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Abstract

Lattice spin models in statistical physics are used to understand magnetism. Their Hamiltonians are
a discrete form of a version of a Dirichlet energy, signifying a relationship to the Harmonic map heat
flow equation. The Gibbs distribution, defined with this Hamiltonian, is used in the Metropolis-Hastings
(M-H) algorithm to generate dynamics tending towards an equilibrium state. In the limiting situation
when the inverse temperature is large, we establish the relationship between the discrete M-H dynamics
and the continuous Harmonic map heat flow associated with the Hamiltonian. We show the convergence
of the M-H dynamics to the Harmonic map heat flow equation in two steps: First, with fixed lattice
size and proper choice of proposal size in one M-H step, the M-H dynamics acts as gradient descent and
will be shown to converge to a system of Langevin stochastic differential equations (SDE). Second, with
proper scaling of the inverse temperature in the Gibbs distribution and taking the lattice size to infinity,
it will be shown that this SDE system converges to the deterministic Harmonic map heat flow equation.
Our results are not unexpected, but show remarkable connections between the M-H steps and the SDE
Stratonovich formulation, as well as reveal trajectory-wise out of equilibrium dynamics to be related to
a canonical PDE system with geometric constraints.
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1 Introduction

The Metropolis-Hastings (M-H) algorithm [I3] is widely used in particle statistics for model estimations
[24, 4, 2T] Bl 22]. Tt constructs a discrete-time Markov chain to sample a desired probability distribution
by accepting or rejecting proposed states. For applications in statistical physics, it is often the Gibbs or
canonical distribution that is to be sampled. In this case, the algorithm accepts all the proposed new states
with lower energy and often rejects the proposals with higher energy. Similar behavior can be obtained
from a Langevin Stochastic differential equation (SDE) that performs gradient descent with noise; it too has
the Gibbs distribution as its steady-state distribution. This suggests that the Langevin SDE might be the
optimal M-H algorithm in which all proposals are accepted.

For certain forms of probability distributions, the diffusion limit and therefore optimal scaling, of the
random walk M-H algorithm has been obtained in [27, 5, 23]. Specifically, for product measures in [27] and the
Gibbs distribution of a lattice model in [5], the weak convergence to Langevin diffusions have been shown by
comparing generator functions. For non-product form measures the weak convergence to a stochastic partial
differential equation was shown in [23]. These works consider the weak convergence only in equilibrium.
Subsequent works [I5], [14] consider scaling limits of out of equilibrium systems approaching equilibrium.

To address the question of trajectory-wise convergence, we study the XY and the classical Heisenberg
lattice spin models [28] that play an important role in statistical physics to understand phase transitions and
other phenomena including superconductivity [20, [7]. The XY and classical Heisenberg models are defined
on a periodic d-dimensional lattice T% with dz = % the distance between adjacent vertices. Each spin sits
at a lattice point and is described by a unit vector o; : T* — S, where n = 1 for the XY model and n = 2
for the classical Heisenberg model. The Hamiltonian of the system,

H=J ) |loi—a? (1)

<i,5>

gives energy to misaligned neighboring spins where < 4,j > represents nearest neighbors and J = N2~ is
a scaling factor. Denote o as the total spin configuration of o;,i € T¢, the M-H algorithm accepts/rejects
based on the Gibbs distribution defined as

p(o) = Z7  exp(~BH(0)), (2)

where 3 = (kgT)~! is the inverse temperature and Z is the normalizing factor (aka partition function). The
distribution is unaware of the confining geometry that the spins must remain in S™. Rather, it is included
in the proposal step of the M-H algorithm. As the nearest neighbor coupling is encoded in H, it follows
naturally from our analysis here that with no accept/reject step each spin behaves like a Brownian motion
on the surface of S”. It follows similarly from our analysis in the proof. Since the XY model and the classical
Heisenberg model are widely used to study superconductors and ferromagnets, their critical properties are
of interest. Asymptotic results on the total spin of the mean-field XY and classical Heisenberg models have
been studied by large deviation theory and Stein’s method in [I7, [I§]. Numerically, Monte Carlo methods
are used to verify analytical results about XY model in [22] [3] and classical Heisenberg model in [26], [6].

We will show the M-H algorithm applied to the above lattice system produces equivalent trajectories to
the overdamped Langevin equation,

do; =Py (Ano;)dt + P (, /]gdWi> , (3)

(interpreted in the Stratonovich sense) in the limit of small perturbations to create the proposal where

Ano; = —N?*(20; — 041 — 04_1),



is the discrete Laplacian and P2 (y) = y — (z - y)x for ||z]| = 1 is the projection of y onto the tangent plane
of z. The Stratonovich understanding of is essential to keep the o; as unit vectors, and for more on this
equation see [I]. Under the It6 understanding, an It6 correction term will drop out in (3)) and show naturally
in the proof in section [3] This system is the Langevin system that performs gradient descent on the energy
defined by with the added constraint that o; is confined to S”,n = 1,2. In S2, the classical Heisenberg
model, this system is an SDE representation of the overdamped Landau-Lifshitz-Gilbert equation that has
the Gibbs distribution as its invariant measure [T} [19].

Taking the number of lattice points, N, to infinity or equivalently the lattice spacing éz = % to zero,
the limit of the deterministic part of is the partial differential equation (PDE) called the harmonic map
heat flow equation

1o = Pr(Ao). (4)

In the S? case, is in the form of the overdamped Landau-Lifshitz equation [9]
0o = —0 x (o X Ao). (5)

In [I0] this Landau-Lifshitz equation was shown to be equivalent to the Harmonic map heat flow from
T¢ — S2. With the scaling J = N2~%, the Hamiltonian in is the discrete form of the Dirichlet energy,
fQ |V |2dQ, for this harmonic map heat flow. This suggests that by decreasing the temperature, the out of
equilibrium dynamics of the M-H algorithm converge to the deterministic flow of with large N for the
classical Heisenberg model. We will show this equivalence by showing the convergence of the system of SDE
to the PDE in the limit of large IV with an appropriate scaling of the temperature to zero with N.

One method to obtain the deterministic limit of a stochastic system is to consider the hydrodynamic
limit with relative entropy bound [IT], [30, §]. Due to the geometric constraint in XY and classical Heisenberg
model, it is difficult to calculate the averages with respect to the Gibbs states as in [I1), 30} [§] if the spin is
expressed in Cartesian coordinates. One might try to use polar coordinates to do window averaging but the
potential is not convex as in [§]. Since the hydrodynamic limit for XY and classical Heisenberg model are
not fully understood, we choose an alternative way of taking inverse temperature 8 to infinity along with
particle number N — co.

One difficulty in the proof comes from the constraint of the spins staying as unit vectors. This requires a
normalising step in the M-H algorithm and makes the calculation complicated. We take the Taylor expansion
of the M-H step and approximate it as a linear step. This truncation of the spin vector does not stay on
the sphere but the error for the subsequent steps is shown to converge in the limit as N — oo with our
system size dependent choice of parameters. Moreover, in the weak convergence result of M-H dynamics to
diffusion process [27] Bl 23], the assumption of equilibrium is essential to bound the error terms. The result
here only assumes that we are starting the M-H dynamics (and thus the SDE system) from a deterministic
initial condition satisfying a certain regularity condition and then evolving into equilibrium. To bound the
error terms, the scaling chosen here is worse than in the previously mentioned papers and is likely not be
optimal. We will use numerical simulations to explore how tight these bounds appear to be.

The remainder of the paper is as follows. In Section [2] we present the main results in two parts. First, the
convergence of M-H dynamics to the SDE system as the proposal size of M-H step goes to zero is stated,
then the convergence of the SDE system to the deterministic PDE (4)) as the lattice size goes to infinity
and temperature to zero is stated. The key steps of the proof are given in Sections [3] and [ for the more
complicated classical Heisenberg model from T' — S? with details appearing in the Appendix. The proof for
XY model follows similarly. For the M-H to SDE ({3]) proof in Section [3| we apply a similar approach as in
[23], by first Taylor expanding the M-H step, keeping only the first three terms, then computing the required
conditional expectations with respect to the Gaussian random variables to obtain the drift and diffusion
terms of an Euler step for the diffusion process. Then, the difference between the M-H and SDE dynamics in
L? norm is bounded by a Grénwall inequality. For the SDE to PDE proof in Section |4} we compare
the SDE system with the finite difference approximation of the Landau-Lifshitz equation. The difference
between the SDE and ODE system is governed by another diffusion process. We will rescale this process
and show the rescaled error is bounded for a long time using stopping time. These convergence results are
supported by numerical simulations of the systems in Section [5} Conclusions are presented in Section [6]

Remark 1.1. We only show the case T' — S%. The calculation could be generalised for other cases of
T¢ — S? quite similarly.
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2 Main Results

In this section we will explain how we apply M-H algorithm to the XY and classical Heisenberg models, and
state our main results. Our first result is that the M-H dynamics is close to a stochastic Euler scheme for
the SDE in Itd understanding. The bound on the error between the M-H dynamics and the SDE is
accomplished using arguments similar to the convergence of the stochastic Euler method. Our second result
bounds the error between the SDE system and the finite difference approximation of the harmonic map heat
flow equation ([4)).

2.1 Metropolis-Hastings step

Here, we explicitly state the M-H dynamics for XY and classical Heisenberg models we consider with Hamil-
tonian given by for the case d = 1.

Consider a set of spins evolving in time, o} for particle ¢ = 1... N and time step n > 0 with time step
size dt. To create the proposal, take the normal random vector

2

wy = <§1) ,  with 21,20 ~ N(0,1)

for the XY model and three-dimensional normal random vector
wl = |z22], with 21,290,235 ~ N(0,1),

for the classical Heisenberg model. Then project to the tangent plane of o' to get the random vector

n __ 1 ny __ n n n\n : . : fe . Lot
IZEES P(,;L (wl') = w — (W, oo, Since we are trying to get a trajectory-wise convergence result, it is

convient to imbed the M-H algorithm and the SDE dynamics in the same probability space. To this end, we
define
Wi((n 4+ 1)dt) — W;(ndt)

Vot |

where W;,1 < i < N are the Brownian motion in . At time step n the proposal for next time step is

w

n
(2

) = expgy(evi'), 1<i<N, (6)

)

with exp,» the exponential map and ¢ the proposal size. The values 0™ and " are used to denote the total
spin configuration o}',1 < ¢ < N at time step n and the total proposal spin configuration 67*,1 < ¢ < N.
The proposal ¢" is accepted with probability

a=1Ae P (7)

and rejected otherwise, where

OH = H(G") = H(o") = Y 5 - (57 = 0}) + 2T Y (5] = o)) - (5 = o)
j=1 J j=1

N
—JY (67 = 0F) - (6741 — 0y + 5Ty —0)y)
j=1



is the difference between the Hamiltonian of the proposal 6" and of the current spin configuration o".
Then

0" = £,6" + (1 — kp)o™, Ky ~ Bernoulli(a (5", o™)).

Repeating this step, we create a discrete Markov process at time steps n+ 1,n+ 2, ... and we will show
the convergence of the Markov chain to the solution to the Langevin SDE system .

Remark 2.1. In fact, either choice of the following projection gives us the same result for the classical
Heisenberg model

n
w;

o X wi
PLn (’U}n) = { n)T

—oj x (o] X wj) = wjl — o} (0]

as both lead to random walk on the sphere (see Appendiz @

2.2 Convergence of Metropolis dynamics to SDE system

First we are going to show the convergence from M-H dynamics to Langevin SDEs with fixed number of
particles N as the proposal size ¢ — 0. Intuitively, using the Taylor series truncation of the proposal, the
approximation of one M-H step leads to an expression that looks like one Euler step for simulating the SDE
(3) in It6 sense.

Let F; denote the filtration generated by the Brownian motion W in and Bernoulli random variables
Kn at ndt, we denote the conditional expectation E [-|Fps:] by Ep, []

The drift over one step of the Metropolis-Hastings algorithm for the i-th particle for small € is approxi-
mated by

E, [0/t — o] = —%BEQP(#? (M{) — %o, (9)

1 1 n
do!

where Pj‘@ =1 —o(o™)T is the projection onto the tangent plane of o?.
Denoting the noise contribution over one step as

(2

= J?'H —o'—E, [crlm'l — Uf] , (10)

it is approximated by

7~ evf = ePr (wl). (11)

Thus, one step of the Metropolis-Hastings algorithm is approximately given by

O0H
oo™

K3

1
oIt~ of ~ = 5P, ( ) — €207 + Pl (eu)). (12)

Defining B2 = Ndt where §t is the time step size, the above equation changes to

o't x gt — %NPCJ;? (g(i) ot — %0?515 +Pg. <,/gw$\/§> : (13)

K2

Since g‘ﬁ = 2J(20} —o0}y; — o0} 1) and J = N when d = 1, the above is the Euler step for the Langevin

SDE (@) in Ito interpretation

do; = P (Anoy) dt — %aidt +PL <\/§dWi> . (14)

This intuitive idea leads to the first result:

Theorem 2.1. Define the piecewise constant interpolation of M-H dynamics as 7;(t),

gi(t) =0 not <t<(n+1)dt, (15)



and o;(t) as the solution for the Langevin SDE system with initial condition ||o;(0)|| 1<i<N.If

we think of the proposal in M-H step coming from the noise ew = /NS~ [W;((n+ 1)d ) W;(ndt)], then
we have the following strong convergence result:

E | sup |jos(s) — ai(s)||?| < C1Votexp(CoT), te€[0,T],1<i<N, (16)

0<s<t
for any T € (0,00), where C1,Cy are functions of N, 3, J,T and independent of the choice of i and ot.

Remark 2.2. The equation is equivalent to the SDE in Stratonovich sense which gives d||o;||* =
20; - do; = 0 to make o; stay on the unit sphere.

Remark 2.3. Theorem[2.1]is a trajectory-wise convergence result.

2.3 Convergence of SDE system to the Landau-Lifshitz equation

Notice in the SDE , if B is chosen to be 8 = N7,~ > 1, formally the noise part disappears with N — oc.
This gives the idea of the second result:

Theorem 2.2. For the harmonic map heat flow equation with periodic boundary condition and initial

condition satisfing
lo(50)[l =1, [|Va(-,0)[| < A, (17)

for some X as in [10], the solution exists and is smooth. Denote the finite difference approzimation of as
do; = Pé_,-(AN&i)v i =1 (18)

and ||6:(t) — o(idz,t)|| — 0 on any fixed time interval where the solution remains well defined, when the
space discretization x = 3 goes to zero [29, Theorem 1].
For any 0 <p < %, there exist a constant v > 1,8 = N7 and constants C1,Cs independent of N, such

that if
NP 1 (NN o
((,8) T+01N (ﬁ) >6 <1,

then the difference between the SDE and the finite difference approzimation has the following bound

p/2
sup —ZHQ |] (g) e o1l (19)

0<s<t N

As v > 1, % is small when N is large, so the difference between the SDE system and finite difference
approximation of the PDE is bounded by a small term for a long time 7" that goes to oo with N — co. The
solution for PDE is smooth so the finite difference approximation is close to the PDE solution as shown in
[29].

Remark 2.4. The choice of v depends on p with the following relation

/2
(3) s

For a uniform bound in 0 <t < T, we need p < % so v > 13. For a bound with some fized t € [0,T], we
only need p < 1 and v > 7. We do not believe this bound is sharp for the convergence result at all, which
will be addressed in Sectz’on@ when we perform numerical simulations of these models. We find that v = %
is enough to see convergence in our numerical simulations.



3 Metropolis-Hastings dynamics to SDE system

In this section the convergence of the M-H algorithm to the SDE for the classical Heisenberg model
will be shown by calculating the drift and diffusion of one M-H step, which is approximately a stochastic
Euler step for . Then the error estimation of stochastic Euler’s method is used to give a bound on the
difference between M-H and SDE dynamics with proposal size ¢ — 0. Here the basic steps are outlined, the
detail of error estimation is given in Appendix [A]

Remark 3.1. The proof for the XY model will be similar, one only needs to change the random vector v}
on the tangent plane as a two-dimensional vector.

3.1 Set-up

In the calculation to follow, we have the following assumptions and notations.

The number of the particles IV on unit length is fixed and the limiting case € — 0 is considered. We have
B8, J as functions of N so they are also regarded as constant.

In the calculation, the proposal & is approximated by normalizing o}’ + v

- o +ev
;' = expyn(ery) & m
1 K3

Jev™

By Taylor expanding HZ’Z éZ@”, the proposal 61 can be approximated by order ¢ and &2 expansion

~n n n
o; =o; ey,

~n n n 1 2/.n ny n (20)
o5 =0y ey — 55 (v -v)op.
The proof of the following Lemma is shown in Appendix [A]
Lemma 3.1. Denote
N ~n ol +ev
a; =0, - —
loi* +evi|l
=60 — (o +evl),
dy =o}' — (al” +evlt — 2w )] )U;(L>
Then E [|la?||*] < Ape®*,E [||c||*] < Cre? and E [||d?]|F] < Dpe3*.
Using the approximation , 0H in can be written as
OH
SH — U+ R 4 AT & O(e),
OH
Rl=¢e) —-vi=O0(),
oy do? 7 (21)
n — oH n n n n n n 2
M=) o +2J) b0t b0t — TN b0 (S0l + 00 )~ O(?),
J J J J

and we only keep the € term in §H in the following calculation so d H is approximated by a normal random

variable. We are going to show the calculation for one specific particle i so we take i-th term g:i v and

the summation of j # ¢ terms as a single term R}'.



3.2 Drift

Proposition 3.1. Let {c"} be the Markov chain given by the Metropolis-Hastings algorithm, and {ol'} the
spin for i-th particle at time step n. Then

1 oOH
E, [0t —0o)'] = —iﬂsQPf;? <6a"’> — 2ol + 07, (22)
where the error term
0 =E, [0} —0}] — gt (L) 2 (23)
T — N 2 ) 2 o} (r“)O'ln )

satisfies E [||07?] < CeS.

In the calculation we keep the order €2 term. The remainder is order € and will be shown to be bounded
in the error estimation for M-H and SDE dynamics. The basic steps are given in the following calcuation,
for details of the error estimation see Appendix [A]

Since U?H = exp,n (evl') with probability 1 A e #?H and stay o? otherwise,
E, [U?H —o}] =E, [(expgn (ev]) — U?) (1A e_ﬁ‘SH)}

2
~E, [(sugl - %(ygl VT d?) (1A 655H)] (24)

2
=cE, [l/ln (1A e**B‘SH)] — %En [(VZ" o (LA efﬂéH)} +E, [d;1 (1A eiﬁéH)] .
We drop the third term in the last line of as it is an €% term:
E [Hd:‘ (1 A e‘MH)H] < E[||dM] < Ce,
since 0 < [1 A e POH| < 1.

For the second term in the last line of , since 1 A e #%H ~ 1 4 O(e) we have that

2
S En [0 v)e (LA e PH)] =R, [“;w : v?)a?] +0() = %07 + 0(%).

This corresponds to the It6 correction for .
The first term in the last line of is the most difficult one to approximate. Using the notation in

—B(e2H .y R 4B —B(c2H .y RY
1Ae PH —1pe ﬁ(ea”? VIHRI 4R ~1Ae B<€8”? R +0(e%),
since h* ~ O(g?), to write it as

E, [ev! (1 Ane PH)] =E, [51/2-" (1 A e_ﬁ(afi’?'uf—kR?))} +O0(e?).

For any orthonormal basis {b1, bs, b3} in R3, the normal random vector w;] can be expressed as
’LU;I = (’LU;L . bl)bl + (wf . bg)bg + (wf . bg)bg

and (wf-b1), (wf-ba), (w-bs) are independent standard normal random variables. Denote 11 = (w}*-b1), 72 =
(Wl - be),r3 = (WP - b3),w = riby + robe + r3bs. Choose by, by two orthonormal vectors on the tangent plane
of o' and b3 = o',

V,Lvn = Pg? (wf) = T’lbl + 7‘21)2,

where 71,79 ~ AN(0,1) are independent. Then,

. for (10 CEET )] g, ey (100 oo i)
3

OH OH n
+E, |:€7'2b2 (1 A e‘ﬁ(““l Wy‘br‘rﬂb a7 b2+ R} )):| .

The two terms on the right are similar in form so we only show the calculation for the first one and the
second one follows similarly.

(25)




Remark 3.2. For the XY model, the projection of the normal random vector onto the tangent plane of o

is represented by the form riby, where r1 ~ N(0,1). The other parts of the calculation basically stays the
same.

Using tower property of conditional expectation for the first term on the RHS of , we have

E, |:€7"1b1 (1 A e_ﬁ(sm Dol by ters 2 80 b2+R1L)):|
=E, {En |:€7‘1b1 (]_ Ae 5(87‘1 doT by +ery 2 da b2+Rn)> ‘T%R?] } |

We recall the following Lemma 2.4 in [23]. (See also [27].)
Lemma 3.2. For z ~ N(0,1),

E[z(1A e“z+b)] e (—@ - |a|) , (26)

for any real constants a,b, and ®(-) is the CDF for the standard normal random variable.

The proof of this Lemma is the direct result of the integration for the expectation. And the Lemma gives

OH. b BH b Rn
E, [H‘lbl <1 Ne B(sn o7 e " )> ‘T%R?:|

27
- (27)
E—tr - b1

oo™

(2

2
_ _ﬁ <8}—i b1> ble( ; ) —Bers 75’;{1 'bQ*BR?é ET2 55w 80‘ b2 + R _

' H
e

Before taking the expectation over o, we further simplify this expression by noting that e?(®) = 14 O(e)
resulting in

b 8H b n
E, {Eﬁln (1/\ 5(”1 gorr biteragom bat Ry )) ’rz,R;l}

28)

H ero 2 by + RI (

(ﬁs <8n-b1>b1+0(53)> o BT +0(e)] .
8% )

For a mean zero Gaussian random variable z, we know

1 1 e 1 1 1
E[®(z)]=E [@(Z) -5t 2] = /_OO <<I>(z) -5t 2) p(z)dz = 5
as ®(z) — 3 is an odd function and the probability density function p(z) is even.

Notice that R = ¢, ki W - v is a sum of independent mean zero Gaussian random variables, so

ETo = 80" by + R} is a Gaussian random variable with mean 0, therefore

ET2 557 bg—l—Rn
E, |—ge2 (M.m) by ® a— _ _lge <8H-b1> by.

n n
0o ‘58371{ . bl‘ 2 do;
9

The second term on the RHS of follows similarly,

er - er 6H " 1 H
E, [67"2172 (1 Ne ﬂ( 18" bitera g bt ))] = **ﬂéQ (a 'b2> bo +O(€3).

Combining the above

1 oH
E, [0t —0ol'] —5,862Pj‘? <> — %ol
oH

where 2 = 2 Ayo? and Ayo? = N?(ol'; + o7 — 207) denotes the discrete Laplacian.




3.3 Diffusion
Recall I'?" in (10)),

I ev +cf — E, [0‘?+1 — o] with probability a
! —E, [0}t — o7] with probability 1 — «

with accept rate « in . Since E,, [of“ — aﬂ is an order €2 term and o =~ 1 with small ¢, we are going to

show

' = ey,
Proposition 3.2. The diffusion term
1—1? _ O_n-i-l O'? _E, I:O_;(L+1 _ O'zn] — gyln + (;S?, (29)
where
of =T} —ev = o™ — o — By [07 " —oT] = (30)

is a random variable with mean E [¢}'] = 0, variance E [||¢?[|*] < Ce®, and covariance E [¢7 - ¢7'] = 0 for
n #m.

Proof. For the mean
ot =0 — 6" —E, [0“‘1 — J”] — e,

then E [¢7'] = E [o7"! — o' —E,, [0 — o] — ] = 0.
For the variance,

2
E [|lg7]?] =E [HeXpU? () — o —Ey [ort —o7] —avp|| (1 e—ﬁ“f)]

_ +1_ 2 —BsH
+E |[[-evi —En o7 = o7]|” (1= (1A e7H))] a1
=E |[[¢} ~Ea [o7 " = o7]|[ (LA e?)]
+E |||-evi —En o7 = 07| (1= (1A e )]
The first term in the last line of
1 1
n n — n n 2 — 2] 2
E [Jlef ~ Ba for ™ = ot (1A e )| <E [[lef ~En [0+ = o?][*] E [(14e7)]
C (B (1] +E [[En [o7 = o7]]"])
< Ce*,
as E, [of T — o] = 1ﬂ62PJ' (8—H> — 20 4+ 0(e?) and E [||c?||*] < Ce® shown in Appendix
For the second term in the last line of (31)), since |1 — (1 /\e‘B‘SH)‘ = |eo — eOA(_ﬂéH)’ < |BSH]|, we

observe

E [[|-evf —Ea [0 = o7]|* (1 = (LA e™™H))| <E[|-er —En [o7* ]| }%E[IMHIQ]%SOES,

for some constant C, since —ev? — E,, [o7"! — o] = —ev? + O(e?) and 6H =y, 2

(2

iy - v+ O(e?) are
both order ¢ term.
Combining the above, the variance in is bounded by E [||¢7[|?] < Ce3.
For the covariance of ¢}, ¢;" at different time steps n > m, and { = z,y, z denotes the coordinates of the
vector,
E [¢7coic] =E [En [07c07c]] = E [#7cEn [#7¢]] = E [¢]0] = 0.
O

Remark 3.3. In fact, the error term is E [||¢7|?] ~ O(e3) and this determines the order of the convergence
in Theorem [2.1. The detail of calculation is given in Appendiz[A.3

10



3.4 Error Estimation

Take 0}, 7; as in Theorem For simplicity we denote u; (o) = Pi‘i (ANO'Z')*%O};, Vi(0) = VNB(I—oi0T)
the coefficients in (14). When N, J, B are fixed and [|o;|| = 1, the coefficient p, ) are Lipschitz continuous in
each coordinates of . From Theorem 5.2.1 in [25], the SDE system has a unique solution.

Now we have the following estimate on the error.

For the error estimation, we ly similar techniques as in the proof of stochastic Euler’s method.
1

Proposition 3.3. Define the error e(t) between M-H interpolation &; and SDE solution o; as
(W)= sw  E[loi(s) - ai(s)]?]. (32)
1<i<N,0<s<t

For any fixzed T > 0, e(t) is bounded by
e(t) < C(N, J,B,T)Vst t€0,T). (33)

Proof. For the proof we are going to show e(t) satisfies the Gronwall inequality (C; denotes some constant
bound):

e(t) < (C1T + Cy) /t e(s)ds + (ng/ﬁ + C4dt + 0553) , (34)

0
so e(t) < (C’g\/ﬁ + Cyot + C’5(5t2) exp (C1T(T + C3)).
t =N . .
Since 7;(t) = UZ-L‘”J =o) + Z]Lifoj ! (Uf“ — 03) and both o;,5; start from the same initial condition,

from definition of e(t) and 67" in ([23), I'? in (10), ¢7 in (30):
_ 2
W)= sw E|oi(s) - oi(s)’]

1<i<N,0<s<t

) L )
= w E /0 i (o (u ))du+/08wi(a(u))dWi(u) - Lj_JO (Ba [o7* o] +19)

. . 41 ’
= 1§i§sj\lfl,%))§s§t]E /0 i (o(u))du + /0 Vi (o(u))dW;(u) — 2 (,ui(oj)(% +evl 467 + dﬂ)

_ (35)

where p;(09)6t = f](g:_l) 11;(7(u))du and syg = Jg:_l ¥i(5(u))dW;. Applying Holder’s inequality and
E [|X 4+ Y]?] <2E [X? + Y?] produces

L# st ’
e(t)<C  sup E |/O pi(o(w) = pi(a(u))du

1<i<N,0<s<t

. 2 e 2 Ll L&)
+ /Lm&ui(a(s))ds + /LQJ‘Stwi(UZ(S))dWZ + JZO 0l + ; ¢! (36)

Using Holder inequality for the first term in with the coordinate { = z,y, 2

< /OL;;J& (ui7c(a(u)) —ui,g(a(u))fdu/OLé;J 12du,

2

L4 Jor )
/0 i (o)) = s () du

11



since p; is Lipschitz,
/OLM& (Ni,((o(u)) - Mz‘,((a(u)))Qdu <Oy /OL

combine ¢ = x,y, z terms,

& |6t

(Ji,C(“) - 5i,g(u))2du,

2

¢
< Clt/ e(s)ds.
0

4] )
/O i (0 (w)) — (5 () du

1<i<N,0<s<t

sup E {

Applying It6 isometry to the second term of for the = coordinate
| & ot 2
E (/ Yi(o(u) — i(o(u)dWi(u)
0

_E<
| & |ot

| J&t 2
ol (a7 AW + 6l dWY + 67dW7) — of (o7 AW + o/dW) + oZdW7)

o\, o\»
V_
L
&
z~z
NJ
Q..

3
~
[\v]

+

/N

S~
ﬁ

<
Qi
]
Qi
RS
|
Q
]
Q
S
o
=
~
(V]
+
7N
o\»
o
£
9
Q
=
|
Q
)
Q
=
o,
&
~—
.

Lo o glale el 2
=K /0 —(67)?) du—l—/o (675! —ofo?) du+/0 (6¥67 —ofof) du]
Since
(672 = (67)2)° < (lo7] + o) (67 — 07)? < A(a7 — oF)?,
(o76¢ —otol)’ = (67 — oP)a! + o7 (5 — o))" < 2a7 — 07)*(6Y)? + 2(07)2 (6 — o?)?,
(6767 — 0v0?)* = (67 — 0f)57 + 07 (67 — 07))” < 267 — 07)2(57)% + 2(07)2(6F — 07)?,
then

< 1ot

L3] ?
E {(/ Yi(a(u) =i (U(U))dWi(U)> < CE
0 xr

and y, z coordinates of the second term in (36| are similar. Summing up =z, y, z coordinates, the second term

in is bounded by

2

LﬁJM 2 1 Y\2 2
/ (67 — 0%)% + (6 — o?)? + (67 — 07)?ds
0

P 2

/OLMJ (wz( (u)) — %(ﬂu)))dWi < Cy /Ote(s)ds_

sup E
1<i<N,0<s<t

For the third term in
< 035t27

|| / ds
(si
since ||o|| =1 and s — | £ | 6t < 6t.
Apply It6 isometry again for the fourth term in (36)),

S Vi (oi(s))dW;
| vt

12
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< Cyét.




67

2
} < Ce% in Proposition the fifth term in is bounded by

Jcog)2-an

From Proposition E {qﬁf . ¢f] < Cd;,3 with &5, the Kronecker delta, the sixth term in

From Cauchy inequality and E [

2

Lae) -1 g LEl
Bl < |5

97

sl 7] Lalo
ElY ¢l [= 2 JEU

=0 =0

¢l

2
} <y L;J e3 < CgV/ot.

Combining all above, we get the Gronwall inequality . O
Remark 3.4. In Gronwall inequality, the Cs\/0t term decides the order of convergence. It comes from

2
HZ]th()J_l ol |, which we show as O(e®) term in .

E

With Proposition we can get a uniform bound by using Doob’s martingale inequality in [25] for a
nonnegative submartingale X; and constant p > 1:

d

Proposition 3.4. Define the error between M-H and SDE dynamics for i-th spin as

sup X, < L Eqx, . (37)
0<s<t p—1

p] 1/p

ei(t) =E { sup ||oi(s) — &i(s)|2} tel0,T],1<i<N, (38)

0<s<t
for any T € RT. There exists some constant C as a function of T, N, J, 3 and independent of i, 5t,
ei(t) < OVt (39)
for any t € [0,T].
Proof. Similar to in Proposition we have

| & ot 2 s 2

E { sup ||az-m||2} <ce | s | [ i) - wlodal] + s | ()

0<s<t 0<s<t 0 0<s<t L(%,J‘St

2 2
e s s (i 4l

+ sup / @bi(a)—q/zi(c‘f)dWiJr/ Pi(o)dWi|| + sup Z 67 | + sup Z ¢! )

0<s<t ||Jo | & ot 0<s<t =0 0<s<t =0

(40)

and each term on the RHS will be bounded by C'v/§t for some constant C.
Applying Holder’s inequality for the first term in :

Lot P Lot .
2| s | [ o)~ patonu]| | < | sup ¢ [ usto) (o)l
o<s<t ||Jo 0<s<t Jo
¢ i+1
<B [t [ Ilo) - @IPaa] <€ 32 swp B[l - (o)1
0 j:iil()gsgt
< Ct?V/st.

13



The last inequality is from supy<,<;1<i<n E [||oi(s) — 7:(s)[|?] < CV/6t in Proposition
For the second term in ([40), the length of integral is smaller than 6t and [|u;(c)|| < C as |o;|| =1, so

/L;J‘” pi(o)du

The integral in the third term of is a martingale. For ¢ = z,y, 2, denote

2

sup < O6t2. (41)

0<s<t

Lg%J&t s
My = ( [ v w@awi- [ waw
0 | & ot ¢
This is a Martingale and X, = |M; ¢| is a nonnegative submartingale, hence by Doob’s inequality

B [ sup X.IP| < 42 1),
0<s<t
For a nonnegative submartingale X}
2
E [ sup Xf} =E l( sup Xs>
0<s<t 0<s<t

Applying It6 isometry for the last term similar to the proof of Proposition [3.3]and summing for all coordinates
(=uz,y,z2

< CE [X?] = CE [M}.].

| st s 7]
E | sup / ilo) — i (5)AW; — i(E3)dW,;
0<s<t||J/0 | ot
| ot i s ] 2
< CE ‘ /0 Vi(o) — i(o)dW; — /Laﬁjét i (6;)dW;
L§?J5t s 1
<CE /0 los — 5]|> du| + CoE l/LM& ||giH2du_

< C1V6t + Cyt.

From Cauchy inequality, the fourth term in
2

L1 o bl bl
o | 0| <o |5 D 1 < |5 | 3 e,

0<s<t 0<s<t =0 =0

from E E [Hﬁf \\2} < Ce% so the last expectation is bounded by Cdt.

s -1
In the fifth term of (40)), >° ]Li’OJ ¢! is a discrete martingale. Again using martingale inequality for each
coordinate and then summing up,
2 2

EN L)
E | sup & <E & , 42
0<s<t ; = (42)

from A B [¢/ - 6%] < ;1Ce?, it is bounded by
& t
E| 16| <c M & < OV (13)
j=1

Combining above, is obtained. O

14



4 From SDE system to deterministic PDE

In this section, we explain the convergence from the SDE system to the deterministic Landau-Lifshitz
equation without dispersion term with proper choice of 5 = N” and number of particles N — oo.

Remark 4.1. For the XY model from T' — S!, the convergence from Langevin equation to harmonic
map heat flow equation can be shown similarly by taking P+ (y) = y — (x,y)x and the rest of the proof
stays the same.

From [I0], for sufficiently regular initial data, there exists a global smooth solution to the Landau-Lifshitz
equation with periodic boundary conditions. We will assume such a solution exists in all contexts below.
Since the finite difference approximation will converge to the Landau-Lifshitz equation as N — oo
[29], we only need to compare the SDE system ([14]) and the ODE system .

In the following the error between and (18)) is calculated. Since f = N7,v > 1 and N — oo, we
denote

‘= % (44)

as a small parameter going to zero with N — oco. The SDE is then written as
do; =Py (Anoy)dt — Eo;dt — Py (AW). (45)

Lemma 4.1. Define the error between SDE and ODE for i-th spin as é; = o; — 6; and define
e; =€ Pe; for 0 < p < 1. Define
1
o= D leilP, (46)
K3

we have the following inequality

e(t) < /t <C163/2 + Cze) ds + 0362_2pt + /t El_p% Z (Ptjr_l (dWi(t)v ei)) ’ (47)
0 0

with € small enough so that e N°/? < 1.
Proof. Taking the projection given by
Pi_(Ao‘i) = —0; X (O’i X AO’Z') = AO‘i — (AO‘i,Ui>0'i

together with ||o;|| = 1, we have that
(Ao, ) = =5 (IV§ailP + Vol
where V—}\_]Ui = N(oi41 — 03),Vyoi = N(o; — 0;_1). The SDE system can then be written as
do; = (Am + %(Hv;mH? + ||vNai||2)ai> dt — 20;dt — Py, (dW;)
and the ODE system can similarly be written as
dé; = <AN5-2- + %(IIVE@-IF + ||VN&Z-|2)&Z-> dt.
By definition €; = o; — 7; satisfies the following equation
dé; =Ané;dt + % [2(V6:, Ve + [|[VEEPo: + 2(Vy6i, Vivéi)oi + [|[Vyéi|*o;] dt

1
+5 (IVEGi|12 + [|[VyGill?) é:dt — e2o:dt + P (dW5(1)) .

15



Since €; = ePe; with 0 < p < 1,

1
de; =Ane;dt + 5 [2(V$&“ V]J(,ei)oi =+ €p||VE€i||2Ui —+ 2(V;\75’“ V;[ei)ai + EPHVNGZ-H20'Z-] dt (48)
1
+3 (IVEG12 + (IVNGill?) exdt — €7 Poydt + € 7PP, (dWi(t)) -

Applying It6’s formula to 1d||e;||?, we have that

1
sl
= (e, de;) +Z;
1
= (Anej, e;)dt + = [ (V&6 Vie) + € |Viel? + 2(Vydi, Vves) + €| Vyeill?] (o4, e:)dt
1
+ 5 (IVX 3P + VRGP lleil2dt — 77 (s, ei)dt + €77 (P, (AWi(t), ) ) + T,

where Z; represents the It6 correction term of order O(e2~2P) as shown in the following computation.
To calculate the It6 correction Z; we consider an SDE system for both e; in and o; in . The It6

. 9 . . Bzef 626?
correction Z; for d||e;||* combines three parts corresponding to 97 Bor0e;

. Since ||O'Z|| = 1 we take

HP; (dWi(t))‘ as bounded by Cdt. The first term, 25 €™ PP; @) < ce-2ear.

The second term, aaaj_g; _ o e%:bg’ez 21 s order ¢P but €'~ pPL (dW; (1)) - ePiﬁ_ (dW;(t)) is order e2~Pdt

22
so the Itd correction for the second term is also O(e2~?Pdt). For the third term %; =2 W but

2
HePii (sz(t))H < Cé%dt so the 1t6 correction for the third term is also O(e2~2Pdt).
From periodic boundary condition, we know that

N

D (Aneie) = Z”VNezHQ =—> IIVyel?®,

i=1 i

hence summing up d||e;||? we have that

d (Z ||ez-||2)

= *Z(IIV eil|* + IV el dt+z [2(V6i, Ve + | Viell? +2(Vydi, Viyes) + [V yesl|*] (o3, ei)dt
+Z (IVE5? + IVNGill?) el >dt — 2N e P (o4, e;) dt—|—2Zel P(PL (AW (t )+QZI

S—Z (IVEell? +IVyel?) dt+Z [2(V6i, VEe) + Vel +2(Vydi, Ve + €|V yel*] (o4, e:)dt
+ Z (V1> + [V G:ll?) les]?dt — 2N e* P (o, €;)dt + 226171} (Pi (dWi(t),ei)) +eNe* 2Pt

(49)

For the second term of , from the Cauchy-Schwarz inequality, we observe that

[(VRGi, Ve (i )] < 5 (IVRel® + IVl eill) ,

DN = DN =

[(VnGi, Ve (i e)] < 5 (IVyel® + IV &l lledl?) -

Since the solution for Landau-Lifshitz equation is smooth, in the third term of (&9), [|[V4&:i[? + |V yail?
can be bounded by some constant C. For the fourth term in |€27P(0;,€;)| = |€272P (0, €Pe;)| < 26272
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since €Pe; = o; — 7;. Hence from 7
> el
t t t
< [ @S (IVkel? + 19xal?) lelds + € [ 3 s + Cone e [0 S (B (@i(o).e0)
0 i 0y 0 i

Using the assumption that e? N°/2 < 1 we bound the 3°, (e?||Viei[|? + €?||[Vyei|?) [le:]| term by C' Y, ﬁ llesll.
Hence,

3
1 B 1 2
NZ(GPIIVE%IIQHPIIVN@II ) lleill < C—= leez\l3 <NZ|6¢II2> (50)

as the p-norm is decreasing.

Ase= %>, |le|?, we arrive at (47).
O

Remark 4.2. If we choose the parameters such that the small Ité correction term from martingale C Ne2~2Pt
is lower order in N and e?N3 ~ O(1), we could show a similar result for e = 3, ||e;||* instead of e =
+ i llesl?. And this way we could bound K, [3°, [le;]|?].

Intuitively the inequality from Lemma [£.1]is of Gronwall type and the martingale part,

) /t erp% Z (P; (dWi(t), ei))

0

has small coefficient €' ~P. This means with large probability
t
e(t) < / (0163/2 + 026) ds + C3€27?Pt + small term from martingale
0

and e(t) is bounded for a long time interval. We use this idea to show the following proposition.

Proposition 4.1.
N
>

P(e(t) < e Pexp(Ct)) >1—e =, te[0,T] (51)
for some constant C and T satisfying e Pez0T <1,

To prove Proposition we will use the exponential martingale inequality for continuous L? martingale
M, as in [12] p. 25] or [2] :
P(sup (M; — a/2(M);) > b) < e~ (52)
t

where (M), is the quadratic variation for M;.
For the martingale in , we calculate its quadratic variation in the following lemma.

N

t 2 2p
=1 [ G Sl = (oot (53)

Proof. The quadratic variation for M; is captured by a direct summation of the square of the coefficients of

Lemma 4.2. The quadratic variation for the martingale My = 2 ft =P L5, (Pii (dW;(t), ei)) is

17



the white noise, namely

<2/0t61pjlvzi:(1’ii (dWi(t)aei))> G </ Z Pl (W), )>t
</z> (L5 5 (oo

i (=z,y,2

4 2—2p 2 2p
= 6]\[72 / Z Z 6 - 027 62)04) / Z Z UZv ei)Z(Ui()Q - 26§U§(0i7 ez)dt
i (=z,y,z i (=z,y,z
4e27%P

t
=5 [ el nellonl? 2o et

/ Sl = (o

Now taking a = 2{2% and b = €727 in the inequality , we have that

P ( sup <2/Os Z (PJ- (dW;(t ez du—/ Z leil|? — (i, i) )du) > 52—2p> < e N2,

0<s<t
(54)
Thus, for probability P > 1 — e~ N/2,
f il i
2/0 ¢ pNz;(P (dWi(t / Z (llesl)? = (03, €:)%) ds
< sup (2 [ LS (PE @) du— [ 3 (leil? (o c0?) da
0<s<t 0 N - : o N -
g 627217
Combining this with , we observe
! 3/2 2-2 | I
t) < C C. d Cse” Pt +2 - P (dW;(t), e;
e()_/o(le +2€) s+ Cse +/06 N;(o’i( ()6))
t t 1
S/ (C’leg/Q—i—Cge) ds+C'3€2_2pt—|—/ NZ(HQHQ—(O’Z',@)Q) ds + 272 (55)
0 0 i

t
< / <0163/2 + (Cy + 1)6) ds + C3e?72P¢ 4 €272
0

using the definition of e(t) and (o, ;)% < |le;||*.
Since is a Gronwall type inequality, we build a special upper solution u = €2~ 2Pe(C1+C2+Cs+1)t,
Then
du = (Ol + 02 + 03 + 1)U 2 C’lu3/2 + (02 + 1)U + Cv36272p7

where Cyu > Ciu®/? when el =Pez(C1+C2+03+2)t < 1 We observe that
elC1+CatCat )t > 1 L (O} 4 Cy + Cs 4 1),

so Csu > C3e272P. As u(0) = €727 we have that

¢
u(t) > / (01U3/2 +(Cy + l)u) ds + Cye®72P¢ 4 272 (56)
0

18



and u(t) is an upper bound for e(t).
When e is small enough we have that ' ~Pe2(C1+C2+Cs+2T < 1 and u(t) is an upper bound for e(t). We

observe
P (e(t) < u(t) = e OGN 5 N2 e 0,7 (57)

In fact, as e; = € P(0; — &;), the bound e(t) = % >, |le;[|> < C by some constant C is sufficient.

Appealing to a stopping time argument similar to the strong uniqueness proof of the SDE with locally
Lipschitz continuous coefficients (see e.g. [16, Chapter 5.2, Theorem 2.5]), we have the following result.

Proposition 4.2. Given e, N > 0, there exists a constant C independent of €, N such that if 2 2PTeCT < 1,
then
Ele(®)] <1, te][0,T].

Proof. Define a deterministic time 7" = min{¢t € [0,00] : E[e(¢)] > 1} and a stopping time 7 = min{t €
[0,T] : e(t) > 1}. Since e(0) = 0, we have both T' > 0 and 7 > 0. If T' is infinite then we are done, so assume
T is bounded.

From Lemma [{.1]

tAT tAT 1
e(tAT) < ETP(HAT) + / C163/%(5) + Cqe(s)ds + / elfpﬁ Z Pi‘i (dw;) . (58)
0 0 ;
As e > 0, we have
t tAT 1
e(tAT) < ETP(EAT) —l—/ C1e¥ (s AT) + C’Qe(s/\ﬂ')ds—l—/ el_pN ZP# (dW;) (59)
0 0 i
and e¥/2(s A7) <e(sAT)ase(s AT) <1, s0
t tAT 1
C(tAT) < EP(EAT) +/ e +C’2)e(sAT)ds+/ L SR (W), (60)
0 0 ;
Taking the expectation on both sides,

Ele(t AT)] < 2PE, [(EAT)] + /t(C1 + C2)E [e(s A T)] ds. (61)
0

tAT
0

PL (W) = [i/ 1(s < t AT)PE (AWi(s)). Notice E[(t A 7)] < T, so

The expectation E [ P(J;j (dWZ)} = 0 can be deduced from optional stopping theorem for continuous time

AT
or take [,

t
Ele(tAnT)] < / (Cy + Co)E [e(s AT)]ds + €272PT
0
and by a Gronwall’s inequality,
E [e(t AT)] < 27 2Te(C1HC2)t (62)
Choosing C' > C + C5, the result follows.

By similar arguments, a uniform bound on e(t) can be obtained with a weaker condition on T.

Proposition 4.3. Given ¢, N > 0, there ezist constants Cy,Cy independent of €, N such that if (2=2PT +

o} 62]:,4p)eé2T <1, then

E [ sup e(s)} <1, te€]0,T).
0<s<t
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Proof. Define T = min{t : E [supg<,<, e(s)] > 1} and 7 = min{t € [0,T] : e(t) > 1}. Since e(0) = 0 we still
have T'> 0,7 > 0.
Again from Lemma [£.1] we observe

t tAT 1
e(tnT) < / C1e®2(s A7) + Coe(s AT)ds + € 2P(EAT) + / el_pN Z (Pi_ (dws) ,ei> . (63)
0 0

i
Taking the supremum on both sides,

S
sup e(s A1) < sup / C1e®?(u A7)
0<s<t 0<s<t Jo

SAT 1
. 2—-2p . 1-p — L : )
+ Cre(uAT)du+ sup e (sANT)+ sup /o P Z (Pai (dwW;) ,ez) (u) (64)

0<s<t 0<s<t i

and 0 <e(tA7)<landtAT <T gives

t SAT 1
sup e(sAT) < / (Cy + Cy)e(u AT)du + 22T + sup / elfpﬁ Z (Pj‘l (dws), 61;) (u).  (65)
0 0

0<s<t 0<s<t P

Taking expectations on both sides

E [ sup e(s A T):| < /Ot(Cl + Co)E [e(u A T)]du

0<s<t

+E&PTLE

. /Os/\"' el—z%z (P; (dWi),ei) (u)] . (66)

0<s<t P
The first integral on the rlght hand side fo C1+Co)E [e(u A 7)]du < fo (C1+C2)E, [Sup0<s<u (5 AT)] du.

Doob’s Martingale inequality (37]) is used to give a bound of Cel 2P for the last expecation in
Denote

M, = / (PL (dW;) , e ) /O 1(u < 7)61*1’% Z (P; (dW;) e) (u), (67)

since 1(u < 7) € F, it is a martingale. Using Doob’s martingale inequality

2 2—4p

€
E | sup M, < 4E M2:4/ e (04,€))%du| < C 68
(e, )]_ [47] — Zn 2~ (o) - (68)
The second equality is from It6 isometry and the third inequality is because ||o; ||, ||5:]| = 1 so |(o, €:)| < ||o:l|

and ||ePe;|| = |lo; — 74| < 2.
Now a Gronwall’s inequality gives
t 62—41)

E [ sup e(s A T):| < / (Ch+ Cy)E [ sup e(s A T>:| du + €27 2T + C3 (69)

0<s<t 0 0<s<u N

and E [supgc,< e(s AT)] < ( 2-207 4 O
choosing Co>Cy +Cyand C; = Cj3, the result thus follows similarly.

) e(C1+C2)t  Ag in the proof of the previous Proposition,
O

5 Numerical results

In this section, we support our convergence results using numerical simulations of the systems, showing both
the temporal dynamics and the order of convergence. The convergence tests indicate that the error decays
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at least as well as predicted in Theorems 2.1 and 2.2l We check both the cases of the XY model and the
classical Heisenberg model. The dynamlcs of the M-H algorithm are simulated as explained in Sec.
To simulate the SDE , written in the It sense, we use the stochastic Euler’s method combined with a
normalizing step to project the spin back onto the sphere after each time step for both the XY model and
the classical Heisenberg model. The PDE is numerically integrated by discretizing in space and using
the Euler’s method presented in [29] which includes a normalization step.

The out-of-equilibrium to equilibrium dynamics of the M-H algorithm, SDE, and discretized PDE are
shown in Figure [Il Figure [lal shows the T! — S! case of the XY model in terms of the polar coordinate 6
of each spin. Figure [Lb| shows the T' — S? case of the classical Heisenberg model with each spin plotted on
the same unit sphere; nearest neighbors are connected by a solid line. In both cases, the M-H dynamics tend
to lag behind the SDE and PDE which more closely follow each other. This suggests the error between the
M-H algorithm and the PDE is dominated by the error between the M-H algorithm and the SDE. Thus the
order of convergence between M-H algorithm and Landau-Lifshitz equation should almost follow the order
of convergence in Theorem [2.1]

2
PDE
—%— SDE />
—6—M-H
/> 5 05

L

Figure 1: Dynamics of M-H algorithm (red circles), Langevin equation (black stars) and Landau-Lifshitz
equation (cyan diamonds) at various instances of time. They follow each other to converge to equilibrium.

In both panels: lattice length L = 2, space discretization dx = ﬁ = 10, time step size for M-H algorithm

ot = 3 = 0.001, inverse temperature § = N3/2 ~ 31.6, proposal size ¢ = /¥ ~ 0.0178.

(b) T" — $2

Figures 2| and [3| show the order of convergence for the error between the M-H algorithm and the Langevin
equation with respect to the time step size §t, for which the equivalent M-H proposal size is €2 = 6tT]\g. The
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error is calculated at a fixed time T as

E iEN] MEH(T) _ oS (T) 2 (70)
N £ g; a;

where the expectation is taken over multiple realizations. All four frames support that the convergence is
at least as good as 6¢1/4, which is equivalent to the v/d¢ convergence given in theorem since the 2-norm
is used in the numerical experiments (thus the error is expected to be of order (v/3t)2 = 6t4). The faster
convergence of order §t'/2 in panels (b) and (c) of Fig. [2| we suspect is due to the fact that these out-of-
equilibrium dynamics are dominated by the deterministic part of the SDE, and this part has different error
scaling from the noisy dynamics. In equilibrium, the deterministic term, Pj; (dn0;), is small since it is zero at
the minimum of the Hamiltonian (maximum of the Gibbs distribution), and the noisy part of the dynamics
dominate.

Proposition states the error on the deterministic drift of one Metropolis step, 07, is of size €3. Dividing
by a time-step dt that is proportional to €2 so that the left-hand side approximates a derivative for the SDE,
the resulting error is O(e) or equivalently O(6t'/2) as seen in the numerical simulations. Similarly, from
Proposition the error on the stochastic diffusion of one Metropolis step, ¢}, is of size €3/2 implying error
of order O(§t/%), after dividing by the size of the first order term, e. To further test if the difference in

convergence order is from the deterministic terms dominating, we increase the size of the noise, ,/%, in

equation by decreasing 8 to make the noisy dynamics dominate. The out-of-equilibrium error with
small 8 = 1 shown in Fig. [3 has 6t/ convergence, confirming the original statement of Theorem We
therefore conclude that the error bound of §¢'/4 is tight, and this error comes from the noisy part of the
dynamics.

Figure 4 shows the convergence test for the error between the M-H and the PDE dynamics with respect to
ox = % The discrete version of the PDE is simulated with the time-step scaling of §t = % and § = N3/2,

which are also used with e = 4/ NTM in the M-H algorithm. These scalings give the order of convergence to be

approximately 1, better than our analytical result in Theorem A possible explanation is that the error
from Theorem dominates. As discussed above, Fig. 1] implies the error between the M-H algorithm and
the Langevin SDE dominates over the error between the Langevin SDE and the Landau-Lifshitz equation,
thus we would expect error of §¢7 in theorem to dominate. Since we choose the scaling of 6t = ﬁ = 6

this order of convergence with respect to dx = % is expected to be 5t = dx, or order one. We also point

out that the scalings of Jt = ﬁ and 8 = N3/2 are better than the scalings one might guess from theorem

(v/dt smaller than the order of e~2 with Cy an increasing function of N) and Remark (B> N7).

We suspect from the numerical experiments that the scalings of 5 = N 3,6t = % are tight bounds resulting
in order one convergence, but do not have a proof as of yet.

6 Conclusion

We have shown with proposal size ¢ — 0 in the Metropolis Hastings algorithm, the Metropolis dynamics
converges to the Langevin stochastic differential equation system. With proper scaling of 8 = N%* a > 1
and the number of particles N — oo, the SDE system converges to the deterministic harmonic map heat
flow equation.

Several future works are suggested by the results we have obtained. First, the scaling in the analysis is not
optimal as suggested by the numerical simulations. One thought to improve the scaling in the calculation is
to try to divide it into two situations: near equilibrium and out of equilibrium. When it is out of equilibrium,
the drift part PULI_ (Ano;) of the SDE should dominate. The Metropolis dynamics would also have a
large probability of choosing a lower energy state as the proposal. In this sense both dynamics are close to
the deterministic gradient descent. When it’s near equilibrium, the drift Pi_,- (Ano;) in SDE is approximately
zero and should behave like a Brownian motion in the neighborhood of equilibrium. The Metropolis dynamics
with small proposal size would also stay in the neighborhood of the equilibrium state for a long time. We
hope this kind of intuition could help lead to a better scaling in the future work.
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(a) T* — S': near equilibrium initial condition
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(c) T" — S?: near equilibrium initial condition
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(b) T* — S': out of equilibrium initial condition

Order plot for M-H vs SDE:0.44636
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— y=0.5x

log(error)
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(d) T — S?: out of equilibrium initial condition

Figure 2: Order of convergence for the error between M-H algorithm and Langevin equation with respect

to time step size 6t = %52 for B = N3/2. When the initial condition is near equilibrium, the order

of convergence is approximately 0.25 as predicted in theorem When the initial condition is out of

equilibrium, the order is better than 0.25 and close to 0.5. In all four panels: lattice length L = 2, space
1

discretization dx = ﬁ = 1—10, time step size for M-H algorithm 0t = 57, inverse temperature 3 = N3/2,

proposal size € = ’/NTM'

Order plot for M-H vs SDE:0.2768 Order plot for M-H vs SDE:0.26757

-0.5 -0.5
order order
-1} |——y=025x . —— y=0.25x
= — -1F i
o o
- -
£ 151 S
o0 P15) ’
210 S
2.5 ‘ ‘ ‘ ‘ 9 ‘ ‘ ‘ ‘
-13 -12 -11 -10 -9 -8 -13 -12 -11 -10 -9 -8
log(dt) log(dt)
(a) T' —S* (b) T — §2

Figure 3: Order of convergence for the error between M-H algorithm and Langevin equation with respect to
time step size §t = %52 for 5 = 1. The order of convergence is approximately 0.25 as predicted in theorem
with out of equilibrium initial condition. In both panels: lattice length L = 2, space discretization

or = % = 1—10, time step size for M-H algorithm 6t = %, inverse temperature 8 = 1, proposal size
— /Not
€= 5

Secondly, the SDE system we get is in Stratonovich sense. If we scale § = N, intuitively a = 0
the noise part scales like v/021/0t as time-space white noise and 0 < o < 1 gives colored noise. We would
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Order plot for M-H vs PDE:0.74515

) Order plot for M-H vs PDE:1.1149 0
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Figure 4: Order of convergence for the error between M-H algorithm and Landau-Lifshitz equation with
respect to lattice discretization size dx = % From Figure [1|the error between M-H algorithm and Langevin
equation dominates over the error between Langevin equation and Landau-Lifshitz equation. The order of
convergence is expected to be §t1 = §x since we choose 6t = dz? and it is approximately the case in
and The analytical results in thoerem and does not give as good convergence rate and demands

worse scaling of dt, 5 as function of N. The following parameters tested in numerical experiments are enough:

Lattice length L = 2, initial space discretization dx = % = %, time step size for the M-H algorithm §t = %,

inverse temperature 8 = 1, proposal size € =  / NTM.

guess different scale of 5 would lead the convergence result of a stochastic partial differential equation with
white noise or colored noise. And as in [27] [5] [23] this convergence result might imply the optimal scaling of
proposal size ¢ in the Metropolis-Hastings algorithm. We note that as in [23], the drift term might become
non-local through the influence of the colored noise, so this approach must be taken with some care.

A Drift and diffusion calculation

In this part we give the details of the error estimations.
Here we state two simple inequalities that is used later. The first is

E[|X +Y|¥] < Cu(E [IX[*] +E [[Y]F])

for some constant Cj, as (X +Y)* <I(|X| < [Y])2F|Y|* +1I(|X]| > |Y])2%|X|*. Furthermore, this is also true
for vectors
E [IX + Y] < Ce(E [IX]*] + E [IY]*])

since E [||X + Y| = E [(1X + Y1) #] < E [@)X]2 + 21V ]2)¥ ]| < 25 Gy [IX|1F] +Ea [IV]¥]).
The second is Holder inequality
E[XY] <E[XY[] <E[X[P]?E[Y]]s

: 1 1 _

A.1 Exponential map

In Section B.1] we use the notation:

1
2
expyn(evy') = 0f' + eV + ¢ = o) +ev — € (v -v])ol +d7.

Now we estimate c?, d* as:

17

E [[|c!]F] < Cre®*, E [||d||*] < Dye®*

K2
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for any postive integer k and some constants Cy, Dy, independent of i, n.
Notice

n n n n
o; +ey; n o; +ey; n

n n
o, +evy;
expyn (eV]') = ————— 4 ay’ L : =

= = + a; +a;.
o +evill " lopP + 2P l? = 2e(op - v) T+e2fy?

Taylor expanding ——=4—— we have
Vit 2

2
3
expop(er') = (o7 +ev’) (1= S 1 + ' | + e,

where 1" is the remainder of the Taylor expansion for \/%7 Then,
I+e?|lvp||?
3
€
di = =PI + (of + v’ + af, (71)
n __ 76 n|2 _n dn n 72
¢ = 2||Vi||0—i+i+ai' (72)

Let us first deal with the term a7, since the geodesic on the unit sphere is the great circle, exp . (ev]*),
% are on the same great circle. The arc length of geodesic is ||ev!||, and the arc length of % is
arctan (|lev?]]). The vector al is the straight line connecting the two points of the difference between these
two arcs, and is bounded by the difference of arc lengths:

llai' | < llevi*|| — arctan (flev;|]) -

Taylor expanding for arctan x,

3 (4) _ 2
x (& 24x(1 —x
arctanr = — — +r,r = 4!( )x4,f(4)(ac)(1(+x2)4),
2 3
and when z = |ev'|| > 0, |f ¥ (z)] < |(12f;”2) T (1+§32)2| < 24, |r| < 2. Hence, from z — arctanz = % —r,
n| < n| _ n < ||€Vz"nH3 n|4
llai' || < llevi"|| — arctan (|lev’(]) < =——— + [levi"|I",

SO
E [[la}[|*] < CE, [llev|**] < Ce™

In the Taylor expansion for f(x) = \/114_7, x > 0, the remainder r = f(z) — (1 — §) is given by

and |r| < 222, Applying the above estimates for r = 5" with z = &?||1?*||? > 0, we observe

3
ol 178

RS

Now we could get the bound for the terms ', d?. The first term for d} in is bounded by

E

3
g
|5 e

k
1 < CE [%¥||vp||3*] < Ce*.
The second term in gives
1 1
E [|(0} +evf)nf|*] < En [llof + v |**]2 By, [ **]? < ce™
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by Holder’s inequality. This is because the first term in the right hand side is bounded by
E [[lof +ev? 2] < Cy (B [[lo2]?] + E [ [*]) < €1 + Coc?*
and the second term in the right hand side is bounded by
E [|}*"] < CE [*||lv]|*] < Ce™.
The first term for ¢’ in

g2 0 k
E 5”%‘”” o

< CEE [l P*[lof|I*] < Ce™.

The bound for E [[|c?]|*] ,E [||d?]|*] are found using the inequalities
E[|IX +Y[*] < Cu(® [IX]*] + E [IY]¥])

with the above bounds for the terms in ¢?, d™.

777

A.2 Drift

Now we give the error estimation for the drift calculation. Denote
1 oOH
0 =B [0} — o] - (—2552% (a) e ) |
We will show
E [|167]°] < C<°.

For simplicity we write 0 = >, 0x, where 6, denotes the error for each step of the drift calculation in
Section And we will show each E [||6,]?] < Ce®.

Notice 0, are conditional expectations in the form of 6 = E,, [X]. Since f(z) = 2? is a convex function,
we have (E, [X])? < E, [||X]|?], hence

E [16x]1°] = E [(E. [X])?] <E [E, [IX]*]] = E [IX]?].

We will use this to bound E [[|6x]|].

In the drift calculation, we first take the approximation E,, [0} — o] ~ E,, [(EV;-” —< (v - u”)a?) (1A e‘ﬁéH)] .

Denote the difference of them as
2
6, =E, [0 - o7 - E, Kgyf — %(y;l : yi”)af) (1A e—ﬁéH)] =E, [d} (1Ae PT)],

then by Holder’s inequality

[N

EI6u?] <E [[lay (1A e H) "] < OB [lap)¥] B [(1 1 e#H)"]" < cet.

For the second term in drift E,, [(7%(,/;1 . ui”)aln) (1A 67651{)} ~ E, [(fé(yln : V”)af)}, denote the

1
error term as

0, =E, K—f(u? : uf)a?) (LA e—ﬁéH)} -E, [(—i(uy : V?)a?)} =E, [(-522(%" U] w) (LAe P — 1)} :

We have |(1Ae®) — 1] <[z, and [§H[ < C' ), (||5VJ”|| + levi I + ||C?H) so by Holder inequality

2
E [||92||2] <E HZ(V." Mol

2

472 1 ) s
] E[(1ne 5 —1)*]" < CE [P o) * E [185H]!)* < Cp2e".
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Next we replace 6H by ¢ gﬂ v + R} in the drift calculation. Define

s =E, [EVZ-” (1 A e_’B‘SH)] -E, {Eyi" <1 A e_ﬂ( Sy VTL_FR”))} .

Notice that 6H = e 2 - 12" + R + A and |(1 A e*+9%) — (1 Az)| < |dz|, hence

E [10s]°] < E [llevy|I*]* E [(BR)] % .
Since [R7| < C 3, (llevp]? + HC;LH), we have E [(h}')*] < Ce® and

1

E [[165]%] <E [[lev?]|*]? E [(h7)*]? < CB2%.

Then we write the drift term as in , and have the first term given by

_ oH OH . . pn
E [87’161 <1 Ne ﬁ(an A )) ‘R?,TJ

OH
=
580-" !

K2

2
(v 880) era 2L by + R

o dH
o \swy

2
(ﬁfiw bl)
. ~————+Ber2 Loy b2+ BRY
We approximate e 2 2577 b

Be 5 nbl> n
( 4 . n ET b +R
0, =k, |—p=2 (2L, b e bR ragor bt R 28
ool ‘5 b ‘ dol
ool 1
oH ery HEL w by + R oH
2
<o |52 (G ) Tl e
ao.n 1

by
E, [[104]?] < C&8.

For z ~ N (u,0?), we use
E [|ez - 1|k} =E [|ez —1F1(z < 2)} +E [\ez —1F 1z > 2)} .
For the first term in , since |e* — 1| < €%z for z < 2, we have
E [\ez 11z < 2)|] < *E [24].
When k=4, E [zk] = put +6p20? + 30t
For the second term in (73), e — 1/¥ < €#* when z > 2, suppose 2 + p + ko2 > 1 we have

(z u)

E, [kz]lz>2 kze dz

/ \/27r7

k202 _ (z—p—ko?)? k202 > 1 _ %
ekt =5 202 dz = et e 22dx
2

/2 v27rc72 Futko? V2mo?
K202 [ 1 a K202 2 24 ptho?
< efrts / e 2rdy = et T [ Zoe T a2
2t utko? V2mo? T

K202 2 _ 1
< efrt e \/ —oe 27,
™
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Be 2t by)”
Notice that M + Bery 21

L St “ba + BRT ~ N (c1€2, c2e?), when ¢ is small 2 + p+ ko? > 1, hence we
get
2 4
(ﬁe 3601_{7' .b1> AOH 2
%% ) 1. n c
E e 5 +Berz BT 2+AR; 1 < 680364 + [222 o™ 26252 < Oet
vis

as the term e 2¢2¢* decays faster than any polynomial of ¢ as ¢ — 0
So we have

Nl

4
ETo = - by +Rn
E [||94||2] —F ||_/852 (8[{ . bl) b ® 3 B ’B OH

E .
OH | ol
‘Eaan by ‘ i

1
47 2

2
bl)
OH R"™
% E 72“1’657'2 79:11)24’5 i ]

<Cete?

OH n n
h . ) BT b2+ R} oOH ere Sy 801 -ba+ R} . h leulati
Then we approximate ® | ————— — |Bez % - b1| | by @ | ————— | in the calculation. Denote
ey ]
k2 k2

OH ergsom - by + R} OH
05 =E | —Be? [ — - by | 1@ a—_ Be— by
80? ’E b ‘ 302”
a 7L 1
H ~by + R}
—E, |—pB¢? <8n : bl) b1 ®
60'1; ‘an.n bl’
From |®(x + 0z) — ®(z)| = |P'(£)dz| = < |dz|, we have
43
OH
E[63] = H—@SQ (801” 'b1> b1 1
ETo 5w 80 - by + Rn OH ETo2 5w 60" -by + Rn 2
o[l (B by on
’880" bl‘ T4 ‘680" bl‘
< Cetel.

Similarly we would get the bound for

E {Eszz (1 p &P ler B burera B bﬁR”)ﬂ
and see every E [[|0;]|?] is bounded by Ceb so E [||62(|?] < Ce°.

A.3 Diffusion
Here we are show that E [[¢[?] ~ O(e?). In

E [I6711%] = E [||ef = En [o7*! = o7][* (1 A e H)| + B || v} = B [o7! = o2]|[" (1 = (1A e77))]
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every term is order e* except for E [e2[v?]|? (1 — (1 A e #°H))]. We show
E [I[7F)? (1A e )] = E [[v]P] + O(e).
Indeed, since [(1 Ae®) — (1A (1 +2))| < 22,

B |2 (1ne )
mE[||yf2<1/\(1ﬂ< g}i . +R”)>)] +0(2)
== [ gy co| 2 [0 (1 (0 2) ) 2o
—E [|vp)] - E [num“‘ (7 (e 4 B2) ) Vet )

Then it remains to show E {HV"H2 < (5 OH . yn 4 R?)) 1{/3(

o is approximately an O(g)

<2k -vr+sz)>0}}
term. As before take 1> = r1b1 +robe and we will only take care of 1, since the calculation for 7, is similar.
Denote R = R} + e 25 . byry ~ N(0,62¢2),¢1 ~ O(1). The expectation of the ry part is

oOH
—BE {7‘1 (R—l— 6501 b17‘1> ]]-{[3(50801%1‘{717‘1“1‘1%)>0}:| .

To calculate, first condition on R and compute it over ;. This involves expectations in forms of

E [2°L{(a=10)>0)] »and E [2°Li(az41)50)] -

For z ~ N(0,1), a direct calculation gives

—-b b2 b
E [221 (0, = e 2.2 + @ <> ,
[ @n>0)] = 5o al

1 b2 b2
E [2*L{(az4p)>03] = Nor (2 + ag) e 27 sign(a).

Using the tower property, we have

oOH
E |:’I"% < agy -blT’l) ]]-{B(Eaag'b1T1+R)>0}:|
2 ] aH 3
=E |E, rlRl{ﬂ(eggL-blr1+R)>0} R_ +E (E, 5?‘?.191(7'1) 1{ﬁ(s%~b1r1+1¥)>0}

R” . (75)
Denote ¢y = gTH - by, for the first term in 7 the first formula in gives

E [r R1 R] =K { LA 1 +R<I>< i )] (76)
"L {ﬁ( i blr1+R)>0} o \/27r|602\ leca]

For the second term in , the second formula in gives

6H 1 R2 —21322 .
E, {5 by ( 7"1 {B( ] =E, [sczm (2 + = %) e 251gn(02)]
=K [2€|026 = 2 3+ 7R2 62§2C%:|
"1 Vor V27e|ea| .

Combining and , we have
OH
E, |: <R+580_l bl’f’l) 1{,8(5

o] = [mo ()] + = [T

a@f? -b1r1+R) >0}

29



Since R (<I>( R ) — l) > 0, the first term E, [RQ) <\s}§2

‘5C2| 2
=) and

ko

second term £& ~ N(0,
2 C

[NV

after a direct calculation. This shows

H
—ﬁEn |:7’% (R"‘an’? . blrl) ]1{6(5661{1
and the 79 part follows similarly.
nl|2
Thus we conclude E [||V I ( (5 )) {ﬁ(

do

"+R">>0}:| is an ¢ term.

B Quadratic variation

For an n dimensional process X
dX = pdt + odW.

It6’s chain rule for a function f(X) is
Af (X1, Xo, 0, X)) = dX +5 ZZ aX 8X d[Xs, X;)(8), (78)

where
d[X;, X;](t) = adt, a=o0".

For H = JZ<¢]‘> lo; — o;]|?, denote i, j as i, j-th spin and «, 8 = z,y, z for the coordinates of the spin

dH = Z—d °‘+f > o°H d[o%, o7

B L
aaf‘aaj

i.,0,8
where
4J | =1
oH _ 21, . PH QJ]. L
—_ o —_— — =
dof — N2TNT 9(0p)? S
0 otherwise
and % = 0. The results for y, z are similar.

The noise term in SDE is Pl [(dW;) = dW; — (dW;, 04)0;. For i # j, W;, W; are independent and then

d[o¢ ,0']] =0, so only d[o¥, 7] need to be calculated. Since W, W/ W7 are also independent, the quadratic

variation is calculated by summing up the coefficients before each dWO‘

do?,0f] = [ (1= (07)2) + (07a¥)? + (0 07)?] dt = € [1 = (oF)?]

(2 7

dlo?, 0¥ = € [(1 = (1)?)” + (7 0?)? + (oV})?] d

~
Il
™
o
—
—

I
—
Q

<
S~—
o
i
(o}
=~

As (07)2 + (07)? + (07)? = 1, the Itd correction is
1 2 AW Y\2 Y\2] _ 1 2 _ 2
§4J6 zi:[l—l—l—i—l—(af) —(6))* = (o)) = §Z4J*26 =4JNe

and from

A =3 -2 Ao KJNP%_ (Anoi() di — Co(t)dt + P (edWia))ﬂ FAINE (79)
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Denote M; as the martingale given by
2J n
dM,; = E ANO'Z P, (edW;i(1)) (80)

and (M), the corresponding quadratic variation. The quantity d(M); is calculated by summing the square
of the coefficients of dW; in z,y, 2 components:

d(M), = <ZJ2V‘]2ANJZ-~P; <edWi<t)>> d<Z i‘vjiﬂm [dWi<sz"0i>Ui1>

7 A

=d <Z l_ﬁie Z (ANUZ' . dWl — (ANO'i . Ui)UidWi)a] >

t

i a=x,Yy,z t
4J2 2 422 2
= Z [ Z (Ano; — (ANoi - 04)0;) ] dt = Z N ‘ Pii(ANai) dt,
a=x,y,z i
for the last step Pi‘i(ANJi) = Apno; — (AN - 04)0;.
Then the inequality for continuous L? martingale M;
P(sup(M; — a/2(M);) > ) < =P (81)
is used to get a bound on H.
Notice in , we have
2
Anoi - (P; (ANJZ-)) = [PL (Ayoy)
We can write it in the form of d(M); by observing
N 22
AH = dM, — 5 5d(M), + > € 2) Axoi- o+ 4INE | dt

and the last term in the bracket
Ze AN@ 0; +4JNe =Y 2] (0ip1 +0i-1) - 0 < AINE.
So
N 9 2JA 9
HN(t):HN(O)—f—Mt—ﬁ(M)t—i— Ze N2 NO; - 0; +4JNe” | ds
N
< Hy(0) + M; — @<M>t +4JE2Nt.

Take o = g in the inequality P(sup(M; — a/2(M);) > B) < e~

N
P(supHNZHN(O)+4JN62T+ﬁ) SP(suth (M>t25) <e @ (82)

t<T t<T 2¢2

C Diffusion on sphere
We will use Fokker-Planck equation to show the Stratonovich SDE
dx = PL(dW) (83)

in R? and R? are describing Brownian motion on the unit circle and unit sphere. And in R? it is regardless

of the choice for P (y) =x xy or PL(y) = —x x (x x y) = I — za”.
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C.1 Circle St
For a Stratonovich SDE with the form

dX; = b;dt + Z O'idej7
J

the corresponding It6 drift coefficient is
da;
bi=bi+ 3 ZZ TR (34)

On the circle P4 (dW) = (I — zz”)dW = dW — (dW,z)z. The corresponding It6 form for is

da = —%:c + (I —zz™)dW. (85)

For Ité6 SDE da = p(z,t)dt + o(x,t)dW, the Fokker-Planck equation is

0
- XZ: aixi(/‘zp Z Z Or, axj up (86)

with diffusion tensor
D;; = Zaikajk = (co™)i;.
k
The Fokker-Planck equation for de = —1x + (I — xx”)dW is

Op = = [ 282p+x28§p—2xy8x8yp—xazp—y8yp] . (87)
The Laplacian on the circle in polar coordinate is 9;p = Jggp. Use transformation x = r cos @,y = rsin6,
Opo = (—y0y + x0y)(—y0y + x0y) = Y202 + 3:2(92 — 22Y0,0y — x0yp — YOy

corresponding to the Fokker-Planck equation above.

C.2 Sphere S?

In the sphere case, the projection can take the following two forms

T Xy
Pl(y) =
=) {—w x(xxy)=I—zx")y
In both cases the Itd correction are the same as —x. The Ito form for is
de = —zdt + P5 (dW). (88)

In the Fokker-Planck equation calculation, for both projections the diffusion tensor are the same

y2 + 22 -y —Tz
D = -y 1?4222 —yz
—TZ —yz 2% +y?

using the fact 2 + y2 4 22 = 1. The Fokker-Planck equation is

(4 + 2°)paa + (% + 2%)pyy + (2% + ¥?)p2z — Ou(zypy + T2p.)

N | =

Orp =

=0y (zype +yzpz) — 0=(x2p2 +y2py)] -
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The Laplacian on S? in polar coordinate is

1 39(8111 089) + %98;

sin 6 sin

Using the change of coordinate

we

As

x =rsinfcos ¢

y=rsinfsing

z=rcosl
have
Tz yz
Oy = Oz + 0y — V1 —220
Y R /gy -
2,2 2,2 2
2 LTZT 9 Y 2= 2 TYZ~ 2 2 2 2\ 42
05 = 1_223354— 1_Z23y+21_z28wy—23:2'8“—2yz8yz—a:0x—y8y+(1—z )0 — 20,
8; = (—y0p + 20y)(—y0, + 20y) = y20% + x26§ — 20y0,0y — 0, — Y0y.
2?4+ y? + 22 =1,sin% 0 = 22 + 2, Z?jg = \/x;TyQ’ the equation
0 18('08 )+71 02
= ——0p(sin
tP sing " op sin” 0 9P

is corresponding to the Fokker-Planck equation above.
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