the generalized null space of a Hamiltonian resulting from linearizing
about a minimal mass soliton. From the discussion of the spectrhm of .2, we know that

the vectors
0 R i
R || 0|

forall j=1,...,d are contained in Ker (/). Now, as Q(R)) is differentiable with respect
to A, we have by a simple calculation that L, 8 R = —R and L_(x¢) = —2VR. Hence, the

vectors
0 (0AR) 2,
ij ’ 0

in the generalized null space of order 2. Notice that so far we have constructed at 2d +2
dimensional null space. Since we know the null spaces of L_ and L. exactly, these are
unique. For the higher dimensional null spaces, we would have solutions of form

(13.8) LL.Lv = 0
(13.9) L+L_L+u = 0.
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From Equation (13.9), we would have L_L,u=a-VR or Lyu = Ca- xR, where a € R4,
C € R. Hence, we use an orthogonality argument by taking the inner product of (13.9)
with u. Namely, we have

(u,0) =0,
but
(a-VR,Ca-xR) #0.

For simplicity, let us say that the minimal mass occurs at 1 and say R; = R. Since
we are at a minimal mass soliton, we have the chance to actually solve Equation (I3.8)
since

(02Q)(Ao) =0,
or
(0AR,R) =0.
Hence, if we look at the equation
L_a=(0,¢),

there exists a solution a. Note that we can choose « to be spherically symmetric. To
move one step higher, we have the equations

(13.10) L.L_ L,L.v = 0
(13.11) L. LiL_ Lyu = 0.
Now, for Equation (I3.10), we would have
L. LiL_v=a-V¢.
Then, we would have
L.L_v=a-xR.
Hence, no such solution can exist by orthogonality. For Equation (I3.11), we have
Liu=a.

Since the kernel of L. consists only of non-sperically symmetric functions, again there
exists a B such that L. = a. Using a comparable technique, it is easy to see that the
generalized null space ends at dimension 4.

As a result, we have the following theorem

Theorem 13.2
There exists a 2d + 4 dimensional null space for /€ consisting of the span of the vectors

0 R; 0 01R)1, 0 B
R |’ )

0 XjR 0 a 0
The generalized null space of the adjoint can be found by reversing the location of
the non-zero elements in the above vectors.
Suppose that there exists a generalized eigenspace for the eigenvalue E # 0. Then,
there exists y # 0 and ¢ # 0 such that (# — E)y = y and (# — E)x = 0. Then, note that

(H?-E> 2w = (A+E)y=2Ey,
H*-EHy = o.

) ) ’ )
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Hence, 7 has a generalized eigenspace at E2. As a result, we see that T =L, L_hasa
generalized eigenspace at E2. Let Ty = E?y and (T — E*)y = cy, for some ¢ # 0. Hence,

1 1 1
(LEL,L%:-EYL iy,

CX1,
1 1 1 1
(L2L L2 —-E*?Liyy = cLi(LiL--E*)y =0,

where given Py, = I — Pg, we have y; = Py # 0 since Ty = E?yand y, = Py # 0 since
1 1

(T — E?)y = cy. However, this means that the self-adjoint operator L2 L, L2 has a gen-
eralized eigenvalue, which is impossible by an orthogonality argument.

Since we have assumed there are no eigenvalues at the endpoints of the continu-
ous spectrum, there can be no accumulation and the number of discrete eigenvalues is
finite. (]

13.2. Large Eigenvalues

We seek to prove the absence of large L? eigenvalues imbedded in the continuous
spectrum for Hamiltonian operators that result from linearizing a Nonlinear Schrodinger
Equation about a soliton, ¢. The operator is a non-selfadjoint matrix operator whose
entries are second order differential operators. For simplicity, we look at the fourth order
equation comes from squaring the operator. Therefore, we look for eigenvalues u € L?
of the differential operator:

(13.12) L Liu=p'u,

where

L.=-A+1-f(x)
and

Li=-A+1-g).

where p is in the continuous spectrum for L_ L, or u € (A%,00). The dispersive estimates
that result from the matrix operator depend heavily on resolvent estimates which heav-
ily rely on spectral properties. Hence, it is necessary to fully understand the spectral
properties of such an operator in order to determine linear stability for solutions to the
original NLS equation. From the properties of the soliton and the nonlinearity, we have
that any solution to Equation is locally smooth by using an iteration argument.
Asymptotic analysis gives exponential decay as has been discussed above in Chapter
(REFERENCE). As a result, we have that an analysis of the possible range of frequencies
limits us to smooth solutions that are bounded in frequency by p or

(13.13) IVl 2 < llull .

See [Tat00], [Ste93a] for references on microlocal analysis. Hence, we have the following
theorem:

Theorem 13.3
There exists a o > A such that for all u = py, the eigenvalue equation (13.12) has only the
trivial zero solution in L.

PROOF. Define the standard Mourre commutator to be:

M=x-V+V-x.
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From the equation itself and the fact that M is skew-adjoint and L_, L. are self-adjoint,
we have the following two identities:
(IML_L;y - LiL_Mlu,u)=0,
(L-Ly - p*u,uy=0,
where (-,-) is the standard L? inner product.
By combining these two equations and using the frequency bound in (13.13), we
see that for u large enough, L? solutions are not possible. We have:
(A2 =200 + A+ [fWA-A(f+2)+ A —uh)+ fo)u,uy =0, (x)
ML Ly - L{LM=[M,L]Ly+L_[M,Ly]+[L_,L{]M,
[M,-A] = 4A, [M,fl=2x-Vf.
Hence,
(-8A% + BA2A—4(f+@A+2(x-Vf+x-VgA
2A%(x-Vf+x-Vg) +2(x-V)g+2(x-Vg) f (x%)
- [(f-@A-A(f-Qlld+2x-V)u,u) =0.
Note that the last term is a product of skew-adjoint operators and hence, they com-
mute in the current setting. Therefore, by looking at 4() + (**) and using the fact
that |Vull2 < uz llull ;2 from the frequency bound dictated by the operator, we have for
1> o anegative definite system and hence no eigenvalues. Note that by this estimate

and standard Sobolev embeddings, we have u € H k for any k and hence, u is smooth.
The system we deal with is:

f[—4(Au)2 — AN (frgut -4t - AP + (Afg 2202 (x-Vf+x-Vg)
+ 2(x-V)g+2(x-V@)f+Ax-Vf+x-Vg)—x-V(Af -Ag)
- d(Af—Ag)]u2+[4(x-Vu)(V(f—g)-Vu)
- 2(x-Vf+x-Vg)Vu-Vu] dx=0.

Hence,
f(—4(Au)2 — AVP(f+@uP)dx -4t = AN ull?, + I Fll e ul3,
+ (2||x'vf+x'vg||L°°+Cdnjl‘%xuaj(f—g)xk”)uvuniz
< f(—4(Au)2—412(f+g)u2)dx—4(u4—/14—C1—Czuz)llulliz,
where
F = 4fg-2A%(x-Vf+x-Vg) +2(x-Vf)g

+

2(x-Vg)f+Ax-Vf+x-Vg)
- x-VAf-Ag)-d(Af-Ag),
and C; = C;(f,g,A, d) for j =1,2. Hence, for u large, we have that:
f(—4(Au)2 — 4N (f+ @u? - C3(u A, f, @ u?) dx <0,

for C3 > 0 and u a smooth function, hence u = 0.
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13.3. Spherical Harmonics

Since our potential functions are radially symmetric, we expand our solution into a
sum of radially symmetric functions multiplied by eigenfunctions on the (d —1)-sphere.
Note, this method only applies for dimension d = 2. Using separation of variables, we
have that the spherical harmonic eigenfunctions have the form

Y ur(Ner©),
k
where

Aspr©) = (K + (d - 1)d)p (6).

See [Tay97b] for a description of the eigenspaces of the spherical Laplacian, Ag. Then,
we have the following ODE eigenvalue problem:

92 d-190 o ,
(13.14) il - EJFWM —f(]x
(02 d-10 o
or r or

(13.15)

u(r)=0,

where a® = k* + (d—1)d for k=0,1,2,....
From this framework, we have following theorem:

Theorem 13.4

There exists some a > 0 such that for all « = ay, the eigenvalue equation (13.14) has only
the trivial zero solution in L2.

PROOE. So, for the radial inner product defined by:

(u,v), :fuvrdfldr,

we define the operators:

0 0
A = l—d_(d—l_),
r ’ Grr or
p, = d+2ri

or’
Using the same commutator approach from Section we have:

4 2 2
WA, = S =2rf =D+ 5+ A2 g()]

2 4q?
+ [—Ar+%+7Lz—f(r)][4Ar—%—ng'(r)]

0
+ [(f_g)Ar_Ar(f_g)][d‘*'zra]u»u)r=0-
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Thus, we have

a? ) 8a?  81%a?
16Ar(—2u)+8it Aru—4(f+g)Aru——4u—
r r

(-8(A)%u

+

u
r2

4052 / / az ! /
+ 7(f+g)u+2(rf (r+rg (r))Aru—ZT(f (rN+gmMu
— 222r(f'+ g Mu+2rf (Ngnu+2rf(rg (nu
0
+ (d+2r5)((f—g)Ar -Ar(f—8)u,u), =0.

This implies:

2 4 2 2
f[—8(ArLL)2 _ (16a_2+8/12)(ur)2_(8i4+&l_za)]uzrd_ldr
r r ;
+ f[4(f+g)+2rfr—6rgr](ur)2rd—1dr
4a? 2 dd-1)+2a>
+ [i(f+g)—(d—4)“__Mfr
r2 4 .

(d-1)(d-2)-2a?

(8gr)—(d-2)frr+3dgrr +2rgr,r
+ 2r(g f+fgr) -2A%r(fr + glurildr <o.

Note that we have integrated by parts several times above. To justify this, # must
be 0 at r = 0 to sufficiently high order to compensate for the singular terms. However,
spherical harmonics result from eigenvalues of the spherical Laplacian. These take the
values

vi=k*+(d-2)k,

and for each k, the eigenfunctions (and hence the spherical harmonics) are traces of
harmonic polynomials of degree k. Hence, in order to give a smooth solution as guar-
anteed above, u; must be 0 of order k at the origin. Hence, for k = max0,5—d, the
behavior of u is sufficient to allow the above calculations to be rigorous. Since all of the
eigenvalues are non-negative, we have used the notation a? for simplicity and will con-
tinue to do so. For a brief note, see [Tay97b] for a discussion of spherical harmonics.
See [Tay97b], Chapter 8 for a detailed description of eigenfunctions for the Laplacian
on the sphere.

REMARK 13.3.1. Note that in the Section 1, we had to take advantage both of the
frequency bounds on the solution as well as the operator equation itself in order to take
advantage of the large negative parameter. However, due to the nature of the operator,
the large negative parameter appeared in the commutator and all other terms could be
viewed as lower order. Regularity is not an issue in the above analysis by an argument
involving resolvents which is a variant of that for standard Schrédinger operators.

In the commutator expression, the parameter that must dominate is a*. Since f, g
are smooth, exponentially decaying functions by assumption, all functions involving f,
g and derivatives thereof are nicely bounded at 0 and exponentially decaying. Hence,
for 0 < r <1, all of the functions above are easily controlled by ‘:—: for a large. Similarly,
for r > R, R large, the exponential decay of f, g and their derivatives imply that any
function above is dominated again on this region by ‘:—: for a large. In the intermedi-
ate region, again using the smoothness of the potential functions, we can find a* large
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enough to bound the lower order terms. In order to determine « exactly, a careful anal-
ysis must be done involving all of the potential functions, but there is certainly an ay
such that for all @ = ay, the operator when conjugated by the radial Mourre operator
gives a negative definite system. (]

REMARK 13.3.2. Ideally, the potentials will be non-trivial only on a very small region,
then the R and hence the a can be taken fairly small in all regions. There will definitely
balancing that must be done in each special case. Hence, any embedded eigenvalue can
be expressed purely as a finite sum of spherical harmonics with radial coefficients. Com-
bining this with the result in Section[13.2 gives a limited number of calculations to do in
order to determine whether or not an operator has embedded eigenvalues.

13.4. Absence of Embedded Resonances

This result is developed in the earlier work of Erdogan-Schlag [ES06] and Agmon
[Agm75b]. We present the argument here for the sake of completeness. Let

H()Z—A-I-A,
[ Hy o
']50‘[ 0 —H ]
and
I S )
v_[ SO ]

Also, define the space
Xp = L% x [*9,
where
L*7 = {f||x|° f e L*}.

Theorem 13.5
Let Vi, V> have sufficient decay atoo. Then for any u such that|u| > A2, (SH—(ut i) 1v:
X 1= X 1 is a compact operator, and

I+(H— (uxi0)~ v

is invertible on these spaces.

PROOE The compactness follows from an argument similar to the one below for
the square of #. We refer the reader to this proof for the main idea. From Fredholm
theory, we see that we must exclude solutions ¥ = (y1,v¥2) € X_ 1 such that

I+ (A — (u+i0) V¥ =0,
of from standard results about the spectral theory of Schrodinger equations
(13.16) 0 = (/8] —Ro(,u—ﬂ-i- lO)(Vﬂ/Jl + Vg’(ﬂg)
(13.17) 0 Wo— Ro(—p—A)(Vay1 + V1),

where Ry(z) = (-A—z) ™! is the standard resolvent from the linear Schrodinger operator.
Using the decay of V;, j = 1,2 and the fact thatRy(—u— A) : L> — L2, we see immediately
that y, € L2
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By taking the inner products of with
Viyy + Voo, Vo, and Viyo,
then combining necessary terms, we see
Im(Ry(u—A+i0) Vi, + Voo, Viy, + Vo) =0.
LEMMA 13.4.1 (Agmon). Let A >0 and f sufficiently regular. Then,

IM(Ry(A+i0)f, f) = + Iz )& da,

/2
2V Jig=va
wheret f denotes the trace of f on the sphere|&| = vV/A.

This is similar to a restriction theorem from harmonic analysis. The proof follows

from a calculation using the the specific structure of Ry. This allows us to use the fol-
lowing bootstrapping theorem, also proved in Agmon [Agm75b].

Theorem 13.6 (Agmon)
Letf e Hs([Rd)forsomes > % Suppose that f (x) = 0 for all x such that | x| = k in the trace
sense,andlet K1 <k<K,K>1. For any multi-index a with0 < |a| <2, set

X f(x)
Va(x) = |x|2 2

Then, v, € H¥N L}OC and
lvallgs-1 < Cll fll ps.
From the Agmon bootstrapping theorem we have /1 € L2, hence y; € L2. Thus, any

imbedded resonance is actually an embedded eigenvalue, which we have ruled out by

assumption.
]

13.5. Distorted Fourier Basis

Note that in the sequel, we take the convention that the soliton parameter is 12
instead of A. This serves to remind the reader of the positivity of this parameter. The
convention of A slightly simplifies the variational formulation, but has no impact on the
linear analysis presented in this Chapter.

We seek to understand the functions in the continuous spectrum of /# by decom-
posing them using a Distorted Fourier Basis given by

(13.18) (“A+ A% = V) (=A+A* = Va)ug, = (A% +1Eo1H) P ue,,
where ug, = e*0 + g, and g, is yet to be determined.
From (13.18),
[(A+ A2 = (A2 +1E0lDue, = A+ A Vaug, + Vi(=A+ A% = Vo) ug, .
Hence,
(3N +A%)? = (A* +1601%18r, = Flx80) + (—A+A*)Vage, + Vi(-A+A* - Vo) gy,
(13.20) = F;(0e™0+V(x,D)gs,,

where Fg, (x) is a Schwartz function. Then, taking the Fourier Transform, we have

[EP +A%)% = (&0 + A%)?1 e, = F(EE0) + (Vg 82 (),
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where
V@) = AP(Va+ W) x(g)+ (&P Vo) % (8)+ (V2 + V1) * (1E°g)
+ () (EQ) - (V1VR) = ().
Given
Ly, = [UEP+AD2 = (&2 + 492
= (U1 +1EDUEI = 1ED UEP +2A% + 101D,
we have
g = F UL E+ Vg
= Kg—; * Fr, +Kg—’0 * (V(x,D)ge,),
where
KE () = (F MLE W)
and

Lz = [(€1+18ol + i0) (€] [0l F i0) (€1 +2A% +[E01)).

Note that for simplicity we have omitted a small complex perturbation in the elliptic
term (|¢|% +2A2 +|&o|?) since it does not effect the analysis.
To explore K; g—; further, we see in R3

elcf-x

d
ff (€1 +1€0l £ 10)(I€] = 1&0l F i0)(IE]2 + 242 + &0 %)

eid1lxl

d
fu@ (€1 + 1ol £10)(I€] = 1ol F 10) (€] + 0N (€12 +2A2 + &0 |%)

using the change of variables {; — I_ﬁl Then, we have

ar pm R 7 cos(O)]x|
fo .[0 fo r+ 1Gol £ 1007 — [eol T 10) (2 4 22 1 gy SOV Ar 04
Doing integration first in 8, then a contour integral, we have that
. b 1o 72 exilxlIol _ p-lxIV/1E0P+22%
' fo 7 o g2 + A2 |x] '

E:

3

For simplicity, we take K(x) = K g) (x) as the analysis for K, will be similar. Then, we
want to use an iterative argument to show that for mid to high range frequencies, these
distorted Fourier bases exist in L*. It will become clear in the sequel why L* is chosen.
Note that since near 0, K is bounded, we have K € L3** for any s > 0. In particular we
show the following:

LEMMA 13.5.1. For the operator K* defined in Equation (13:21), we have
K= : L5 — L (0ol + %) 7110l 72)).
PROOE. We actually prove the result for
! )
(€12 = (ol + i0)2)a ™

The proof for K will be essentially the same.

Riw = F7U



thm:dfbu

176 13. NON-SELF-ADJOINT OPERATORS

Alm

'R

iy /22 + |€o|2

FIGURE 1. The contour for computing the behavior of the fundamen-
tal solution in the limiting case.

Using distribution theory, we have

B = 6,
_ 4n? .

1 —_ 2% il
Ke () = o [e"1e07],
s 12712 gt xl1ol
Kfo(x) T

1ol

As convolution operators,
K: 1% —1* (0(1)
and
RZ: L' — L (0(&1 ™),
hence using complex interpolation
R':L5 — L* (0(&l2)).
|

For simplicity, we from now on write K instead of K 510. Now, we seek to analyze the
equation

(13.22) 8eo = Ki * Fey + K+ (V(x, D) ge,),

In particular, we have the following:

Theorem 13.7Let P(x, D) be a differential operator of the form
P(x,D) = (~A+A* = V) (-A+ A% = V),

where Vi, Vo € . Assuming that there are no eigenvalues embedded in the continuous
spectrum [A*,00), there exists gg—'o € L* such that Equation (13:22) is satisfied for us, =

ei¥o 4 8¢, (x). We have

8;, () = K= % [fo(-, o0, 180N,
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where fy is smooth in x, &y and ||,
(yNog fol S1.
Moreover, there exists a value M such that for g = M,

folx,&0) = €' £(x,&),
where
(13.23) (0NaZ 0 £ (x, E0)l S 160271,
for any multi-indices a and 8, N > 0.

PROOE. The solution to (I3.22) will be solved differently for large and small values
of {p. In particular, we use a Fredholm theory approach for the small frequencies and
an iterative approach for the large frequencies.

To begin, let us take |{g| > M, where M will be determined in the exposition. Then,

we solve Equation (I3.22) using Picard iteration. For simplicity, let g, = v. Setting v° =0
and Tu = V(K * u), we have

vl = K * [y (0)e™40]

VP = K(x) * [(Fry () €0) + ((V(x, D)K (x) * (F, (x)€'40))
= K0 % [(Fgy (0€™0) = (V1 + Vo) A% + &0 K (0 * (Fg, (x)€™0)
+ (Vi + V)R (x) % (Fg, (x) €)= (VVp - VK (x)  (F, (x)€™°0)
— (Vi) Va(x) + AVR)K(x) * (Fg, (x)e™**0)]

V" = K(X) * [Fy, (X)€% + V(x, D)v" 1]
n—1 X
= K@ *[Y T"F(x)e™™]

m=0

We wish to show that this iteration converges in L*. To see this, let u € L*. Note that
IK * V(x, D)ullpa < IK % Vullja + VK * Vull jo + |AK % Vil 4,

where V, V, V € . Then,

_ 1 1
IKx VoDl S s —T IVl g
S0t A% |&o|2
|60| -1 - 5(2) =
+ NV * Vaalla + o2 1K+ Vel
2z e v

so using the Hardy-Littlewood-Sobolev inequality and the bounds on K, we have

~

~ _1
IK*V(x,Dulzs S ol 2IIVLLIIL%
_1
S 1ol 2NV Iz lull g4,
for some V € .. As aresult,

_ -1
1K V(x,D)llja_124 = Cléol ™2,
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where C is determined by V3, Vs. If |£y| > C?, then
IK*V(x,D)lpa_pa<1,

and the existence of g; € L* for
(I-K=V(x,D)gs = &

follows from a contraction argument. In the notation from the theorem, we have Cc%=
M.

Now, for the smaller frequencies, we wish to use Fredholm theory. This approach
also works for large |¢o|, however the iterative approach gives us uniform bounds for all
&o such that |{o| > M. Once differentiability in ¢y has been obtained, we will then have
uniform bounds for all {y. However, we must be particularly careful near ¢y = 0 as K has
a particularly challenging dependence upon |y|. We explore this shortly, but first let us
finish the existence argument for low frequencies.

To begin, Equation shows that

(13.24) gy = K (V(x,E0)e™0) + K+ (V(x,D)gz,),
where
Vix,D)=(~A+ A2 =V Vo + Vi(=A+ 1)

is a second order operator.

Now, if K # (V(x,D)-) is a compact operator, we may use Fredholm Theory to say
that either there is a unique solution to (I3.24) or there exists a nontrivial u € L* such
that

(I-K*V)u=0.

However, expanding the equation for u, we see this u is an embedded resonance and
hence an embedded eigenvalue from Section As our spectral assumptions pre-
clude the existence of embedded eigenvalues, the solution to (13.24) is unique.
Let us now discuss the compactness. The operator itself is of the form
) [ellx= YIS0l _ g=lx=yIV/IEol?+2A%]
7
f lx = ylUSol* +A2)
) [ellx=YIISol _ g=lx=yIV/IEol?+24%]
= 7
f lx = ylUSol* +A2)
(A, + A2 = Vi) Vo) + Vi) (=4, + AD)]v(y)dy.

K (Vv)

V(J’,Dy)U(J’)dJ’

X

Hence, using integration by parts, we are concerned about the following two types
of operators

(1) Pru

/Ku—wVWWWMy

) Pou = t[KUFJOVWNKﬂd%

where V € . Of course, technically there will be terms with derivatives falling on K and
V, however a brief calculation shows that these fall into the same class of operators as
P,. Note, to see this it is useful to remember that by construction

(~A—1&lHK =0
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and
am?
(A= 1§o)K = e VIO,
X

hence when all derivatives fall on K, simply by looking at —A—|&g|? +1&|2, we get reduc-
tion back to P; or P, since K is a convolution kernel for an exact solution.

We now need to prove

p;: L' — L4

fori=1,2.

Assume that u; —* 0in L*. Since we are working in R, using duality and the prop-
erties of V, we have

Pjuj(x)—0as j—oo
for almost every x, where i = 1,2. By the uniform boundedness of weakly convergent
sequences, the Hardy-Littlewood-Sobolev Inequality, and Holder we have,
IPiujllps < ||V||L%"uj||L4

C)
for i = 1,2. Hence, there is a subsequence ji such that || P;u j I+ converges. Therefore,
it must converge to 0. As a result, the operator K * (V) :L* > L%is compact and there

IA

exists a unique gz, for all &. Note that VK is compact from L3 — L3 using similar
arguments.

To discuss the continuous dependence upon ¢y, we need to study the functions g,
in more detail. From the expression for g¢,, we know that

I=Kx*(VgyNgsy = (I—Pg)g,
= K= ‘750 el*o0,
S0
8eo = (I = Pey) ™ (K % Vg ™),
where

K@) = [(-A=E)(=A+20* + &7,

From Fredholm Theory and the spectral assumptions, (I — P¢,) ! is a resolvent which is
uniquely defined. However, using the decay of V, we can write

V=",
where |e€¥ 7| <1, |ecll ngl S| fllz2 given 0 < ¢ < ¢o. The constant ¢y is determined
by the decay of V. Hence, we have
8¢ = VI = VoK) ™! (Vo040
Using the decay properties of V; for i = 1,2 and the differentiability of K, for any & we
have V> KV (z) is well-defined for z € C in a small neighborhood of [g]. As a result,
(- VoK)
is analytic with respect to z. Also, K is analytic with respect to ||, {Qreix5 is analytic with

respect to ¢ and we see that gz, depends smoothly on [{]| and ¢. Using the resolvent
identity

folx,&) = Ve 4 7(1 - K7) 'K * (Ve ™),
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the decay in x for fj follows.
For |£g| = M, let us return to the iteration scheme

g?o = K= [V("fo)ei(.’EO)])
n o _ 7 i(¢0) 4 17 n-1
gl = K*[V(.&0e ™ +V(ogll,

for n > 1. Assuming g; = €0 £ (x, &0, 1€0), we have
fo = Vxé&)+e OTVK « (0 fy),

where by the mapping properties of K, choosing M large enough, this expression is valid
4

in L3 for all |&y| = M.
~ We would like to better understand the regularity in x and ¢. To begin, let u = K «
(!5 (-, &0)]. Then, we see

(O — i&0) (K * [ (-, &) e’ "*0]) (x)
= & f K(y)e! &0 px — y,&0)dy — i&o f K(y)e! X0 px - y,&0)dy

(0x — o) u(x)

+

f K(y)e'“%p, (x-y,&)dy

fK(y)e”x_”‘tO(Px(x = y.¢o0)dy.
From here, recognizing that e~#*% cancels from
e IO T « (e1¥0.)
and again using the mapping properties of K, we have
||0f§f0||L§ < Cq,
for all multi-indices a. Hence, fy € C3°n LY. Similarly,

1) fol 4= e

for any N = 0 using the decay in x of the operator V.
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For the regularity in &, note that taking once again u = K * [e!059¢(-,&y)], we have

O —ix)u = (B¢, —ix)(K x[p(,E0)e’ *0(x)

@;FLZZ)(i%)/eilx—ylls‘olei(y)fo(l)(y'fo)dy
Lo $o fe—lx—yl f%+2/126i(y)'fo(p(y,§0)dy
- ix f K(y)e' " Vopx—y)dy+i f Kye' V%0 yp(y, éody
+ f K(y)e'“Vp(x -y, éo)dy

1 1

\/€5+2A2 1ol

+ f K(e'“V0¢e (x—y,&)dy,

fK(y)e"y”f(’yqb(y,fo)dy

where we have used i&yel?%0 = dyeiy % and integrated by parts. As a result,
||5§0f0||L% <& 1Plc,
for any multi-index g, || =0, 1,2,.... Combining the above results, we have
10805 fo(x, &)1 < Ca,pl P71,
or fy € S?, which gives (13.23).

For the spatial regularity result, we once again use that the distorted Fourier basis
satisfies the equation

8o = K % (Fe'™) + K x (Vgg,).

We have existence for g¢, in L* but we can take advantage of the structure of K P in
order to show improved regularity. We have

Vge, = (VK) * (Fe'™%0) + (VK) * (V gz,).
Hence, we must explore the nature of (VK) * (V). Upon differentiating, we see
(VK)(x=y)=O0(x—yI™),
which means by a similar approach to Section we get
IVgeole = C(IIFIIL% + IIVlng 8¢ ll24)-
To see this, we first use the Hardy-Littlewood-Sobolev inequality with y = 1 so
1 2 1 11
p
then Holders inequality such that

_+_ ,
3 4 12
Vgl i < IVl 318l

Then, we can iterate this for all derivatives and using Sobolev embeddings, get continu-
ity of all derivatives and hence smoothness.
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To prove existence for d¢, g¢, in Sobolev spaces, we must show that d¢, g¢, is defined
and bounded in some space of functions. In this direction, we look at

(~A+2A% + &) (-A-&3)lgs, = Fr ™0+ Vg,

and

[(~A+20% + Eo+ P (A= Co+ hpDgeen; =  Frorn @ 0 + Vigepin,,
where hj = hej and e; is the unit vector in the j-th coordinate. Hence, if we define

Up= gfo+hj _gfov
then we must solve
Leywp) = (Fegen, €0 — Fy €70 + O(h)ug, + V (vy)

O(h)(Fzy + Fry + K * Vug,) + V(vp).

We can write this as
Lgylvp — O(MK * (K % (Vge,)] = O(h)(G) + Vvp — O(WK * (K * (V gg,)),
where we have
G="Fr, +Fry— VK * (K x (Vgg,)).
To see that G € L*, we need only see that
IVK # (K * (Vggo))“ﬁ <oo

since the other terms are dealt with above in the spatial regularity analysis. However, we
have

K*(K*9):L'— L™,
following analysis similar to the complex interpolation argument. Also, by moving all of
the derivatives onto Pu, we see this is smooth. All we lack is nice decay, hence
IVK (K * (Vge) s <IIK * (K (Vge) ooV 14,

for V € & as given in the description of P. Hence, from the Fredholm Theory, we know
v _
IIWh —OMK* (K= (VgeNla=C,

for C = C(¢p). However, given w € Cg" ulL*a sufficiently decaying, smooth function, we
have

lwik)
w— 4
h L

IA

CA+[wK = (K % (Vge)llpa)
= C
from Section where C is independent of k. In this case, we have
K% (K * (Vgg,)) € L®

using Holder’s inequality, so we can take w = (x)~1. Thus, we can take the limit as & — 0
to see that derivatives in & are bounded in weighted L* spaces. Iterating this process
involves taking stonger weight functions at each step of the iteration.

Hence, since V has exponentially decaying terms in x and V gz, is well-defined in
L* from the spatial regularity, we have the desired regularity in &.

Now that we have differentiability with respect to ¢y,

0(¢0); ([(—A +20% + &) (-A— &) gy, = Fe™0 + ngo)
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which implies
Lfoa(fo)jgfo = a(fo)j (Fe'™) +Pa(€o)jg§0
— 2060)j(-A-ED8e, — o) (A +2A% +ED) g,
For higher derivatives in ¢, we iterate this procedure.

O

REMARK 13.5.2. Note that the above analysis can also be done in the case where in-
stead of L* we use L?({x)™*) as in [Agm75b)]. To see this, note that

||¢||L1 S, ||([)||L2(<x>5),

where s > d, and

Il 25y S Ipll oo,

where s > d. Then, we can go to the Sobolev norms to apply Hardy-Littlewood-Sobolev
and use Holder’s inequality in weighted spaces and the boundedness of Vi and V, in
weighted L? spaces to complete the argument.

REMARK 13.5.3. As x — oo, note that since V1, V, € &, using Equation (13.19), we
have

2 eEilxlidol _ o=IxIV/10l?+242

- )
¢ 162+ A2 x|

U
which explains the choice of spaces L>* for x > % in [Agm75b).

13.6. Representation of the solution

We present here a slightly different approach to the distorted Fourier transform.

Theorem 13.8For V € #, there exists a distorted Fourier basis ¢; and correspondingly a
distorted Fourier transform ¥ for the nonselfadjoint operator €, where

G, f = f ¢; () f(0dx.

Similarly, there exists an inverse Fourier basis (ﬁgl(x) and correspondingly an inverse
Fourier transform$9~" for the nonselfadjoint operator 7€, where

wlf = [ @ s,
It follows that
19:l 22 S
19 e S
These operators are not unitary, however
16514122 S1

and

GG, =P
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Before we prove the theorem, look at the operator

L L, 0

2 _
A= 0 L.L_

)

for which we have the following self-adjoint realization
1 1
LZL,L2 0
1 1
0 LZL,L*

S =

Since

(CA+ A2 V)2 (A + A2 =V = Vo) (=A + A2 — 1)?
A+ A2 = V)2 = (~A+ A2 = V)2 Vo(=A+ A2 — V)2

1 1
LI, 12

1 1
= [2-L2V,L2.

This is a 4th order constant coefficient operator with a lower order perturbation. How-
ever, the perturbation is no longer a differential operator. Ideally, by a similar analysis
to that in [Agm75b], there exists a distorted Fourier basis, say #i; such that

1 1
L2L L% i1 = (A% + &2 1.

1
To prove this, we need to show LZ is a pseudodifferential operator of strong enough
class, which we explore in the sequel.

From Theorem we have u; = el 4 fe(x), ve = el 4 8¢(x) such that

2| W — (A2 4 &%)2

’

Ug
v

where fz(x), g¢(x) € L‘}C, smooth in x and &, and

a2 [ etilxliéol  o-IxIV/iEoP+22%
Jose~ igmae xl
as x — oo.
Formally, we would like to say

by ph -} -}

LZL, L2 0 L-*u L-“ug
" 11 P A2 +&4? [
0 LEL, L2 LZv; L2v;

however as u;, vg ¢ L%, we must investige further.
Before we begin, let us analyze the connection between u¢ and ve. For instance,

Li(L-Liug) = Lyl (Lyug)
= LA*+&%u,
L (LyL-ve) = L_Li(L-vg)
= L-(A*+&%v;.
Hence
Lyug=Cue
and

L_ve=Cug.
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In particular, we are interested in

Love = (A+A°-V)(e™ +g)
= @+AHe™ + L g —Vie'™,
Cug = C™+fp.

Then, C = (A% + &2), so
L ve= (/12+f2)u§,
L 'us = A2+ 87 g,
and

1 .
fe= m(L—gE - ie™).
A similar calculation holds for L, ug = Cvg.

Note also that if we look at the vector

-

i ug
Vg

e =

’

then we have
Hhe = A+ pe.

1 1
To be more precise, we say that the operator L2 L, L2 has a distorted Fourier basis
given by i, then find an expression for the distorted Fourier transform of .#2P.. This
distorted Fourier transform will be defined via a distorted Fourier basis that will give the
relationship between i, u; and ve. The existence of iz must be proved since there is a
lower order PDO perturbation instead of a differential operator. See [Hor05].

1 "
To prove Lf 2 is a PDO, we must use a result similar to one from [H03b], Chapter 29.
To this end, we refer to the following theorem given in [HO3b]:

Theorem 13.9 .

Let X be a compact manifold, ¥ a space of pseudo-differential operators and Q2 be the
space of half-densities on X. Let P € ‘P;”hg(X ;Q%,Q%) be a positive, elliptic, symmetric
operator. Then, P defines a positive, self-adjoint operator 2 in L*(X ,Q%. If m>0and
a € R, then 2% is also defined by a pseudodifferential operator in ‘P;’ng(X :Q2,Q7), with
principal and subprincipal symbols p® and ap®' p® if p and p® are those for P.

We seek to prove a slightly different version here:

Theorem 13.10

Let P be a positive, symmetric, self-adjoint operator in \I’ZT(’S(Z) (R9). Then, P defines a pos-
tive, self-adjoint operator 2 in L R%,R%). Ifm > 0 and a € R, then 2% is also defined by a
pseudodifferential operator in ‘I’Z"g'(z) R4, RY), with principal and subprincipal symbols
p® and ap® ' p® if p and p® are those for P.

Note that since R € ., F(R) € ¥ by the properties of the nonlinearity. Hence, we
have the following:
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LEMMA 13.6.1The perturbation Vy is short-range.

We seek to prove that given the operator,
Lo=-A+A*-V €8,

the new operator L? is a pseudodifferential operator for a € R.

LEMMA 13.6.2

For an operator P, the resolvent R(z) = (P — z)~" exists and is analytic for all z except the
eigenvalues of P. Also, |R(2) | ;2_ 12 is bounded by the inverse of the distance from z to the
nearest eigenvalue.

PrOOE This follows from basic facts from spectral theory, see [HS96]. O

Theorem 13.11The operator L* is pseudodifferential operator in the class S** for a € R.

Before we prove the theorem, let us prove the following lemma from [HO03a].

LEMMA 13.6.3
Letae S™. If

(13.25) la(x,&)| > clg|™
for|&| > C, then there exists b e S~ such that
() a(x,Ob(x,§) 157},
(ii) a(x,D)b(x,D)— I € OpS™,
and
(iii) b(x,D)a(x,D)— 1€ OpS™°.
PROOF OF LEMMA. First, let us prove that implies (i). We can reduce this to
the case where m = 0 by looking at a(x,&)(1 + |¢]2) ™2 and b(x,&) (1 +|£]%)™/2.
CLAIM 13.6.4. Ifay, ap € S° and F € C®(C?), thenF(ay, ay) € S°.

PROOE. Since the Reaj, Jma; € S for j = 1,2, we may assume that a;j is real and
F e C®(R?). Then,
O0F(a) OF

= = b, ay,
ax]' ;601;6 x]ak
O0F(a) OF

= Y b ar,
3¢ 2 5y s

where 6xj ap € S°, 65]. ay € S~1. Hence, it is clear the derivatives of F(a) decay as neces-
sary for F(a) to be in S°. O
Hence, for m = 0, choose F € C* so that F(z) = % for |z| > c. Set b = F(a) € S° so

a(x,&)b(x,&) =1 for [£| > C. This proves (i).
Using (i), we have that

a(x,D)b(x,D)=1-r(x,D), re S\
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Set
b(x, D)r(x,D)* = bi(x, D), by e S"7F,
so we can iterate out the error. Let b’ be the asymptotic sum of the by’s, so

a(x,D)b'(x,D) - I = a(x,D)(b'(x,D) - ¥_ bj(x,D)) - r(x,D)* € OpS7F,
Jj<k
for every k. Then, we have (ii) replacing b with b’. Similarly, we can find a b” which
satisfies (ii7). Note also that

b'-b"=b'"(I-ab)+@®"a- DV,
hence b’ and b" are equivalent modulo S™°. O
PrROOF OF THEOREM[I3.T1l Since L_ is self-adjoint, we have that R(z) is defined
and analytic for all z except at the eigenvalues of L_. The L? norm of the resolvent can

be estimated by the inverse of the distance to the set of eigenvalues. Now, since a < 0,
we have by the spectral theorem

[%u= —(Zﬂi)flf z?R(2)udz,

—ioco

i

where the contour is slightly deformed near the origin to avoid z = 0 and z“ is analytic
in the right half plane and equal to 1 when z = 1. Since L*"! = L1 L%, the distribution
kernel of L% is an entire analytic function of a.

To understand the behavior of the singularities, we construct a parametrix. Namely,
since |L_(x,&)| > c|é|? for |¢] > C, we have the existence of an inverse modulo S~!. Then,
we can iterate that error, to find an inverse modulo S™.

In particular, we have B, such that

(P-2)B;=1-0Qq,

where b, = F(P(x,¢) — z), F(z) ~ 1/|z| for zlarge and Q € Op(S‘l). Then, there is an E,
given by the asymptotic sum
Y B.(x,D)(Q.(x, D))/,
j=0
such that
(P-2)E,=1-W,,
where W, € Op(S~). So, we have
R(z) =E;+ R(2)W,.

Then, for a < 0, we have

[4= —(2711')71/ Z°E,dz+ T(a)u.

—ioco

i

Here, T'(a) should be analytic in a for a < 1. In particular, this remainder will be a well-
behaved pseudo-differential operator using Beals’ Theorem. From the composition of
pseudodifferential operators, we have that
Q=) 0; L-(x,8)03 F(L-—2)/al.
a>0

Hence, the terms of E; outside of compact set in phase space look like

(P _ Z)*k*lq
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where g € "X for some x = 0.
1

_1 1
Hence, there is a pseudodifferential operator representation of L-? and thus L2 by
multiplication by the operator. If p is the principal symbol of L_, the principal symbol
of L% will be F(p) where F(z) = z“ for |z| > C.
O

LEMMA 13.6.5

L1
The pseudodifferential operator L_V; + Vi (—A + A?) + L2V, L2 is a short range perturba-
tion.

PROOEF. This proof should be similar to that in Lemma(13.6.1] The argument for
the differential operator L_V; + V; (—A + A?) follows precisely as above. Hence, we focus
only on the compactness and 1terat10n arguments for the pseudodifferential operator,

L2 V2L2 In what follows, let Tu = L VLZK * (u). In particular, we need to prove:

(13.26) LEVIEeD = ooy, for Vey €7, 11V ol ~ 1601,
(1327) K= T Vi)lu = O(&l 7)),

1 1
(13.28) K*(L2VL2) : Wt w?4,

For (13.26), we have in the sense of distributions that
Fe'™0 = 5¢, ().

Hence, since V € &,

1 1 . -
L2VLIE = f P(x,&)e! "y (x)) f P(x1,¢1)e™0 8, (E1)dé1dx) dE

= f P(x,&)e! "y (x)) f P(xy,&0)e™%0dx, déE

= X0y (x, &)+ Lo.t.,
where V € #(x) and IVI < E precisely as in Sectlon- ThlS comes in particular from
realizing that the principal symbol of L2 VL2 is
&+ A% = Vi () Va ().

The results (13.27) and (13.28) follow from the following theorem proved in [Ste93al,
Chapter VI.

Theorem 13.12 (Stein)

Suppose T, is a pseudo-differential operator whose symbol a belongs to S™. If m is an
integer and k = m, then T, is a bounded mapping from W*?P — Wk="P whenever1 <
p <oo.

1 11
Since L2 € S and V € S°, we have L2V L2 € S%, hence
LIVLE: w24 — 4,
As V € &, we in fact have more than this. Define the symbol class

SI={p(peS™, 1x7050] p(x,&)| = Cq plé™ .
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In other words, we have the standard symbol class S, where the symbol has rapid de-
cay in x. Here, V € SU. Note that due to the properties of Schwarz class functions, we
have for p € ™ and g € §™,

my+my
r

pg,.qpesS

and
qu: WP 19,

where 1 < p, q < co.
For (13.27), from the analysis in Theorem we have

(K#-):L3 — W4,
We have from (13.26)
I Koo pe v (adyi S ol
Then,
[ K= privinr? [ Ky-ae=ov @dzdyiy
~ I HILEVOILE [ Ky 20600, (1dzdylisg

1 .
Sléol 2| fK(y ~2)e'# 0V (2)dzdy | e
S 1Eol7 M e 0V, (2) [ 43,

using the fact that V € S and the mapping properties of K described in Theorem
Iterating this procedure, we get the result.

For (I3:28), if u € W24,
11
ILZVLZull 4 S lullyezs.
L3

By decay properties of V, we have

11
IxLZVLZ2 u||L% Slullyeas + lullyra S llullya.
X

The inherent integration by parts is justified as V € .%#. Hence, by iterating this proce-
dure and properties of convolutions,
11
(K * (LZVLZ)): W2 — w2 ()N),

for any N € N. However, W24 ((-}"V) is compactly embedded in W?*, so holds.
O

LEMMA 13.6.6

1 1
There exists a distorted Fourier basis, Tig, for L:L, L% with the aforementioned smooth-
ness properties.

PROOE. Apply the techniques from the proof of Theorem applying (13.26),
(13.27), and (13.28) when necessary. Once the compactness is established, the standard
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self-adjoint techniques are available to give

1Pl = e [ 1Zgldx
F ' PyFrp=Pco,

where %, is the distorted Fourier transform associated to a;fo and Py(&p) = ((fg + )2 s

the symbol for the leading order constant coefficient operator.

O
Since
1 1 1 1
L£L+LE 0 _ L_Z 0 [ L_L+ 0 ] LE 0
1 1 | = 1 EE
0 L2L.L% 0o L2 0 LiL- 0 [ 2
we have
_% %
L- 0 Lz 0 - . -
| UL | Pef = FHE + AT S,

0 L2 0 L 2

where %, is the distorted Fourier transform with respect to it¢. Setting

1
L2 0 |«
f= 1 f,
0 L2
we see
_% % _%
L2 0 L2 0 -, -l 22 o0 |
e 1| Pef = FE A F 7
0 I 0 L* 0 LZ
Hence,
1
£ Lg 0 o~ = L:E 0 ~
H(Pef) = W EAGEVELTER D7,
0 L* 0o L?
or

1

1 _
f (L%lag)(xn(fz +A22| [ dg (y) (L-f fydydé

FPf)(x) = i L
JIL-2a)O1E + 252 [ a; () (L2 L) () dydé.

The inverse operations in these arguments are justified by the fact that
L? =Ker(#) ® Ker(#*)™.

We desire an oscillatory integral formulation for # P.. The continuous spectrum is
spanned by the values +(A2 + &2) for all [¢] = 0. Hence, we seek a diagonalization of the
form

o] A2+8% 0

FCP.=Q 0 _(/12_'_52) Q.
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11
Using the above analysis for L2 L, L2, we see that

_1 1
o - | A2+ FL2 N2+E) 2 FL2
- = _1 1
V2| —i2+82): 7L (A2+é2)igLl
1 1
o1 - L[ CiLiFateey i llE ey
- = _1 _1
\/z L_Zg*(ﬂlz_,’_éZ)% L_Zg*(AZ_FfZ)%
Note that we have for f = Pcf
h ] iL_f> ]
S = . ,
I —-iLi fi

which is exactly what results from the decomposition. The resulting integral equation is
1 1
—IiL2F*FLEf,
_1 _1
IL-2F* A2+ )2 FL-?

-

JEP,f =

1
So, since we have a pseudo-differential operator representation of L%, we could
write /P, in terms of an oscillatory integral.

REMARK 13.6.7. Note that we have now made precise the definition

~ _ l'LLg %3
(13.29) dr = in v
1 1
. 2+A2L:§~ 2+AZ_1L2~(
(13.30) _ i(§ ) _lug € ) lus ,
—i(E+ AL ag (AT L

+

1
where using the pseudo-differential analysis above, L—? ii; is well-defined.

PROOF OF THEOREM[I3.8] If

le ;; € 04 (),
then
1
L2 0 _
Pf= -1 ][ 2 €0 4c (),
0 L-
where
ir g2
~ LzL, L= 0
S = i 1 1
0 L2, L2

Assume f € &, which we will relax later. Let ¥ the PDO representation of P and
®¢(x) is the vector where both elements are the distorted Fourier basis function ¢¢ for

1 1
the self-adjoint operator L2 L, L2. Then, we have
Gy ) Wf e
(f, Ty" @)
(f, ®¢),
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where

_[ i+ a2y

| i+t 2y
and ®; is uniquely defined in the sense of distributions as

P(x,O)e™ + iz (x,8),
where
it = P(x, D)ug(x),

and it € .#. Then,

@F)© = f fdbedsx.

Similarly, we have

@ Hx = f O ag,
where
H—-1 _ * gk
(DE =PT <I>€ (x).
The modified Fourier transforms are in fact variations on the expansion involving
the matrix Q. In fact, the Fourier transforms are arrived at by (]

COROLLARY 13.6.8. As a result of the decomposition, we have a new proof of the fact
that

1P Fllz SN flp2.

PrOOE. This follows simply from mapping properties of pseudodifferential opera-
tors and the fact that the self-adjoint distorted Fourier transform is an L? isometry. [J

REMARK 13.6.9. Note that for convenience in terms of defining the resolvent, our
result has been proved here only in R3. However, using similar bounds developed in
[Agm75Db| for higher dimensional resolvents, we expect that a result similar to that of
holds in all dimensions and as a result similar estimates will follow below. The main
difficulties presented would be a thorough discussion of the spectrum of /€ as some of the
numerical techniques are unique to R3.

13.7. Time Decay

Using our distorted Fourier basis, we have that a solution to the problem

(13.31) e p.p=Q el Qe
for
[ A2+&? 0
YEL o —oney

The structure on Q allows us to do oscillatory integration in order to study the properties
of !t First of all, we show the following:

Theorem 13.13Let A4 be an admissible Hamiltonian as defined above. Then,

i - _d .
(13.32) le"™ 7 Pl oo < CL™2 |11l 1.
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PROOF OF[I3.13l Using matrix notation, we have
991 = f be (P (N)dx,
where
- Y ]
X) = ,
v [ Y2

and ¢ is given by (13:29).

Looking at the integral representation, we have
" Pp(x) = L b7l e f G (N dydé.
y

Let y € C2°, be a smooth, cut-off function chosen such that the iteration techniques in
Theorem|13.7|hold for ¢ € R? \ spt(y). Then, take

(13.33) % P (x) fé 1 OP; e f b (N (y)dyds
y

(13.34)

+

fé[l—}((@](ﬁgl(x)e”wf([)g(y)u?(y)dydf.
y
Hence, we must bound

I = ff et =) [ g inbyyayay,
y

1 = fé () + (1 -y @)g7 (e T+ f e Yoy (ydyds,
y

11 = ff [X(©) + (1 — g (&)] ¥ g2t E+AD f gy dydé,
y

IV =

L () + (1 -y @187 (e 1+ f gy dyds.
y

From henceforward, we work only with the terms

exilxlil

x|
from g, as the analysis for the exponentially decaying term will follow using simpler
versions of the methods for this case. Many of the techniques used are developed from
the presentation in [Sch09]. The challenge lies mostly in that 6? |é] is not bounded near
0 for |a| = 2. Thus, we must be careful near the origin using stationary phase argu-
ments since error terms require a minimum of two derivatives. A discussion of station-
ary phase complete with proofs is given in [EZ06]. Take the integral,

J:fg(x)eﬁpmdx,

where g(x) € C®, P(x) € C*. Assume that 8, P(0) = 0 and 82 P(0) # 0. Then, the principle
of stationary phase gives

where the asymptotic terms in the stationary phase expansion are given by

aj=1'g(0),
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for L/ an order 2 differential operator.
Equation [ is bounded using standard techniques of contour integration from the
Linear Schrodinger equation. In particular, we have
_d .
Illee St 2 19l

Before we investigate further, we recall some properties of the functions 0; g,
From the expression for g¢,, we know that

(I =K * (Vg,)18¢,

[ = Pg,)18g,
K % (Vg e'™*0),

SO
8y = 1= Py ) 7V (K Vi, e™0),
where
K& =1(-A=&)(-A+2A2 + &9

From Fredholm Theory and the spectral assumptions on #, (I — Pg,) ! is well-defined,
hence we can show that g, is smooth in [{o| and &g. Also, K is smooth with respect to the
variables |¢|, Vgreixf is smooth with respect to {. As a result, g, depends smoothly on [<]
and ¢. Therefore, for ¢ near 0, we can take up to 3 derivatives before we lose integrability
in g;. For ¢ large enough, from Theorem|[13.7} we have

8¢ = K« f’
where

f=e"% fy(x, &),

where f(x,&o) behaves like a symbol in §2.
For (13.34), we use the principle of nonstationary phase and the principle of sta-
tionary phase in different regions. We have

[1-x@1dg e | de(P(dyds,
¢ ¢ y
where 1 — y is supported away from 0. In particular, we have integrals of the type
f [1- X@1(e™ + ge () €+ f (e + g (Y)Y () dyd,
¢ y

where g and g are of the same form described above. Hence, we must bound the fol-

lowing
1 = ﬁll—x(f)]ge(x)e”“w’e*"%(y)df,
6
1 = ff{l—x(£)1e"’“fe”“mz’g:(y)w(y)df’
v =

ﬁu—x(éngf(x)el'“*‘””)ge(ymy)dg.
G

For integrals of type I and 111, we have oscillatory integrals of the form

: X—2Zz,
(13.35) fez(lzllfo|+(x—z)£o+tcf%—y€o)fO( = 50)d50'
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Looking at the phase function, we have

dE) = 1zlléol + (x— 2)E + &5 — yéo,
Ve, d(So) = 2t<fo+(x—z—y)+IZI|§—O|,
0
|z] ¢0®<o
\v = 2tI;+ — ;- )
&, ®C0) d |fo|(d |fo|2)

If we restrict ¢ to a region such that

max|z+y—x|—1z|,0
2t *
then ¢(¢p) has no critical points. As a result, we can use the principle of non-stationary
phase on this region with the decay properties of the function fj to see we have decay
like =N for any N.
Let us hence assume that we are restricted a region

[$ol = 1,

max|z+y—x|-1zl,0 N
2t
so ¢ has at least one critical point. In fact, the critical point occurs where

[Sol =

1;

lzl\
(13.36) So[1+ —|=2z+y—x.
[€ol
Also, for |z + y — x| — |z| # 0, we have
lz+y—x|-|z|
2t ’

As a result, all critical points occur on the same sphere. Using (13.37), we have that if z,
y and x are such that a critical point exists, that critical point is unique. Hence, we can
define a cut-off function .y, € C®(R%) such that

(13.37) [Eol =

max|z+y—x|—-1z,0 | 1

+§,
+1.

1 for |&p| <
0 for [{gl =

t
max|z+y—x|—|z|,0
2t

Xx,y,z(f) = {

Let us assume that a critical point exists, say ¢ 8. If | g | < %, the Hessian matrix is at
least of rank 1 as { ®¢ is a rank 1 matrix. So, there is at least one nondegenerate direction
for ¢. After making an orthogonal change of coordinates bringing that nondegenerate

direction to ¢, using stationary phase on R, we have decay of the form

1
@33l S 172,

However, in the integral, we have % < ﬁ, so using the decay of fj in z, the overall
decay is once again

ol

1(I3.35) I St 2,
E4]

where the integral is bounded in the remaining directions. For | SI > 5 the Hessian is

nondegenerate. We can thus apply stationary phase in ¢ to get decay of the form

a
@33 St 2,
where we have once again used the regularity of fj is x and £. Then, given the uniform
decay of fy and boundedness in y and x, we have uniform boundedness with decay of
da
typet 2.
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The analysis for oscillatory integrals of type IV is similar in that the phase function
becomes

d&o) = lzlléol+ (x—2)& + 15— |zolIEol + (v — z0) o,
Ve, o) = 2o+ (x—2)+(y—2z0) + (2] - |Z()|)|§|
|z] =1zl ¢o®<o
V2 By = 2rlg+ I;- )
7, #(o) TN a e )

Hence, where critical points exist, we split up the regions of integration into || > %

and [&o| < 'Z‘;ﬂ
stationary phase in at least one direction, coupled with the fact that <3 éolt Away
from the critical points, we once again apply non-stationary phase.

Let us now analyze (13.33). In particular, we have integrals of the type

Once again, we have stationary phase in full on the first region and

ﬁ (RO + ge (x))e!E+A) f € + ge (W (y)dydé.
4 y

Thus, we have to bound

I = f[X(é‘)]g{—l(x)eiit(fz+12)e—iy{d§,
¢

1 = ff [y (O] et A g (3 g,

IV =

_ P2 2
ff[x(fngfl(x)ei”“ Mge(yde.
For integrals of type I and 11, we have an oscillatory integral of the form

7 4 k2 X—2
(13.38) fel(lxllsolﬂs%—yfo) f°(|x_| )dcfo.

The phase function is

d&o) = |xlléol+ tE5 — yéo,
Ve, blE0) = zréo—y+|x|é—|
| x| ¢o®&p
v2 = 25+ — (I, ;- )
Gl o+ gl R

Let us begin with an integral of type I1. After making the orthogonal change of coordi-
nates ¢} — |—;,’| and moving to polar coordinates in ¢, we need to bound

2m e—irlal _
JCﬁiLIOI < ||/ f f fX( ) P el tr? 7tr|y|cos(6)
20

x  folx—zg, rsin(0) cos(¢h), rsin(f) sin(¢p), r cos(0), 1) r? sin(@)drdOddel r.

If we Taylor expand fj in terms of (rsin(8) cos(¢), r sin(6) sin(¢h), r cos(8), r), then we can
integrate in ¢. In which case, all terms in the expansion with odd powers of cos(¢) or
sin(¢p) vanish under integrate out, leaving us with a function of the form

fo(r2 cos?(0), r).
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Integrating by parts in 8, we have

(11| oo

since for n odd,

21 pmw oo —irlzol
e P2
S [T an S it eniriieos
o Jo Jo | zol

x  folx—z9,7cos'0),r)r?sin@)drdode|
|| f ) ity STV

0 |z Iyl
x folx—zo,r)rdrllze

T oo e~ irlzol i1 e~ irlylcos()
+ x(r) e
o Jo |z [yl

X aefo(x—zo,rcosZ(H),r)rdydzodrdellLoo
- f ™ e 2 Sy
0 [zo] [yl
x folx—zo,r)rdrllze
o f”[o"x(r) e~ i1zl emz sin(—ir|y|cos(0))
o Jo |z [yl
X 6gf0(x— 20, rcos?(0), rrdrdf| i,

A

1 1
f e’ xdx = if sin(ux)x"dx.
-1 -1

Note that the boundedness in y and 8 is hence maintained after the integration by parts.

Let us extend the region of integration in r to R. Due to the nature of the oscil-
latory functions involved, we experience no loss in doing so. Then, using the linear
Schrodinger equation dispersion, we have

I <

A

From the estimate

e-irl20l g=irlyl _ pirlyl

X)) folx =z, 1)1 | drdOdde|l 1o

r

|Zol |yl

1 foo|f 1
3 Joeo J 1201yl

(F 7 [x(1) folx = 20, 1) 7] (u+ |20l + |y (x — 20)
F () folx =20, 1] (w+ 120l = |y (x — Z0) |l oo

2l S sup 10%ullp,
lal=d+1

coupled with the facts that y € C3°, fo € C7°, and fy is rapidly decaying in x, we have

1
Il ee S —5 I flpre
2
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For the integrals of type I11, we immediately apply the linear Schrédinger estimate
to get

1 eily—xlllfl L
g S —~ f | f RO el fy(xy, £, €D f () dxy dE|dy
2 ly—x1l
< 1
~ §’
t2

using once again the smoothness and decay of y, fo.
The analysis for oscillatory integrals of type IV is similar to that for type I, except
now we have no 6 dependence in the phase. Thus, we have phase functions of the form

d&o) = Ixlléol+ &5~ Iylléol,
Ve, bEo) = 2tE0+ (Ix— lyD—L,
1€l

lx| =1yl ¢o®&p

V2 = 211 I,— )

a0 AR TR

At this point, it becomes convenient to move to polar coordinates in ¢. As a result, we

have
2n pT OO —ir|zol —ir|z|
e o€
e R N
o Jo Jo [zol |z1]

x  fo(y — 2o, rsin(@) cos(¢p), r sin(0) sin(¢h), r cos(8), 1)

X fo(x — z1,rsin(0) cos(¢), r sin(0) sin(¢h), r cos(H), 1)
r?sin(@)drdfdde.

Hence, we can first extend the interval of integration in r to R, then immediately in-

tegrate by parts in r to gain a factor of % We once again apply the linear Schrédinger
dispersive estimate to get

X

1
—Iflp.
12
Combining the above results, we have

_d
(@331 < 7% il

IVl <

and

_d
1338 11 < £ 2 |yl 1.

Hence, the theorem follows.

Before we begin, let us define the space
L"M=(fe "IN FOIp 00, N=0,1,...,2M},

with norm || - || ;1,» defined standardly. As necessary for the contraction argument, we
now show:

Theorem 13.14Let 7 be an admissible Hamiltonian as defined above. Assume v € L"M
and

aqb G _
(13.39) 65 alfl‘P(O) =0,
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for multi-indices a, B such that |a|+16]=0,1,2,...,2M, where
) = / G () dy.
y

Then,

P N _d_ -
(13.40) le™ e ™ Pl oo < Ct™ 2 M |1Fll pru,

foranyc>0.

PrROOF OF[13.T4l We proceed similarly to the proof of Theorem|[13.13] except now
we must bound the following:

1

Ie—clx\féx(gr)gbgl(x)ei”(’fzmz)f(l)g(y)W(J’)dydﬂ'
y

II = Ie—c|x\f[1_X(é‘)]eixfeii[(f2+}l2)fgf(y)w(y)dydfl.
¢ y
For I1, we look at oscillatory integrals of the form
f [1- x(©1(e™ + g7 (el € +49 f €V + g (M (ydydé,
4 y

considering the phase function as ¢ (¢) = i t&2. By applying the principle of non-stationary
phase (see [EZ06]), then using that

0¢gel < If%e”x_y”’f'e"y%(y,f)dyl
S -y iy
+ lf\/ﬁe e’ fo(y,9)dyl
ellx=YIEI _ p=lx=ylV/E+A%
+ If =l ey foy, &)dyl
ellx=YIEI _ p=lx-ylV/E+A%
+ If - 40, fo(y,&)dy|

< f )+ N fon Eldy + f 10e fo 3, Ny

and the regularity of fy in y and &y, we have
lle=e [f (- e fy ST dydel < = E Myl .
Now, for I, we need to bound
ff @)™ + g7 e D @V + gr () ag,
we use stationary phase with the phase function

&) = &

As a result, we arrive at the moments condition (13.39). This condition serves a dual
purpose. First of all, we have a gain in time decay using the stationary phase argument

L/g(0) =0,
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for j=1,2,...,2M is well-defined, where

(13.41) 8O = 1OF; () fy eI Fdy,

and L; is the order 2 differential operator resulting from stationary phase. Second of

all, we have control near ¢, = 0 for the error bound from stationary phase

> IDfalsy,
la|<2M+2

where ¢ € spt(y) and
u=[x(©O1e™ + g () (e + g ().

In turn, becomes our moments condition for the function space QQZA (REFER-
ENCE), where N is chosen to give a gain of t~ in time decay. Specifically, A = 1 implies
N =1and A =2 implies N = 4. Note that to gain t~4, we must have N = 2A at least.
Such decay comes at the cost of polynomial growth in x and y from when the d; terms
fall on either e/*) or g;(-). Hence, under our assumptions, we have

||€_C|xlﬁx(f)¢gl(X)eith(I)g(y)f(y)dydfnLOOSt_%‘M,
y

13.8. Dispersive Estimates

We have H' = M ® S where M is 2d + 4 dimensional set of functions that span the
4th order generalized null space at 0 and S is the continuous spectrum.
Since M is spanned by functions with exponential decay, we have for ¢ € M

1l ) < COL+ [1F) f e~ gl dx,

where c is determined by the exponential decay of all functions in M.
Now, from [ES06] and we have forp € S,

(13.42) le!™ ¢l ;2 < Clll 2.

LEMMA 13.8.1. Given Equation (13.42), we have
1! pll g < Clipll .

PROOE. For ¢ € S, we have

le"™ ¢l < 172" 7 pll 2+ Clle"  pll 2
< " APl +Cle' P pll
< APl +Clle ™l
< lpllgz +Clipll 2
< Clglge.
Hence, the result follows from interpolation. O

In order to push through the contraction argument, we need various dispersive es-
timates from [BW98|. We present the proofs here.
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Theorem 13.15 (Schlag-Erdogan,Bourgain) Let P, and P, be projections onto the con-
tinuous and discrete spectrum of € respectively. Then,

@) " Peplp < Clpllp

@) 1™ Pep)llys < Cldlps

Gi0) 1 (el < C+1eP) f e ) dx
() Nx1%e""# (P2 < CUIXI*Pll2 + A+ 11D Pl o

W e Paglp = CO+1) [ 1gleHdx,

PROOE. Estimate (iii) follows from the discrete spectral decomposition into a 4 di-
mensional generalized null space. The exponential decay is apparent from the proper-
ties of the eigenfunctions. Estimate (v) follows similarly.

For ¢ € 0 4.(#), we have from |[ES06] or the analysis in [Mar10] that

e Pepllz < Clpllz.

For ¢ € 0 4. (A£), we have

I Pl < 17" Pl +Cle" Pl
< " APl 2+ Cle ¢l 2
< APl +Clle" Pl 2
< l¢llge+Cligl
< Cloll .

This gives (i). A similar argument shows

e/ pll s S NPl st + €77 Pl pyos-i.

Thus, by induction, we have (ii) for all positive integers s and hence by interpolation all

s>0.
Let ¢ € 0 4c(#) and u = e!*” . Then, since
iv,—Av=0,

then

d
T f x| (x, )1>dx 2Re(|x*Y v, vy)
23m{| x|?% v, )

20m(|x|*%v, Av) + O(f | y|26—6\x|)

2a-1 2
< f|x| 1|V oldx+ [ l2.

Using the following interpolation inequality

- 1-r
Hx1“VID il 2 < Mxl“vll o “ N0l o,

we have

A

2a-1 -1
fIXI“ wiiVoldx = [llxI® vl 2 Ilx1 IVl 2

oL 1
X “Twll 2 “ N0l fra-

IA
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Hence, using (i1)

d o1 1
E[IIIXI“IUU)III%] SN, “ 1l fra +llvl3,.
Integrating, we have

a 2 a 2 ! a 2-3 l 2
Mxl Tl 2 o0y < ] |<I>|I|2+f0 MxITvI o “ Nl o +N0(S)I721ds

21 t 1
S B I o [ OI60 G + 1011ds
! 0

S NP + el vl172 00 0, ) + CEOE + DX

Hence, estimate (i v) follows. O

The following result proving Strichartz estimates is from [Sch09].

Theorem 13.16 (Schlag) For every ¢ € L? and every admissible pair (q,r), the function
t— e“]”qb belongs to LY(R, L" (R)) N C(R, L2(R?)), and there exists a constant C depend-
ing only on q such that

(13.43) 1€ Pl L@ 1r @y < ClPll 2

PROOF. We must use the Christ-Kiselev Lemma [CKO03].

LEMMA 13.8.2. Let X, Y be Banach spaces and let K(t, s) be the kernel of the operator

K:LP([0,T}; X) — L7([0, T); Y).
Denote by | K| the operator norm of K. Define the lower diagonal operator

K:L”([0,T}; X) — L9([0, T]; Y)
to be

t
Kf( =f K(t,s)f(s)ds.
0

Then, the operator K is bounded from L” ([0, T]; X) — L9([0, T);Y) and it norm |K|| <
clK|, provided p < q.

A perturbative approach originated by Kato is used. Define

ro.
(SF)(t,0) = f (e” "I PoF(s, ) (0 ds.
0
Then,
Using the fractional integration argument from the unitary case, we have

ISFl 712 SUF o

where (1, p) is admissible. By Duhamel, we have

t
e—lt]fpc — e—tt]fgpc _ l-f e—l(t—s)Jz,”g Ve—ls]t’PCds_
0

Set V= MM~1V, where

_1_
X = (x) 0 ]

0 (x)~1-
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Then,

0 : ~
f e =920 Nrg(s)ds
0

S
LTLR

oo B
/ elSWOMg(S)
0

where the last inequality follows from local smoothing. Applying the Christ-Kiselev
lemma, for any Strichartz pair (r, p), we have

SIglzz,

12

t . ~
fo e_’”_s)"%Mg(s)ds

, S lglzrz.
Lok

Then,
—it cr—11, —isHE
Hel Pef L’L”Sl|f|lL2+”M Ve P f 212’
tHx §HX
so we need
cr—11, —isHE
| tve s p g SN2,

Taking a Fourier transform in s gives
(e 9)
f IM™'VIP.(A# — A= i0)P) ™ P flI7,dA SN 117
-0
However, this follows from the smoothing estimate on ./, plus the standard resolvent
identity under the spectral assumptions on .. Hence,

-t
le PchIL;Lf;SIIfIILZ-

O

1 o
We prove here that L%? isaPDOfor X a compact manifold as in Hérmander [HO3b].

Theorem 13.17 )
Let X be a compact manifold, ¥ a space of pseudo-differential operators and Q2 be the
space of half-densities on X. Let P € \I’;”hg(X ;Q%,Q%) be a positive, elliptic, symmetric

operator. Then, P defines a positive, self-adjoint operator 2 in L*(X ,Q%. If m>0 and
a € R, then 2% is also defined by a pseudodifferential operator in ‘P;’;}g(x :Q7,Q7), with
principal and subprincipal symbols p® and ap®~' p® if p and p® are those for P.

PROOE £ isbounded if m < 0, hence self-adjoint. If m > 0, then &2 is the restriction
of P to all u € L? with Pu € I2. This implies u € H;;) and C*® is dense in H,,;), hence &
is self-adjoint. The resolvent,

R(2)=(@-27",

is defined and analytic in z except at eigenvalues of 2 on R, and the L? operator norm
can be estimated by the reciprocal of the distance to the eigenvalues. If a < 0, it follows
from the spectral theorem that with absolute convergence in L2,

ico

.@“u:—(Zﬂi)_lf z°R(Z)udz, ueI?,
—ioco

where z¢ is analytic in the right half plane and equal to 1 when z = 1. Since 22"y =

2%y when u is in the domain of 22 and Re(a) < 0, it follows that the distribution

kernel of 2% is an entire analytic function of a. By approximating R with a parametrix
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for P — z, we shall determine the singularities for a < 0 and by analytic continuation for
a=0 as well.

Let Y c X be alocal coordinate patch identified with an open set in R". In the local
coordinates, the symbol for P — z is uniformly bounded with respect to z in

ldé?
IEANE

where u € S(m, g) if u € C* and for every k = 0, we have

S(A+1zl+1E™), 8), g =ldx|* +

|ulf (x)

< 00,
kp m(x)

where

g 1u®(x; 1,..., )]
|uly = sup ———————
tjeX HmzlG(tm)z

)

and G = gy is a quadratic form. For fixed k, this is equivalent to the maximum of the
derivatives of order k with respect to a G orthogonal coordinate system.

Then, (P-2z)"lis uniformly bounded in S((1 +|z|+ Iélm)_l, g) if Re(z) = 0, which we
assume henceforward. Note that we may assume JRe(P(x,¢)) > 0 everywhere for p > 0
since P is strongly elliptic. Hence,

(P(x,D)-2)(P—2)"'(x,D) = 1-Q.(x,D),

where Q, is uniformly bounded in S((1+ &)1 (1 +|z| + |Em~L, g) by standard bounds
on inverses for PDO’s. Specifically, we have

P9 (x,&)DY(P(x,&) —2)7!

Qz(x, é) ~ Z

a#0 al

Let E, be the asymptotic sum of the symbols of
(P-2)"'(x,D)(Q.(x,D)N, N=0,1,....
Then,
(P(x,D) - 2))Ez(x,D) = I - W;(x, D),

where W is uniformly bounded in S((1 + lz)~ta+1Ep~v, g) for any N.
Up to now, we have worked only within coordinate patch Y. Choose v, ¥ € C;°(Y)
with ¥ =1 on spt(y). Then, YE,(x, D)y u is defined in X for every u in 2'(X), and

(P-2)VYE;(x,D)yu=yu-Wy(x,D)u

for another W, such that (1 + |z|) W, is uniformly bounded in ¥~°°. Covering X by co-
ordinate patches Y; and selecting corresponding v ;, ¥ ; € C;°(Y;) such that ¥; = 1 on
spt(y;) and ¥ w; = 1, we have a parametrix E, satistying

(P(x,D) — 2))Ez(x, D) = I - W;(x, D),
globally in X. Then, we have
R(z) = E;+ R(2)W,,
where (1 +|z|) W} is uniformly bounded from H() to H(y for arbitrary s, ¢t and

IR )11y < C1 (0 +12]
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since | ull = IIP)’# ull (), at least if ¢ is a positive multiple of m. Thus, we have for a <0

(o)
P4 = —(Zni)‘lf z°E,dz+ T(a)u,

—ioo

i

where T'(a) is an operator with kernel analytic in a when fRe(a) < 1, with values in
C®(X x X;Q% (X x X)). Every term in the symbol of E, is of the form —(z—P) % 1qdz
where g € $™~% for some k = 0. We have

100
—(2m‘)*1f ~ Z%z-P) " '=ala-1)...(a-k+ )P *qlk),
—100

which is a symbol in $*"~* and depends analytically on a. There are a finite number
of terms for fixed x. Terminating the series for E; after sufficiently many terms adds
an extra error to T'(a), yet this error will as many derivatives as we need for Pie(a) < 1.
Hence, 2% is a pseudo-differential operator for a < 1. Calculating the terms with x =0
or x = 1, we find mod $%"~2, the symbol is equal to

ala-1) ; _
iy pVpyp*>

2
Since P is congruentto p+p*—1i ¥ pzﬁ,

P+

it follows that P% is congruent to
a a-1,.s L. ()

p*+ap“p —Ezme).

aZPu
ax]'anfj
to the symbol of £2¢, which proves the statement on the subprincipal symbol when
a < 1. Tt follows immediately from the Weyl calculus that if 2 is defined by a pseudo-
differential operator, this the same holds for 2224, with the principal and subprincipal
symbols obtained by multiplication of those of 22¢. Hence, the result extends through
toallae Z. (]

To obtain the sum of the principal and subprincipal symbols for 22¢, we add %iz

13.9. Exercises






CHAPTER 14

Modulational Stability

14.1. Asymptotic Completeness
14.2. Scattering
14.3. UP, VP spaces
14.4. Set-up and Properties of the U”, VP Spaces for the Linear KdV Equation

To define the function spaces U?, V2, we summarize Section 2 of Hadac-Herr-Koch
[?], where we suggest the reader look for further details. Let Z be the set of finite parti-
tions —oco < fy < f; <... < tx = co. In the following, we consider functions taking values
in L2 := L?(R%;C), but in the general part of this section L? may be replaced by an arbi-
trary Hilbert space.

DEFINITION 14.4.1. Let1 < p < oco. For{ti}y_, € Z andipy}i ) < L* with Z’,fz‘ol ||‘Pk||f2 -
1 we call the function a:R — L? given by

K
a= Z X[tk_l,tk)()bk—l
k=1

a UP -atom where y is the standard cut-off function to interval I. Furthermore, we define
the atomic space

o0 (o]
Up:z{uz Z)Ljaj’ajaU”’-atom, Aj€C s.th. lelj|<oo}
j=1 j=1
with norm
o0 oo
(14.1) lullyp :=inf ZI)Lj||u=Z}Ljaj,/ljeC, aj aUP-atomy .
j=1 j=1

Atoms are bounded in the supremum norm, and hence every convergence here
implies uniform convergence.

PROPOSITION 14.4.2. Letl < p < g <oo.

(1) The expression ||.|yr is a norm. The space UP is complete and hence a Banach
space.
it:u_emb (2) The embeddings UP < U9 have norm 1.
‘ it:u_right_cont (3) Forue UP all one sided limits exist, including at +oo, u is continuous from the
right, and the limit at —oo is zero.
(4) The subspace of continuous functions UY is closed.

207
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it:v_limits

it:v_spaces

it:v_embl

it:v_emb2
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DEFINITION 14.4.3. Let1 < p < co. Wedefine VP as the normed space of all functions
v:R— L? for which the norm

K
(14.2) lolve = sup | ) llo@) - v(ge-DI?,
{1 _eZ \k=1

is finite. Here we understand v(oco) as zero. Let VP denote the subspace of all right con-
tinuous functions with limit 0 at —oco.

Taking the partition {#,c0} one sees that the supremum norm is not larger than the
VP norm.

PROPOSITION 14.4.4. Let1<p < g < oco.

(1) The expression ||.|yr is a norm and V" is complete.

(2) Forve VP all one sided limits including at +oo exist.

(3) The subspace VP is closed.

(4) The embedding UP < V? is continuous and || ullyr < 212 ullyr.
(5) The embeddings VP < V9 are continuous and || vilya < |v|y».

From the proof of Proposition 2.17 of Hadac-Herr-Koch [?], we have the following

LEMMA 14.4.5. Let f € VP, g > p. Then, given § >0 and m > 1, there exist f; € UP
and f> € U9 such that f = fi + f> and

m I fillor + " follua S fllve.
The following corollary is obvious.
COROLLARY 14.4.6. The space VP is continuously embedded in U7 for q > p.

There is a bilinear map, B, which for 1/p+1/g =1, 1 < p,q < co can formally be
written as

B(f,8)= —ffzgdt,
for fe VP, ge UY. It satisfies
B(f,@l=Ifllveligluya,
which is natural if we replace g by an atom. The map
VP> f—(g—B(f.g)eWUN
is an isometric bijection. Moreover,
lullyr = sup{B(u,v): ve CR), llvllve = 1}.

If ve VP, then
lvllvae =sup{B(u,v): ue CR),lulyr =1}.
If the distributional derivative of u isin L' and v € VP, then

B(u,v) = —fu;vdt.

Given f € L!, then F(1) = ffoofds € VP for all p = 1, and hence in F € UP. Moreover,
I fllpur :=IFllgr <l fll;1. We denote by DUP the metric completion of L! in the norm
given by the duality pairing. Similarly we define DV1.

There is a close relation to Besov spaces, namely

1, 1,
(14.3) Blp cUP cVPcBL
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with continuous embeddings. These embeddings clarify the relation to X>” spaces be-
low.

We claim that the convolution with an L' function n defines a bounded operator
on UP and VP with norm < |In||;1. Because of the duality statement it suffices to verify
boundedness on UP. We approximate the characteristic function by a sum of Dirac
measures. The convolution with an atom clearly has norm at most 1. Convergence in U*
to the convolution with the characteristic function is immediate. The full statement is
animmediate consequence, as well as the boundedness of the convolution by a Schwarz
function on U? and VP”. In particular smooth projections on high and low frequencies
are bounded.

Following Bourgain’s strategy for the Fourier restriction spaces we define the adapted
function spaces

p —

ul,, = S=nu’,
p _

vl = S=nvP

and similarly DU? and DVP.
Again, we define a bilinear map B4y such that for u € VI’? JwVE UI? v we have for
function u with (0, +03)u e L'L?

Bgav(u,v) = —f((at + 6§)u, vydt.
Note, this bilinear map is well-defined and gives a duality relation. Hence,

lullpyr = sup ufdxdt,

”u”DU}?dv: sup ufdxdt.
Ifll,q <1
Kdv

Moreover, we may restrict f to suitable subspaces. More details on how the construction
of such atomic spaces allows us to put u, in the dual space are included in Hadac-Herr-
Koch [?].

By the construction of our spaces we obtain for a solution « of the linear KdV equa-
tion

Up+ Uxxx = f;

14.4

(144 {umm=wm,

the estimates

14. < +

(14.5) ||u||VI§dV S luollz2 ||f||DVI§dV

and

14. < + ,

(14.6) ”u”U12<dV S luollz2 “f”DU12<dV
which follow trivially from the construction of the VI‘? dv,DVé av and UIZ( v DUIZ( av

spaces.

Spatial Fourier multipliers act on U”, V9, DUP, DV in the obvious way and their
operator norm is bounded by the supremum of the multiplier.

Let (p, q) be a Strichartz pair. Then,

_1
lullzrra < clllDl P ullyr
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and the dual estimate )
1l pyp < clIDEP fll g
hold. The first estimate is not hard to check on atoms. Since convergence in U” and in
LP L9 both imply pointwise convergence for subsequences we obtain the full estimate.
The second estimate follows by duality.
Similarly the local smoothing estimates carry over to UP spaces and to DVY. Let
c(t) and y(?) satisfy (22) Then

lull 2y < cllullye
v

and

I fllpyz < C”f”Lz\/?H—]'
In the same fashion the bilinear estimates for solutions to the free equation imply bilin-
ear estimates for functions in U?.

The smooth decomposition into high and low modulation (i.e. the smooth projec-
tion of the frequencies to 7 — ¢ large respectively small) is bounded in U? and V?, and
the L? norm of the high modulation part gains the inverse of square root of the trunca-
tion as factor by the embeddings (14.3).

14.5. Exercises



CHAPTER 15

Bielefeld Lecture 10

Most of the work presented here spans the works [MS11a,HMZ07a,MRS10].

15.1. Numerical Bound States

We now explore computation methods for studying nonlinear bound states.

15.2. Shooting Methods

In [McC93]|, uniqueness of the soliton is proved for a large class of nonlinearities.
To prove this, they work in radial coordinates and hence prove that for solutions of the
resulting Ordinary Differential Equation (ODE), there is a unique initial value at the ori-
gin which leads to a decreasing, positive solution by shooting. If this value is shifted
downward, there are an infinite number of extrema and the solution is always positive.
If the value is shifted upward, the solution becomes negative and is in fact, monotone
decreasing. Hence, we use this analysis to numerically find the unique soliton.

Specifically, we use the method of spectral deferred correction coupled with a Lin-
early Implicit Euler (LIE) scheme on the radial ODE. It is possible for solitons of NLS
equations with monomial nonlinearities to be found using a spectral scheme described
in [DS05], however, the convergence of the method depends heavily upon a scaling fac-
tor. Developing such a sophisticated method for saturated nonlinearities will be a topic
of further research. We specifically choose linearly implicit Euler because it allows us to
avoid the singularity at the origin in radial coordinates. We use deferred correction to
get an incredibly accurate method without having a large number of grid points.

To begin, we compute a first approximation u° to

oru=f(t,u),
at m stretched Legendre points
s=T+HA+t)/A+tw),...,Sm=T+HQ+ty)(1+t,)=T+H,
where ¢; is the i-th root of the m-th Legendre polynomial. Then, we have
(I=hjDf(sjer, D) (U, — ) = hjf (1, U},
for j =0,1,...,m~—1, hj = sj11 —sj. Then, we need to estimate the error caused by

the numerical approximation by a repeated correction step taking uy = (u{C yeer u,kn“) to
uktl = (kL k.
We have the itegral formulation given by

t
u(t) = uy +[ f(s,u(s))ds,
0
and define the residual to be
t
R(t) = ug +f f(s,u(s)ds— u(t).
0
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An order m accurate appoximate solution for R at the Legendre points is given by

m
k k k
Ry=up+ ) Snjf (s, uf) =y,
Jj=1
where S,,; are elements of the spectral integration matrix derived from Gaussian quad-
rature. If y is the exact solution, the error E can be defined as

E(1) y(8) —u(t)
t t
= uo+f0 f(S,y(S))dS—(uo+f0 f(s,u(s))ds—R(1)

t
= R(t)+f0 (f(s,u(s)+ E(8) — f(s,u(s))ds

t
= R(t)+f G(s, E(s); u(s))ds,
0

where G(s, E; u) = f(s,u+ E) — f(s). Then using linearly implicit Euler, we have

(I—hDf(sps1,uk, VEK, = EX+ RE, | —RE.

n+l

Hence, we set
uktl =k 4 gk,

for n =1,2,..., m. Each time we correct, we gain one order of accuracy, up to order m.
Hence, we have a highly accurate method with a small number of relative grid points.

15.2.1. Sinc Discretization. See [MRS10] The problem of finding a soliton solution
of is a nonlinear boundary value problem posed on R. We respect this description
in our discretization by approximating functions with the Sinc spectral method. This
technique is thoroughly explained in [LB92,|Ste93b, Ste81,(Ste00]. In the Sinc discretiza-
tion, the problem remains posed on R and the boundary conditions, that the solution
vanish at +oo, are naturally incorporated.

Given a function u(x) : R — R, u is approximated using a superposition of shifted
and scaled Sinc functions:

N  (x-x N
(15.1) Cun(u R = Y uSine| - )= ¥ wsStkmw,
k=—-M k=—-M

where x; = kh for k = —M,...,N are the nodes and h > 0. There are three param-
eters in this discretization, k, M, and N, determining the number of and spacing of
lattice points. This is common to numerical methods posed on unbounded domains;
see [Boy01].

A useful and important feature of this spectral method is that, when evaluated at a
node,

(15.2) Cy,n(u, h) (xg) = ug.

Additionally, the convergence is rapid both in practice and theoretically, see literature.
Since the soliton is an even function, we may take N = M. We will thus write

(15.3) Cum(u, h)(x) = Cp,m (1, h)(x).

The symmetry implies u_j = uy for k = —M,... M. We take advantage of this constraint
in our computations. In addition, we slave & to M in accordance with standard conver-
gence analysis techniques.
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To compute a discrete sinc approximation of the ground state, we frame the soliton
equation as a nonlinear collocation problem. Approximating ¢(x) as in (15.1), we seek
coefficients {R;} such that

02Cpr(¢p, h) (x) — ACw1 (¢, B) (x1)

(15.4) )
+ g(Cp (e, B) (x) 1) Corr (b, ) (xx) =0, fork=-M,...,M.

By satisfying (15.4), the discrete approximation solves the soliton equation in the strong
sense at the nodes, also known as collocation points. This is in contrast to a Galerkin
formulation, which solves the equation in the weak sense. However, for the one dimen-
sional under consideration, sinc-Galerkin and sinc-collocation lead to the same alge-
braic system.

yields a system of nonlinear algebraic equations. Let ¢ be the column vector
associated with the discrete approximation of ¢:

O-m
. 9-ma
(15.5) Cm(p, W) (xp) — P =
dm
Differentiation of a Sinc approximated function that is evaluated at the collocation points
corresponds to matrix multiplication:

(15.6) 02Cp(p, ) (x) — DP .
Explicitly, D® is
d> L j=k

(15.7) D? = ——8(j, h)(X)|x=x, = { - .

O S T

Using[15.2}
g(Ca (b, W) (X)) Car (b, ) (1) = Car(g(1p12) b, B) (xx) = g(Ibic*) ..
Thus
gUp-mPHp_m
g(ICun (b, W) (1) 1) Car (b, ) (1) — g(1p11)p = :
gl )b

With these relations, the discrete system is
(15.8) DP¢-w+g(d)p=0.
It is this equation to which we apply a nonlinear solver, subject to an appropriate guess.

We discuss an important subtlety in Section(15.2.3

15.2.2. Saturated Nonlinear Schriodinger Equations. In this section, we develop
the techniques used to prove stability of solitons for a focusing nonlinear Schrédinger
equation (NLS) in R x R%:

0

u0,x) = upx),

iut+Au+,B(|u|2)u

for B:R—R, B(s)=0forall seR.
As a source of interesting calculations, we will need the following definitions.
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DEFINITION 15.2.1. Saturated nonlinearities of type 1 are of the form
p=q

(15.9) Bls)=st 22

M ’

1+s2

wherep >2+ % and % >q>0ford=3 andoo>p>2+%>%>q>0 ford <3.
DEFINITION 15.2.2. Saturated nonlinearities of type 2 are of the form

N
(15.10) B(s) = ——
1+s)7z

where % > q>0,d>2.

REMARK 15.2.3. In both cases, for |u| large, the behavior is L subcritical and for
|u| small, the behavior is L? supercritical. For Definition|15.2.1} p is chosen much larger
than the L? critical exponent, % in order to allow sufficient regularity in linearizing the
equation.

Now, that we have established the method, we begin with a range of values and
based on the analysis of [McC93], we bisect the interval until we have a very accurate
approximation to the soliton. A plot of a known soliton for (NLS) on R compared to the
computed soliton is shown in Figure[2] While it is not a particularly useful exercise, we
show a plot of a soliton for a saturated nonlinearity in Figure|l| Using such a method,
we can also approximately track the quantities Q(1) and E(A), conservation of mass and
energy. We call the plots of Q and E with respect to A the soliton curve for a particular
nonlinearity. A sketch of the soliton curves for various nonlinearities is given in Figure
Notice that for the saturated nonlinearities, Q has a unique minimal mass attained at
aunique A.

15.2.3. Numerical Continuation. As discussed in Section|15.2.1} the discrete sys-
tem approximating is

(15.11) F(¢)=D?¢-wd+g(@)=0.

The multiplication in g(¢)¢ is performed elementwise. In order to solve this discrete
system, we need a good starting point for our nonlinear solver. We produce this guess
by numerical continuation.

Define the function
3

Ex1) =073
1+7x
Note that g(x,0) is 7-th order NLS and g(x, 1) = g(x), saturated NLS. We now solve
(15.12) G@1)=DP-Ad+g(Fnd=0.

At 7 = 0, the analytic NLS soliton serves as the initial guess for computing (ﬁrzo. (ZST:()
is then the initial guess for solving at T = Ar. We iterate in 7 until we reach 7 =
1. This is numerical continuation in the artificial parameter 7, [AG90]. This process
succeeds with relatively few steps of At; in fact only O(10) steps are required.

15.2.4. Comparisons with Other Methods. We can benchmark our Sinc algorithm
against several other methods. Available algorithms include numerical quadrature along
with more recent approaches such as spectral renormalization, also called the Petvi-
ashvili method [Pet76, AMO05,|LY07|, the imaginary time method [BD04, YL08], and the
squared operator method [YLO7].
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FIGURE 1. The plot of a numerically found soliton for a saturated NLS

of type 2 in R® with g = 1.

TABLE 1. The convergence of the sinc discretization to the minimal

mass soliton.

tab:mass_conv

M

hl|?

*

w

20
40
60
80
100
200
300
400
500

3.820771417633398
3.821145471868853
3.821148930202135
3.821149018422933
3.821149022493814
3.821149022780618
3.821149022780439
3.821149022780896
3.821149022780275

0.177000229690401
0.177576993694258
0.177587655985074
0.177588043323139
0.177588063805561
0.177588065432740
0.177588065432795
0.177588065433095
0.177588065432928

15.2.4.1. Quadrature Methods. The soliton equation may be integrated once to get
1 1 1
5(axq))2 - Eﬂupz *q [¢* —log(1+¢*)] =0.

Equation (I5.13) yields an implicit algebraic expression for the amplitude, ¢(0),

1519

| eq:first_integral | (15.13)

1 1
= 3207+ (¢ ~log (1 +¢(0)*)] = 0.
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FIGURE 2. The plot of a numerically found soliton for cubic NLS in R
vs. the known analytic soliton R; (x) = V2sech(x).

Using (15.13) and (15.14), we can express the mass as

00 00 ¢(0) 1 -1/2
o1, = [~ oerax=2 [“gerax=2 [ o {10~ (ot -toglLep®)]}  dp.

Thus, the mass of the soliton with parameter w is

(15.15) lpoll?, =2 v 2—1[ * ~log(1+p%)] _md
. wlliz=2 prywp” =5 1" —log(l+p p-

Equations (15.14) and (15.15) can be used to approximate w* by numerically minimiz-
ing (I5.15). To compute the amplitude of the soliton, we solve using Brent’s
method with a tolerance of 1.0e-14. We use the singular integral integrator QAGS from
QUADPACK, which for this problem is, unfortunately, limited to a relative error of 5.0e-
12 and an absolute error of 1.0e-15. Trying different routines from the optimization
module of SciPy, [JOP™ |, we summarize our results in Table which contains data from
our Sinc computations. There is a spread of O(le-12) amongst the computed minimal
masses and a spread of O(le-7) amongst the w*. These differences are consistent with
the prescribed relative error of the quadrature, suggesting the precision of this approach
to computing the minimal mass and associated w is limited by the quadrature algo-
rithm. Note that we do not compute the solitary wave with this technique; we merely
identify the minimal mass soliton parameter and the mass of that soliton.
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15.2.4.2. Spectral Renormalization Methods. A Fourier transform may be applied

15.2. SHOOTING METHODS

FIGURE 3. Plots of the soliton curves (Q(A) with respect to 1) for a sub-
critical nonlinearity (d = 1, p = 3), supercritical nonlinearity (d = 3,
p = 3), critical nonlinearity (d = 1, p = 5), saturated nonlinearity of
typel (p =7, q=3)inR, saturated nonlinearity of type 1 in 3d (p =4,
q = 2), saturated nonlinearity of type 2 in R® (g = 2). The curves for
the monomial nonlinearities are found analytically, while the curves
for the saturated nonlinearities are found numerically.

to the soliton equation to get

(15.16)

where k is the the wave number. Let us introduce variable w(x), with ¢, (x) = 6 w(x),where

F (8(5)dw) (k)

(pw(k) = k2+w

0 is an unknown, nonzero, constant. Introducing this into (15.16), we have

(15.17)

_ FgO*wHw)k)

Wi K +w

= Qg[Ww] (k).

217

Multiplying by w(k)*, the complex conjugate, and integrating over all k, we com-

pute

(15.18)

G(6; LD)E[Iﬁ/(k)lzdk—fli)(k)*Qg[II/](k)dk:O.

f:solcurves
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TABLE 2. The soliton parameter and mass of the minimal mass soli-
ton computed by both quadrature and spectral renormalization. Also

table:other results included is some of the data for the Sinc method appearing in Table[I]

Algorithm | w* [1gpl?dx
fminbound | 0.177588368745261 | 3.821149022780204
Brent | 0.177587963826864 | 3.821149022778472
golden | 0.177587925853761 | 3.821149022776717
Spec. Re. | 0.177588064106709 | 3.821149022780361
Sinc with M =100 | 0.177588063805561 | 3.821149022493814
Sinc with M =200 | 0.177588065432740 | 3.821149022780618
Sinc with M =400 | 0.177588065433095 | 3.821149022780896

This may be interpreted as a constraint on 6. This motivates the iteration described
in [AMO5]. Suppose we know w,,(x) and 8,,, a pair of approximations of the true values.
To get the next approximation, we compute

(15.19) Win+1(k) = g, [Wm](k)
and then solve
eq:theta_iterate | (15.20) GO; Wp41) =0

for 0,,+1. We repeat this until the sequence {w,,} satisfies our convergence criteria.
From this we then recover ¢,. The advantage of this is it can use the fast Fourier trans-
form. Using spectral renormalization, we then minimize the approximate mass numer-
ically. This is readily implemented in MATLAB, using fzero to solve for a given
value of w and fminbnd to find the minimal mass value of w. We iterate in w until either
lwm+1 — wmllz < Abs. Tol. or |Wm+1 — Wil 2/ | Wm+1ll2 < Rel. Tol.. This is performed
with a relative and absolute tolerances of 1e-15 in the spectral renormalization compo-
nent, and a tolerance of 1e-15 in both fminbnd fzero. Our spatial domain is [-200, 200)
with 2'2 grid points. As seen in Table [2} this is in good agreement with both the Sinc
method and the quadrature method.
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In this note, we introduce a convergent iterative ODE solver and prove it conver-
gence, see [DS05,PS04].

16.1. Modified Petviashvili Method
Such a method is explicitly designed to numerically solve
(16.1) ~Au+u-u*P =0,
by defining an iteration scheme

ou

d
Une1 = AU =80 (unlPun) +6 Y ppj=—,
o 0x;

]

for a choice of 1, v, 6 and g,, with uy chosen to be something nicely localized, say a
Gaussian. The parameters for convergence are defined as

LA +1EP) (i) dé

M, = — ,
[ (2P \up)de
) JA+IE1P) (@) O un)dé
nj = —
00,011l |up))de
o 2p+1
Y - 2‘6 4
5 = -%
2

The choice of parameters above will become clear in the proof of convergence. The
slight correction that differs strongly from Spectral Renormalization method will arise
naturally as a means of enforcing orthogonality conditions that are related to those from
the orbital stability section.
16.2. Proof of Convergence
CLAIM 16.2.1. Given u the unique radial, decreasing solution to (16.1), we have

lttnsr —ullgr = (L= )llup — ul g

in an open neighborhood of u

PROOE. Starting with the case 6 = 0 and defining w,, = u, — u, we have

ul*2ph « Wy,

Wne1 =—2Pyanti+ 26+ I)W

219
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with
f wnu1+2ﬁ
ap="———>—
n f u2+2p

Defining A = (I-A)~!L,, we see using the properties of L, defined above that since this
is a bounded, self-adjoint operator on H' with respect to the inner product

(f,8) = f FU-Mgdx.

Decomposing onto the spectrum of A, we note that since (I — A)% is well defined, we
have that dim(Ker(A)) = dim(Ker(L4)) = d and that A, like L, has one negative eigen-
value. Indeed, the d + 1 lowest eigenvalues of A are u with eigenvalue —2 <0and d;u
with eigenvalue 0 by a direct computation using to say

(I-N""u*?P =y,
Hence, expanding w,, = a,u + g, by projecting onto the non-negative eigenspace of A

using that wy, is always radial and hence ignoring the projections onto d;u. Now, g,
lives in the orthogonal subspace

Y = {f € L2|(f,p*PHy = (f,0;u*Phy = 0.

To see this, simply calculate that the adjoint of u with respect to the H' inner product is
uP. There is a similar calculation for 0 jusince ; commutes with /- A forall d;. Hence,
we can see from the positivity of u that that operator A is such that

2p
0<Ag42 < inf (. AP <su ., AN =1-p inf Guf) =1

N e 0D PRt g

by taking f to be functions supported further and further from the essential support of
u. Computing by plugging into the iteration that

ans1 = (2B(A-y)+Day,
gnv1 = U-Aqy.

Hence, we have
wp+1 = G(wy),
with
G'Www=(UI-APyw,

but /- A<1- 1441 <1, hence a contraction argument completes the proof.
For 6 # 0, the Petviashvili correction projects the initial condition away from 0;u
and gives the natural choice 6 = —%. Specifically, given

Wn = anU+by,j0ju+ gy
the recurrence relation gives

busr,j = (1+28)by, .

16.3. Exercises
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17.1. Stability

The stability of solitons is a natural property to investigate numerically, but first we
must clarify what kind of stability we seek. Some of the first results on NLS concerned
the orbital stability of the solitons. For NLS, the soliton is said to be orbitally stable if
the perturbation remains small the H! norm, modulo the group of symmetries associ-
ated with the equation, i.e. translation in space. In [Wei85b,|Wei86}|GSS90], Weinstein
and Grillakis, Shatah & Strauss determined that the qustion of orbital stability of NLS
solitons could be reduced to computing the sign of

d . 2
(17.1) ﬁfu‘e(x,;m dx.

When this is positive, the solitons are orbitally stable; when it is negative, they are un-
stable.

Though these orbital stability results are quite elegant, they do not tell us what hap-
pens as t — oco. In particular, orbital stability does not imply that the perturbation di-
minishes; the solution may perpetually oscillate about the soliton. For information on
long time behavior, we seek asymptotic stability, which generally states that a perturba-
tion of the soliton converges to a (possibly different) bound state and radiation. In this
work, we study certain details necessary for asymptotic stability.

Asymptotic stability is usually proven perturbatively. Writing ¢ = e/} (R(-; 1) + ¢),
the evolution of the perturbation, ¢, is governed by

—A+/",—Vl —Vg

(17.2) at(¢)=ijf(¢)+1v(¢,<p*)=i n Alaiw (¢)+F(¢>,¢>*).

¢* ¢* ¢
The operator # is the linearized (about a soliton) operator of NLS, and V; = g(R?) +
g (R)R? and V» = g'(R?)R?; this is the matrix Hamiltonian. The perturbation F con-
tains the nonlinear interactions. We could have also decomposed the perturbation into
real and imaginary parts, ¢ = u+ iv, to get the evolution equation

uy u (0 1}(Ly O)(u
(17.3) 0y (v) =JL v) +G(u,v) = (_1 0) ( 0 L_) v) +G(u, v)
where L. = —A+ A1 — V. and G contains the nonlinear terms. The potentials are V, =

Vi+V, and V_ = V] — V,. The isometry between these two formulations permits us to go
back and forth; we shall do this frequently.

Proofs of asymptotic stability typically require Strichartz estimates on the evolution
operator of the form

(17.4) e fllprg Sl

With such estimates, (17.2) is shown to be dominated by the linear flow, permitting the
nonlinear term to be treated as a perturbation. This strategy for NLS was initiated by

221
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Essential spectrum

B

—_— N N N e N LN,

Zero is an eigenvalue
of algebraic multiplicity
atleast2d + 2

FIGURE 1. The generic spectrum of .. Endpoint resonances might
be found at +A, and embedded eigenvalues may be located in

(=00, —A] U [A,00). Gap eigenvalues may be found in (-1, 1). fig:spec_decomp

Buslaev & Perelman, [BP95], who studied the stability of a single soliton known to be
orbitally stable. There approach has been followed in many works with various restric-
tions on the perturbations and assumptions on the nonlinearity. Additional assump-
tions on the spectrum of the linearized operator are also often necessary. As examples,
we point the reader to Buslaev & Sulem, [BS03], which generalizes the earlier work, and
to Cuccagna and Rodnianski, Schlag, & Soffer, [Cuc03, RSS03a], who studied the stabil-
ity of multiple soliton solutions. Schlag and Krieger & Schlag, [Sch09}KS06b], studied
the stability on an orbitally unstable soliton, subject to constraints that mitigate the lin-
ear instability.

17.1.1. The Spectrum. Dispersive estimates on e/”’ require careful considerations

of the spectrum of #, o (). Since the spectrum of # and JL are related by o(A) =
io(JL), we can also study that operator. Generically, the spectrum of .# includes the
points highlighted in Figure|l} Using well known results on relatively compact per-
turbations of differential operators, we can assert that the essential spectrum lies in
(—oo,—AJ U [A,00), [HS96, RS78b|. See [ES06] for a nice description of the essential
spectrum for matrix Hamiltonian. By direct computation on /L, we can find a 2d + 2
dimensional kernel; details are given below in Section[17.1.1.1} This implies the 2d + 2
dimensional kernel of .#, see [MS11al.

Bound states corresponding to eigenvalues of /, along with resonances, can ob-
struct the necessary dispersive estimates. In many of the results on asymptotic stability,
the authors explicitly assume:

(1) # has no eigenvalues in the essential spectrum. Eigenvalues contained in the
essential spectrum are called embedded eigenvalues. These will be the focus
of this work.

(2) The only real eigenvalue in the spectral gap, [-A, 1], is zero.

(3) The values +A, the endpoints of the essential spectrum, are not resonances.

See [MS11b] for a discussion related to these conditions. These properties, which are
often assumed, motivate two problems:

Open Problem 17.1.1 Prove that /€ has no embedded eigenvalues.
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and

Open Problem 17.1.2Prove that /€ has no endpoint resonances.

One application we can study numerically is the spectrum of #, and resolve the
questions of embedded eigenvalues and endpoint resonances for some cases of (12.1).
We believe our approach may provide a framework applicable to other problems. The
question of gap eigenvalues is more subtle, as they may exist in subcritical problems
where the soliton is orbitally stable; we will not address this here.

REMARK 17.1.3. Krieger & Schlag, [KS06b], resolved these questions for 1D super-
critical power nonlinearities using scattering theory ideas similar to those of Perelman,
(Per01]. Interestingly, our algorithm only works for a subset of supercritical monomial
nonlinearities in 1D. The existence of both embedded eigenvalues and embedded reso-
nances for operators of the form F requires precise asymptotic matching with direct al-
gebraic dependence upon the forms of the potentials. They are thus believed to be rare.
However, in higher dimensions, neither can be ruled out analytically, even under strong
assumptions on the symmetry, regularity and decay of the potentials. See Schlag’s discus-
sion in [Sch09].

REMARK 17.1.4. Linearizing about the ground state soliton for the cubic nonlinear
Schrodinger equation in 1D, which is L? subcritical, does actually result in endpoint res-
onances, see [CGNTO08]. Despite this, asymptotic stability still holds due to the celebrated
inverse scattering theory. In higher dimensions, as seen by [ES06], endpoint resonances
result in weaker dispersive estimates that make proving asymptotic stability rather chal-
lenging.

REMARK 17.1.5. In Cuccagna & Pelinovksy and Cuccagna, Pelinovsky, & Vougalter
[CPO05,|CPV05], it is shown that embedded eigenvalues of positive Krein signature in 1D
can be dispersion managed via a Fermi Golden Rule approach, and that this is a generic
assumption. However, it is unknown if this can be extended to higher dimensions and
embedded eigenvalues still complicate the analysis. Hence, it may be simpler to prove
their absence.

17.1.1.1. Results on the Discrete Spectrum of /€. We wish to show that the spectrum
of # when linearized about the ground state has the discrete spectral decomposition
Figure[l} Namely, the following result holds

Theorem 17.1
The only discrete eigenvalue for A in the interval [-1, A] is 0.

REMARK 17.1.6. For the 3D monomial NLS equation, the structure of the discrete
spectrum away from the essential spectrum has been verified numerically in [DS05] for a
range of supercritical exponents.

REMARK 17.1.7. In [Sch09], using arguments derived from [Per01], it is shown that
the discrete spectrum for the Hamiltonian /€, as in (17.2), associated with supercritical
monomial nonlinearities is determined by the discrete spectrum of L. A slightly stronger
version of the theorem, with minimal changes to the proof, applies to linearizations about
a minimal mass soliton, R = Ryn, of saturated nonlinearities.
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Let us review the generalized kernel of a Hamiltonian resulting from linearizing
about a soliton. Studying /L and following [Wei85b|, we see by direct calculation that
the vectors

() ()

forall j =1,...,d are contained in Ker(JL). Differentiating with respect to A, we
have by a simple calculation that L, d; R = —R. Differentiating with respecttox, L_(xR) =
—2VR. Hence, the vectors

0 (02 R),
) (7%
lie in the generalized null space. So far we have constructed at 2d + 2 dimensional gener-

alized null space. Since we know the null spaces of L_ and L, exactly, these are unique.
For power nonlinearities, g(s) = s,

11
17.7) (0rAR)py=1= (=R +x-VR).
20

We use this explicit form in our calculations. See in [Sch09, KS06b, Wei85b]| for a nice
analytic description of the discrete spectrum.

17.1.2. Natural Orthogonality Conditions. Giventhat L., L_ have kernels, we must
establish any stability/spectral results on a subspace. This subspace will be defined as
the orthogonal complement to the span of a set of vectors. If this collection of vectors
is not chosen properly, we may find that the spectral property holds though the oper-
ator still has embedded eigenvalues. Thus the constraints on the set of vectors whose
orthogonal complement will define % are:

(1) They must be orthogonal to eigenstates of embedded eigenvalues,
(2) Orthogonality with respect to them should induce positivity of £ on %.

A way of satistying both requirements is to use the discrete spectrum of the adjoint
problem To that end, we rely on the following simple results.

LEMMA 17.1.8. If (A, 1) is an eigenvalue, eigenvector pair for JL and (o, D) is an
eigenvalue, eigenvector pair for (JL)*, then

A—0™){u, vy =0.
Thus, if A—o* #0, the states are orthogonal.

COROLLARY 17.1.9. An eigenstate of JL associated with a purely imaginary eigen-
value, it # 0, is orthogonal to Kerg (JL)™).

COROLLARY 17.1.10. Let (it #0,9) and (A > 0, ) be eigenvalue, eigenvector pairs of
JL. Then

(w1,¢2) =0,
(w2,¢1)=0.

PROOE. By the Hamiltonian symmetry of the problem, —A (¢p2,¢1) " and A, (—¢p2, —p1) T
are eigenvalue pairs of the adjoint, (JL)*. Therefore,

(w1,02) = (w2,¢1) =0,
—(p1,¢2) —(W2,1) =0.

Adding and subtracting these equations gives the result. (]
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These observations motivate using the known spectrum of the adjoint system in
constructing the orthogonal subspace. For the 3D cubic problem, we can thus use the
eigenstates at the origin and the two off axis real eigenvalues.

17.2. Exercises






CHAPTER 18

Bielefeld Lecture 13

18.1. Solving NLS numerically

We outline numerical methods for one dimension used to produce the results de-
scribed at the end of this section. Note that these methods generalize to radial problems
in higher dimensions quite easily.

We discretize our equation,

iug+ uge + Bu®Hu=0,

u(0, x) = uy,

using a finite element scheme in space and the standard Crank-Nicholson scheme in
time (at first order, this is the midpoint rule). Namely, our ODE time stepping scheme is

ur = f(t,u),
and time step using the algorithm
Up+1 = Up + htf(u,”%r tn+%)’
where we take tn+% =(n+ %)ht and

u = YntUnen

n+s 2
Just as the equation itself this method is L? conservative. A similar scheme was im-
plemented in [ADKMO3|, where the blow-up for NLS in several dimensions was ana-
lyzed. This method was applied by the author with Justin Holmer and Maciej Zworski
in [HMZ07b| and [HMZ07a] to study soliton interactions with delta potentials.

Note that we require the spatial grid to be large enough to insure negligible inter-
action with the boundary. The convergence of such methods without potentials was
studied in [ADKM91], [(ADKM97].

We select a symmetric region about the origin, [-R, R], upon which we place a mesh
of N elements. The standard hat function basis is used in the Galerkin approximation.
We allow for a finer grid in a neighbourhood of length 1 centered at the origin to better
study the effects of the interaction with the delta potential. In terms of the hat basis the
problem becomes:

(ug, ) + iUy, v 12— i(B(ul®)u, v) =0,
u(0,x) =up, u(t,x)=%,c,(v,

where (-,-) is the standard L? inner product, v is a basis function and u, u, are linear
combinations of the v’s. We remark that since v’s are continuous the pairing of uv with
the delta function is justified.

227
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Since v’s are hat functions, we have created a tridiagonal linear system with one
contribution to the central element resulting from the delta function. Let h; > 0 be a
uniform time step,

up =Y cy(nhyv,
v

be the approximate solution at the nth time step. Implementing the midpoint rule in
time, the system becomes:

(Ups1 = Un, V) + TR (((Ups1 + Un)/2)x, V)
= ihy (B(Uns1 + Un)12) (Uns1 + Un)[2,V), Ug=)_ ayv,
v
By defining
Yn=(WUps1+uy)l2,

we have simplified our system to:

h h
(Yn, ) + if((yn)x, Vy) = ii(ﬁ(b’nﬁ))’m V) + Uy, v).

An iteration method from [ADKMO3] is now used to solve this nonlinear system of equa-
tions. To wit,

h h
vy + if«y’,ﬁ“)x, Vy) = i7”<ﬁ(|y,’§|)y’,§, V) + (ity, V).

We take y9 = u, and perform three iterations in order to obtain an approximate solu-
tion.

In order to take this radial problems in higher dimensions, we refine our inner prod-
uct to be

(u,v) =[m u(r)v(r)rdfldr.
0

The remainder of the analysis follows trivially. Note that a finite difference argument
can also be applied here by linearizing the problem and discretizing derivatives directly.

18.2. Crank-Nicolson is Mass Conservative

We show here that the 2nd order Crank-Nicolson scheme above is mass conserva-
tive. The idea is to simply apply summation by parts on the discretized equation. The
key observation is that

(Uns1 = Un) (a1 + Gn) 12+ (fpe1 = B) (U1 + Un) 12 = (Ui 2 = gl
Use

(Ups1 — U, V) + The (((Ups1 + Up)/2) 5, Ux)
= ih(BUupsr + un) 1213 (Uns1 + un)12,0),

with v = (@t;,41 + @i,)/2 and

(fps1 = Ty ) — Py (T + ) 12) 5, Vi)
= —ih {Bllunsr + ) 12%) (lps1 + 1) /2, V),

with v = (U401 + uy)/2.
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18.3. A Spectral Method

Another very nice method for solving NLS involves a robust spectral method orig-
inally derived by Kassam-Trefethen [KT05a]. This turns out to be a broadly applica-
ble, nicely stable means of studying several dissipative/dispersive equations or systems
thereof. For a nice application to soliton dynamics in NLS, see [Pot09].

Let us focus on finding a solution u(x, t) to (I2.1), but now put the problem on a
periodic domain. Doing so means that we can take a Fourier series decomposition to
discretize in space such that

Ot + ikP ity — i((1ulP = V(X)) w)g = 0, ity = (Uo).-

The general idea for the time integration is to implement standard PDE techniques by
observing that such dynamics are described by decomposing the evolution into lin-
ear/nonlinear components, i.e.

ur =L+ N(u),

where
L) = -—ik’iy,
Nk = il(ulP = V).

Let us take uniform time steps, h; and set u, = u(t,) for t,, = nh;. Then, as in ODE
solvers, we see

hy
Uns1 = eMlu, +[ "IN (u(t, +5), ty + $)ds,
0

Note, given that the Laplacian is a local operator on each Fourier mode, implementing
this algorithm in the given spatial decomposition means that L, e** are diagonal ma-
trices for any 7 € R. Hence, the computational difficulty comes down to choosing the
quadrature method for evaluating

he
f "IN (u(t, + 5), ty + s)ds.
0

Ltu gne observes that

Defining v=e"
V= ethN(e“v).

To now solve this implicity nonlinear system of ODEs, in [KT05a] the use a 4th order
Runge-Kutta method

yl = htf(vn; tn)y
Vo = hif(wp+y1/2,ty+hs/2),
V3 = hif(vn+y212,t,+ he/2),
Va = hef(vn+ys tae1),
1
Un+l = Up+ é()’l +2y2+2y3+ y4).

In the remainder of this chapter, we use the finite element method to display soli-
ton stability/instability for the stable/unstable parts of the soliton curve with saturated
nonlinearities, dispersion for initial data with Z? mass below the minimal mass for a sat-
urated nonlinearity and interactions between stable solitons and close to minimal mass
solitons for saturated nonlinearities in R.
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18.4. Strang-Splitting Methods

In what follows, we review some joint work with Jianfeng Lu.
Consider a general quasi-linear Schrodinger equation

(18.1) iup = —Au+uf(ul®)+ug' (u?Ag(u®),
which can be written

iug+g/*(wojdru=Fu,Vu), u:RxRY—C™
(18.2)
u(0, x) = up(x)

with small initial data in a space with relatively low Sobolev regularity but with some
extra decay assumptions. Here

g:me(Cm)d_)Rdxd’ F:me(cm)d_)q:m
are smooth functions which we will assume satisfy
g2 =1a+0(yP+1z1»,  F(y,2) =0yl +|zl*) near (y,2) = (0,0).

Quasilinear equations of this form have arisen in several models. See [Pop01] for a
thorough list, but we mention here works related to the superfluid thin-film equation
[Kur81] and modeling ultra-short pulse lasers [dBHS97, dBHNS99]. The model we will
consider here numerically equates to setting g(s) = f(s) = s, and hence

(18.3) iuy=—Au+ulu+ud(u?.

This is a pseudo-attractive version of the superfluid thin-film equation, which is given
by

(18.4) iug=—Au+ulfu—ul(ul®)

and can be seen as a leading order contribution to the ultra-short pulse laser models
from [dBHS97,[dBHNS99]. In addition, existence of solutions to quasilinear equations
have been studied analytically in several case, see [diBHS97,dBHNS99, KPV04, KPRV06,
KPRV05,MMT12, MMT13, Pop01] and many others. The reason we choose this par-
ticular model is that it while it is guaranteed to have small data local well-posedness
from [MMT13] and hence can be used to verify our numerical convergence results for
general quasilinear models, it will also allow interesting singularities to form in the evo-

lution for large enough initial data.
Let us consider the nonlinear part of the equation

(18.5) ive=vf(lvP®)+vg (lv)Ag(v?).
Taking the complex conjugate, we have
—iv = vf(vi) +vg' (vP)Ag(vP).
We calculate
i0,v|*=ivd,v+ivd, v
=Wl favl) +1viPg (v Ag vl

(18.6) 2 2 2 2 2
=P favl?) —lvi*g (vl Agvl?)

=0,

and hence under the evolution (I8.5) the amplitude is conserved. This will be a key
property used to develop the numerical scheme.
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We consider a Strang splitting method for the quasilinear Schrédinger equation,
which is a composition of the exact flows of the differential equations

(18.7) i0;u=-Au

and

(18.8) i0,u=uf(u®+ug (u?Aglul®).

More concretely, we approximate u(t,) with ¢, = nt for a step size T > 0 by u, via

_ _ LA .

Upir2 = €% Un;
_ o - 2 ! - 2 - 2
eqn:splitting| (18.9) u;+1/2 = un“/ze( Tt ) +8 (U 1RG4y o )));

_ ,iTA
Un+l = €2 Uy

We note that the scheme is explicit and reversible, thanks to the amplitude preserving
property of (18.5). One can use a Fourier pseudo-spectral method for the spatial
discretization, and hence the flow e(%TA) can be efficiently calculated using fast Fourier
transform (FFT), and the flow amounts to changing the phase of the solution on
each mesh point.

Due to the advantage of being structure-preserving, the Strang splitting [Str68] and
higher order splitting schemes (e.g. [Suz93}Yos90]) have been widely applied to nonlin-
ear Schrédinger equations, mainly semilinear Schrédinger equations, see for example
[ABB13,AG,BC12, BJM03a}, BJM03b, BMS03, BS05}|Chi07}, FGL09, HT73, MQ02, PM90,
PGL03,|SW13,WH86]. While we focus on the Strang splitting scheme for quasilinear
Schrodinger equations, let us also mention that many other time discretization ap-
proaches to solve non-linear evolution equations have been developed, including Crank-
Nicholson type schemes (see e.g. [SS84] and also [ADKM91] and [HMZ07b] for ap-
plications in studying numerical blow-ups and nonlinear scattering), Magnus expan-
sion approaches ( [Mag54] and also the recent review article [BCOR09]), exponential
time-differencing schemes (see e.g. [CM02,[KT05b]), implicit-explicit methods (see e.g.
[ARW95]), the comparison study in [TA84], and many others. Our study is also mo-
tivated by numerical approaches towards time-dependent density functional theory
computations as discussed in the documentation of the software package Octopus[]
and also [CMRO04] and references therein.

The convergence of splitting schemes for semilinear Schrédinger equation was an-
alyzed in [DT12,|Gaull,JL00, Lub08, SW13, Tha08|. In the present work, we extend
the previous works to quasi-linear Schrédinger equation. We will mainly focus on the
convergence of the time-splitting method to the original evolution for the superfluid
thin-film equation. The analysis follows the ideas in the seminal contribution by Lubich
in [Lub08], where the main tools are the calculus of Lie derivatives. We will emphasize
on the regularity of the time flow, for which the behavior of the quasilinear Schrodinger
equation is different from the semilinear ones.

We explore here the relevant Lie theory results and necessary multilinear estimates
in Section[18.5] In Section [18.6} we discuss the regularity of the time flow of the quasi-
linear Schrodinger equation and the time-splitting scheme. In order to establish the
differentiability of the numerical solution with respect to time to sufficiently high accu-
racy, we rely on bounds in a much stronger topology in space.

1http ://www.tddft.org/programs/octopus/wiki/index.php/Main_Page
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18.5. Convergence of time-splitting scheme

sec:Lie

We follow here the idea of Lubich [Lub08] relying on small data local existence in H*
for cubic quasilinear nonlinear terms in Marzuola-Metcalfe-Tataru [MMT12, MMT13]|
(See also the works of Poppenberg [Pop01], Kenig-Ponce-Vega and Kenig-Ponce-Rolvung-
Vega [KPV93, KPV98, KPV04}, KPRV06, KPRV05]). Let us focus on the simple case of
equation in arbitrary dimension, which equates to setting g(s) = f(s) = s, hence
allowing us to use that for small initial data, there exists a local in time solution in H* as
long as s > % provided u is sufficiently small. See for instance Theorem 1, [MMT13]
given that the nonlinearity is cubic by nature.

Before we begin let us take
a+5
(18.10) mkzomalelu(t)llHk, ksmax(7,T+e),
<t<

for and € > 0 such that u the solution to (I8.I) with small initial data can be defined in
H* using [MMT12,MMT13]. We can approximate the solution through the continuous
time generators of the split step equations:

eqn:Deltadot | (18.11) iv=-Ay
eqn:Vdot | (18.12) iy =Viyly
where
(18.13) Viyl = [yl - Ady ).

The generators of the split step method can thus be described as exponential maps of
the vector fields given by

eqn:hatT (18.14) T(w) =iAy,

eqn:hatV| (18.15) V) =-iViyly = —illyl* + Ay P)]y.
The key estimates we will require are of the type

eqn:tril| (18.16) IA(uv)wllgs < CllullHH% ||U||Hs+% "w“H”%

using L8 x L% x L5 — L? Holder’s inequality and the Sobolev embedding for L°, as well as

eqn:tri2| (18.17) IIA(ul/)wIIHsSCllullH 4+d IIUIIH a+d , lW g5

St=5 € St=5— t€

using the L® x L™ x [?> — [? Holder’s inequality and the Sobolev embedding for L.
Before computing Lie Derivatives, we want to understand the stability of the evolu-
tion generated by V. To do this, we study

8
B
n
Hh
ot
Hh

Q

eqn:Vode (18.18) iv=Viylv, v(0)=vy.

For vy sufficiently regular, it is possible to show that the evolution varies continuously
with the choice of initial data in a weak topology. In particular, we can show that given

iv=Vylv, v(0) =,

lﬂ = V[¢]M7 N(O) = d))
then by looking at the difference of these two evolutions, expanding V{¢plu — Vy]v =
(VIpl = VIiuu— Viyl(v - u) and applying we have

t
equiliecont| (18.19)  Iu()=v(D)lms < IW =@l + Crely =l s, +Co fo 1a(8) = v(S) 1 s,
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d+4

for any € > 0 and s > 5= chosen sufficiently large to control the evolution, where Cj,
C, both depend upon M = maxg<<7{ll¢|l gs, |wl gs}. As a result, a Gronwall type argu-
ment shows

eqn:gronwalll| (18.20) () = v() | s < e |y — ¢ 8350

where Cy depends upon miy.
Now, to compare the full evolution to the split-step method, we must compute the
Lie commutators between generating vector fields:

[T, V)= A(lyl*y - AlyPy)
eqn:Lie| (18.21) - [ZAw(u'/w—wzﬂ)]
- [A@y iy - AR + AGyIAY).

Hence, we observe

eqn:commutbdl | (18.22) 1T, Vi) | < Clly )3
H

max(s, § +)
In addition, we then can easily compute

eqn:commutbd2| (18.23) ||[T’[T’V”(W)HH1:C”u/”:; 0.4

maxi 7,7

Setting the vector field H = 7'+ V, the underlying idea is to compare the evolution of the
full QLS given by the exact evolution

eqn:duhamel | (18.24) w(r) = et D) Id ()

when well defined can be compared through a double Duhamel expansion to the split-
step generator

1 1
eqn:dduhamel]| (18.25) wss(T) = e(ETDT)e(TDV)e(ETDT) 1d(yo),

the error terms of which can be written using the Lie Commutators. Indeed, the error
estimates come from successive application of the quadrature first order error formula

- 1
G0 [ fwds=7 [ a1 ond
0 0

and the second-order error formula

Tf(%‘l’) —forf(s)ds:1'3[011<2(0)f”(9‘r)d9
where k1 (0) and x»(0) are the Peano kernels for the midpoint rule and
f(s)=e'(r—s)D1)Dye'sDr) Id(Wo)
and hence
£1(5) = eISB[T, Ve T 98y
f"(s) — eiSA[T, [T, V]]ei(r—s)Awo'

Note, the Peano kernels are defined as the integral kernels of the linear transformation
L:C*1[0, T] — R such that

k
LH=f-)
j=0

o ;1" (k+1)

[ X = ﬁfo Kr($) [T (9)ds.
Hence, it is essential that for the below we can prove that for our approximation we
have f(s) € C3, which very much relates to the analyticity of the linear Schrodinger
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evolution kernel in the Strang-Splitting scheme as in particular a generic quasilinear
Schrodinger flow cannot be shown to be more than C° by the purely dispersive tech-
niques in [MMT12,MMT13]. We will go back to this in more details in the next section.

Applying (18.24), (18.25), (18.22), (18.23) and in succession as in [Lub08]

gives

(18.26) lpn — PpE) g < Clmgg, T)T°

for t;, = nt < T and Ky = max(7, % +¢). In order to obtain the 72 convergence here,
it is important to compute the double commutator bound leading to in order to
expand out to 3rd order in the Lie derivatives. However, we note the same quadratic con-
vergence would hold in L? with only Ky = max(5, # +¢€) as then the double Duhamel
commutator would not be required.

So far we have considered the convergence of the time-splitting flow to the flow
of the original PDE. We further discretize the spatial degree of freedom using a Fourier
pseudo-spectral method. The convergence of the fully discretized scheme follows if we
can show that the fully discretized scheme converges to the time-splitting flow. This
follows from standard theory for pseudo-spectral methods, in particular, the analysis
in [Gaull,SW13]| for semilinear Schrodinger equations. Actually, as the time flow is
regularized after the time discretization, there is no essential difference between the
analysis for the quasilinear case and the semilinear case. Hence we will omit the details
here.

Remark 18.5.1

Note, we have chosen a model example that demonstrates the techniques quite nicely
in our choice of (18.11) and (18.12), but the flow of the metric term and the nonlinear
term in are both well defined and have well defined Lie derivatives provided one
can prove the existence of solutions. Hence, the splitting process can be done in complete
generality using the method

(18.27) iy =0:8" w10,y
(18.28) iy =Vyly.

Each evolution would require time-dependent kinetic energy terms and multilinear esti-
mates akin to those in [MMT12, MMT13] however, this gives a nonlinear dependence in
the Hamiltonian related to the evolution of (18.27). The nonlinearity causes troubles in
designing structure preserving schemes and also difficulty associated with the regularity
of the solution map with respect to time in order to approximate using Lie derivatives (as
will be further discussed in the next section).

18.6. Regularity of the Time Evolution

In the analysis of the convergence of the Strang splitting scheme, we have used the
analyticity of the linear Schrédinger evolution. This is in general however not true for
the quasilinear Schrodinger evolution. The Strang splitting scheme actually regularizes
the time flow of the original PDE. In this section, we give some further discussion for the
regularity of the time evolution.

The continuity of the solution map partially hinges upon the proof of uniqueness
for the evolution of (I8.I). In particular, take two solutions to (I8.1), say u; and u,.
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Setting v = u; — up and linearizing (18.1), we have an equation of the form

{ ive+ gjk(u)(?j(?kv+ VVv+Wov =0,
v(0,x) = u1(0) — u2(0)
with

V= V(ul,Vul, ug,Vug), W= h(ul,Vul, uz,Vuz) + g(ul, Ltz)vz uy
for functions V, h and g related to Taylor expanding the metric and the nonlinearity.
Then, to solve this linear equation, we use [MMT13], Proposition 5.1 (see also [MMT12],
Proposition 5.2) to show that the weak Lipschitz bound

(18.29) vl oo o SN 0O o

holds for any 0 < o < s— 1 via energy estimates on the linearized equation, where we
recall that the initial condition lies in H* for s > %. In the well-posedness result for
the linearized version of (I8.1), see Proposition 5.1 of [MMT13] for instance, we have at
most continuity of the solution map with respect to time in the H® norm however.

The key ideas to the proof follow from the theory of frequency envelopes as dis-
cussed in both [MMT12, MMT13], Sections 2 and 5, where it is proven that the size
of a dyadic frequency component of the solution to in a natural energy space is
bounded by a uniform constant times the corresponding dyadic frequency component
of the initial data in H*. To be more precise, we shall use a Littlewood-Paley decompo-
sition of the spatial frequencies,

o0

Y SiD)=1,

i=0
where S; localizes to frequency [2/~!,2/*1] for i > 0 and to frequencies |¢| < 2 for i = 0.
By a frequency envelope, we recall from [MMT12|, Section 2.4 we mean that given a
translation invariant space U such that

()
2 2
Nl ~ Y- ISkully,
k=0

a frequency envelope for u in U is a positive sequence a; so that

(18.30) ISjully < ajlluly, Y a;=1.

We say that a frequency envelope is admissible if gy = 1 and it is slowly varying,
ajsz‘s‘j_k'ak, j, k=0, 0<bdx1.

An admissible frequency envelope always exists, say by

(18.31) aj=2" +uly mI?xZ_‘S‘j_k' ISkully.

Abusing notation and avoiding for simplicity the atomic space formulations in [MMT12,

MMT13|, we rely upon a uniform bound over the evolution such that effectively

(18.32) leall oo rrs S Nuto N s

We note that the L*° H® norm appears the estimate here is due to the cubic interactions
in the nonlinearity and the compactness of our domain, otherwise one must enforce
further summability as in [MMT12]. A key estimate is the following proposition.

PROPOSITION 18.6.1 (Proposition 5.3, [MMT12]; Proposition 5.4, [MMT13]). Letu be
a small data solution to (18.1), which satisfies (18.32). Let{a;} be an admissible frequency
envelope for the initial data uy in H°. Then {a;} is also a frequency envelope for u in
L*H?.
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FIGURE 1. Numerical simulation of soliton stability for R; computed
with improved accuracy for saturated nonlinearities of type 2 in R3
with g = 2. In particular, we plot the change in amplitude at x =0 on a
time interval [0, T] for various corrections m = 0, 12,24, 36,48 with the
initial spatial step to be Ax =.1.

Once we have Proposition[18.6.1} the continuity of the solution map can be estab-
lished as is Section 5.7 of [MMT12|. Namely, we consider a sequence of initial data
{u} — up in H®. Frequency envelope bounds can then be chosen such that there exists
a uniform N, for which

M) <
lay lI<e

for all n, which gives a uniform upper bound by Proposition|18.6.1{on the high frequen-
cies of each corresponding solution u" to (I8.1) with initial data u[()”) in the L*H*®
norm. Separating into low and high frequencies, using the smallness of the high fre-
quencies and the uniform convergence in weaker Sobolev norms provided by (18.29),
the result follows. However, we generally gain no more than continuity of the solution
map from such arguments. Hence, in order to accurately compare the flow of the full
solution map defined by and that of the Strang-Splitting method, we rely on dif-
ferentiating the equation and the balancing of spatial and time regularity, as in the pre-
vious section.

18.7. Soliton Stability - Some Numerical Studies

Here, we present numerical experiments towards soliton stability/instability. In
Figure [1} we see that as we increase the correction parameter m when finding a sta-
ble soliton (A = 1), the solution converges faster. Similarly, in Figure [2] we that as we
increase the correction paramter m when finding an unstable soliton (1 = .025), it takes
the solution longer to diverge. This gives numerical verification of the convergence of
our computed solitons, as well as verification that our code for solving NLS adheres to
standard theory.

f:solconv



num:int

18.9. SOLITON INTERACTION 237

FIGURE 2. Numerical simulation of soliton instability for R 25 com-
puted with improved accuracy for saturated nonlinearities of type 2 in
R3 with g = 2. In particular, we plot the change in amplitude at 0 on
a time interval [0, T for various corrections m = 0,12,24,36 with the
initial spatial step to be Ax =.1.

In Figure[3} we plot perturbations of solitons computed with high accuracy (m = 35)
in R and R, Specifically, we plot the evolution of the initial data 1.01 * R, for R both sta-
ble and unstable. The behavior is similar to that predicted by theory. The perturbations
of the stable solitons oscillate quickly towards a soliton very close on the soliton curve.
For the unstable solitons, the solution radically alters until it once again starts oscillat-
ing about a stable soliton solution.

18.8. Soliton Dispersion

After accurately calculating an approximation to the minimal mass soliton Ry,;,,
we plot a * Ry,;, for a 1d saturated nonlinearity in Figure 4] As seen in the figure, the
solution disperses quickly even for a =.99. Similarly, in Figure[5} the same phenom-
enon is observed in R? for a saturated nonlinearity of type 2. Future research will in-
clude analyzing this behavior analytically to prove that for arbitrary initial data below
this minimal mass, scattering occurs.

18.9. Soliton Interaction

From the work of [RSS03b], we know that under various separation conditions, we
have asymptotic stability for a collection of N solitons for saturated NLS equations. This
phenomenon is observed in Figure[6jwhere we look at two stationary solitons in R sepa-
rated spatially and see that these solitons remain stable. Specifically, in this experiment,
one of the solitons is a slightly stable perturbation of the minimal mass soliton.

In Figures [7| and |8} we look at a numerical simulation of the solution with initial
data consisting of a slightly stable perturbation of the minimal mass soliton stationary
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FIGURE 3. Numerical simulation of soliton stability/instability for sat-
urated nonlinearities in 1d and type 2 in R3. In particular, we plot the
amplitude at x = 0 for a solution with initial data 1.01 * R on a time
interval [0, T'] for T large enough to see the overrall behavior, R = R;
for the stable computation and R = R 5 for the unstable computa-
tion.

at the origin coupled with a more stable soliton given a velocity (v = 5). These calcula-
tions are in a preliminary phase and will be explored in more detail in further research,
but the effect of annihilation of the minimal mass soliton is observed. Phenomenon of
this nature are unique to the saturated nonlinearities and provide interesting clues into
phyiscal situations where such nonlinearities act as models. The author will continue
to explore these phenomena to further numerical accuracy as well as analytically.

18.10. Double Well Dynamics

18.10.1. Polar Coordinates. As it will simplify the process of building initial con-
ditions for numerically solving that display the behaviors we study above, let us
discuss here an alternative set of coordinates for (I2.48). Namely, we set py = roe’% and
p1 = r1e%1. This leads to the following system of ODE’s:

ro = rrosin(2A0),
(18.33) _ r1 = —rgrisin(2A0),
(A6) = Q) — Qo+ (r2 — r2) (1 + cos(2A0)),

where A0 = 0; — 0. Given the system above, we can say that the bifurcation of stability
occurs at

Q1 -Qp

(18.34) NEP = >

f:sol2stable
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—— Ampliude of the soluton 2t x-0 with inal data 99°F]

FIGURE 4. Numerical simulation of dispersion for perturbations be-
low the minimal mass soliton for saturated nonlinearities. In partic-
ular, given the minimal mass soliton R, we solve the equation with
initial data aR for @ = .8,.9,.95,.99,.999, 1. Presented here are plots of
the amplitude at x = 0 with respect to time ¢ for each « with saturated
nonlinearity of type 1 in Rwith p =7, g =3.

parameters €y, €1 and n such that

(18.35)
(18.36)
(18.37)

where

(18.38)

— FD
ro = \/NC,. + €y,

n €1,
N = NiP+n,

_ 2.2 FD
n=e¢y+e7+2v/ Neoeo.

f:soldisp
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FIGURE 5. Numerical simulation of dispersion for perturbations be-
low the minimal mass soliton for saturated nonlinearities. In partic-
ular, given the minimal mass soliton R, we solve the equation with
initial data aR for @ = .8,.9,.95,.99,.999, 1. Presented here are plots of
the amplitude at x = 0 with respect to time ¢ for each « with saturated
nonlinearity of type 2 in R® with g = 2.

Then, we have

(18.39) € = ef(\/NfrDJreo)sin(ZAe),
2
(18.40) € = —61(\/NfrD+eo) sin(2A0),
2
(18.41) (A0) = QI—QO+(e§—(\/Nf,D+eO) (1+cos(2A0)).

It should be noted, using the conservation laws we can write the system for €; and

A@ independently
(18.42) - @ =—e1 (NP +n—€f)sin(200),
. (A6) = Q) = Qg — ((N§ + n—2¢%)) (1 + cos(2A0))

and hence analyze phase plane diagrams, see Figures[9land[10] In particular, the behav-
ior of Af in these regions leads to interesting oscillatory behavior as shown in the phase

f:sol2disp
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FIGURE 6. Numerical simulation of a stationary stable soliton inter-
acting with another stationary soliton which is stable, yet close to the
minimal mass soliton for saturated nonlinearities of type 1 in R with
p =7, q = 3. Presented here are plots of the absolute value of the solu-
tion with respect to the spatial grid for times ¢ = 0,12.5,25,37.5,50 as
well as a plot of the amplitude at x = 0 with respect to time.

diagrams featured in Figures 9| and For n > 0, a simple calculation shows that the
equilibrium solutions occur for €; = g, AN =knforkeZ.

For n > 0, we have trapped orbits near the values A8 = krx for k € Z. This is a man-
ifestation of the orbital stability of these mixed states. However, oscillations between
wells can be generated by a large enough phase shift to leave the region where such
trapped orbits occur. These oscillations are then large, in particular €; must reach some
€max before decreasing.

For n < 0, we see the oscillations still attain a maximum at A@ = kx, however their
amplitude approaches 0 with the initial €, (0). This is a manifestation of the stability of
the symmetric state in this regime. One may ask if such finite dimensional Hamiltonian
dynamics would appear in the infinite dimension dynamics of the PDE. For this, see
Figures[11}[12|and[13|for numerical evidence of their existence for long times.
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— Ampliude

FIGURE 7. Numerical simulation of a stable soliton moving with ve-
locity v = 5 interacting with a stationary soliton which is stable, yet
close to the minimal mass soliton for saturated nonlinearities of type
1in R with p = 7, g = 3. Presented here are plots of the abso-
lute value of the solution with respect to the spatial grid for times
t =0,12.5,25,37.5,50 as well as a plot of the amplitude at 0 with re-
spect to time.

To begin, we locate the symmetry breaking point for a particular system. To do
this, we use spectral renormalization with an asymmetric initial function to find the
symmetry breaking point, see Fig.

In the remainder of this section, we run simulations with wells of the form

L L
(18.43) VL:q(é(x—z)+6(x+ E)).

Similar results hold and the same numerical analysis tools are applicable for poten-
tials with more regularity. Knowing the bifurcation point as discussed in [JW04], we
can numerically integrate using a finite element method similar to that in [HMZ07b],
where scattering of soliton solutions across single delta function potentials was ana-
lyzed (see [?] for analysis of finite element methods for nonlinear Schrodinger equa-
tions without potential). It is quite simple to adapt the method presented there to allow
for a double-well potential (for delta functions or smoother potentials). The initial data
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FIGURE 8. A more accurate numerical simulation of a stable soliton
moving with velocity v = 5 interacting with a stationary soliton which
is stable, yet close to the minimal mass soliton for saturated nonlin-
earities of type 1 in R with p =7, g = 3. Presented here are plots of
the absolute value of the solution with respect to the spatial grid for
times ¢ =0,12.5,25,37.5,50 as well as a plot of the amplitude at 0 with
respect to time.

o
T

FIGURE 9. A numerical plot of a phase plane with A8 plotted versus €1
for n=> 0. Here, we have N;P = .2, n= N - NP = .05.
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[

FIGURE 10. A numerical plot of a phase plane with Af plotted versus
€1 for n < 0. Here, we have NfrD =2,n=N- NfrD =—-.05.

is generated by finding the lowest entries of the spectrum of the discretized represen-
tation of H = —A + V in the Galerkin approximation, which is an operation embedded
in many numerical software programs. For simplicity, we use the eig function from
Matlab. Then, we may numerically solve the PDE system with initial data cor-
responding to that necessary for the three types of oscillation described in Section[12.9]
Note, one could also use the solitons from the spectral renormalization code (see [?]) as
initial data quite easily, however these represent true nonlinear structures and we wish
to observe structures derived from the finite dimensional dynamics, which we only ex-
pect to persist on finite time scales due to the nonlinear structure. The orbital stability of
the nonlinear objects is an interesting question in its own right and was explored in [?].
The equilibrium point of our dynamical system is in fact the finite dimensional part of
a soliton solution, so there is no question the orbital stability of the soliton and the long
time existence of oscillations near an equilibrium point are related. The phase plane
diagrams for the finite dimensional dynamics are plotted using the MATLAB software
program pplane?7 [2].

Finally, by taking a system such that [Q2p—£; | is comparably large (or well-separation
distance, L, comparably close but sufficiently large to guarantee the hypothesized dis-
crete spectrum), we can observe for large perturbations coupling to the continuous
spectrum and hence decay of a fully oscillatory solution to a ground state in a finite
time. In general, the mass dispersion is rather rapid, hence after a prescribed number
of time steps determined by the computational domain, we cut off the solution near the
origin and continue solving with the cut-off initial data. See Figures and
for various computed time evolutions of the (radiation) damped oscillations observed
in such a system.

18.11. Exercises
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FIGURE 11. At top, a numerical plot of the phase plane diagram for
n= N-NEP > 0with specific points chosen along a closed orbit which
shows full oscillation of mass from one well to another. Below numer-
ical plots of the absolute value of the solution to Equation at
various times with initial data such that n = N-N!P > 0 and A§(0) = 1.
The plots correspond to points a, b, ¢, d, e, and f respectively from the
specified orbit.

245



246

18. BIELEFELD LECTURE 13

—01f : . B 4

FIGURE 12. At top, a numerical plot of the phase plane diagram for
n= N-NZEP > 0 with specific points chosen along a closed orbit which
shows localization of the mass on one side of the well. Below, numer-
ical plots of the absolute value of the solution to Equation (I2.13) at
various times with initial data such that n = N—-NfP > 0 and A6(0) = 0.
The plots correspond to points a, b, ¢, d respectively from the specified
orbit.
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FIGURE 13. At top, a numerical plot of the phase plane diagram for
n= N - NEP < 0 with specific points chosen along a closed orbit. Be-
low, numerical plots of the absolute value of the solution to Equation
at various times with initial data such that n = N— NfP <0 and
AB(0) = 0. The plots correspond to points a, b, c, d, e, and frespectively
from the specified orbit.
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FIGURE 14. A numerical plot of the maximum amplitude of an oscil-
latory solution decaying to a ground state and in particular the transi-

tion region blown up to capture the fast oscillations.
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FIGURE 15. A numerical plot of the location of maximum amplitude
of an oscillatory solution decaying to a ground state and in particular

the transition region blown up to capture the fast oscillations. £igl0

0 2000 4000 5000 5000 0000 12000 B0 s 70 7s0 e e 0 80 1000 1050
v

FIGURE 16. A numerical plot of the center of mass of an oscillatory
solution decaying to a ground state and in particular the transition re-

gion blown up to capture the fast oscillations. figll
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FIGURE 17. A numerical plot of transition across the separatrix for
the full infinite dimensional problem in both the projection onto the
figl2

phase diagram and a plot of the amplitude with respect to time.
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