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Abstract

A class of stable perturbations for a minimal mass soliton in three dimensional

saturated nonlinear Schrodinger equations
by

Jeremy Louis Marzuola

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Daniel Tataru, Chair

In this result, we develop the techniques of (KriSchl) and (BouWa) in order to determine
a class of stable perturbations for a minimal mass soliton solution of a saturated, focusing

nonlinear Schrédinger equation (NLSE)

iug + Au+ B(|ul?)u =0
u(0, ) = uo(x),

in R3. We first numerically and anaytically study the existence of a minimal mass soliton,
Rpin, as well as the spectrum of the Hamiltonian, H resulting by linearizing about that
soliton. By projecting into a subspace of the continuous spectrum of H as in (Schlagl),
(KriSchl), we are able to use a contraction mapping similar to that from (BouWa) in order

to show that there exist solutions of the form
et (Rpin + € + w(w, 1)),

where et + w(zx,t) disperses as t — oo. Hence, we have long time persistance of a soliton
of minimal mass despite the fact that these solutions are shown to be nonlinearly unstable
in (ComPel). Of general interest will be the numerical and analytical spectral results on

Hamiltonians linearized about a soliton, numerical descriptions of soliton dynamics, and



improved decay in time using a distorted Fourier basis approach for solutions of the form
et where ¢ is in the continuous spectrum of H under various regularity and decay

assumptions.

Professor Daniel Tataru
Dissertation Committee Chair



I would like to dedicate this work to my wife Amber, as well as all other friends and

family members who helped me get to this point.
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Chapter 1

Introduction

1.1 Saturated Nonlinear Schrodinger Equations

In this section, we develop the techniques used to prove stability of solitons for a focusing

nonlinear Schrédinger equation (NLS) in R x RY:

iug + Au+ B(Juf*)u = 0

w(0,z) = uo(x),
for f: R — R, B(s) >0 for all s € R.

Definition 1.1.1. Saturated nonlinearities of type 1 are of the form

P—q

Bls) = s%%, (1.1)

1+ s 2
wherep>2+§ (md%>q>0ford23 andoo>p>2+%>%>q>0ford<3.
Definition 1.1.2. Saturated nonlinearities of type 2 are of the form

§)=— > 1.2
Bls) (1+S)Tq 2

where%>q>0,d>2.

Remark 1.1. In both cases, for |u| large, the behavior is L? subcritical and for |u| small,
the behavior is L? supercritical. For Definition 1.1.1, p is chosen much larger than the L?

critical exponent, % in order to allow sufficient reqularity in linearizing the equation.

1



In the sequel, we assume that ug € H' and |z|ug € L?, or in other words, ug has finite
variance. For this initial data, from the spatial and phase invariance of NLS, we have many

interesting conserved quantities discussed below.

1.2 Conserved Quantities

The solution to (NLS) satisfies the following conservation laws:

Conservation of Mass:

1 1
Q) = = / ul?de = / fup|2dz,

Conservation of Energy:

E(u):/ ]Vu\2da:—/ G(\u!z)dx:/ \vuoy%zx—/ Cluo|?)da,
Rn R~ R R

where
t
G(t) = / B(s)ds.
0
We also have the pseudoconformal conservation law:

t
(@ + 20V )u| 2 — 462 /R GljuP)dz = [l2]12: - /0 6(s)ds, (13)

where

0(s) = /n(4(N+2)G(IUI2) — 4nB(|ul*)[ul?).

Note that (x + 2itV) is the Hamilton flow of the linear Schrodinger equation, so the above

identity relates how the solution to the nonlinear equation is affected by the linear flow.

Detailed proofs of these conservation laws can be arrived at easily using energy estimates
or Noether’s Theorem, which relates conservation laws to symmetries of an equation and
is discussed below. Global well-posedness in L? of (NLS) with 3 of type 1 or 2 for finite
variance initial data follows from standard theory for L? subcritical monomial nonlinearities,

a proof of which can be found in Cazenave (Caz) or Sulem-Sulem (SulSul), Chapter 3.



1.2.1 Noether’s Theorem and conserved quantities resulting from sym-

metris of the equation
We present here the version of Noether’s Theorem from (FoGe).
Proposition 1.2.1. If the functional
Ju] = /F(a:,u,Vu)dx
1s invariant under the family of transformations

x; = ®i(z,u,Vu;e) ~ z; + edi(x, u, Vu),

u* = U(x,u,Vuje) ~u+ e(x,u, Vu),

Proof. Standard calculus of variations techniques say that the variation of such a functional

is given by

d d
6J = e/(Fu - ; a‘i)&dx + 6/2 i(Fuzi& + F¢;)dz.

1.3 Soliton Solutions

A soliton solution is of the form
u(t, z) = MRy (z)

where A > 0 and R)(x) is a positive, radially symmetric, exponentially decaying solution of

the equation:

ARy — ARy + B(R)) Ry = 0. (1.4)



With this type of nonlinearity, the soliton solutions exist, and ground state solutions are
unique. Existence of solitary waves for nonlinearities of the type presented in Definitions

1.1.1 and 1.1.2 is proved by Berestycki and Lions (BerLion) by minimizing the functional

T(u) = / Vul2dz

with resptect to the functional

Then, using a minimizing sequence and Schwarz symmetrization, one sees the existence
of the nonnegative, spherically symmetric, decreasing soliton solution. Essentially, they
minimize one functional in terms of another and are able to obtain a radially symmetric
minimizer. For uniqueness, see (McCleod), where a shooting method is implemented to
show that the desired soliton behavior only occurs for one particular initial value. While
approached analytically in (McCleod), the behavior will be particularly obvious in later
numerical experiments performed. For completeness, we give a brief discussion of existence

and uniqueness in Appendix A.

An important fact is that Q) = Q(R)) and E) = E(R)) are differentiable with respect
to A. This fact can be determined from the early works of Shatah, namely (Shatahl),
(Shatah2). For completeness, we also discuss this in Appendix A. By differentiating Equa-

tion (1.4), @ and E with respect to A, we have

O Ey = —A\Q».

Numerics show that if we plot Q) with respect to A, we get a curve that goes to co as
A — 0,00 and has a global minimum at some A = Ay > 0. We will explore this in detail
in Chapter 3. Variational techniques developed in (GrilShaStr) and (ShatStrl) tell us that
when 6(\) = E) + AQ, is convex or §”(\) > 0, we are guaranteed stability under small
perturbations and for §”(\) < 0, we are guaranteed that the soliton is unstable under small
perturbations. We will explore the nature of this stability in what follows, but for a brief
reference on this subject, see (SulSul), Chapter 4. For notational purposes, we refer to a

minimal mass soliton as R,y



1.4 Linearization about a Soliton

Let us write down the form of NLS linearized about a soliton solution. First of all, we
assume we have a solution ¢ = e"**(Ry + ¢(x,t)). For simplicity, set R = R). Inserting this

into the equation we know that since ¢ is a soliton solution we have

(@) +Al¢) = —B(R)d — 20 (R*)R*Re(9) + O(¢7), (1.5)

by splitting ¢ up into its real and imaginary parts, then doing a Taylor Expansion. Hence,

if ¢ =u+ v, we get

U U
Oy =H , (1.6)
) )
where
0 L_
H = , (1.7)
—Ly O
where
L_=-A+X-p3(Ry)
and

Ly = —A+X—B(Ry) — 20'(R})R3.

Definition 1.4.1. A Hamiltonian, H is called admissible if the following hold:
1) There are no embedded eigenvalues in the essential spectrum,
2) The only real eigenvalue in [—\, A] is 0,

3) The values £\ are not resonances.

Definition 1.4.2. Let (NLS) be taken with nonlinearity . We call B admissible if there
exists a minimal mass soliton, Rpyin, for (NLS) and the Hamiltonian, H, resulting from

linearization about R, is admissible in terms of Definition 1.4.1.

The spectral properties we need for the linearized Hamiltonian equation in order to

prove stability results are precisely those from Definition 1.4.1. Notationally, we refer to Py



and P, as the projections onto the discrete spectrum of H and onto the continuous spectrum

of H respectively.

Analysis of these spectral conditions will be done both numerically and analytically in

Chapter 4.

1.5 Main Results

To begin, we define the function space
Pl = {0 € L6lla < oo, lei*0ls2 < 0. [ a"6a)de =0 for |a] < 24,

with norm given by

N[

16lpa = (6174 + Nl 81172)
We similarly define the function space
Pt = {¢ € P.H|||p|| g4 < 0o, |||z]2d]| 2 < oo, condition 6.22 is satisfied for j < A},

with norm given by
1
4 1
I8llpa = (o174 + l*olZ2)*

In this result, we seek to prove that minimal mass solitons for nonlinear Schrédinger
equations in three dimensions have stable perturbations for long times. These minimal
solitons are unstable as discussed below. The main goal of this thesis is to prove the

following three theorems:

Theorem 1. Take the equation in R x R3

Uy U ul?)u =
+ Au+ B(lu[*)u =0 (1.8)
u(0,2) = ug(x),

where (8 is an admissible saturated nonlinearity of type 1. For any ¢ € 73{4, Equation (1.8)

has a solution u fort € [%, o0) of the form

w(x,t) = Rmin + 0(t) = Rpin + €21¢ + w(x, t),



where Rpyin is the minimal mass soliton in Definition 1.4.1 and ||w(-,t)|| g2z — 0 ast — oo.

For Equation (1.8) in R? of type 1, we have A > %
Theorem 2. Take Equation (1.8), where 3 is an admissible saturated nonlinearity of type
1. For any ¢ € P{', Equation (1.8) has a solution u for t € [,00) of the form

u(x,t) = Rypin + v(t) = Rpin + Mt + w(z, t),

where Ryin 18 the minimal mass soliton in Definition 1.4.1 and ||w(-,t)||2 — 0 as t — oo.

In this theorem, for Equation (1.8) in R3 of type 1, we have A > g

Theorem 3. Given Equation (1.8), where 3 is an admissible saturated nonlinearity of type
2, for any ¢ = P.¢p € WL 1 H? with ||¢|lw21nm2 < 6 < 1, Equation (1.8) has a solution

fort €0, (2—16)%) of the form
w(x,t) = Ruin + 0(t) = Rupin + 7% 4+ w(z, 1),
where Ry 18 the minimal mass soliton in Definition 1.4.1 and
u(z,0) = Rpin + ¢

Remark 1.2. In Theorems 1 and 2, the stable perturbations can be shown to live on a finite
codimension manifold for p large enough compared to d. This will be explored further in

Chapter 7.

The class of functions 77;4 for i = 1,2 will be developed throughout the course of this
work. They will result from projecting onto a distorted Fourier basis for the linearized
problem. For a further discussion these topics and the notion of distorted Fourier basis, see

Chapters 6 and 7.

Note, in the Theorems 1 and 2, we are able to prove many of the spectral properties of H
analytically, though some of them must be verified numerically in specific cases. However,

one particular analytical result is expressed in the following:

Theorem 4. Given an admissible Hamiltonian H, there exists some M > 0 such that for

|p| > M, there are no solutions u, such that

Huy, = puy,.



Remark 1.3. The result in Theorem 4 states that there are no large eigenvalues embedded
in the continuous spectrum of H. There is a similar result for ruling out large spherical
harmonic expansions of eigenvalues embedded in the continous spectrum. These will be

discussed more in Chapter 4.

We derive the existence of and important properties for distorted Fourier bases, and
hence a distorted Fourier transform, for a general class of linearized Hamiltonians. Let &

be the Schwartz class of functions. Then, we have the following:

Theorem 5. Given an admissible Hamiltonian H, P. the projection on the continuous

spectrum of ‘H, for initial data ¢ € S,

e P oo < t72.

Although Theorem 4 and Theorem 5 are used to prove Theorems 1 and 2, we mention
them here as they are of independent interest to the study of nonlinear dispersive PDE’s
and particularly to soliton theory. The notations used in these results will be clarified in

the sequel.

1.6 Motivation and possibilities for future research

According to the book by Catherine and Pierre Sulem (SulSul), saturated nonlinearities
have applications to describing the dielectric constant of gas vapors where a laser beam prop-
agates, laser beams in plasmas and Bose superfluids at zero temperatures. Mathematically,
the author’s interest in saturated nonlinearities arose out of the work of Rodnianski-Schlag-
Soffer (RodSchSof), who prove asymptotic stability for a collection of N solitons under
various separation conditions for A large enough and

p—q

2
/B(S) = 8%571;7(17
e+s 2

for € small. This is equivalent to the [ presented in Equation (1.1) using a rescaling

2
u(t,z) — yao(y’t, yz),



_2(p=9q)
where y T = Hence, for large enough values of A\, we expect stability. This is done

using closeness of 3 to the monomial problem as ¢ — 0. We will explore this proof further in
the stability section below. As a result of the analysis in (RodSchSof), we are able to describe
analytically the slope of the soliton curve for large values. However, for mid-range and small
values this will continue to be explored by the author and Justin Holmer. In addition, the
requirements on the nonlinearity § have to do with requiring enough smoothness in order
to decompose the operator into a linear flow with quadratic error in the perturbation. In
the case of nonlinearities without smoothness, very oscillatory behavior has been observed
numerically. An attempt to explain a lack of asymptotic stability based upon the lack of

smoothness of the nonlinearity is ongoing work also with Justin Holmer.

As described below numerically, for small values of A, we have orbital instability. It is
possible that perturbations of unstable solitons will eventually resolve into stable solitons,
however this issue falls under the very broad and poorly understood phenomenon of soliton
resolution. The work presented below focuses on A in an intermediate range, specifically at
the point where the behavior switches from instability to stability. Despite the fact that
these solitons are in fact unstable, we prove stability for a large class of perturbations. This
is in the same direction as the works of Schlag (Schlagl) and Krieger-Schlag (KriSch1), who
prove there exist manifolds of stable perturbations in R and R? respectively for supercritical
monomial nonlinearities. As seen in Chapter 7, for p large enough in 3, we are able to
prove that our perturbations lie on a manifold as well. Improving the codimension of
that manifold by taking advantage of symmetries of the equation will be studied in future
work. In addition, the author will study the interaction of minimal mass solitons with
other solitons during collisions, as well as with more general perturbations. For minimal
mass solitons, very small perturbations may annihilate the soliton. Preliminary numerical
results in this direction are stated in Chapter 3. The complete description of the soliton
curve, dispersion below the minimal mass, and a better understanding analytically of the

spectrum of the linearized operator will also be topics of future research.



Chapter 2

Stability Theory and Variational
Methods

2.1 Stability Theory

We begin with a few definitions.

Definition 2.1.1. A soliton R is orbitally stable if for any € > 0, there exists 6 > 0 such

that if the initial condition ug is such that

ign?f lug(z) — € R(x + y)| 12y < 6,

then the solution u(x,t) of NLS satisfies

inf flu(z, 1) - e“R(z + )|l i) < €

7y

Definition 2.1.2. A soliton R is said to be linearly stable if we can control the growth in
some sense of the solution to the problem linearized around the soliton. This linearization
will be explored later, but for now, let H be the Hamiltonian resulting from linearizing the
equation about a soliton. Then, the new solution space is L2 x L? = N+ N** for

N = U kerH!,

>1
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and N* defined similarly for H*. If P is the projection onto N**, then we have linear

stability if
sup €7 Pij|| 12 < oo,
where ¢ = e (Ry(x — vt) + ¢(t, x — vt)).
Note that the notion of linear stability is closely related to that of orbital stability.

Definition 2.1.3. Let ug(z) = e®t0* R, (2 +1yo) + ¢(x). Then, the corresponding soliton
to (NLS) is said to be asymptotically stable if there exist w(x) and Yoo = (Aoos boo, Voo, Yoo)

such that
u(e, ) — eP=+P=T Ry (2 + 2000t + yoo) — €1 7%w| f2(a) — 0. (2.1)

In general, asymptotic stability says a small perturbation of a soliton eventually con-
verges to a soliton solution (of possibly different soliton parameter) plus dispersion. This is
closely related to the notion of scattering for dispersive equations and soliton resolution in
general. The particular stability discussed in (GrilShaStr) and affiliated with the variational

function § is orbital stability.

We present here the result of (Weinl) proving orbital stability of solitons for the non-

linear Schrodinger equation. To begin, we restrict ourselves to pure power NLS equations
iy + Au A+ ulP ",

f0r1<p<%.

Using the ansatz u(z,t) = e R(z), we get a semilinear elliptic equation for R:
—~AR+ MR — |RP'R.

From the standard variational techniques discussed in Appendix A, we can prove there exists
a minimizer to the resulting Lagrangian, say R), the soliton solution, which is positive,
radially symmetric, and exponentially decaying. Unlike the case of saturated nonlinearities,

2
with a monomial nonlinearity we can actually write Ry = Ar-1Rj(A\z) by scaling. Set

11



R = R; for simplicity. We call R the "ground state” solution. As proved in (Wein2), R

minimizes the functional

p—1 _ _n

IVull 2 "z @0
Jul = p+1
lulotL,

The result we desire to prove is that these soliton solutions are orbitally stable. Let us make

this more precise by introducing the following norm:

[oA(6(t), Gr,)T* =

inf {[[Vo(- + 20, )" = VR[22 + Aé(- + 20, )¢ = Rallfa}
where Gp is the set of functions generated by the symmetries of NLS applied to R. Hence,
for all times ¢, we measure how the profile of ¢ compares to that of R.
As in Section 1.2, we have conservation of mass
Qw = | P,
and conservation of energy
B = [ Vu0f = GlluoP)da.
From these, we define the Lyapunov functional
E(u) = E(u) = AQ(u).

Note that if u were moving purely along the soliton curve, £(uy) = 6(\). We are now ready

to state the main result of this section.

Theorem 6. Let R(x) be the unique ground state soliton. For any e > 0, there exists § > 0

such that if p(po,Gr) < 9, then for all t > 0, we have p(¢(t),Gr) < €.

Proof. Set ¢(z + xo,t)e?” = R(z) + w, w = u + iv. Then, we have

AE = E(do() — E(R())
= &(o(t)) — E(R())
= E(¢(-+ z0,t)e") — E(R)
= &(R+w)—£&(R)

> (Lyu,u) + (Lov,v) — Cy|jw|| 5 — Calw|%p,

12



for0 >0, L_=—-A+1-R* L, =-A+1-(20+1)R%>.
To see this, set
G(t) = G(R + tw).

Then,

G(t) = G(0) +/0 G'(s)ds,

which is the farthest we care to expand due to regularity requirements on the nonlinearity.

However, the above quadratic terms come from the expansion

G(0) + G'(0) + %@”(0).

Due to the nature of the soliton solution R and the Gagliardo-Nirenberg inequality, it a

simple exercise to bound the difference in the above expansions by the given error terms.

The result then depends upon the following lemma.

Lemma 2.1.4. If xg, v are chosen to minimize
{IVo(- + 20, t)e”™ = VRA||72 + All¢(- + @0, t)e’™ — Ryll72},
then we have the following estimate

(Lu,u) + (Lov,v) = Cyllw]3 — Callewld — Cs .

According to our ansatz, p(¢,Gr) ~ ||w| g1, so we have
AE > g(p)

for g(z) = ca®(1 — ax? — ba*). Since € is continuous for functions in H', choose § such that

po < 60 implies AE(0) < g(e). Since A€ is constant,

g(p(t)) < g(e)

for all times t. Hence, since g is increasing on a small interval around 0, we get that p < €

for all times ¢. This gives us the result. O

13



All that remains is to prove the lemma.

Proof. From the minimization of p over zq, v implies the following integral identities:

/Rp_lgfu(sv,t) =0, (2.2)
J

and

/va(:):,t)d:n =0. (2.3)

We arrive at these equations by differentiating p with respect to zg and v respectively, then

using that w is the minimum solution by assumption.

We have that L_R = 0 and R is a positive ground state solution, hence by oscillation
theory, we must have (L_v,v) > (v,v) since v # aR for a # 0 by Equation (2.3) above.
For a reference on oscillation theory, see Reed-Simon (RSv4). Hence, using standard elliptic

estimates, we see
(L-v,0) > C|lo|7n.

Let us now make a simplifying assumption that we will remove later. Assume that

‘ﬂWm:/ﬁm

Hence, we have that (u, R) = —3[(u,u) + (v, v)].
Now, we need some results about the operator L.

Proposition 2.1.5. The operator Ly has exactly one negative eigenvalue.

Proof. For n = 1, this follows from oscillation theory. R’ has a single zero at x = 0, so 0 is
the second eigenvalue of L. Since first eigenvalues are simple in this setting, we have the

result.

For n > 2, let us first look at Ly resulting from a soliton for NLS with a standard
monomial nonlinearity. Calculate the second variation of the functional J above. As R is a
minimizer, this quantity is positive, but it is also equivalent to L + r1, where r; is a rank
one operator. Therefore, L, can have at most one negative eigenvalue. Since VR is not

positive, this unique negative eigenvalue exists. ]
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Proposition 2.1.6. Given Ly as defined above, a = inf 4 g)—o(L+ f, f) = 0.

Proof. Since Ly VR =0 and (R, VR) =0, we have a < 0.

Let {f,} be a minimizing sequence, or || fy|z2 = 1 and lim, .o (L4 fy, fy) — « and f,

satisfies the orthogonality condition. For any v > 0, we have an f = f, such that

a</ny|2dx+A2/yf\2da;< /[ﬂ(RQ)+2B’(R2)]f2da:+a+v.

Hence || fy|| g1 is uniformly bounded and there exists a subsequence which converges weakly
in H' to some function, say f*. By weak convergence, the orthogonality condition still

holds for f*.
Also, we have
188 28 ()R 1, o [18(R) + 26 (RORY (7"
by the weak convergence, Holder’s inequality and the decay of R. Hence,
fr#0
since v is arbitrary.

By Fatou’s lemma, we have that ||f*|/z2 < 1. Suppose that the minimun is obtained at

f* and that || f*||,2 < 1. Let ¢ € L?, |[1)||z2 = 1, then by weak convergence in H', we have

(V. V) = lminf(s, V1)

IN

liminf ||V fy 22
n—00
Maximizing over all such 1, we have
IVf 2 < liminf ||V fy | z2.
n—00
Then, using the convergence principles above, we have

(L+f*7 f*) < 1177H_1)£f(L+f77> fn) = Q,
a contradiction to o being a minimizer.
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Since the minimum is then obtained at some function f* # 0 satisfying the orthogonal-
ity conditions, there exists (f*, a, ) among the critical points to the Lagrange multiplier

problem

(Ly—a)f = BR, (2.4)
Ifle = 1, (2.5)
(R, f) = 0. (2.6)

We must show that @ > 0. Otherwise, if 3 = 0, then f is a ground state and hence does
not satisfy the orthogonality condition. If 5 # 0, then « cannot be the the lowest eigenvalue
of Ly, otherwise taking the inner product of Equation (2.4) with the ground state of L4

would contradict the orthogonality condition.

Consider the function
g(A) = ((Ly =N 'R, R), (2.7)

which is well-defined and smooth for A € (=g, 0) because R is orthogonal to the null space
of L;, where —)\¢ is the negative eigenvalue for L. For (2.3) to hold, we need g(a) = 0.

Differentiation of (2.4) gives
g0 = Ly — LRI,
Thus, ¢ is increasing on (—\o,0). However, g(0) < 0 since
L.O\Ry = 2)\R,

and by scaling 0\ (R, Ry) < 0. Note that this will be a necessary condition for us to address

in the case of general nonlinearities. O
Proposition 2.1.7. Given Ly as defined abowve,

OR
Ker(Ly) = span{ %}

Proof. Tt is clear simply from differentiation that VR € Ker(Ly). Hence, we must prove

the reverse containment.
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In one dimension, this involves using an argument by contradiction. Assume that there
is something else, say v, in the kernel. A Wronskian relation with w = % gives us an

expression for v in terms of R that can be manipulated to show v < —oco as x — 0.
For higher dimensions, note that L, is only dependent upon r = |z|. Hence, we can
expand any L? solution into eigenvalues of the form f(r)Y (), for f € L?(0, 00;r" !dr) and

Y € L?(S™71). Then, these functions must satisfy

Cdr? r dr

_ASn—IY — )\kY,

d? —-1d A
ar = (P e Y

for Ay = k(n — 2 + k). The functions ;R represent the solutions to these equations for
k = 1. Hence, no solutions exist for k£ = 0,2, 3,4, ....

For k > 2, we have A, = A + W. Also, R’ is an eigenfunction for A; with no

interior zeros. Hence, by oscillation theory once again, A; is a nonnegative operator. Thus,

Ay, is a positive operator and for f € L2, Ayf =0, we have f = 0.

The k& = 0 case is simply resolved by the uniqueness of the ground state as determined
in the results of Coffman, Kwong, and McLeod. See (McCleod) for a survey of all this

work. 0

Proposition 2.1.8. We have
(Lyw,u) = Dlfully — D[Vl 2a w2z — Dl (2.8)
Proof. To begin, we write u = Uperp + Upar Where
1
Upar = (u, R)R = _5[(%“) + (va)]R7

and

1

Uperp = U — (u, R)R = u + 5[(u, u) + (v,v)]R.

Without loss of generality, we assume (R, R) = 1. If not, there is simply a factor of ﬁ

floating around in the constants.
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Then, (Liu,u) = (Litpar, Upar) + (LpUperps Uperp) + 2(Lg-Upar, Uperp). We wish to ana-

lyze each term separately.
By assumption, (uperp, R) = 0, hence (LiUperp, Uperp) > c(Uperp, Uperp). Otherwise,

Uperp = ¢ - VIR which would violate the integral identity above. Hence,

(Lt-tperp, Uperp) 2 ¢(Uperp, Uperp) = d[(u, u) — i[(wu) + (v, U)]2]~

Now,
1
(L stpar, tpar) = 5 (L4 R, R)[(1,0) + (v, )]
where (L4 R, R) is some negative constant.

Finally,

(Lyuperp, Upar) = (U, R)(Lytperp, R)

> —d'|lwl*| V| - d"hot.(|wl),

by expanding the above expression and using the fact the regularity of R.

Putting all of these estimates gives us the desired inequality (2.8). O

So, if in fact [|¢]|35 = ||R||3., then we are done. If not, find A such that ||¢[|7, = ||R)|32
and use the above result along with the fact that |R — Ry||z1 is small. Then, we have the

result in general.

O]

The proofs above clearly rely upon the structure of the monomial nonlinearity. However,
under certain spectral assumptions, the results above hold for general nonlinearities with

mild changes to the argument above.

Lemma 2.1.9. The conditions for orbital stability of the above linearized Hamiltonian
equation are:

1) Given X\ > 0, there ezists a unique ground state Ry,

2) Ly has a null space that is spanned by the set {37]? forj=1,2,...,n},

3) LQ(Ry) > 0.
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Under these assumptions, the only place we must change the proof as given is:

Proposition 2.1.10. L has ezactly one negative eigenvalue.

Proof. We present here the general proof given in Section 13 of (RodSchSof). An alternative
proof using a form of the equation created as a linear combination of a power nonlinearity

and a generic nonlinearity satisfying the conditions above can be found in (Weinl).

As seen in (BerLion) and proved in Appendix A, for a large class of nonlinearities, includ-
ing those addressed in this note, a soliton is constructed by the constrained minimization

problem for the functional

for functionals 7" and V defined above.

A minimizer w will then satisfy
—Aw + p(XNw — Bw)w) =0,

where p is the Lagrange multiplier determined by the constraint. The soliton is then given

by the rescaling

for a particular choice of . Now, take a smooth family of functions w, such that V(w,) =1

for all z and wy = w, the minimizer. We then have

d

—J z||lz= = Oa
4 Jwsllemo
d2

Let @ = 0,w. Hence,
Q/VUJOVH}O =0
and

—2/Aw0w0 + Awgwg > 0.
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Since V (w,), is constant with respect to z, we get

/ (Bwdywo — Nwoip = 0,

/(ﬁ(w%) + 20 (w§)wg — ANwo)io]® + (B(wg)wo — ANwo)idy = 0.
Taking the inner product of the equation for wg with wg, we have
—/Awowo = M/(ﬁ(wg)wo — Nwg)ib.
Combining the above results, we have
=2 [ (Ao -+ p(B(wd) + 25 (B — X))o > 0,
By rescaling, we then get
P (Lo 2) o 21)) = 0.
From above, we see that wo(,u_%-) is orthogonal to
= = (B(R*)R — \*R).

Let II be the orthogonal projection onto the subspace of functions orthogonal to =.
Then, from above, IIL,IT > 0. Let v and v be a negative eigenvalue and the corresponding

eigenfunction of L, respectively. Let
v=wv + =,
where ITv; = v1. We have
Liv=Liv+ LiZE=v(v +E),
which implies
(IIL4II — v)vy = —IIL4 =,

Since ITL, 1T > 0 and v < 0, we have that (IIL; Il —v) is invertible on the space of functions

orthogonal to = and
v = —(IL I — v) HIL,E.
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Therefore, v is simple as it is uniquely defined.

Using the above representation for v and an inner product with =, we obtain

(L (IL I —v) 'Ly E E) + (L, E,

[1]

) =v(E,

[1]

).
Assume there exists another negative eigenvalue . The same holds and we have

—(L (TIL I — v) " MIL, 2, 2) + (L (TIL 11 — ) 'L, 2, E) = (v — §)(Z,

[1]

).
Since
v—i = (IILLI — 7)) — (TILL 11 — v),
we have
(ML I —v)™ ' — (ML 10— 9)' = (v — »)(IL 0 — v) YIILL I — 9) L.

Using this resolvent identity, plus the fact that L, is self-adjoint and (IIL,II — v)~! maps

the space of functions orthogonal to = to itself, we can rewrite the above as
(ML, — v) Y TIL, I — )" MIL, 2, TIL, E) = —(Z,E).
This is a contradiction since the above is a positive operator as I1L Il is positive and
v, v < 0.
O
Note that in the sequel, we will address all of the above assumptions both analytically

and numerically in order to allow one to test a given problem for the likelihood that these

conditions are satisfied.

2.2 Variational Techniques and Stability Results

Once we have the existence of soliton solutions, we would like to know if those solutions
are stable. There are several forms of stability that are defined above. All of these are

tied very closely to the spectral properties of the linearized equation. From analysis due
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to (Weinl) and (GrilShaStr), these spectral properties depend heavily on the function §(\)

described above. As we saw earlier, from a Lagrange multiplier approach, we see that

d

LB(Ry) = A5 QRy). (2.9)

Hence, the condition for orbital stability and instability becomes

d%Q(RA) >0 (2.10)

and

d
QR <0, (2.11)

respectively. For power nonlinearities, a simple scaling argument shows that L? subcritical

powers (p < %) give stable solitons and L? supercritical powers (p > %) give unstable

solitons. In particular,
6(w) = E(¢w) — wQ(¢w)-
Then, we have the following results.

Theorem 7. The statement that 6(wg) is convex at wy is equivalent to the statement that
the Hamiltonian E(u) restricted to the manifold My = {u € H}|Q(u) = Q(¢w,)} has a local

manimum at u = Py, -

Theorem 8. Fix wy and consider the curve

A= g(w, ) =¢w<n%>,

where n(w)? = Qo) - Frence, Q(q(w)) = Q(¢w,)- Then, one has
QW) 0

(i) 82E(q(wo)) < 6" (wn),
and (1)
If 6(w) is strictly concave at wp, then E(q(w)) < E(¢w,) for w # wo near wp.

Theorem 9. If §(w) is convex at wy, then the associated standing wave @y, et is orbitally

stable. Conversely, if 6(w) is concave at wg, the orbit of ¢, is unstable.
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The proofs of the above statements about orbital stability/instability are discussed in
(SulSul). Note that the stability result is a restatement of the result above in Section 2.1,

however presented in a more abstract setting.

Now, for the types of nonlinearities described above, no scaling occurs. Hence, we must
assume the differentiability of Q(R)) and analyze at this curve numerically. As discussed
in Chapter 1, in (RodSchSof) it is proved that condition (2.10) holds for a slightly different
class of nonlinearities that depends on a small parameter 8 and are small perturbations of
stable power nonlinearities for any A provided 6 small enough. Numerics show that for the
nonlinearities of type 1 and 2 above, the graph of Q(R)) with respect to A for 0 < A < oo is
a map which is co at A = 0,00 and has a global minimum at some A\g > 0 depending upon
p,q. Hence, we have orbital instability for 0 < A < A\g and orbital stability for A\g < A. At
Ao, we should expect to see instability as some perturbations can lead to orbitally unstable

solitons and some perturbations can lead to energies for which soliton solutions are not

allowed (below Q(Ry,))-

Recently, in (ComPel) it is proved using spectral analysis that in fact the minimal energy
ground state is unstable. The proof is rather similar to the idea of modulation stability
presented in (Weinl). In general, they use as an ansatz a minimal mass soliton coupled with
the various constants from Galilean invariance. Then, from that ansatz they linearize about
the soliton, develop a system of ODE’s for the parameters of the equation and show there
exists initial data such that the parameters of the equation change dramatically, while the
initial deviation is still quite small. In general, they actually build a solution that moves the
solution along the soliton curve. Hence, the orbital stability condition is violated. However,
it is important to note that this is strict nonlinear instability. The precise statement they

prove is

Theorem 10. Let ¢“'R,, be the standing wave solutions to Equation (1.4). Assume that
wo € (w1, ws) is the inflection point of d(w) such that d"(w) = 0 and d’(w) < 0 in a one-
sided open meighborhood of wy. Then, there exists € > 0 such that for any 6 > 0, there exist

t1 < 0o and a pair of functions
(w,p) € CH([0, ta], (w1, w2)) x CH([0,1], X)
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such that
u(t) = el O (R, 4 p(t))
is a solution to Equation (1.8) and
w(0) —wol <6, [lp()]x < B(w(t) —wo), and |w(t1) —wo| > €,

where € C(R) is such that 3(s) > 0, B(s) = o(s).

In general, the heuristic is that the linearized operator has polynomial growth of order
t3 in time due to an increased null space so, though linear stability /instability theory breaks

down, there is enough growth to be unstable.

Also, the recent results in (Schlagl) and (KriSchl) prove that though solitons for L2
supercritical NLS are unstable, there is in fact a finite codimension submanifold of per-
turbations along which there is in fact asymptotic stability in three and one dimensions
respectively. To do this, they project onto on of the eigenvalues of the linearized Hamilto-
nian that does not cause instability. As shown in (ComPel) and discussed later, we linearize
around a minimal energy ground state, all the eigenvalues collapse to degree 4 generalized
null space at 0. By projecting onto some subset of the kernel for this Hamiltonian, we see
a similar result at A\g provided p is large enough. These results will be discussed in more
detail in Chapter 7.

Let us take R to be the soliton solution for the equation

AR +~vR ﬂ
T TR
Then, setting R = )\O‘R(A%x), we see that R satisfies
- - RIP-1 .
—AR+Y\R — LR =0,

A + |RJp—a
where o = q%l and § = (p—q)a. Hence, for v = %, we see the correspondence between large
soliton parameters v and the solutions to the subcritical monomial problem and for small

soliton parameters v and solutions for the supercritical monomical problem. A variational

argument in (RodSchSof) shows that given NLS with nonlinearity

f(s?)

2\ —1
69(8)_8(1 6+827
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where

4
CysPTH < |f(s%)] < CosPTh, %[ f(sH)| < Cslf(s%)], q € (1, g)’ q> -1,

for the ground state Ri, there exists 6y, such that for 6 < 6, <L;1R, R) > 0. In other
words, the soliton curve is increasing, so the ground state is stable. From this analysis,
one has that for A large enough, the soliton curve is increasing much like the monomial

subcritical soliton curve.
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Chapter 3

Behavioral Numerical Methods

and Results

3.1 Finding a Soliton

In (McCleod), uniqueness of the soliton is proved for a large class of nonlinearities. To
prove this, they work in radial coordinates and hence prove that for solutions of the resulting
Ordinary Differential Equation (ODE), there is a unique initial value at the origin which
leads to a decreasing, positive solution by shooting. If this value is shifted downward, there
are an infinite number of extrema and the solution is always positive. If the value is shifted
upward, the solution becomes negative and is in fact, monotone decreasing. Hence, we use

this analysis to numerically find the unique soliton.

Specifically, we use the method of spectral deferred correction coupled with a Linearly
Implicit Euler (LIE) scheme on the radial ODE. It is possible for solitons of NLS equa-
tions with monomial nonlinearities to be found using a spectral scheme described in (DS),
however, the convergence of the method depends heavily upon a scaling factor. Developing
such a sophisticated method for saturated nonlinearities will be a topic of further research.

We specifically choose linearly implicit Euler because it allows us to avoid the singularity
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at the origin in radial coordinates. We use deferred correction to get an incredibly accurate

method without having a large number of grid points.

To begin, we compute a first approximation u? to
Opu = f(t,u),
at m stretched Legendre points
si=T+H1+t)/1+tn),...,sm=T+HA+tyn)(1+tn) =T+ H,
where t; is the i-th root of the m-th Legendre polynomial. Then, we have
(I = hiDf(sjen,ud))(ufyy —u)) = hif(sj1,u)),

for j = 0,1,...,m — 1, hj = sj11 — s;. Then, we need to estimate the error caused by

the numerical approximation by a repeated correction step taking uy = (ulf, ...,u’ﬁjl) to

RHL o (qhtl k).

u ey U

We have the itegral formulation given by

Mﬂ—umyéf@u@ma

and define the residual to be
t
RO =0+ [ f(s,u(s))ds ~ (e
0
An order m accurate appoximate solution for R at the Legendre points is given by

m
RfL = up + Z‘Snjf(sﬁuf) - uﬁv
i=1

where S),; are elements of the spectral integration matrix derived from Gaussian quadrature.

If y is the exact solution, the error E can be defined as

E@t) = y(t)—u(t)

——W+Af@mmm—m+ﬁf@wmw—mm
:mw+[}ﬂaw$+E@»—ﬂaw@»@
= R(t)—i—/o G(s, E(s);u(s))ds,
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where G(s, E;u) = f(s,u+ E) — f(s). Then using linearly implicit Euler, we have
(I = hDf(snt1: 1)) Enyr = By + Ry — Ry
Hence, we set
upt =y + By,

for n = 1,2,...,m. Each time we correct, we gain one order of accuracy, up to order m.

Hence, we have a highly accurate method with a small number of relative grid points.

Now, that we have established the method, we begin with a range of values and based on
the analysis of (McCleod), we bisect the interval until we have a very accurate approximation
to the soliton. A plot of a known soliton for (NLS) on R compared to the computed soliton
is shown in Figure 3.2. While it is not a particularly useful exercise, we show a plot of
a soliton for a saturated nonlinearity in Figure 3.1. Using such a method, we can also
approximately track the quantities Q(\) and E()) from Section 1.2. We call the plots of
Q@ and F with respect to A the soliton curve for a particular nonlinearity. A sketch of the
soliton curves for various nonlinearities is given in Figure 3.3. Notice that for the saturated

nonlinearities, () has a unique minimal mass attained at a unique .

3.2 Solving NLS numerically

We outline numerical methods for one dimension used to produce the results described
at the end of this section. Note that these methods generalize to radial problems in higher

dimensions quite easily.
We discretize our equation,
g+ e + B(|ul*)u =0,
u(0,x) = ug,
using a finite element scheme in space and the standard Crank-Nicholson scheme in time

(at first order, this is the midpoint rule). Just as the equation itself this method is L?

conservative. A similar scheme was implemented in (ADKM3), where the blow-up for NLS
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Figure 3.1. The plot of a numerically found soliton for a saturated NLS of type 2 in R3
with ¢ = 1.

in several dimensions was analyzed. This method was applied by the author with Justin

Holmer and Maciej Zworski in (2) and (3) to study soliton interactions with delta potentials.

Note that we require the spatial grid to be large enough to insure negligible interaction

with the boundary. The convergence of such methods without potentials was studied in

(ADKM1), (ADKM2).

We select a symmetric region about the origin, [~ R, R], upon which we place a mesh of
N elements. The standard hat function basis is used in the Galerkin approximation. We
allow for a finer grid in a neighbourhood of length 1 centered at the origin to better study
the effects of the interaction with the delta potential. In terms of the hat basis the problem

becomes:

(ug, v) + iuz, v2) /2 = /{B(|ul*)u, v) =0,
uw(0,2) =up, u(t,x)=>, c(t)v,
where (-,-) is the standard L? inner product, v is a basis function and u, ug are linear
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Figure 3.2. The plot of a numerically found soliton for cubic NLS in R vs. the known
analytic soliton R;(x) = v/2sech(z).

combinations of the v’s. We remark that since v’s are continuous the pairing of uv with the

delta function is justified.

Since v’s are hat functions, we have created a tridiagonal linear system with one con-
tribution to the central element resulting from the delta function. Let h; > 0 be a uniform

time step,
Up = ch(nht)v,
v

be the approximate solution at the nth time step. Implementing the midpoint rule in time,

the system becomes:

(Unt1 = un, v) + ihg (((Unt1 + un)/2), , va)

= th (B((un+1 + un)/2) (Up+1 + upn)/2,0),  up = Z v,

By defining

Yn = (Unt1 +up)/2,
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Figure 3.3. Plots of the soliton curves (Q(\) with respect to \) for a subcritical nonlinearity
(d =1, p = 3), supercritical nonlinearity (d = 3, p = 3), critical nonlinearity (d =1, p = 5),
saturated nonlinearity of type 1 ( p =7, ¢ = 3) in R, saturated nonlinearity of type 1 in 3d
(p = 4, ¢ = 2), saturated nonlinearity of type 2 in R? (¢ = 2). The curves for the monomial
nonlinearities are found analytically, while the curves for the saturated nonlinearities are
found numerically.
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we have simplified our system to:

(s )+ ) ) = 82 (B Y, ) + G, 0.

An iteration method from (ADKM3) is now used to solve this nonlinear system of equations.
To wit,

hy

() i (s a) = o B ) + s 0).

We take 30 = u,, and perform three iterations in order to obtain an approximate solution.
In order to take this radial problems in higher dimensions, we refine our inner product

to be

(u,v) = /000 w(r)o(r)rdLdr.

The remainder of the analysis follows trivially. Note that a finite difference argument can

also be applied here by linearizing the problem and discretizing derivatives directly.

In the remainder of this chapter, we use the finite element method to display soliton
stability /instability for the stable/unstable parts of the soliton curve with saturated non-
linearities, dispersion for initial data with L? mass below the minimal mass for a saturated
nonlinearity and interactions between stable solitons and close to minimal mass solitons for

saturated nonlinearities in R.

3.3 Soliton Stability

Here, we present numerical experiments towards soliton stability/instability. In Figure
3.4, we see that as we increase the correction parameter m from Section 3.1 when finding
a stable soliton (A = 1), the solution converges faster. Similarly, in Figure 3.5 we that as
we increase the correction paramter m when finding an unstable soliton (A = .025), it takes
the solution longer to diverge. This gives numerical verification of the convergence of our
computed solitons, as well as verification that our code for solving NLS adheres to standard

theory.

In Figure 3.6, we plot perturbations of solitons computed with high accuracy (m = 35)

in R and R3. Specifically, we plot the evolution of the initial data 1.01% R, for R both stable
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Figure 3.4. Numerical simulation of soliton stability for R; computed with improved accu-
racy for saturated nonlinearities of type 2 in R? with ¢ = 2. In particular, we plot the change
in amplitude at z = 0 on a time interval [0, 7] for various corrections m = 0,12, 24, 36, 48
with the initial spatial step to be Ax = .1.
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Figure 3.5. Numerical simulation of soliton instability for R g25 computed with improved
accuracy for saturated nonlinearities of type 2 in R? with ¢ = 2. In particular, we plot the
change in amplitude at 0 on a time interval [0, 7] for various corrections m = 0, 12,24, 36
with the initial spatial step to be Ax = .1.
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Figure 3.6. Numerical simulation of soliton stability /instability for saturated nonlinearities
in 1d and type 2 in R3. In particular, we plot the amplitude at z = 0 for a solution with
initial data 1.01 % R on a time interval [0, T] for T large enough to see the overrall behavior,
R = R; for the stable computation and R = R 25 for the unstable computation.

and unstable. The behavior is similar to that predicted by theory. The perturbations of the
stable solitons oscillate quickly towards a soliton very close on the soliton curve. For the
unstable solitons, the solution radically alters until it once again starts oscillating about a

stable soliton solution.

3.4 Soliton Dispersion

After accurately calculating an approximation to the minimal mass soliton R,,;,, we
plot « * Ry, for a 1d saturated nonlinearity in Figure 3.7. As seen in the figure, the
solution disperses quickly even for o = .99. Similarly, in Figure 3.8, the same phenomenon is

observed in R? for a saturated nonlinearity of type 2. Future research will include analyzing
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this behavior analytically to prove that for arbitrary initial data below this minimal mass,

scattering occurs.

3.5 Soliton Interaction

From the work of (RodSchSof), we know that under various separation conditions,
we have asymptotic stability for a collection of N solitons for saturated NLS equations.
This phenomenon is observed in Figure 3.9 where we look at two stationary solitons in R
separated spatially and see that these solitons remain stable. Specifically, in this experiment,

one of the solitons is a slightly stable perturbation of the minimal mass soliton.

In Figures 3.10 and 3.11, we look at a numerical simulation of the solution with initial
data consisting of a slightly stable perturbation of the minimal mass soliton stationary at the
origin coupled with a more stable soliton given a velocity (v = 5). These calculations are in
a preliminary phase and will be explored in more detail in further research, but the effect of
annihilation of the minimal mass soliton is observed. Phenomenon of this nature are unique
to the saturated nonlinearities and provide interesting clues into phyiscal situations where
such nonlinearities act as models. The author will continue to explore these phenomena to

further numerical accuracy as well as analytically.
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Figure 3.7. Numerical simulation of dispersion for perturbations below the minimal mass
soliton for saturated nonlinearities. In particular, given the minimal mass soliton R, we
solve the equation with initial data aR for a = .8,.9,.95,.99,.999,1. Presented here are
plots of the amplitude at « = 0 with respect to time ¢ for each o with saturated nonlinearity
of type 1 in R with p =7, ¢ = 3.
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Figure 3.8. Numerical simulation of dispersion for perturbations below the minimal mass
soliton for saturated nonlinearities. In particular, given the minimal mass soliton R, we
solve the equation with initial data aR for a = .8,.9,.95,.99,.999,1. Presented here are
plots of the amplitude at « = 0 with respect to time ¢ for each o with saturated nonlinearity
of type 2 in R? with ¢ = 2.

38



18 T T T T T T T T T 18 T T T T T T T T T
—— Plot at 1=0 of two stationary solitons in 1d —— Plot at (=12.5 of two staionary solitons in 1d
16 16F 1
14f 14 1
12f 12f ]
1T 1+ 1
o8 o8 1
06 06 ]
04t 04t 1
02l J L 02l J L 1
. . . ,
-0 80 60 -40 20 0 20 40 60 80 100 -0 80 60 -40 20 o 20 40 60 80 100
18 T T T T T T T T 18 T T T T T T T T T
—— Plot at (=25 of two stationary solitons in 1d —— Plot at (=37.5 of two staionary solitons in 1d
16 16 1
14l 14 1
12f 12f 1
1+ 1+ 1
o8 o8 ]
06 06 1
04l 04l 1
02l J \ 02l J k 1
. . . ,
-0 80 -60 -4 -20 o 20 4 60 8 100 -0 80 -60 -4  -20 ) 20 4 60 8 100
18 T T T T T T T T T 1.065 T T T T : T T T T
—— Plot at 150 of two stationary solitons in 1d —— Amplitude at x=0 for the interaction of two stationary solitons in 1d
16
1.06F
14f
1,085
12
T 1051
08 1.045
06l
1.04F
04l
1.035F 1
02 \
. . 108 .
-0 -80 60 -4 20 [) 20 40 60 80 100 o 5 10 15 20 25 30 3 40 45 50

Figure 3.9. Numerical simulation of a stationary stable soliton interacting with another
stationary soliton which is stable, yet close to the minimal mass soliton for saturated non-
linearities of type 1 in R with p = 7, ¢ = 3. Presented here are plots of the absolute value
of the solution with respect to the spatial grid for times ¢ = 0,12.5, 25, 37.5,50 as well as a
plot of the amplitude at x = 0 with respect to time.
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Figure 3.10. Numerical simulation of a stable soliton moving with velocity v = 5 interacting
with a stationary soliton which is stable, yet close to the minimal mass soliton for saturated
nonlinearities of type 1 in R with p = 7, ¢ = 3. Presented here are plots of the absolute
value of the solution with respect to the spatial grid for times ¢ = 0, 12.5, 25, 37.5, 50 as well
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Figure 3.11. A more accurate numerical simulation of a stable soliton moving with velocity
v = 5 interacting with a stationary soliton which is stable, yet close to the minimal mass
soliton for saturated nonlinearities of type 1 in R with p = 7, ¢ = 3. Presented here
are plots of the absolute value of the solution with respect to the spatial grid for times
t=0,12.5,25,37.5,50 as well as a plot of the amplitude at 0 with respect to time.
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Chapter 4

Spectral Results

In this chapter, we analytically and numerically describe the spectrum on a linearized
Hamiltonian resulting from a saturated NLS equation. It will become clear that while much
is still unknown about the spectrum, in general, one can see that they are in fact admissible

as defined below in Section 1.4.1 and discussed in Chapter 1.

4.1 Spectral Properties of the Linearized Hamiltonian

To begin, let us write down the form of the linearized equation. First of all, let us
assume we are looking for a solution 1) = e\ (Ry + ¢(x,t)). For simplicity, set R = Rj.

Inserting this into the equation we know that since ¢ is a soliton solution we have

(@) +A(9) = —B(R*)d—26'(R*)R*Re(9) + O(¢?), (4.1)

by splitting ¢ up into its real and imaginary parts, then doing a Taylor Expansion. Hence,

if ¢ =u + iv, we get

where



where

L =—A+X—3(Ry)

and

Li=-A+)\-B(R)) —26/(R})R;.

There are many things we can immediately say about L_, L, and H. For a reference
on the spectral theory involved, see Hislop-Sigal (HS) or Reed-Simon (RSv4). First of all,
both L_ and L are self-adjoint operators. Also, L_ is a non-negative definite operator
and its null space is span{R}. Note also that the functions % for j = 1,2,...,n are in
the null space of L. By comparison with the operator A + A\ and using the fact that R
decays exponentially, we see that the essential spectrum of H is the set (—oo, A] U [\, 00)
from Weyl’s Theorem (see Appendix B.4). Finally, using the fact that L_ is non-negative

definite and looking at eigenvalues H?, we see
L_Liu=1u. (4.4)
However, this can be rewritten as
1 1
Tg=L2L,L2g=1%

1
for ¢ = L2 u. Since the operator T is self-adjoint, we must have v € R U iR.
We formalize this heuristic discussion with the following theorem from (ES1). Before

we begin, note that we also have

—A+X 0 -V -V
H=Ho+V = + :
0 A+ v, W

when we act on v and u instead of w; and uy where u = uy + tus.

Theorem 11 (Erdogan-Schlag). Assume there are no embedded eigenvalues in the con-
tinuous spectrum of spec(H). The essential spectrum of H equals (—oo, —\2] U [\, o0).
Moreover, spec(H) = —spec(H = spec(H) = spec(H*) and spec(H) C R UiR. The discrete
spectrum consists of eigenvalues {zj}évzl, 0 < N < oo, of finite multiplicity. For each
zj # 0, the algebraic and geometric multiplicities coincide and Ran(H — z;) is closed. The

zero eigenvalue has finite multiplicity.
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Proof. Using standard techniques, H is closed on W22 x W22, Since Hy = Ho, we have

specHy C R. For Re(z) # 0, we have

HZ — 221 0
(7‘(0—2)71 = —(Ho+2) (Ho ) (4.5)
0 (Hi —2%)7!
(H2 — 22)~1 0
= — (Ho + 2), (4.6)
0 (H2 — 22)7!
and

(H—2)"" = (Ho—2)"'[I = [l —UsJ(Ho— 2) ' U1 ' UaJ (Ho — 2) ' UL) 1,(4.7)

where
P A Vil 0 . Va2 sign(V4) 0
= 5 1= 3 2 =
—i 0 0 [W2 0 Va2 sign(Va)

and Wy = V3 — Vo and Wy = V; + Va. From (4.5), we see that oessHo = (—00, —A2]U[N2, 00)
since the resolvent can be written in terms of (Hg — z2). Then, using Weyl’s Theorem from
(RSv4) (see Appendix B.4), since we have sufficient decay on V; and Vi, H is relatively
compact to Hg, S0 0ess(H) = 0essHo. By analytic Fredholm theory (see Appendix B.5), we
have that (H — z)~! is meromorphic on C \ (=00, —A%] U [A\?, 00). Further, the poles of the

resolvent are eigenvalues of finite multiplicity and Ran(H — z;) is closed at each pole z;.

For the matrices

01 , 02 = , 03 = ;
we have o;Ho; = H and O'JZ = [ for j = 1,2, 3. Hence, the symmetries of the spectrum arise
naturally by looking at
ojHoju = u.

Let us now look at Hu = Fu for E # 0. This gives that u;, ug # 0 and u; L Ker(L_).

Hence, for g = L_%ul, we get
1 1
L*L,L?g = Eyg.
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1 1
Claim 4.1.1. The operator L2 L, L? : H*(R%) — H*(R?) is self-adjoint.

1 1

Proof. Suppose that (L2L,L>f g) = (f,h) for all f € H* and fixed g, h € L?. Let

1

f € Ker(L_), then we have h € {Ker(L_)}*). Applying the Fredholm alternative to L2,
1 1

we have h = L2 hy for some hy € D(L?) = H'. Since h; is defined only modulo Ker(L_),

we have
1 1 1 1
(LZLy L2 f,g) = (f, L2 (M1 +cd)) = (L2 f, h1 + co)
1
for any ¢ € C and all f € H*. Set f; = L2 f, then
1
<L3L+f17g> = <f1a hl + C¢>

Note that we have f; € H? and f; L ¢. In order to remove the latter restriction, take ¢ to

be such that

(L2Lo 6. g) = (6 h1 + c6),

then

<L§L+¢, 9) = (fi + \p, h1 + c¢).

Taking now hg = h1 + c¢, we have

1
(LZL4 f1,9) = (f1,h2)
for all fi € H3. Since this now implies that h; L Ker(Ly), we have hy = Ly (hy +

4 cighi , ho € H3. Once again, choose the ¢;’s such that
j=1CiPj g j

) d d d
(L2(Ly f1+ Z)\j¢j)ag> =(Lifi+ Z%’%&hz +CZCJ‘¢J'>

J=1 J=1 Jj=1

for all A;. Finally, we have

(L? f2.g) = {2 ha)

1
for all fo € H' where h = L%L_A'_hQ, hy € H3. Since L_ is self-adjoint, ho = L?g. Hence,

1 1
g€ H and h=L2L, L2, O
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Let us discuss the generalized null space of a Hamiltonian resulting from linearizing

about a minimal mass soliton. From the discussion in Section 2.1, we know that the vectors

for all 7 =1,...,d are contained in Ker(H). Now, as Q(R)) is differentiable with respect
to A, we have by a simple calculation that L, 9\R = —R and L_(z¢) = —2V R. Hence, the

vectors
0 (OxR)a,
ij 0
in the generalized null space of order 2. Notice that so far we have constructed at 2d + 2
dimensional null space. Since we know the null spaces of L_ and L, exactly, these are

unique. For the higher dimensional null spaces, we would have solutions of form

L_LiL_v = O, (4.8)

LiL_Liu = 0. (4.9)

From Equation (4.9), we would have L _L,u = a-VR or Lyu = Ca - zR, where a € RY,
C € R. Hence, we use an orthogonality argument by taking the inner product of (4.9) with

u. Namely, we have
(u,0) =0,
but

(a-VR,Ca-zR) # 0.

For simplicity, let us say that the minimal mass occurs at 1 and say Ry = R. Since we

are at a minimal mass soliton, we have the chance to actually solve Equation (4.8) since
(@) (Xo) =0,

or
(O\R, R) = 0.
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Hence, if we look at the equation

L_a= (8A¢)7

there exists a solution «. Note that we can choose « to be spherically symmetric. To move

one step higher, we have the equations

L+L_L+L_1) = O, (410)

L_LiL_L.u = 0. (4.11)

Now, for Equation (4.10), we would have

L_LiL_v=a-Vo.

Then, we would have

L.L_v=a-zR.

Hence, no such solution can exist by orthogonality. For Equation (4.11), we have

Liu=q.

Since the kernel of L, consists only of non-sperically symmetric functions, again there exists
a [ such that L, = «. Using a comparable technique, it is easy to see that the generalized

null space ends at dimension 4.

As a result, we have the following theorem

Theorem 12. There exists a 2d+ 4 dimensional null space for H consisting of the span of

the vectors

The generalized null space of the adjoint can be found by reversing the location of the

non-zero elements in the above vectors.
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Suppose that there exists a generalized eigenspace for the eigenvalue £ # 0. Then,

there exists x # 0 and 1 # 0 such that (H — E)y = x and (H — E)x = 0. Then, note that

(H? = E*)y = (A+ E)x=2EXx,

(H> - E*x = o.

Hence, H? has a generalized eigenspace at E2. As a result, we see that 7' = L, L_ has a

generalized eigenspace at E2?. Let Tx = E?x and (T — E?)y = cy, for some ¢ # 0. Hence,

1 1
LiL? —E*)L2¢y = cxu,

—~
t~
| ol

1 1 1
(L2LyL? — E*)?L2¢y = cL2(LyL_—E*x; =0,

where given Pp = I — Pg, we have x1 = Pgx # 0 since T'x = E?y and ¢ = Py # 0
1 1

since (T — E?)y = cx. However, this means that the self-adjoint operator L2 L, L2 has a

generalized eigenvalue, which is impossible by an orthogonality argument.

Since we have assumed there are no eigenvalues at the endpoints of the continuous

spectrum, there can be no accumulation and the number of discrete eigenvalues is finite. [

4.2 Large Eigenvalues

We seek to prove the absence of large L? eigenvalues imbedded in the continuous spec-
trum for Hamiltonian operators that result from linearizing a Nonlinear Schrodinger Equa-
tion about a soliton, ¢. The operator is a non-selfadjoint matrix operator whose entries
are second order differential operators. For simplicity, we look at the fourth order equa-
tion comes from squaring the operator. Therefore, we look for eigenvalues u € L? of the

differential operator:
L_Liu=p'u, (4.12)

where

L_o=-A+X—f(x)

and

Li=-A+X—g(z).
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where p is in the continuous spectrum for L_ L, or u € (A2, 00). The dispersive estimates
that result from the matrix operator depend heavily on resolvent estimates which heavily
rely on spectral properties. Hence, it is necessary to fully understand the spectral properties
of such an operator in order to determine linear stability for solutions to the original NLS
equation. From the properties of the soliton and the nonlinearity, we have that any solution
to Equation 4.12 is locally smooth by using an iteration argument similar to that in Chapter
7, Theorem 18. Asymptotic analysis gives exponential decay as in Section 5.2. As a result,
we have that an analysis of the possible range of frequencies limits us to smooth solutions

that are bounded in frequency by p or
IVullr2 < pllull 2. (4.13)

See Appendix C.1 or (Tataru), (Stein) for references on microlocal analysis. Hence, we have

the following theorem:
Theorem 13. There exists a pg > A such that for all p > po, the eigenvalue equation

(4.12) has only the trivial zero solution in L>.

Proof. Define the standard Mourre commutator to be:
M=x-V+V. z.
From the equation itself and the fact that M is skew-adjoint and L_, L, are self-adjoint,
we have the following two identities:
(ML_Ly — LyL_MJu,u)=0,
(L-Ly — uuu) =0,
where (-, -) is the standard L? inner product.

By combining these two equations and using the frequency bound in (4.13), we see that

for p large enough, L? solutions are not possible. We have:

(A% =20A + Ag(@) + f(@)A=X(f+9)+ (X = u) + fo)u,u) =0, (%)
ML_L, — LiL_M=[M,L ]Ls+L_[M,L]+][L_,Li]M,

[M,—A] = 4A, [M,f]=2x-V{.
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Hence,

(—8A? + 8NA—4(f+g9)A+2(x-Vf+x-Vg)A
— 2X3(z-Vf+a-Vg)+2x Vg +2x-Vg)f (xx)
- [(f —9)A=A(f = g)lld + 22 - V])u,u) = 0.
Note that the last term is a product of skew-adjoint operators and hence, they commute in
the current setting. Therefore, by looking at 4(x) + (%) and using the fact that ||Vu| 2 <
w?||ul| 2 from the frequency bound dictated by the operator, we have for u > o a negative

definite system and hence no eigenvalues. Note that by this estimate and standard Sobolev

embeddings, we have u € H* for any k and hence, v is smooth.

The system we deal with is:

/ —4(A0)? — AN(f + gu? — A — M)+ [4fg — 202(z - Vf + - Vg)
+ 2(z-Vf)g+2x-Vg)f+A(x-Vf+z-Vg)—z-V(Af —Ag)
— d(Af = Ag)u® + [4(z - Vu)(V(f — g) - V)
— 2(x-Vf+x-Vg)Vu-Vu| dr = 0.

Hence,

/ (—4(Aw? — 4NX(f + g)ud)de — A(ut — AV ulZa + | oo ]2

+ @lz-Vf+az- VgL~ + Cq max 19;(f = g)ax ) Vul 2

IN

/(—LI(AU)2 — AN (f + g)uP)da — A(p* — X' — Cy — Cop®)||ul|7,
where

F = 4fg—2X*z-Vf+z-Vg)+2(z Vf)g
+ 2(z-Vg)f+A(x-Vf+ax-Vg)

— x-V(Af —Ag) —d(Af - Ag),
and C; = Cj(f, g, A, d) for j =1,2. Hence, for i large, we have that:
[ a0 — 4325 + g~ Calu A fg)u) da <0,
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for C'3 > 0 and u a smooth function, hence u = 0.

4.3 Spherical Harmonics

Since our potential functions are radially symmetric, we expand our solution into a sum
of radially symmetric functions multiplied by eigenfunctions on the (d — 1)-sphere. Note,
this method only applies for dimension d > 2. Using separation of variables, we have that

the spherical harmonic eigenfunctions have the form
> ui(r)oi(0),
2
where
Asop(0) = (K + (d — 1)d)px(6).

See Appendix B.1 for a description of the eigenspaces of the spherical Laplacian, Ag. Then,

we have the following ODE eigenvalue problem:

9?2 d—10 a?

Ka - m*ﬂ“Qf(rox (1)
0? d—10 a?

<‘a7~ — m*ﬂ“tg(”%“q ur) =0, (419

where o = k? 4+ (d — 1)d for k =0,1,2,....
From this framework, we have following theorem:

Theorem 14. There exists some ag > 0 such that for all o > «g, the eigenvalue equation

(4.14) has only the trivial zero solution in L>.

Proof. So, for the radial inner product defined by:

(u,v), = /uvrd_ldr,

we define the operators:

0 0
1-d d—1
Ar =7 or <T 87’)’

0
P, = d+2r—.
+ Tar
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Using the same commutator approach from Section 4.2, we have:

([4A,

Thus, we have
<—8(AT)2u +
+

This implies:

[ sy

Note that we have integrated by parts several times above. To justify this, « must be 0

at r = 0 to sufficiently high order to compensate for the singular terms. However, spherical

2 2
=2 )=+ % 4 X2 = ()]
2 2

O N = J4B, — 25— 2rg ()]

£~ 98~ Al g)lld+ 2 ), = 0.

+ [_Ar +

2 8 4 8)\2 2
16A7«(%u) +8A2Au —A(f + g)Ayu — 0% 2

Oéz O[2
O 9 2r (1) + 16 () Ay — 2% (1) + ' ()
220 (1) + /(1)) + 20 (P)glr)u + 20 £ (r)g (1)

(2 D) (F ~ )2 — Ar(f — g =0,

a? 8at  8)\2a? _
- (1673 + 8\ (u,)? — (— T)]u%d Yar

7"4 r
+ /[4(f +g) + 2rf, — 6rg,) (u,)?r Ldr

2 2 — ’
/[Zl;);(erg)—(d—‘l)i;_W
I G 1)(dr D) =20 () — (A= 2) for + g + 21

+ 2T(9Tf + fgr) - 2)‘2T(fr + gr)]uzrd_ldT <0.

Ir

r

harmonics result from eigenvalues of the spherical Laplacian. These take the values

and for each k, the eigenfunctions (and hence the spherical harmonics) are traces of harmonic
polynomials of degree k. Hence, in order to give a smooth solution as guaranteed above, uy
must be 0 of order k at the origin. Hence, for k¥ > max 0,5 — d, the behavior of u is sufficient
to allow the above calculations to be rigorous. Since all of the eigenvalues are non-negative,

we have used the notation a? for simplicity and will continue to do so. For a brief note,

v = k* + (d — 2)k,
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see Appendix B.1 for a discussion of spherical harmonics. See (Taylor2), Chapter 8 for a

detailed description of eigenfunctions for the Laplacian on the sphere.

Remark 4.1. Note that in the Section 1, we had to take advantage both of the frequency
bounds on the solution as well as the operator equation itself in order to take advantage of
the large negative parameter. However, due to the nature of the operator, the large negative
parameter appeared in the commutator and all other terms could be viewed as lower order.
Regularity is not an issue in the above analysis by an argument involving resolvents which

s a variant of that in Chapter 6.

4. Since f, g

In the commutator expression, the parameter that must dominate is «
are smooth, exponentially decaying functions by assumption, all functions involving f, g
and derivatives thereof are nicely bounded at 0 and exponentially decaying. Hence, for
0 < r <1, all of the functions above are easily controlled by i‘—: for o large. Similarly,
for r > R, R large, the exponential decay of f, g and their derivatives imply that any
function above is dominated again on this region by j}—j for « large. In the intermediate
region, again using the smoothness of the potential functions, we can find a* large enough
to bound the lower order terms. In order to determine « exactly, a careful analysis must
be done involving all of the potential functions, but there is certainly an aqg such that for

all @ > ag, the operator when conjugated by the radial Mourre operator gives a negative

definite system. m

Remark 4.2. Ideally, the potentials will be non-trivial only on a very small region, then the
R and hence the o can be taken fairly small in all regions. There will definitely balancing
that must be done in each special case. Hence, any embedded eigenvalue can be expressed
purely as a finite sum of spherical harmonics with radial coefficients. Combining this with
the result in Section 4.2 gives a limited number of calculations to do in order to determine

whether or not an operator has embedded eigenvalues.

93



4.4 Absence of Embedded Resonances

This result is developed in the earlier work of Erdogan-Schlag (ES1) and Agmon

(Agmon). We present the argument here for the sake of completeness. Let

H() =—-A+ /\7
Hy 0
HO - )
0 —H,
and
=i =W
V =
Vs Vi

Also, define the space
Xo=L*" x L*°,
where
L7 = {f||z|°f € L?}.

Theorem 15. Let Vi, Vo have sufficient decay at co. Then for any u such that |p| > N2,

(Ho — (pn £140))~1V : X7%7 — Xf%f is a compact operator, and
I+ (Ho— (n£i0)~'V

1s invertible on these spaces.

Proof. The compactness follows from an argument similar to the one below for the square
of H. We refer the reader to this proof for the main idea. From Fredholm theory, we see

that we must exclude solutions ¥ = (¢1,12) € X_1_ such that
2
[I+ (Ho — (n£i0))"'V]¥ =0,
of from standard results about the spectral theory of Schrodinger equations

0 = 91— Ro(p—A+i0)(Vigyr + Varha) (4.16)

0 = 92— Ro(—p— ) (Vayy1 + Vitha), (4.17)
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where Ry(z) = (—A — 2z)~! is the standard resolvent from the linear Schrédinger operator.
Using the decay of V;, j = 1,2 and the fact that Ro(—u — A) : L? — L%, we see immediately

that ¢y € L2.

By taking the inner products of (4.16) with

Vi + Vae, Vator, and Vig,
then combining necessary terms, we see
Im(Ro(p — A+ i0)Vign + Varpe, Vit + Vo) = 0.
Lemma 4.4.1 (Agmon). Let A > 0 and f sufficiently reqular. Then,

Im{Ro(A £10)f, f) = |(7£)(&)*do,

™
ii
2VX Jigl=va

where Tf denotes the trace of f on the sphere €] = V.

This is similar to a restriction theorem from harmonic analysis. The proof follows from
a calculation using the the specific structure of Ry. This allows us to use the following

bootstrapping theorem, also proved in Agmon (Agmon).

Theorem 16 (Agmon). Let f € H*(R?) for some s > % Suppose that f(x) =0 for all x
such that |x| = k in the trace sense, and let K~' < k < K, K > 1. For any multi-index o

with 0 < |a| < 2, set

z f(x)

LR

Then, vo, € HSNL! and

loc

[vallprs-1 < Ol f|zrs-

From the Agmon bootstrapping theorem we have ¢; € L2, hence ¢; € L2. Thus,
any imbedded resonance is actually an embedded eigenvalue, which we have ruled out by

assumption.
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Chapter 5

Spectral Numerical Methods and

Results

5.1 Discrete Spectrum

In (Schlagl), it is shown that the discrete spectrum for supercritical exponents is deter-
mined by the discrete spectrum of L. We present here a version for linearizations about a

minimal mass soliton, R = R,;,, in saturated nonlinearities.

Theorem 17 (Schlag). Assume that L_ has no discrete eigenvalues on the interval (0, )]
and H is an admissible Hamiltonian resulting from linearizing about a minimal mass soliton.

Then, the only discrete eigenvalue for H in the interval [—X, \] is 0.

Proof. We argue by contradiction. To this end, assume H has an eigenvalue away from 0,
say at E. Let A = 1 for simplicity. Then H? has an eigenvalue at some value E? € (0, 1].

Hence, we have
o2
L_Liug = F“ug,

for E? < 1. Since L_ is self-adjoint, we see that ug L ¢. By elliptic regularity, we have

that up € H*

loc*

Let P be the projection orthogonal to ¢. Let A = PL, P. Using that
Ker(L4) = span{0;¢|1 < j < d},
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and
(R,0\R) =0,
we have
Ker(Ly) = span{O\R, 0;R|1 < j < d}.
Take Ej to be the unique negative eigenvalue for L. Then, define
g9(@) = ((L+ —a)"'R, R),

which is well-defined and differentiable on (Ey, 1) since ¢ is orthogonal to the kernel of L .

We have
(@) = ((Ly —a) "R, B) >0, g(0) = (R, 0:F) =0.

Hence, ¢g(0) = 0 is the only 0 for g in the interval (Ey, 1) since lim,_ g, g(a)) — —o0.

Conversely, if Af = af for some —co < a <1, a« # 0 and f € L?, then f L R and
(PLyP—-Nf=(A-XNf=0.
Since

Eo(f, ) <L+ f, f) = Mf, f)

we know that A > FEy. If A = Ejy, then f is a ground state of L, and hence not orthogonal

to R. However, g(A) = 0, hence A = 0. So, A has a collection of eigenvalues at 0. Define
G =span{R, Rj, Ry,ug}.

We would like to show that dim(G) = d+ 3. Since ¢ is orthogonal to all the other functions,

we need only show that the equation

d
aug + coRy + Z Cj+2Rj =0 (51)
j=1

has only the trivial solution ¢; = 0 for all j. By applying L to (5.1), we see
cLiup +coR = 0.
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By taking the inner product with ug, we have that ¢; = 0. This then implies that co = 0.

As aresult, ¢;j =0 for j = 2,...,d + 2. Now, if we can show that

sup (Af, f) <1, (5.2)
Ifll2.f€G

then by the Courant minimax principle, there would be at least d + 3 eigenvalues less than
1 for A. However, we have shown there are exactly d + 2 of them. Note that neither
the minimal eigenfunction for L, nor ¢ itself are eigenvalues of A due to orthogonality

arguments. Hence, if we can prove (5.2), we have proved the result.

Since (PL™'Pf, f) < (f,f) given f # 0 by our assumption on the spectrum of L_.

Since F < 1 by assumption, we can actually prove the stronger result that
(Af,f) < E*(PLZ'Pf, f)
for all f =aug +b¢ + - VR + dR)y. To this end, we have

(Af, ) = (Li(aup),aup +¢- Vo +dpy)
+ (Ly¢-VR,aup +¢-VR+dR))
= E*(L"Yaug),aup + - VR + dR))

+ E2<dR>\, L:l(auE»

IA

E*(L7Y(aug),aup 4+ @- VR4 dRy) + E*(dRy, L~ (aug))

+ E?(L7YZ-VR+dR)),(¢- VR + dRy))

IN

E*(PLZ'P, f),
since L= up 1. VR and L_ is positive definite on G \ R. O

In order to test the discrete spectrum of our linearized equation, we first review the
Birman-Schwinger method. In particular, we present the formulation given in (DS). Let
H=L_—X=-A—-Vfor V>0. Since we are looking for small, positive eigenvalues of
L_,sotake Hf = —a?f for 0 < a < A so we have L_f = (A2 —a?)f. Set U = vV and
g=UFf, then

g=U(—-A+ a2)_1Ug,
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or g € L? is an eigenfunction for
K(a)=U(-A+a*) 'Uyg

with eigenvalue 1, where K > 0 and K compact. Conversely, if g € L? satisfies K(a)g = g,

then
f=U1tg= (—A+ aQ)*lUg eL?
and Hf = —a?f. The eigenvalues of K(a) are seen to be strictly increasing as a — 0 since
K'(a) = —2AU(—=A + o*)72U.
This implies that

# {a: Ker(H — a®) # {0}} = #{E > 1 : Ker(K(0) — E) # {0}}

counted with multiplicity.
Finally, use the symmetric resolvent identity to see

1

(H-—2)'=(-A-2)"1+(-A-2) 'U[I-U(-A-2)7'U] U(-A-2)""L

Hence, the Laurent expansion about z = 0 does not require negative powers for z iff I +

U(—A — 2)7'U is invertible at z = 0, i.e.
Ker(I — U(-A)"'U) = {0}

by the Fredholm alternative since V' has exponential decay. Hence, if H has no resonance or
eigenvalue at 0, then K (0) will not have an eigenvalue at 1. If we then count the eigenvalues
a; in decreasing order for K(0), then H has exactly N negative eigenvalues and neither an
eigenvalue or resonance at 0 iff &y > a9 > --- > ay > 1 and ay4+1 < 1. Hence, we can study
numerically study K for a soliton of the saturated nonlinear Schrédinger equation. To do so,
we must accurately find a soliton, then use it as potential in the truncation and discretization
scheme presented in (DS). As a result of this study, we have numerically verified that for
standard nonlinearities of types 1 and 2, the gap condition holds for Hamiltonians resulting

from linearizing about the minimal mass soliton. Using these results, we also see numerical
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verification of the fact that the kernel of L, is 3 dimensional. For future research, the
author will explore where along the soliton curve the gap condition breaks down. It is the
hope of the author that this will somehow correlate to point along the soliton curve where

the energy Hy = 0 or to another interesting transition region.

5.2 Asymptotic Analysis

We seek an asymptotic expansion for R, using Equation (1.4)
(—A+X - f(R)R=0.

As r — 00, we look for an asymptotic expansion

oo
e Myl Z anr " (5.3)
n=0
To find simply the leading order behavior, we wish to find 3. To this end, we have
0 —\r.f3 -\, .3 —Ar, . B—1
a—(e 7)) = —=Xe P+ Be NPT
-
82
%(6_/\7"7“/6) = Ne NP _oage P 4 B(B — 1)e M P2,

Thus, plugging (5.3) in to (1.4), we see

L (2A8+ i(n —1))

(=2 +22)

+lo.t]=0.

Hence, = —(d — 1)/2 and the leading order behavior is

P e (5.4)

In terms of the linearized equation, we once again look at the square of the operator to

get
(A + X = f(R?) (A + N = f(R?) = 2f (R*)R).

Then, since we desire a non-spherically symmetric solution eigenvalue embedded in the
continuous spectrum, we have an ODE of the form

4 2 (n-1)0 a?

o . 2 . 2
wu = 0%r r 87"+)\ +r2 J(E))
? (m-1)9d 5, o 5 1 p2
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Using similar techniques to those for (5.4), we see the leading order behavior to be

1

n— 2
wr e [i2 N2 T 1+ Q%T—z)’
W

as r — OQ.

5.3 Small eigenvalues in the continuous spectrum

We desire to show that via numerical methods, one can rule out the possibility of
embedded eigenvalues. Note that from Section 5.2, we have the required asymptotics as
r — oo and since by the commutator argument, there are only a finite number of spherical
harmonics allowed, one can use a shooting method similar to that in finding the soliton to

calculate numerical approximations to the radial eigenvalue problem

0 1 0 0 |
0 0 1 0
O, A(r) = ; ; . ) A(r),
| Bo(r) Bulr) Ba(r) Bs(r) |

where
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and

2
Bolr) = - [;ﬁ(ﬂ(R?) +23 (R*)R?) + [dw(R?) + 25’(R2)R2)]

dr?
BB + 28 ()R~ 2 | L (3R + 26 () )| (1o )}

B (()\ + p?) . (28(R?) + 26’(R2)R2)> (d—1)(d - 3) + 4a?

2 4 r2
A+ p12)((d —1)(d — 3) + 4a?) (d2—9)(d—7)]
- r3 + 1614
d 2 1 P2\ P2 2,1
Bir) = - [2| SO + 28R + A+ )5

2(26(R?) + 26/ (R R*) (A + )2 — (A + p?)?
A+ 12)2((d - 1)(d — 3) + 4a2) L ((d=1)d-3) +4a2)]

r2 r3

Ba(r) = —|26(R?) +26'(R*)R? + 2° + 4/ A + 2 —
/63(T) - 4\/)\+ﬂ2a

2

202 4 ==
r 9

where a@ = /k?+ (d—2)k, k = 0,1,2,.... The above formula is attained by taking

P = L_L, and linearizing the fourth order ODE into a first order matrix ODE.

In shooting, we then analyze the growth near the origin. For there to be a possible
eigenvalue, we must see that the growth is sufficiently small as to be bounded in L2. Then,
we can take a discretize the allowed p interval (A%, u3) and test each grid point. As the
grid is refined, a continuity argument can be used to show that the behavior will be similar
in a neighborhood of that endpoint. The drawback to this method is that it is incredibly

computationally intensive.

A slightly more robust method would look for the spectrum in the range of allowed u
for the fourth order operator that depends on «. Then, for the discrete, finite set of a’s,
one discretization would work. Most eigenfunction analysis is done using spectral methods,
however, the continuous spectrum should be precisely where these break down heuristically.
A recent approach suggested by Michael Weinstein looks for eigenvalues as zeros of an
Evans Function that is formed from the operator and the desired boundary conditions on

the half-line. The author hopes to explore this approach in forthcoming works.
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Chapter 6

Linear Theory

6.1 General Distorted Fourier Basis Theory

We present here the combined results of (Agmon) and (Ho2), Chapter 14.

Both presentations are valid for operators of the form
(P(D) +V(z,D))u=0,

where P(D) is a self-adjoint, constant coefficient differential operator and V(z, D) is a
short range, symmetric differential operator. The perturbation V(x, D) is defined to be

short range in order to say that

li = R*
am o fi2) = REG)

exists in the uniform operator topology of B(L?*, Ha,—s), where
LP*(R?) = {u(x)|(1 + |2*)Fu(z) € L?}
and

Hms = {U($)|D°‘u c LQ’S, 0< ‘Ot‘ < m}

)

Also, for any f € L%,
RE(\)f = Ry (N f — Rf(MVRE(\),
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where Ry is the resolvent for the constant coefficient operator. As the notion of short range
deals with compactness of the operator Z(u) = R(Vu), being short range requires sufficient
decay assumptions at co. Heuristically, it is required that the coefficients of V' decrease as

fast as an integrable function in |z| and for each fixed ¢, we have

V(zo,&)

——= — (0 as £ — oo.

P()((E,f)

The reasons why these heuristics hold true are explored in this chapter, hence we forego
this analysis here and move on with the fact that V(z, D) is a short range perturbation as
an assumption. Note that in the case explored below, V' is Schwartz in « and is dominated
by P(&) as |{] — oo. It is also important to note that while our contour integration works
out nicely in 3d, the results presented here hold in any dimension where Rg and R, are

arrived at through a limiting procedure.

The Agmon approach to the distorted Fourier transform is equivalent to the approach

taken by the author. Namely, define

¢x(2,€) = €% — R¥(|¢])[Ve' ] (2).

Then, we define the distorted Fourier transform to be Fy : L? — L? such that
(i) Ker(Fy) = L?l' The restriction of F is a unitary operator from L2 onto L?,

(ii) for any f € L?

(Fof)(€) = (2m)77 lim f(2)¢x(z,€)dz in L2,

N—oo Jiz|<N

and

(F*2f)(z) = (27)"¢ lim n F(©)ps(x,€)dE in L2

j—o0
where K is an increasing sequence of compact sets such that U; K; = R¢ \ N for

N(H)={¢e Rd|]§|2 is an eigenvalue for H} U0,

and

(iii) If P. is the projection of L? onto L2, then

(PH)f = (FiMpeyF+)f
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for any f € D(H) where Mp() denotes multiplication by P(§).

In addition to all of this, we have ||P.f||z2 = [|[F+f|lr2- In other words, we have a

Plancherel theorem for our distorted Fourier basis.

Now, (Ho2), Chapter 14 arrives at the same conclusions using
(F=f)(€) = F(I+VEF) ™' f(€).
However, using the resolvent identity
R(z) = Ro(2)(I + VRo(2)) ™",

we see that a formal iteration similar to that in Chapter 7 shows equivalence between these

definitions for £ large. It is precisely this iteration we use to get uniform bounds in &.

6.2 Distorted Fourier Basis

Note that in the sequel, we take the convention that the soliton parameter is A\? instead
of \. This serves to remind the reader of the positivity of this parameter. The convention
of A slightly simplifies the variational formulation, but has no impact on the linear analysis

presented in this Chapter.

We seek to understand the functions in the continuous spectrum of H by decomposing

them using a Distorted Fourier Basis given by
(A4 N2 = VI)(=A + N = Va)ug, = (A + [€0]*)ug,, (6.1)

where ug, = €% + g¢, and g, is yet to be determined.

From (6.1),
(A + 202 = (W 16 Jug, = (A + X)) Voug, + Vi(=A + 2 — Va)ug,.
Hence,

(A + X% = (N + &%) g9, = Flas&o) + (A + A)Vage, + Vi(—A + X — 13)(6,2)

= Fe,(2)e™™0 + V(z,D)gg,, (6.3)
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where F¢ () is a Schwartz function. Then, taking the Fourier Transform, we have

(€17 +2%)% = (16]* + A%)?)ge, = F(&;&0) + (VFie, ) (),

where
(Vrg)(€) = N(Va+T1)x(9) + (I€%Va) * (9) + (Vo + V1) % (I]°9)
+ (V) * (69) — (VW) * (9).
Given
Lg, = [(IE7 + %) = (&f* + %))
=[] + 1€ (1€l = €D (€% + 22 + 1€/,
we have
g6 = FH{ILENNF + Vrie,) |
= Kgio * Fe, —|—K£i0 * (V(:r,D)ggo),
where
KE(@) = (FHLEY (@)
and

Lg = [(I€] + |l £ i0)(|&] — 10| T i0) (IE]* + 2A% + |&]*))-

Note that for simplicity we have omitted a small complex perturbation in the elliptic term

(€% + 2)2 + |&0]?) since it does not effect the analysis.

To explore K 2(5) further, we see in R?
eif-x

/g (€1 + 180l £ 0)(I€] — [€ol F 90) (€% + 22 + [€0[?)

ezl
/RS (1€l + [&ol £ 10)(I€] — |€ol F 0)([€] + [€o[) ([€]* + 2A% + [€0[?)

using the change of variables & — I%\ Then, we have

2r  pm rR T cos(0)z| -
/o /0 /o (r+ €| £ i0)(r — \50!¢i0)(r2+2)\2+|§0‘2)rsm( )drdfde.
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Figure 6.1. The contour for computing the behavior of the fundamental solution in the
limiting case.

Doing integration first in 6, then a contour integral, we have as in B.7 that

ko [l — VIR
o7 g ] |

(6.4)

For simplicity, we take K(z) = K gg (z) as the analysis for K will be similar. Then, we
want to use an iterative argument to show that for mid to high range frequencies, these
distorted Fourier bases exist in L*. It will become clear in the sequel why L* is chosen.
Note that since near 0, K is bounded, we have K € L3*¢ for any s > 0. In particular we

show the following:
Lemma 6.2.1. For the operator K= defined in Equation (6.4), we have

K*: L5 — L* (O((|&]? + A2 7Y&] 7).

Proof. We actually prove the result for

1
(IE1* = (ISl + 10)2)

The proof for K will be essentially the same.

Kg(z) = F I )-
Using distribution theory and Appendix B.7, we have

Kg(x) = o),

2
~ 1 4

_ i|]|&
Ki(@) = W[euzu%
- i27m2etlelol
K2(z) = —~——
() &
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As convolution operators,
K°:L? - L? (0(1))
and
K?: L' — L (O(|&] ™),
hence using complex interpolation (see Appendix B.2)
K': L5 — L' (0(&| 7).
[

For simplicity, we from now on write K instead of K 510. Now, we seek to analyze the

equation
9eo = K& % Fey + K % (V (2, D)ge,), (6.5)
In particular, we have the following:
Theorem 18. Let P(x, D) be a differential operator of the form
P(z,D) = (A + XN = V))(—A+ X — 1h),

where Vi, Vo € §. Assuming that there are no eigenvalues embedded in the continuous
spectrum [\*, 00), there exists gg € L* such that Equation (6.5) is satisfied for ug, =

ef®o ggi (x). We have
9e, (@) = K= % [fo(-, 0. [€o)],
where fo is smooth in x, & and |&o|,
(@)Y O fol S 1.
Moreover, there exists a value M such that for & > M,

fO(:L‘agO) = ei(x’EO)f(mvg())a
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where

()™ g 0 f (e, o)l < [of* 1, (6.6)

for any multi-indices o and 3, N > 0.

Proof. The solution to (6.5) will be solved differently for large and small values of £. In
particular, we use a Fredholm theory approach for the small frequencies and an iterative

approach for the large frequencies.

To begin, let us take |§y| > M, where M will be determined in the exposition. Then,

we solve Equation (6.5) using Picard iteration. For simplicity, let g¢, = v. Setting W =0

and Tu = V(K x u), we have

vl = K(x) % [Fey(x)e™ ]

v = K(x)* [(Fey (2)e %) + ((V (2, D)K (2)  (Fg (2)e"™*))
= K(x) [(Fg(2)e™%) — (Vi + Vo) (A + [&0[) K (@) # (Fe, ()€™ )
+ (Vi VR)K (@) * (Fgy(2)e™ %) — (VVa - VE () * (Fg ()" %))

— (Vi(2)Va(z) + AV2) K (2) * (Fg ()e")]

vt = K (x)* [F, (ﬂi)em{o + V(:c,D)v”fl]

n—1
= K(x)*[)  T"Fg(x)e™™]
m=0

We wish to show that this iteration converges in L*. To see this, let v € L*. Note that
|K * V (2, D)ull s S K % Vel s + VK * V|| pa + |AK 5 Vul| 4,

where V, V, VeSs. Then,

~ 1 1
K« V(z,D)u S 5——=——Vul| . 4
I (z, D)ul| s g3 ’€0|%H I, 4
1ol -1\, 1/ 53 %
+ oyl ) « Vaullps + =5 1K+ Vull s,
S+ A §+ A
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so using the Hardy-Littlewood-Sobolev inequality and the bounds on K, we have

~

|K V(@ Dyullps S I¢ol 2 ]Vull 4
< Jeol 2Vl 2 llull s,
for some V € S. As a result,
1K + V (2, D)l a1 < Cléol 2,
where C' is determined by Vi, Va. If |£| > C2, then
1K % V (2, D)0 < 1,

and the existence of g¢ € L* for

(I = K*V(z,D))ge = ge
follows from a contraction argument. In the notation from the theorem, we have C? = M.

Now, for the smaller frequencies, we wish to use Fredholm theory. This approach also
works for large ||, however the iterative approach gives us uniform bounds for all &
such that [§g] > M. Once differentiability in & has been obtained, we will then have
uniform bounds for all £&. However, we must be particularly careful near §; = 0 as K has
a particularly challenging dependence upon [£y]. We explore this shortly, but first let us

finish the existence argument for low frequencies.

To begin, Equation (6.5) shows that
geo = K # (V(2,8)e™ ) + K * (V(z,D)ge,), (6.7)
where
V(z,D) = (—A+ X2 = V)Va+ Vi(—A + \?)

is a second order operator.

Now, if K % (V(x,D)-) is a compact operator, we may use Fredholm Theory (see Ap-
pendix B.5) to say that either there is a unique solution to (6.7) or there exists a nontrivial

u € L* such that
(I —K «V)u=0.
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However, expanding the equation for u, we see this u is an embedded resonance and hence an
embedded eigenvalue from Section 4.4. As our spectral assumptions preclude the existence

of embedded eigenvalues, the solution to (6.7) is unique.

Let us now discuss the compactness. The operator itself is of the form

Karo) = [ . Dy(w)d
PR RESY Py
) [6i|96—y||£0\ _ e*\xfyl\/w]
- /” o — (o2 + 22)
[(—Ay + X = Vi) Va(y) + Vi(y)(—Ay + A)]v(y)dy.

X

Hence, using integration by parts, we are concerned about the following two types of

operators

where V € §. Of course, technically there will be terms with derivatives falling on K and
V', however a brief calculation shows that these fall into the same class of operators as Ps.

Note, to see this it is useful to remember that by construction
(—A - [&)K =0

and

4 2
(—A = &K = ‘%[eﬂx\\/w]?

hence when all derivatives fall on K, simply by looking at —A —[&|>+|£0|?, we get reduction

back to P, or P, since K is a convolution kernel for an exact solution.
We now need to prove
P L — LY,
fori =1,2.

Assume that u; —* 0in L*. Since we are working in R?, using duality and the properties

of V, we have
Piuj(x) — 0as j — oo
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for almost every x, where ¢ = 1,2. By the uniform boundedness of weakly convergent

sequences, the Hardy-Littlewood-Sobolev Inequality, and Holder we have,

[ Pij| s

IN

VIl g Nl s

< C,

for i = 1,2. Hence, there is a subsequence jj, such that || Pu;, |74+ converges. Therefore, it
must converge to 0. As a result, the operator K (f/) : L* — L*is compact and there exists

a unique gg, for all {y. Note that VK is compact from Ls — L5 using similar arguments.

To discuss the continuous dependence upon £y, we need to study the functions g¢, in

more detail. From the expression for g¢,, we know that

(I_K* (‘750'»950 = (I- Pfo)gﬁo

= K Vg, e™,
SO
9eo = (I = Pey) (I # Vg e'™),
where
K@) =[(-A-&)(-A+22* + &)

From Fredholm Theory and the spectral assumptions, (I — P,)~" is a resolvent which is

uniquely defined. However, using the decay of V, we can write
V=W,
where [efIV;| < 1, [ed®Va f| < || f]|p2.0 given 0 < ¢ < ¢p. The constant cg is determined
by the decay of V. Hence, we have
geo = Vi(I — Vo K'V;) "L (Vae!:50)),

Using the decay properties of V; for i = 1,2 and the differentiability of K, for any & we

have Vo K Vl(z) is well-defined for z € C in a small neighborhood of |£y|. As a result,
(I—VoKV;) !

72



is analytic with respect to z. Also, K is analytic with respect to |¢], Vge”g is analytic with

respect to ¢ and we see that g¢, depends smoothly on [£]| and £. Using the resolvent identity
fo(2,8) = Ve + V(1 — KV) 'K x (Ve™?),

the decay in z for fy follows.

For || > M, let us return to the iteration scheme

ggo — K*[f/(-,go)ei('vfo)],

g = Kx[V(,£)e ) + V(- &)gn,
for n > 1. Assuming g¢ = €% fo(z, &, |o]), we have
fo = V(x,&)+e VK x (e fy),

where by the mapping properties of K, choosing M large enough, this expression is valid

4
in L3 for all [§y| > M.

We would like to better understand the regularity in x and £&. To begin, let u =
K # [e:80) (-, £&))]. Then, we see

(0 — i&o)u(z) = (9p — i) (K * [¢(-, &)e"")))(x)
= %Q/K@mmﬂm@u—y@@@—%@/K@w“”mwx—%@My
b [ R 90,0~ y.o)dy
= [ K0,y o)y

From here, recognizing that e =™ cancels from
eTTOY K « (¢17%0.)
and again using the mapping properties of K, we have

192 foll 4 < Ca
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for all multi-indices .. Hence, fo € Cg° N LY°. Similarly,
I(2)* 02 foll 4 < v

for any N > 0 using the decay in z of the operator V.

For the regularity in £, note that taking once again u = K * [¢'(:40)¢(-, &)], we have

(O, —iz)u = (Dg — iz)(K * [¢(:, &o)e'*]) ()

A2 . )
(531%) (Zéj) / elo=vllel i sy £0Vdy

. 0 —|z—y|\/E2T2XZ i(y)Eo
zm/e e ¢(y,§0)dy
_ i / K(y)e' =% (z — y)dy + i / K () Wy (y, 60)dy

+ / K(y)e' @90z — y, &)dy

1 1 ,
= (\/W — |§O|) /K(y)ezy&)yqﬁ(y,fo)dy
0

+ [ K900 (o - .y,
where we have used i&ye®¢0 = 8yei950 and integrated by parts. As a result,
198, foll 3 < lé*¥1Cy,
for any multi-index 3, |5 =0,1,2,.... Combining the above results, we have
10807 folw,€)| < CapléP~,

or fo € S?, which gives (6.6).
For the spatial regularity result, we once again use that the distorted Fourier basis

satisfies the equation
9eo = K (Fem.&)) + K * (‘7950)'

We have existence for gg, in L*, but we can take advantage of the structure of K % P in

order to show improved regularity. We have
Ve, = (VK) * (Fel™%) 4 (VK) x (f/g&)).
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Hence, we must explore the nature of (VK) % (V). Upon differentiating, we see
(VE)(z —y) = Oz —y|™),
which means by a similar approach to Section 6.2, we get

Vel < CUFN, 12 + VI, 5 98l 24)-

To see this, we first use the Hardy-Littlewood-Sobolev inequality (see B.3 with v =1 so

11

1_2+1_
3 4 12

p

then Holders inequality such that

Vall, 1z <IVIl, 5 llgllza-

Then, we can iterate this for all derivatives and using Sobolev embeddings, get continuity

of all derivatives and hence smoothness.

To prove existence for J¢,ge, in Sobolev spaces, we must show that Jg, g, is defined and

bounded in some space of functions. In this direction, we look at
(A +2X° + ) (A = &Dlgey, = Fepe™ + Vg
and
(A +2X% + (S0 + 1)*) (A = (o + 1) )geosn, = Feorn, €™ + Ve in
where h; = he; and e; is the unit vector in the j-th coordinate. Hence, if we define
Uh = 9¢o+hy — 9éo>
then we must solve

Ley(vn) = (Fepan, ™) — Fg e'™0) 4+ O(h)ug, + V (vn)

= O(h)(Fgy + Fey + K % Vug,) + V(up).
We can write this as
Ley[on — O(W)K # (K  (Vge,))] = O(h)(G) + Vop, — O(h) K (K * (Vge,))],
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where we have
G=Fg + Fey — VK (K * (Vgg,)).
To see that G € L*, we need only see that
IVE % (K * (Vgg,))ll s < o0

since the other terms are dealt with above in the spatial regularity analysis. However, we

have
K (Kx-): L' — L™,

following analysis similar to the complex interpolation argument. Also, by moving all of

the derivatives onto Pu, we see this is smooth. All we lack is nice decay, hence
IVE 5 (K # (Vge) s < 1K % (K % (Vggy))l <[V 24,

for V € § as given in the description of P. Hence, from the Fredholm Theory, we know

v ~
|5~ OWE * (K * (Vagg,))|s < C.

for C = C(&). However, given w € C§° U L* a sufficiently decaying, smooth function, we

have

O+ [wK * (K * (Vgey))ll 4)

T
i
=

AN

< C,
from Section 6.2, where C is independent of h. In this case, we have
K+ (K + (Vgg,) € L™

using Holder’s inequality, so we can take w = (z)~!. Thus, we can take the limit as h — 0 to
see that derivatives in &, are bounded in weighted L* spaces. Iterating this process involves

taking stonger weight functions at each step of the iteration.

Hence, since V has exponentially decaying terms in x and f/ggo is well-defined in L*

from the spatial regularity, we have the desired regularity in &.
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Now that we have differentiability with respect to &,
Oery, (I(=2+ 202+ €)(~A — &)]ge, = Fe™® + Vg, )

which implies

LeyOe),9¢0 = Oeo); (Fe™0) + POyg,) ge,

— 2(60)j(—A = &8)gg — (€0)(—A + 2X% + £7) g,
For higher derivatives in &y, we iterate this procedure.
O

Remark 6.1. Note that the above analysis can also be done in the case where instead of

L* we use L?>({x)~*) as in (Agmon). To see this, note that

9l S 1@l n2((azys)s

where s > d, and

19l 2((2)-) S Dllzee,

where s > d. Then, we can go to the Sobolev norms to apply Hardy-Littlewood-Sobolev and
use Holder’s inequality in weighted spaces and the boundedness of Vi and Vs in weighted L?

spaces to complete the argument.

Remark 6.2. As z — oo, note that since V1, Vo € S, using Equation (6.2), we have

7]'2 eil|x||§0| — 6_‘x| V |§0|2+2)\2
u —_—
S TN ] ’

which explains the choice of spaces L** for x > % in (Agmon).

6.3 Representation of the solution

We present here a slightly different approach to the distorted Fourier transform.
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Theorem 19. For V € S, there exists a distorted Fourier basis (Z)g and correspondingly a

distorted Fourier transform G for the nonselfadjoint operator H, where

Gif = / () f(z)dz.

Similarly, there exists an inverse Fourier basis <Z>£_1(:U) and correspondingly an inverse

Fourier transform G~ for the nonselfadjoint operator H, where

Grlf = / (3} 1(2) £(€)de.

It follows that
1G+llz2—~r2 S 1,
G2 2 S 1
These operators are not unitary, however
15 Gl a2 S 1
and
G1'Gi¢ = Peo.

Before we prove the theorem, look at the operator

L_L. 0

0 L,L_

for which we have the following self-adjoint realization

1 1
R 0 A
H - 1 1
0  L2L,L?
Since
1 1
LELLE = (A+N—V)3(—A+ N =V — Vo) (—A+ A2 — 1))}

= (AN V)2 (AN VD) V(A + A2 - V)2
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This is a 4th order constant coefficient operator with a lower order perturbation. However,
the perturbation is no longer a differential operator. Ideally, by a similar analysis to that

in (Agmon), there exists a distorted Fourier basis, say #¢ such that
1 1
L2Ly L2 = (A + €2) 2.

1
To prove this, we need to show L? is a pseudodifferential operator of strong enough class,

which we explore in the sequel.

From Theorem 18, we have ug = €™ + fe(z), v¢ = €™ + g¢(x) such that

=g |

Ve 3

2| "

where fe(z), ge(z) € L2, smooth in z and &, and

2 eFilzlléol _ o—laly/[EoP+23%
[Sol* + A2 ]

Jer ge ~
as r — OQ.

Formally, we would like to say

| ol
| ol

SIS
h
[SIE
IS
o

L2L.L L 2ug _
1 = (N +¢2)? 1 :
0 Livg Livg

| vol=

0
L,L

| ol

L
however as ug, ve ¢ L%, we must investige further.

Before we begin, let us analyze the connection between u¢ and v¢. For instance,

Li(L-Lyug) = LiL_(Lyug)
— L+ €)%,
L_(LyL_ve) = L_Ly(L_vg)
= L (N4 &%)
Hence
Liue = Cuog
and
L_ve = Clug.
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In particular, we are interested in

Love = (“A+X=1)(e™ +ge)
— (52 + )\2)61'365 +L—g§ _ Vleizvg’

Cug = C(e" + fe).
Then, C = (A2 + £2), so

L,vg = ()\2 + 52)u§,

L=lug = (N +€%) v,

and

1

= m([lfgg — V1et).

e

A similar calculation holds for Lius = Cuvg.

Note also that if we look at the vector

then we have
Hoe = (A2 + ).

To be more precise, we say that the operator L%LJFL% has a distorted Fourier basis
given by ¢, then find an expression for the distorted Fourier transform of HF.. This
distorted Fourier transform will be defined via a distorted Fourier basis that will give the
relationship between @¢, ue and ve. The existence of @ must be proved since there is a

lower order PDO perturbation instead of a differential operator. See (Ho2).

1. .
To prove L_? is a PDO, we must use a result similar to one from (Ho4), Chapter 29 as

presented with proof in Appendix C.3.

To this end, we refer to the following theorem given in (Ho4):
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Theorem 20. Let X be a compact manifold, ¥ a space of pseudo-differential operators
and Q3 be the space of half-densities on X. Let P € \I/Z,ng(X; Q%, Q%) be a positive, elliptic,
symmetric operator. Then, P defines a positive, self-adjoint operator P in L?(X, Q3. Ifm >

0 and a € R, then P® is also defined by a pseudodifferential operator in \IJZ%(X;Q%,Q%),

with principal and subprincipal symbols p* and ap®'p® if p and p° are those for P.

We seek to prove a slightly different version here:

Theorem 21. Let P be a positive, symmetric, self-adjoint operator in \1’2?5(2) (RY). Then, P
defines a postive, self-adjoint operator P in L*(R%,R?). If m > 0 and a € R, then P? is also
defined by a pseudodifferential operator in \I/ZT;’(Q) (Rd,Rd), with principal and subprincipal

symbols p® and ap® 'p® if p and p° are those for P.

Note that since R € S, F(R) € S by the properties of the nonlinearity. Hence, we have

the following:

Lemma 6.3.1. The perturbation Vq is short-range.
We seek to prove that given the operator,
L_o=-A+X -V, es?
the new operator L% is a pseudodifferential operator for a € R.

Lemma 6.3.2. For an operator P, the resolvent R(z) = (P — z)~1 exists and is analytic
for all z except the eigenvalues of P. Also, |R(z)||p2_ 2 is bounded by the inverse of the

distance from z to the nearest eigenvalue.
Proof. This follows from basic facts from spectral theory as discussed in Appendix B.4. [
Theorem 22. The operator L is pseudodifferential operator in the class S** for a € R.

Before we prove the theorem, let us prove the following lemma from (Ho3).
Lemma 6.3.3. Let a € S™. If

a2, &) > clg™ (6.8)
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for |&| > C, then there exists b € ST such that

(,L) a(x7€)b(x7§) —-le S_1>
(13) a(xz, D)b(x,D) — I € OpS™°

and
(i7i) b(z,D)a(z,D) — I € OpS™.
Proof of Lemma. First, let us prove that (6.8) implies (7). We can reduce this to the case
where m = 0 by looking at a(x,)(1 + [£[2)~™/2 and b(x, €)(1 + [£[>)™/2.
Claim 6.3.4. If a1, az € S° and F € C*(C?),thenF(a1,az) € S°.
Proof. Since the Reaj, Ima; € SY for j = 1,2, we may assume that a; is real and F' €

C>®(R?). Then,

OF(a) OF

bu; 0y
0F(a) oF
o6, 20

where 0, ay € S0, Og;a € S ~1. Hence, it is clear the derivatives of F'(a) decay as necessary

for F(a) to be in S°. O

Hence, for m = 0, choose F' € C*™ so that F(z) = 1 for |z| > c. Set b= F(a) € 5° so

a(z,&)b(z,§) =1 for |£| > C. This proves (7).

Using (7), we have that
a(x,D)b(x,D) =I —r(z,D), r € S7L.
Set
b(x, D)r(z, D) = by(z, D), by € ST7F,
so we can iterate out the error. Let b’ be the asymptotic sum of the by’s, so

a(z, D)V (x, D) — I = a(x, D)(V/(x,D) = > _bj(x, D)) — r(x,D)* € OpS~F,
i<k
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for every k. Then, we have (i7) replacing b with &’. Similarly, we can find a b” which satisfies

(7i7). Note also that

V—b"=b(I—ab)+ (b'a— 1)V,
hence b' and b’ are equivalent modulo S~°°. O
Proof of Theorem 22. Since L_ is self-adjoint, we have that R(z) is defined and analytic
for all z except at the eigenvalues of L_. The L? norm of the resolvent can be estimated

by the inverse of the distance to the set of eigenvalues. Now, since a < 0, we have by the

spectral theorem

Ly = —(27ri)_1/ 2?R(z)udz,

—1i00
where the contour is slightly deformed near the origin to avoid z = 0 and z® is analytic in
the right half plane and equal to 1 when z = 1. Since L% = L1 L9 | the distribution kernel

of L* is an entire analytic function of a.

To understand the behavior of the singularities, we construct a parametrix. Namely,
since |L_(z,&)| > c[¢]? for |¢] > C, we have the existence of an inverse modulo S~!. Then,

we can iterate that error, to find an inverse modulo S™°.

In particular, we have B, such that
(P—2)B,=1-Q,

where b, = F(P(x,§) — 2), F(2) ~ 1/|z| for z large and Q. € Op(S~—1). Then, there is an

E, given by the asymptotic sum
> B.(x,D)(Q:(x, D)),
7=0
such that
(P—2)E,=1-W,,
where W, € Op(S™>°). So, we have
R(z) = E, + R(2)W,.
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Then, for a < 0, we have

L= —(27m')1/ 2*E,dz + T(a)u.

—100
Here, T'(a) should be analytic in a for a < 1. In particular, this remainder will be a well-
behaved pseudo-differential operator using Beals’ Theorem as discussed in Appendix C.2.
From the composition of pseudodifferential operators, we have that

Q.= 0L (2,6)05F(L- — z)/al.

a>0

Hence, the terms of E, outside of compact set in phase space look like
(P—2)"""q

where g € S™ =% for some £ > 0.

NI

_ 1
Hence, there is a pseudodifferential operator representation of L_? and thus L? by
multiplication by the operator. If p is the principal symbol of L_, the principal symbol of
L* will be F(p) where F(z) = 2 for |z| > C.

O

1 1
Lemma 6.3.5. The pseudodifferential operator L_Vi + Vi (—A + )\2) + L2V5L2 is a short

range perturbation.

Proof. This proof should be similar to that in Lemma 6.3.1. The argument for the differ-

ential operator L_Vi + Vi(—A + A\?) follows precisely as above. Hence, we focus only on
1 1

the compactness and iteration arguments for the pseudodifferential operator, L2VoL2. In

11
what follows, let Tu = L2V L2 K % (u). In particular, we need to prove:

1 1 .
L2VL2e™% = @y, for Vi €S, [[Ve T ~ |&l% (6.9)
n( _ix- —ntl
|5 % T (e Ve, ) e = O(l6l ™2 ), (6.10)
1 1
Kx*(L2VL2) : W2 Wi (6.11)

For (6.9), we have in the sense of distributions that
Fel™0 = g, (€).
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Hence, since V € S,

| vl
<
S
I

L P(x,8)e’ @V (21) | P(ay,&)e™ 815, (&1)dérdar dE

/ /
_ / (2, €)ei@™ 21>€V(x1)/P(xl,go)eiwlﬁocledg

= OV (z,&) + Lodt.,

where V € S(x) and |V| < € precisely as in Section 6.2. This comes in particular from

1 1
realizing that the principal symbol of L2V L2 is
(€2 + 22 = Vi (2))Va().

The results (6.10) and (6.11) follow from the following theorem proved in (Stein), Chap-
ter VI

Theorem 23 (Stein). Suppose T, is a pseudo-differential operator whose symbol a belongs
to S™. If m is an integer and k > m, then T, is a bounded mapping from WP — Wh=mp,

whenever 1 < p < 0.
1 11
Since L2 € St and V € S°, we have L2V L2 € S?, hence

VL% W2 L

| ol

L
As V € §, we in fact have more than this. Define the symbol class
S ={p(lp € S™, [¢° ] p(,€)| < Caplé™ .

In other words, we have the standard symbol class S™, where the symbol has rapid decay
in z. Here, V € S%. Note that due to the properties of Schwarz class functions, we have for

p € S™ and g € 5™2,

pg, qp € Sy

and
qu : WP — 9,
where 1 < p,q < o0.
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For (6.10), from the analysis in Theorem 18 we have
(K*-): L3 — W24,
We have from (6.9)
I [ K= e ove iyl S 6ol
Then,
| [ K@= L V)Lt [ K- 2oV (@) ddy
— ol HIEEVILE [ Ky 2)e Ve ()dzdyllus

1 .
< 6ol 3 / K(y — 2)e™ Ve, (2)dzdy||ypas

< 1€l T e Ve, () 113,

using the fact that V € S? and the mapping properties of K described in Theorem 18.

Iterating this procedure, we get the result.

For (6.11), if u € W24,
L1
IL2VE2a] g < ullwas.
By decay properties of V', we have
11
leL2VEZul| 4 < llullwes + fullwis S Jullwes.

The inherent integration by parts is justified as V' € §. Hence, by iterating this procedure

and properties of convolutions,

for any N € N. However, W24((-)V) is compactly embedded in W24, so (6.11) holds.

O]

1 1
Lemma 6.3.6. There erists a distorted Fourier basis, tg, for L2 L L? with the aforemen-

tioned smoothness properties.
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Proof. Apply the techniques from the proof of Theorem 18, applying (6.9), (6.10), and (6.11)

when necessary. Once the compactness is established, the standard self-adjoint techniques
are available to give

”PC¢H%2 =

Fi Py Fi¢ = P,

(27r)d/ | Fio|2de,

where F4 is the distorted Fourier transform associated to u

and Py(&) = (€2 + \)? is the
symbol for the leading order constant coefficient operator
O
Since
1 1 1 1
L2L,L? 0 L?* 0 L_L, 0 Lz 0
1 = 1 1|
0 L2L.L? 0 L2 0 L.L_ 0 L_2
we have
1 1
L?* 0 , | L2 0
, | H
0 L2

_1
L ? 0 -
f: 1 f7
0 L2
we see
_1 1 1 _1
L2 0 .| L2 0 ) ) L% 0 -
. | H o | Pef = FLIE + A7)7| F2 I
0 L2 0 L_2 0 L2
Hence,
1 1
2 7 L2 0 o | (2 212/ £ L 0 3
HA(Pef) = 1| FEIE A7 (Fe . DI
0 L_*2 0 L2
or

B ) — J(E2)@) (€2 + A2)2| [ ig(y)

)(L %fl)(y)dydg
) (@)] (€2 + A2)?| [ e ()

(L2 fo)(y)dyd.
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The inverse operations in these arguments are justified by the fact that
L? = Ker(H) ® Ker(H*)™*,

We desire an oscillatory integral formulation for HFP.. The continuous spectrum is

spanned by the values (A% + ¢2) for all |¢] > 0. Hence, we seek a diagonalization of the

form
A2 4 €2 0
HP. =Q! (A +&) Q.
0 -+

Using the above analysis for L2 L, L2, we see that

_1 1
0 1| 2+ FLTT (A2 4 €) 5 FLE
= = 1 1
2| A4 €2 FL 2 (N2 4€2) 2 FL?
. 1 1
o || —LEF O+ €272 QLR FF (A2 4 £2) 2
= 5 _1 _1
\/§ L_2j:*()\2 +€2)% L_2‘7_‘*(A2+§2)%

Note that we have for f: Pcf

" 1 _ il fa

| £ | | -iLeh

which is exactly what results from the decomposition. The resulting integral equation is

1 1
. —iL2F*FL? fy
HPcf = 1 _1
iL_2F* (N 4 )2 FL_?

1
So, since we have a pseudo-differential operator representation of L?, we could write

‘H P, in terms of an oscillatory integral.

Remark 6.3. Note that we have now made precise the definition

N e Vg
¢5 = (6.12)
—iug Vg

i 1 1

(€2 + N L_ %4 e+ X)) 1L2g

|| @RI (@) L | 61
—Z'(f2—|—)\2)L72’11§ (52%—)\2)71[43’&5

1
+1

where using the pseudo-differential analysis above, L_*u¢ is well-defined.
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Proof of Theorem 19. If

fi
f = € Uac(H)a
Ja
then
: f
L2 0 1 -
Pf= . € 04c(H),
0 L_* f2
where
bk
- L2L,L? 0
H= 1 1
0 L2L,L?

Assume f € S, which we will relax later. Let ¢ the PDO representation of P and
P¢(x) is the vector where both elements are the distorted Fourier basis function ¢¢ for the

1 1
self-adjoint operator L2 L, L?. Then, we have

(GU)&) = (bf, Pe)
= (f, Ty ®¢)
= (f ),

where

NI

i+ (24"
—i( )2 (W42

T:

[NIE

and &35 is uniquely defined in the sense of distributions as
P(2,8)e™ + g (x, €),
where
i = P(z, D)ug(w),
and 4 € S. Then,
G9(€) = [ rdeda.
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Similarly, we have

G0 = [ Fos; e
where

o, = PT*®(x).

The modified Fourier transforms are in fact variations on the expansion involving the

matrix ). In fact, the Fourier transforms are arrived at by O

Corollary 6.3.7. As a result of the decomposition, we have a new proof of the fact that
1P fll 2 S 11 2

Proof. This follows simply from mapping properties of pseudodifferential operators and the

fact that the self-adjoint distorted Fourier transform is an L? isometry. O

Remark 6.4. Note that for convenience in terms of defining the resolvent, our result has
been proved here only in R3. However, using similar bounds developed in (Agmon) for higher
dimensional resolvents, we expect that a result similar to that of 19 holds in all dimensions
and as a result similar estimates will follow below. The main difficulties presented would be
a thorough discussion of the spectrum of H as some of the numerical techniques are unique

to R3.

6.4 Time Decay

Using our distorted Fourier basis, we have that a solution to the problem

P = Qe Qg, (6.14)
for
| P+ 0
0 (A2 + &%)

The structure on @ allows us to do oscillatory integration in order to study the properties

of e, First of all, we show the following:
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Theorem 24. Let 'H be an admissible Hamiltonian as defined above. Then,
. . d,. -
€™ Pepl| oo < CL™2|40]| 11 (6.15)

Proof of 24. Using matrix notation, we have

G / dela
where
b= ",
o

and ¢ is given by (6.12).

Looking at the integral representation, we have

) = [ 5@ [ cwyitdie

Let x € Cg°, be a smooth, cut-off function chosen such that the iteration techniques in

Theorem 18 hold for ¢ € R?\ spt(x). Then, take

M P(r) = /)5 x<§>q3g1<x>e"tw / B () () dyde (6.16)
T /5[1— X (E)187 (@)™ / G () (y)dyde. (6.17)

Hence, we must bound

I = /geixge:l:it(§2+/\2)/e—iyfw(y)dydg’
)

I = /g X(€) + (1= x(§)]gg () HEHX) / e~ (y)dyde,

I = /ﬁ [X(8) + (1 — x(g)]e™=EeHitE+) / 9 (v (y)dyd,

o= /g[x<s>+<1—x<5>]g )HILEHN) / 9¢(y) (y)dyde.

From henceforward, we work only with the terms

Eilelle]

|z
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from g, as the analysis for the exponentially decaying term will follow using simpler ver-
sions of the methods for this case. Many of the techniques used are developed from the
presentation in (Schlagl). The challenge lies mostly in that J¢'[¢| is not bounded near 0
for || > 2. Thus, we must be careful near the origin using stationary phase arguments
since error terms require a minimum of two derivatives. A discussion of stationary phase

complete with proofs is given in Appendix C.4. Take the integral,

I= /g(:c)e”P(x)dx,

where g(z) € C®, P(x) € C*°. Assume that 9,P(0) = 0 and 92P(0) # 0. Then, the

principle of stationary phase gives
oo
I~ ng Zaﬂ'*j,
§=0
where the asymptotic terms in the stationary phase expansion are given by
aj = L7g(0),

for L7 an order 2j differential operator as discussed in Appendix C.4.

Equation I is bounded using standard techniques of contour integration from the Linear

Schrédinger equation. In particular, we have
_d, 7
]|z~ <t 2[[0] p1-

Before we investigate further, we recall some properties of the functions 8?0 J¢o- From

the expression for g¢,, we know that

[l — K * (VEO')]QEO = [I- PEO)}QEO

= K (Vg,e'™0),
50
Ggo = [ — Pey| 71 (I # Ve, e'™%),
where
K@) =[(-A-&)(-A+22° + &))"
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From Fredholm Theory and the spectral assumptions on H, (I — P,))~! is well-defined,
hence we can show that ge, is smooth in |§| and &y. Also, K is smooth with respect to the
variables |¢], V¢e® is smooth with respect to €. As a result, g, depends smoothly on |¢]
and £. Therefore, for £ near 0, we can take up to 3 derivatives before we lose integrability

in ge. For &y large enough, from Theorem 18, we have

g{():K*f7

where

f = eixlgofO("Ev&O))
where fo(z, &) behaves like a symbol in S2.

For (6.17), we use the principle of nonstationary phase and the principle of stationary

phase in different regions. We have

/ 1 - X(©)d¢ (@)™ / G (4)(y)dyde,
3 Y

where 1 — x is supported away from 0. In particular, we have integrals of the type

/ 11— (E))(E7 + e(a))HE ) / (€€ + ge())(y)dyde,
3 Y

where g and § are of the same form described above. Hence, we must bound the following
I = /[1 — X(&)]ge (@)™ e (y) de,
3

I - /5 [ — X(€)] e E ) g (y)ir(y)de,

; 2 2
W= [ Ol @e gl
For integrals of type II and 111, we have oscillatory integrals of the form

/ ez’(znso+<m—z>so+t53—yso>l%(f“|—z|z»&))d§0, (6.18)

Looking at the phase function, we have

o(&) = |z2llo] + (z — 2)& + 65 — yéo,

VE(&o) = 2L+ Q( I, &E? )
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If we restrict £ to a region such that

max |z +y—zx| — |z2|,0
2y —al-|2,0

>
10| > o

L

then ¢(&y) has no critical points. As a result, we can use the principle of non-stationary
phase on this region with the decay properties of the function fy to see we have decay like

t=N for any N.

Let us hence assume that we are restricted a region

max |z +y—z| — |z|,0
2ty —al-|2,0

<
1€o| < o

L

S0 ¢ has at least one critical point. In fact, the critical point occurs where

o <1—|—’Z‘> =z+4+y—z (6.19)
ol
Also, for |z 4+ y — x| — |z| # 0, we have
[z +y— x| — |7

&0l = (6.20)

2t

As a result, all critical points occur on the same sphere. Using (6.20), we have that if z,
y and z are such that a critical point exists, that critical point is unique. Hence, we can

define a cut-off function x, . € C°(R%) such that

1 for ‘£0| < max|z+%;m|f|z|,0 + %7
Xz,y,z(&) = 0
0 for [¢o| > maxletyoal =10 4 g

Let us assume that a critical point exists, say &§. If [£§] < %, the Hessian matrix is at
least of rank 1 as £®E is a rank 1 matrix. So, there is at least one nondegenerate direction for
&. After making an orthogonal change of coordinates bringing that nondegenerate direction

to &1, using stationary phase on R, we have decay of the form

1(6.18) || o < 2.

However, in the integral, we have |71‘ < @, so using the decay of fy in z, the overall decay

is once again
1(6.18) | S 72,
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where the integral is bounded in the remaining directions. For [{§| > %, the Hessian is

nondegenerate. We can thus apply stationary phase in £ to get decay of the form
1(6.18)|| 1 < t72,

where we have once again used the regularity of fy is x and £&. Then, given the uniform

decay of fo and boundedness in y and x, we have uniform boundedness with decay of type

(110

t 2.
The analysis for oscillatory integrals of type IV is similar in that the phase function

becomes

o(&) = |2ll&] + (z — 2)& + t&§ — |20l + (¥ — 20)éo,
Vadle) = 26+ (o =)+ =20 + (2]~ ) i,
2 _ 2] — |20 _§o®§0
Veodlto) = At Tl g

|2]—|z0]

Hence, where critical points exist, we split up the regions of integration into |£y| > 5t

and |&] < % Once again, we have stationary phase in full on the first region and

_1

STt Away from

stationary phase in at least one direction, coupled with the fact that ﬁ <

the critical points, we once again apply non-stationary phase.

Let us now analyze (6.16). In particular, we have integrals of the type

/ O + ge () €+ / (€€ + ge(y))(y)dyde.
13 Y

Thus, we have to bound

11 = / [X(©)]ge () R HE+N) —ivé ge.

£
111 = /5 [X(&)]eiEeFHEFN g, (y)de,
v o= /5 [(€)]g5 ™ (2)e*HE N ge () .

For integrals of type I1 and 111, we have an oscillatory integral of the form

/ ei(|x|so|+tsgyso)ﬁ(9‘5|z)d§0, (6.21)
X
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The phase function is

o) = |$H§0|+t§§_y§07
Vio(&) = 2ud+\ \(Id_&)@go)'

ol €02
Let us begin with an integral of type I1. After making the orthogonal change of coordinates

& — Iz%\ and moving to polar coordinates in &, we need to bound

2 —zr|z0\
H][HLOO < H/ // / '7"2671'7“|y\cos(9)

X fo(x — 2o, rsin(0) cos(d)) rsm(G) sin(¢), r cos(6), r)r? sin(0)drdfde|| o .

If we Taylor expand fy in terms of (7 sin(6) cos(¢), rsin(@) sin(¢), r cos(#),r), then we can
integrate in ¢. In which case, all terms in the expansion with odd powers of cos(¢) or sin(¢)

vanish under integrate out, leaving us with a function of the form
fo(r? cos?(0),r).

Integrating by parts in 8, we have

27 fzr\z0| s )
[l 5 | / [ [T xS
20

X — 2o, 7 cos' ), 7)r? sin(0)drdfde|| -
<l / e~irlzol sitr? sin(r|y|)
~ |20 [yl

X fo(x — 20, r)rdr| L

N ||/ / _W|zoleitr2 e—irlylcos(0)
kN [yl

X dgfolx — 20, cos®(0),r)rdydzodrdd)| Lo
. / wlzol Gitr?SI(r1y])

|y

X fo(z — 20,7 )TdTIILoo

_ZT|z0| ' s
o / / e sin(—irly] cos(6))

|20 |yl
X agfo(x — 20, rcos2(9), r)rdrdf)|| e,

1 1
/ et dr = z/ sin(px)x"dz.
—1 -1
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Note that the boundedness in y and 6 is hence maintained after the integration by parts.

Let us extend the region of integration in r to R. Due to the nature of the oscillatory
functions involved, we experience no loss in doing so. Then, using the linear Schrodinger

equation dispersion, we have

1 [° .
|~ < - /

t —00

—ir|zo0| p—irlyl _ pirlyl
e e €
. [ X(7) fo(z — 20,7)7 | drdfde|| e

|zo0] |y

1 > ’/ 1
t% —00 |20Hy‘

< [F () fole = 20, 7)r] (u+ |20l + |yl) (@ — 20)

N

— Fx(r) folw = z0,7)7] (u+ | 20| — |y])(z — 20)|dul| oo
From the estimate

lallpr S sup  [|0% L1,
|| <d+-1

coupled with the facts that x € C§°, fo € C°, and fo is rapidly decaying in x, we have

1
1|z < 5 [ fllzr-

~ 3
t2

For the integrals of type I11, we immediately apply the linear Schrédinger estimate to

get
] el
e < & / | / O T G (€, (€D £ ) darr e dy
t2 ly — 1]
< L
t2

using once again the smoothness and decay of x, fo.

The analysis for oscillatory integrals of type I'V is similar to that for type I, except

now we have no 6 dependence in the phase. Thus, we have phase functions of the form

$(¢o) = |zll€o| + &5 — lyll€ol,

Ve d(&) = 2tso+<|x|—|yr>é§|,

Vi, 0(&) = 2tId+‘x”£_0|’y‘(] _50’53250).
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At this point, it becomes convenient to move to polar coordinates in £. As a result, we have

2w 72r|zo|‘ —ir|z1|
e A A A
|20 |21

X foly — zo,rsin() cos(¢), rsin(0) sin(¢), r cos(d),r)

X fo(x — z1,7sin(0) cos(¢), r sin() sin(¢), r cos(6), )

x 12 sin(0)drdfde.

Hence, we can first extend the interval of integration in r to R, then immediately integrate
by parts in r to gain a factor of % We once again apply the linear Schrédinger dispersive

estimate to get
< 1
VL S = ([ £l
t2
Combining the above results, we have
_d
1(6.16) || Loe < ™2 [[¥| 12
and
_d
1(6-17)][Loe <72 [l L1

Hence, the theorem follows.

Before we begin, let us define the space
LlM {fELl‘H<> (')”L1SOO7N:O717"'72M}7

with norm ||-||z1,» defined standardly. As necessary for the contraction argument presented

in Section 7.2, we now show:

Theorem 25. Let H be an admissible Hamiltonian as defined above. Assume 1/7 e WM

and

DL T(0) =0, (6.22)

98



for multi-indices «, 8 such that |a] + |58] =0,1,2,...,2M, where

— / Fe (1)) dy

Then,
le= =l Pf| oo < CE 2 M ||| proa, (6.23)
for any ¢ > 0.

Proof of 25. We proceed similarly to the proof of Theorem 24, except now we must bound

the following:

I = e / X(€)¢g ! (a)eHEHN) / e () (y)dydg|,
Yy

I = |ecl / [1 = x(©)Je et HEHY / 9¢(y) ¥ (y)dyde|.
Yy
For I1, we look at oscillatory integrals of the form

iz - it(£2422 iy-

/g (1= XN 4 g @D P [ (@4 ge(y))wty)dyde,
y

considering the phase function as ¢(¢) = it¢2. By applying the principle of non-stationary

phase from Appendix C.4, then using that

Ocgel < | / é‘ei'””y'g'eiyéfo(y,f)dyl

y \@ e T IVEEN NS fo(y, )y
ile—yllg] _ —le—yl\/E2+A2

il R ey foly, )y
ile—yllE] _ o—le—yl\/E24A2

o[ e O

< / (@) + () foly, )ldy + / 19 foly. ©)\dy

and the regularity of fy in y and &y, we have

e 0= 33z ) [ detwpbyaelie <78V ol
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Now, for I, we need to bound

/6 (O (€ + g7 () MEHN) (€ 1 g (),

we use stationary phase with the phase function

$(¢) = t€”.

As aresult, we arrive at the moments condition (6.22). This condition serves a dual purpose.

First of all, we have a gain in time decay using the stationary phase argument

for j =1,2,...,2M is well-defined, where

—

7€) = X(©)3 (2 [ detw)Fw)dy, (6.24)

and L; is the order 2j differential operator resulting from stationary phase. Second of all,
we have control near £ = 0 for the error bound from stationary phase
>, gl <,
o] <2M+42

where £ € spt(y) and

u=[x(€)(E™ + g7 (@) (€ + ge(v)).

In turn, (6.22) becomes our moments condition for the function space P4 as defined in
Chapter 1, Section 1.5, where N is chosen to give a gain of t~4 in time decay. Specifically,
A =1 implies N =1 and A = 2 implies N = 4. Note that to gain t~*, we must have
N = 2A at least. Such decay comes at the cost of polynomial growth in z and y from when

the O¢ terms fall on either el or ge(-). Hence, under our assumptions, we have

Jecl! /5 ()3 ()W / Fe () Fly)dyde|| = < 3.
Yy
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6.5 Dispersive Estimates

From Chapter 4, we have H! = M ® S where M is 2d + 4 dimensional set of functions

that span the 4th order generalized null space at 0 and S is the continuous spectrum.

Since M is spanned by functions with exponential decay, we have for ¢ € M

16l < C(L+ 1) / eIl () e,

where ¢ is determined by the exponential decay of all functions in M.

Now, from (ES1) and 6.3 we have for ¢ € S,
€3]l 12 < Cllg]| 2. (6.25)
Lemma 6.5.1. Given Equation (6.25), we have
1€l g < Cll @]l a1
Proof. For ¢ € S, we have

ez < |He" |2 + Clle"™ || 12

< [l Ml 2 + Clle o] 12
< Mol 2 + Clle™™ | 2
< |¢llgz + Cllgll 2
< Cllol g
Hence, the result follows from interpolation. O

In order to push through the contraction argument, we need various dispersive estimates

from (BouWa). We present the proofs here.

Theorem 26 (Schlag-Erdogan,Bourgain). Let P, and Py be projections onto the continuous
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and discrete spectrum of ‘H respectively. Then,

(@) le" Peglln < Clllln

(@@) e (Ped)lms < Clidllas
(iid) e (Pag) | < C(L+ Itlg)/e_c'x%(x)\dw
(i) Nlz|*e ™ (Ped)lr2 < Cllllz*¢llzz + (1 + [H*) 6] e

©) el ™(Pad)le < CC1+ 1) [ lofelda.

Proof. Estimate (7ii) follows from the discrete spectral decomposition into a 4 dimensional
generalized null space. The exponential decay is apparent from the properties of the eigen-

functions. Estimate (v) follows similarly.

For ¢ € 04.(H), we have from (ES1) or the analysis in Chapter 7 that
e Pegll 2 < Cllgll .

For ¢ € 04.(H), we have

ez < |He" |2 + Clle™ @] 12

< (| H|| 2 + Clle g 1
< 1”2 + Clle™ | 2

< |¢llg2 + Clidll L2

< Cllgllpe-

This gives (7). A similar argument shows
e Bl rzoer S N0l rzss + [l rs-a.

Thus, by induction, we have (i7) for all positive integers s and hence by interpolation all

s> 0.

Let ¢ € 04.(H) and u = ™. Then, since

iUt — Hv = 0,
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then

d
dt / oz, t)]*de = 2Re (|z**v,ve)
= 2Im (|z**v, Hv)
= 2Im (|z|**v, Av) + O </ |U‘2€_C|$|>

/ 222 o] [Voldr + [[o]3.

N

Using the following interpolation inequality
a—7y 2 @ 1_% %
2“7 D0l 2 < la[*l| 2 * [[0] fa

we have

A

/\fﬂlh_llv\lwldw < Nzl ol g2l Vol 2

IA

o o1 1
2|l 2 * 0]l a-
Hence, using (i)

d « 21 < @ 2_% é 2
rn 2] S .2 He 2
gl @] S MMl olll 2 = @l e + [lv]

Integrating, we have
o 2 for 2 ! ot 2—2 > 2
vl 2o oy < Nl !¢Hz+/0 [0 ()l 2 * |91l o + [l0(8)[|Z21ds
t
0
< Mzl®10113 + elllz | lIZ2 oo o,g) + CE™ + O)[2]*[]3.

o o 2_5 é
S Mll=l*gll3 + Nl !vIHLsz([OJD/[!quHa+\qﬁ\liz]ds

Hence, estimate (iv) follows. O

6.6 Strichartz Estimates

From the above time decay, we can also prove the standard space-time Strichartz esti-
mates for e"'¢ where ¢ € P.H. We review the standard methods here as seen in (SulSul).
From henceforward, let us assume that we work on the subspace of functions contained in

P.H.
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Theorem 27. For p and p' such that 1% + % =1, with 2 < p < o0, and t # 0, the

transformation € maps continuously LP (R?) into LP(R?) and

- 1
e || e < ﬁ”@ﬂ\m’- (6.26)
o127
Proof. This result follows from the interpolation result presented in Appendix B.2. O

Definition 6.6.1. The pair (q,r) of real numbers is called admissible zf% = % — % with

2§T<%whend>2, or2<r<oowhend=1 ord=2.

The following result proving Strichartz estimates is from (Schlagl).

Theorem 28 (Schlag). For every ¢ € L? and every admissible pair (q,r), the function
t — M belongs to LY(R, L"(RY))NC(R, L2(R%)), and there exists a constant C' depending

only on q such that

1€ Bl w1 @ayy < Clillz2- (6.27)

Ht

Proof. Typically, one uses a duality argument when the operator ¢’ is unitary. Namely,

(70, G) 2 (gasn)| S 0Nl L2l Gll par -

To this end, write

[ 0,Gaguads] = r<<z>7 / eiHSG<s>ds> |

—oo L2(RY)

‘/ eM=5G(s)ds

IA

91l 2 (Ray

9

L2(RY)

where

H/ eM=5G(s)ds

—0o0

2 0o oo
= </ em_sG(s)ds,/ e’H_tG(t)dt>
L2(R9) - —00 L2(R%)

= </ G(t)dt,/ ethsG(s)ds>
— — L2(R)

/ e =5G(s)ds

—00

IN

Gl o v

LaL"
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Using Equation 6.26, we have

H/ eM=5G (s)ds ds

L’I‘

IN

/ Hethst(s)‘
LT —00

o0 1
/ e, ds

[e%¢) ‘t — S‘d(%_%)

o 1
|16 s

—00 ‘t—sq

IN

Hence, using the Hardy-Littlewood-Sobolev Theorem with v = o

H/ eM=5G(s)ds SNG Lot -

LaL"

However, for systems, this is not applicable. Hence, we must use the Christ-Kiselev

Lemma (ChKi).

Lemma 6.6.2. Let X, Y be Banach spaces and let K(t,s) be the kernel of the operator
K :LP([0,T]; X) — Li(]0, T];Y).
Denote by | K|| the operator norm of K. Define the lower diagonal operator
K : LP([0,T]; X) — LU([0,T];Y)
to be
~ t
K1) = [ Ko 1)
0
Then, the operator K is bounded from LP([0,T];X) — L4([0,T];Y) and it norm ||K| <
c||K||, provided p < q.
A perturbative approach originated by Kato is used. Define

(SF)(tz) = /0 (eI p (s ) (a)ds.
Then,
1SFlpgerz S 1N zirs-
Using the fractional integration argument from the unitary case, we have
ISPl yze S IFN by
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where (7,p) is admissible. By Duhamel, we have
e—zt'HPC — e—zt'HOPC _ Z/ G_Z(t_S)HOVE_ZSHPCdS.
0

Set V.= MMV, where

i )
o |@
0 (x)7'”
Then,
0o ) ~ oo ~
[ eemenga| x| [Tt | < ol

where the last inequality follows from local smoothing. Applying the Christ-Kiselev lemma,

for any Strichartz pair (r,p), we have

t
/ e =)Mo N g(s)ds
0

S ||9HL3L§-
LyLE

Then,

He—it'HPCf|

LyL SNz + HM_lve—isHPCf‘

)

L3L3

so we need

|rtvet ey

S Il gz
2z ™~
Taking a Fourier transform in s gives

/ IM ™'V I[P(H — A —i0)P] " Pef (720X S (I £]175-

—0o0
However, this follows from the smoothing estimate on Hy, plus the standard resolvent

identity under the spectral assumptions on H. Hence,

||€_itHPcf||LgL§. Sl e
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Chapter 7

Nonlinear Theory

7.1 Preliminaries

We wish to construct a contraction argument similar to that presented in (BouWa) in

the case where we have a more general nonlinearity. In particular, we have the equation

iug + Au+ F(Ju?)u = 0,
(0, z) = uo(x),

where F' is chosen to be of type 1 or type 2.

Many estimates that hold for the L? critical equation hold at that soliton because they
share the property that 0\Q(uy) = 0 where X is the soliton parameter and @ is the L?
mass. As this is a minimal energy soliton, there are many possible perturbations. One
could perturb onto the manifold of stable solitons, onto the manifold of unstable solitons,
or in fact, reduce the L? energy so that solitons no longer formed. Unfortunately, due to
a lack of scaling and general difficulties, very little is known about stable perturbations to
such a soliton. Also, it is a major question whether or not we have dispersion and scattering
for initial data with L? mass below the minimal soliton energy. We hope to answer this at
some point, but for now, we wish to prove the existence of stable solutions to the minimal

mass soliton. We may assume that the minimal mass soliton occurs at Ag = 1. In other
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words, if R is the desired soliton, we seek a solution of the form
u = Re't + z¢eit + we't,
where w € C([3, 00]; X) and |w|/x < %N for some normed space X and some large N to be
determined. The goal is to solve this problem for z solving both
ize + Az = 0,
2(0,z) = ¢(x),
as well as
ize+Hz = 0,
2(0,z) = ¢(x),
for H the matrix Hamiltonian that results from linearizing about the minimal mass soliton.

To begin, we run through the contraction argument assuming that we are using the

linear Schrodinger operator, et, and the space X = X4 defined by
Xa={elllgllga + (1 + 2@l 2 < co}.
Let vg = zpe ™ and let u(z,t) = e(R + v) for v = w + vg. Then, v must satisfy
ivg + Av — v+ [F(|R +v[*) (R +v) — F(R*)R] = 0,
or
ivg + Av — v+ (F(R?) + F'(R?>)R*)v + (F'(R*)R*)5 + O(|v|*) = 0.
Since (vg): + A(vg) — vp = 0, we have
iw; + Aw — w + [F(|R + vg + w|?)(R + vo + w) — F(R?)R] = 0.
Let
fo = F(R+wol*)(R+w)— F(R*)R,
a = [F(|R+vo*)+ F'(|R+wol|*)|R+vol’] — [F(R*) + F'(R*)R?,
b = F(R+uv2)(R+w) - F(R)R,
G(w) = F(IR+uv+w)(R+vo+w) = F(|R+vol*)(R + v)
— [F(IR+wl*) + F'(IR + vo|*)| R + vo*Jw — F'(| R + vo|*) (R + o) w.
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Then, we have
iw; + Aw — w + (F(R?) + F'(R?*)R*)w + F'(R*)R*w + fo + aw + bw + G(w) = 0.
In other words, we have
iw; — Hw 4 aw + bw + fo + G(w) = 0,

where G is at least quadratic in w and fj is linear in vg.

To see this, note that for nonlinearities of type 1, we have

x
F(r) = =
1422
Fl(z) = w2 (5 + 427
(1+1‘%)2
Py = BB e g 1 (- )
@) = (1+23%) ’
and for type 2,
x
F(x) =
(z) 11205
1+ iz
F/(l') — 22_g
(1+ )73
2
, -2+ (5 -§)e
Fla) = (1—|—m)3_%

Note that in both cases, F € C' and in the second case, ' € C*°. However, we can
define G(z,2) = F(|R+ z|>)(R + 2). This is C? at z = 0 in both cases. To see this, note
9.G = F'(|[R+z*)(R+2)(R+ %)+ F(IR+ z|?)
0:G = F'(I[R+z*)(R+ 2)?
0..G = 2F'(|[R+z)(R+2)+ F"(|R+ 2)*)(R + 2)(R + 2)?
0::G = F'(|R+2*)(R+ 2)°
0.:G = 2F'(|[R+z]*)(R+2z)+ F'(|[R+ z[*)(R+ 2)*(R+2),
hence at z = 0, the terms resulting in exponential growth from F” are controlled. In the

resulting Taylor expansion, we see
G(z,7) = F(R® )R+ F'(RH)R?z + (F'(R>)R* + F(R?))z + O(|R + z[P7}2|?).
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Let us make the assumption that we are working with type 1 nonlinearities with % <
p < oo. The author believes that similar results should hold even if p is not restricted
to allow more regularity of the nonlinearity, however for the expansions in the sequel to
be accurate, we must restrict the nonlinearities to have sufficient regularity, as well as to

provide sufficient decay in t.

Let us explore the behaviors of the the above functions. For simplicity, let vy = v1 +ivs.

To begin,

Ifol = |F(R?+2Rv; + v} +v3)(R+ vy) — F(R*)R)|
< [F(R*)R 4+ O(|R + vol?|vo|) — F(R*)R|

< O(RPlugl) + O(lwo "7 H)].

A similar calculation gives that

lal £ O(RP~Hwo]) + O(Jwo?),

and similarly for b, we have

bl < OB~ [vo]) + O([vol).

Finally, we have
G] < O(jwl).
Hence, we solve the integral equation for w
w(t) = —i /t h e TOH fo + aw + b + G(w)]dr.

We would like to see that |w(t)|x, < tLM for some M to be determined in order to
show that we have a stable manifold of perturbations on the function space X“4. However,
we are actually only able to prove ||w(t)||xo < tiM, where X4 C X°. The resulting effects

of this will appear in Section 7.6.
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7.2 Contraction Argument

Making the assumption that

/x/@gb(a:)d:n =0,

for the multi-index |3] = 0, 1,2, ...,2M for M to be determined, we have by Taylor expanding

the exponential in the fundamental solution that

1
zg(x,t) = O (tM+d)

where |z| < 1.

We have that

C

HIDOZUOHL‘>o < d >

t2P

C

le= DYy (1) < N

for t and N large and the range of &’s to be determined. In general, we explore low regularity

perturbations but are in need of L°° bounds, so « will be small, but positive.

Then, we have for s in some range to be determined

s < ———
I(Reo) )l < e

and hence, we have to check that for our space X4,

C

< =
Ifollxs < oy

where p is determined by the supercritical power in the nonlinearity and we have assumed
the moments condition above for all |3| < 2M. In particular, note that v > %, hence these

terms have at least quadratic decay in ¢ of the L* norm.

We also have

la| = O(RP~Hwo| + O(|wo|”)),

hence
C
|D%(x,t)| < —,
t2P
C
el Do, )] <
M+
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Similarly,

[ Db(x, t)]

IN

t

IN

C
5’
C
le=*l Db (a:, 1)) — .
(M+4
Now, we look at the integral formulation of the equation for w

w(t) = —i /t - TN P fo + aw + biw + G(w)](7)dr (7.1)

+ i / TP o+ aw + b + G(w))(r)dr, (7.2)
t

where Pg projects onto the singular part of the spectrum and Pj; projects onto the discrete
part of the spectrum.
Since we are interested in minimal regularity perturbations, we first want to see that

1

|lw(t)|| g2 < Ny

for ¢t > % and N to be determined.
To do this, we will discuss Equations (7.1) and (7.2) separately.

From Corollary 6.3.7

17 D)z < /too[1+(7't)3]{/|f0+aw+bw+G(w)](z,T)\e_cxldx}dt

< [T+ =0l + g e + () el

M3

Hence, by assuming M, N; large enough and using a bootstrapping argument

e C C 01
@00 < [ =07 [ ar < s < -

For the second part of this argument, we see

1(7.2)l 2 < /:o | fo + aw + bw + G(w)|(7)|| g2dr

> [ C C
< [T+ S + Clutls ar
< /00{ ¢ + ¢ + ¢ }dT
)i ip Nt 72N
C co
< m S
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provided %p is large enough.

We are also be able to show

C
1wl 22 (| Adz) < A

for t > % and Ny to be determined. Then, we will have the desired contraction argument

for the linear perturbation.

From the necessary dispersive estimate given by

llz| €™ (Psg) 2 < O(1 + Itl?’)/wleclx'd%
the estimate for Equation (7.1) follows immediately from the H® argument.

For Equation (7.2), we need the following estimate
[]*e™ ™ (Parg)ll 2 < Clllx|*@ll L2 + C (L + [¢*)|6]| e
Then,

172l L2(jejade) < C'/t 1[fo + aw + bw + G(w)|(T)]| L2 (| 4 d2) AT (7.3)

+ /too(l + |t = 7" [fo + aw + b + G(w)](7)|| gadr.  (7.4)

Again, we look at each integral separately. For Equation (7.3),

< C C
13 < [T {4 S i + ol o) g | dr

C C C

< Vvt oo (97
C Cé

< tN1+1 < N1

For (7.4),
2
o+ Ol ar

(74) < c/ [(1+(T—t)A]{
t
0 c C
af C C
C/t ! {7-2N2+7_gp
c oS
PNo—A-T < YNy

IN

dr

for Ns, p sufficiently large.

Hence, the contraction argument goes through and we have the desired bound on |jw||x.
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7.3 Optimization for LS

We seek optimal values for the spaces and decay in the case where the perturbation

solves the linear Schrodinger equation.

To begin, allow A and M to be arbitrary for now and we will select them later. Assume
that ¢ € X4 and that the first 2M moments of ¢ vanish. By writing the linear solution in

integral form, we see that

C
[D%ollLe < —,
t2
_ C
le C|CC|DO‘Q]0(.'L',t>’ < t%*‘M’

for o < M.

To gain in time decay for the linear Schrédinger equation, we make the assumption that

/xo‘gb(a:)dx =0, (7.5)

where « is a multi-index where |a] < M for M to be determined below. Note that the
function space Pf‘ in Section 1 is determined by functions ¢ € X4 coupled with taking

moments conditions for |a| < A.

Lemma 7.3.1. Since R € S,
(Re) Ol < 557
Proof. We have
1(Rvo) ()]l < [[{x) N wol| o= [[{2)" Bl| .-

Hence, using the principal of nonstationary phase away from the origin and the moments
condition near the origin in the fundamental solution for linear Schrédinger, we gain in time
decay. Note that in order to gain in time decay away from the origin, it is essential that
we have the weight in order to control all of the terms resulting from integrating by parts.

The higher derivative terms follow similarly.
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Lemma 7.3.2. For fy described above for vy = €', we have

C

< -
I follgr2 < e

and

C
—elzl foll oo < ———.

Proof. The O(Rwy) term is controlled by similar analysis to that in 7.3.1. Hence, we concern

ourselves with the O(|vg|P™!) term. To that end, we have

+1
log™ 122 < Ilvoll7 llvoll 2

Consequently, we have
1 _d
1o e S (82"

O]

Once again, since the decay rate is determined by the number of moments for the linear

equation,
C
‘e*CIm|Daa(x,t)| < YRR
t 2
C
el Db )] < ——.
Mg

As we desire to work with low regularity perturbations, let us simply assume that

Jwl|?2 < 7. Now, we must choose A and M optimally for the contraction argument to

work. From Equation (7.1), we require that

Y

ON — 4 N,

where the moments condition is determined by the O(voRP) term. So, we gather that N > 4

and M > 8 — g. The number of moments necessary will depend upon the the dimension d.
In R3, we have M > %
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From Equation (7.2), we have only one more requirement

d
4 _1>N.
oP =+~

At this stage, we see that given N > 4, we need p > %. Clearly, the restrictions on p lessen
as d gets large. In particular, we cannot show the existence of stable perturbations for min-
imal mass solitons of NLS equations with nonlinearities of type 2 in R®. A variation of this

argument will be explored later to show long time stability under restricted perturbations.

7.4 Linearization Scheme for H-LS perturbations
Again, let
u = Re" + zge" + we™,
except now we have

iz +Hz = 0, (7.6)

z2(0,z) = o(x), (7.7)

where H is linear operator resulting from linearizing about the minimal mass soliton. We

refer to Equation (7.6) as the Hlinear Schrodinger equation (H-LS).

Now, let vg = z¢e_it. Again, we have the same equation,
vy + Av — v+ F(|[R+v*)(R+v) — F(R*)R =0,
where u(z,t) = e (R + v).
However, since
i(vo): + Avg — vo + [F(R?) + F'(R?)R?|vy + F'(R*)R*wg = 0,
we have

iwg 4+ Aw—w+ [F(|R+ v+ w|*)(R+ vy +w) — F(R)R — (F(R?) + F'(R*)R*)v,

F'(R*)R*%] = 0.
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Hence, let

fo = F(R+vol*)(R+v)— F(R*)R— (F(R*) + F'(R*)R*)vy — F'(R*) R*vy,
a = [F(|R+vo|?) + F'(|R+vo|*)|R+ vl — [F(R?) + F'(R*)RY,
b = F'(|R+vl*)(R+w)? - F'(R*)R?,

G(w) = F(|R+ v+ w|*)(R+vo+w)— F(|R + vo|*)(R + vp)

— [F(IR+vf”) + F/(IR +w|*)| R + vol*Jw — F'(|R + vo|*)(R + vo)*w.

Hence, we now have

[fol S O(RJwof*) + O(Jwo["* )],
lal < O(RPHwo|) + O(lwol?),
bl < O(RP™ wo|) + O(Jvol?)
Gl < O(jwP).

Notice that since the linear terms in vy have been removed from fjy, we expect to require

fewer moments conditions for the contraction argument to hold.

7.5 Optimization for H-LS

In the scheme where we solve the linear perturbation using H, we have now introduced

gain in the fy term. Specifically, we now have
|fol S O(RJwo|?) + O(Jvo[P*).

In the H-LS case, we use the moment conditions derived in Section 6.4 in order to gain
decay in time locally in space. Note that the function space 7351 in Theorem 2 is determined

by functions ¢ € X4 coupled with taking moments conditions for |5 < A.

Lemma 7.5.1. Since R € S, if vy satisfies the first M moments conditions from Section
6.4

C

I(Reo) ()l <
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Proof. We have
1(Roo)(6)]1 22 < [[a) N wol| o< [| () ¥ R pox.

Hence, using the principal of nonstationary phase away from the origin and the moments
condition near the origin on Equation (6.14), we gain in time decay. Note that in order to
gain in time decay away from the origin, it is essential that we have the weight in order
to control all of the terms resulting from integrating by parts. The higher derivative terms

follow similarly.

Lemma 7.5.2. For fy described above for vg = e, we have

C

4
t2P

IN

1 follx.
for s < M.

Proof. The O(Rwy) term is controlled by similar analysis to that in 7.5.1. Hence, we concern

ourselves with the O(|vg|P™!) term. To that end, we have

+1
log™ 122 < Ilvoll7llvoll 2-

Using a similar analysis from Lemma 7.3.2 on Equation (6.14), we have
p+1 < Qp
log ™ llze < (8)>
Ht

using the L? boundedness results for /7.

O

Now, since we are dealing with nonlinearities with minimal smoothness, we wish to run

the contraction argument with minimal assumptions on w(x,t). Then, we assume
1
(e Dll < 75
for some N to be determined. Then,
00 .
w(t) = —i / S OH Py 4 aw + b + G(w)) (7)dr (7.8)
t

+ i / T GCDHE, [ fo 4 aw + b + G(w))(r)dr, (7.9)
t
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where P, projects onto the discrete part of the spectrum and P, projects onto the continuous

part of the spectrum. So, using the dispersive estimates, we have

178) 2 < | / T Pg[fo + aw + bw + G(w)](T)dr| 2
t

< /t 00[1 + (1 —1t)3 { / | fo + aw + bwG (w)](z, t)e—clzdgg} dr
< /toou + (1 —1)? {/ | fo + aw + bwG (w))(x, t)eclwdx} dr
s [Tne -0 G+ plel + el or

1 1 1

~ g+ M)2-4 + H(§+M)p+N—4 + g2N—4’

1792 < | / ¢TI P fo + aw + bw + G(w))(T)dr || 12
t

o0
< / H/!fo—i-aw—i-bwG(w)](x,t)e””'dx]LQdT
t
11 )
<{d+NWmm+wmm}
r50 T
< 1 1 1
~ 752N71 + tM+N71 + tQMfl'

Hence, we require once again that that 2N — 4 > N, but the moments condition is deter-

mined now by the O(v3RP~!) term, so we have
d+2M —4 > 4.

In R? that M > %, or M > 2. The condition on p however does not change whatsoever,

. . . . e . 10
therefore are again only considering nonlinearities of type 1 with p > .

7.6 Manifolds of Perturbations

From Theorems 1 and 2, we would like to know that our perturbative solution actually
lives on a finite codimension submanifold. Specifically, given spaces X1, Xo with X7 C Xo
and norms || - ||x,, || - [|x, respectively, we require a finite codimension subset S C X; and

amap ¥V:BNS — Xy where

B ={¢ e Xil[[¢llx, <3}
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For Theorems 1 and 2 above, we have
() = wity). (7.10)
Lemma 7.6.1. For the map ¥ defined by (7.10), we have

1T@)x. < lelk,. ¢€BNS, (7.11)

W (d1) — U (d2)llx, S Olld1 — d2llx,, d1,02 € BNS, (7.12)
where
X, = L*(z]*"dz)n H?, (7.13)
X, = H? (7.14)
and
S={¢c H¢=P.p, € Ps} (7.15)

for some A > 2.

Remark 7.1. In Lemma 7.6.1, Equation (7.11) shows that the tangent space at 0 of the
stable submanifold, M, is the space S, while Equation (7.12) shows that M is given by a

Lipschitz parametrization.

Remark 7.2. The codimension of S will be at most 2d + 4 since H' x H' = Ny(H) @
{Ny(H*)}* and Ny(H) = 2d + 4. It is possible that the size of S can be improved beyond

this codimension, which the author will explore in future work.

Proof of Lemma 7.6.1. Let us first prove (7.11). Assume that [Jw| x, < [|¢[%,. Then,

Jw|lx, < / (14 (to — 7)) [/v(%e_dx'daﬂr /vge_dxldaﬂr /vge_cmda;} dr
to

4 / U follxa + lawllx, + [b@llx, + G (w)x,] dr
(0]

< toclelx,

A

using our assumptions as well as the decay of ||w]|| g2 from the proof of Theorem 2. Hence,

taking o to be large, the result follows.
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Now, for (7.12), we have

Wy — Wy = /oo M=t (L — 12) 4 a(w) — wo) + b(wy — w2) + (G(w1) — G(w))]dr.

to
Since
|G(w1) — G(wz)| ~ w1 + wal|lwr — ws
and
|[fo — J31 ~ Rlér + dallor — dol + (611 + [d2[") |61 — 2],
the result follows from a similar continuity argument to that above using (7.11). O

Remark 7.3. Note that for p large enough in type 1 nonlinearities, using the dispersive

estimates (iv), (v) from Theorem 26 and the fact that

Igll1 < C(e)llglz) ™l

we can take X1 = Xo = X% to have a true manifold of perturbations.

7.7 Long Time Analysis for Type 2 Nonlinearities

For NLS with saturated nonlinearities of type 2, we can no longer do the global scattering

analysis from above. Instead, we have Theorem 3:

Theorem 29. Given Equation (1.8), where 3 is an admissible saturated nonlinearity of
type 2, for any ¢ = P.p € W21 N H? with ||¢||yw2ing2 < 6 < 1, Equation (1.8) has a

1
solution for t € [0, (2—15) 4 of the form

w(z,t) = Rypin + 0(t) = Rypin + €78¢ + w(z, 1),
where

u(z,0) = Rpin + ¢.
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Proof. Instead of the scattering point of view, we look at solving for the perturbation

forward in time. Namely, we have
t .,
w(t) = i / M fo + aw + b + G (w)](1)dr
0
t
= z/ M=) Pyl fo 4 aw + bw 4 G(w)](7)dr
0

t
n z/ eiH(th)Pc[fo + aw + bw + G(w)](7)dT.
0
Let us assume that

|wllzep a2 < 6 (7.16)

1
[¢llwrzage < 62, (7.17)

Then

HwHLoo[o,T]m ~

/Ot[l + (t —7)?] (/ foe~lda + /awe‘dx'dx

+ biwe 1l dz + /G(w)e_”|d:n> dr

t
+ /O [l foll 2 + llawl| g2 + |ow][ g2 + |G (w) | g2]dT

LfO[O,T}
¢ d
[ = (oo,

_ d
+ () MED wll g2 6] o1 + lelirz) dr

t d
+ /O[<T>_dH¢H%1H¢\Hz + ()2 Igllpa wl gz + wlF]dr

L5°[0,T]
< THlwllpepmimz + THISI wl pojo e + T 1117
< 9
~o2
Hence, by a continuity argument, w exists on [0, T with [[w||ec(o 7152 < 9. O
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Appendix A

Existence, Uniqueness, and

Continuity of Solitons

A.1 Existence

We prove the existence in dimension d > 3 of a unique C?, postive, radial, exponentially

decreasing solution to the equation
— A= g(u), (A1)

for u € H' and g(0) = 0. We follow the fundamental work of (BerLion). Specifically, g

satisfies

—o00 < liminfﬂ < limsupﬁ =-m <0,
s—0+ S s—0+ $

: g(s)

—oo < limsup = <0,
§—00  gd-—2

and there exists 79 > 0 such that

G(no) = /Ono g(s)ds > 0.

Note that we have g(s) = —A\%s + 3(s?)s and all of the necessary assumptions are satisfied.

As stated, this reduces to a constrained minimization problem. To begin, we define

g : R — R as follows.
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Definition A.1.1. (i) If g(s) > 0 for all s > 1o, set g =g, and

(13) if there exists so > no such that g(so) =0, then

s) on |0, s
3(s) = g(s) on [0, so]

0 for s > sg.

For s <0, g(s) = —g(—s).

Note that g satisfies the requirements for g and by the maximum principle, solutions to
Equation (A.1) with g are solutions with g. Indeed, if § grows sufficiently that we are in
case (i7), we have that a solution, u, would satisfy |u| < s¢. In other words, the value of u
would never leave the region where g = g. To see this, let E = {x||u(z)| > so}. This set is
open and bounded since v € H'. However, on E, Au = 0, so v is harmonic and satisfies
that maximum or minimum occurs on the boundary. However, the boundary is exactly

where |u| = sg.

For simplicity, henceforward we set § = g. Therefore, g satisfies a stronger condition

Tl (A:2)
s—*+oo ’8’ )

Claim A.1.2. Under the stronger condition (A.2), the functional

Viw = [ Gz

is well-defined and C' on H'.

Proof. First of all, the fact that V is well-defined on H! is clear. To prove the functional is

C', we prove first that for u, v € H',

(i) \%{V(u +tv) — V(u) — t/g(u)vdw}] — 0,
ast — 00,1t > 0.

In this direction, we have using a Taylor expansion

|%{V(u+tv) V() —t/g(u)vdzH < /|[G(u+tv) — G —tg(u)v]%]dx (A.3)

< / [sup Jg(utto) + gl (Ad)
tel0,1]
d+2 d+2
< Cllul + 1ol + [ul#3 4 o B2l (AS)
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since |g(s)| < C]|s| + |S|%] by assumption.
d+2 dt2
Set h = C[|u| + |v| + |u| =2 + |v|<=2]|v|. From a Sobolev embedding, we have h € L!.
Since, u, v € H' and G is C*, we know that
1
I[G(u+ tv) — G(u) — tg(u)v]ﬂ -0

almost everywhere. Hence, by the dominated convergence theorem and the bound (A.3),
(7) is proved.

Next we must see that if u,, — u in H', then

(ii) sup |/ Up) — g(u)]dx| — 0,

[0l 1 <1

for n — oo.

Let € > 0. We prove there exists an Ry such that

sup | /MZRO [9(t) — g(w)der] < e.

[oll 1 <1

1 * . .
Since u,, — w in H', we have u, — u in Ld 2l L?". Taking subsequences if need

be, we have positive functions f; € Lﬁ+1 and f, € L? such that

Jul, [un| < f1

”U,‘, ‘Un‘ < f27

almost everywhere in R%. Then, for any R,

IN

sup | /WR[g(un) — g(u)]da]

Cllfell2jei>rl sup  [JvllL2je/>r
lloll 1 <1 1

[0l g1 <

+ C”f1HL2*\x|>R[ sup HUHL2*|x\>R
vl g1<1

N

< Cllfallziz=r + 1 fill 2 g5 -

Hence, there exists such an Rj.

Now, let © be a compact set in R?. We prove (i) over . This coupled with the previous

result will give us the claim. From our assumptions, we have

l9(un) — g(w)| 7T < Cl1+ A7),
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o*

using that g(s) < C[1 + |s|>". Hence, g(u,) — g(u) in LZ-1(Q). Using Holder, we see the

result follows. O

By a similar argument, though far simpler, we have
T(w) = / |Vwl|?dz,
is a well-defined, C'' functional as well. Look at the constrained minimization problem
min{7T (w)|w € H', V(w) = 1}.

Since both T', V are C!, there exists a Lagrange multiplier § such that T"(u) = 0V'(u). In

other words,
—Au = 0g(u)

in the sense of distributions. A simple rescaling gives us a solution to (A.1). Hence, we
must prove that there exists a solution to this minimization problem with the properties

required.
Step 1:

We prove here that class of functions {w|w € H!,V(w) = 1} is not empty. Let 19 be
selected such that G(np) > 0. For R > 1, define

7o for |z| < R
wr(x) = no(R+1—|z|) for |z| € [R,R+1]
0 for |z| > R.

Clearly, wg € H' and

VwmﬁiGMMB@JQWJB@J%+U—B@JﬂugﬁﬂGSM

where B(xz, M) is the ball of radius M about x and | - | represents the Lebesgue measure.

Hence, there exists C7, Cy such that

V(wg) = C1R? — CHR* 1.
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For R large enough, V(wg) > 0 and scaling gives us a large class of functions for which

V=1
Step 2:

Now, we must select a minimizing sequence. There exists a sequence u,, € H' such that
V(up) =1 and limy, oo T'(up) = A = inf{T(w)|lw € H*,V(w) =1} > 0.

Before we continue, we must introduce the Schwarz symmetrization scheme. For f € L,
the Schwarz symmetrization f* is a radial, nonincreasing, measurable function such that

for any o > 0,

{f* = ol = K{If] = o}l

For every continuous function F' such that F(f) is integrable, we have

/ﬂﬂm:/FWMx

Also, for f, g € L2,

/f@M@MmS/?%@fumm

This is known as the Riesz inequality and shows

1" =gl < IIf = gll2

Finally, if u € H', then v* € H' and

/|Vu*|2dx§/|Vu|2d:L“.

Hence, let u be the Schwarz symmetrization of |u,|. Then, uf € H', V(u}) = 1, and
A < T(u}) < T(up) implying that {u}} is also a minization sequence. Hence, we replace
{un} with {u’}, so that we have a positive, nonincreasing, radial minimization sequence.
Step 3:

We now wish to show that ||u,| 51 is bounded. For s > 0, define g;(s) = (g(s)+ms)+ =

max(g(s)+ms,0) and g = g1(s) — g(s), where m is defined as above. For s < 0, extend g;
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and g9 as odd functions. Then, g = g1 — go for g1, go > 0 on RT. Also,

g1(s) = o(s) as s — 0,

= 0,

p(s) > ms, Vs> 0.

It is particularly easy to verify this for the soliton equation resulting from NLS.

Defince GGy, G2 accordingly by

Gi(t)—/o gi(s)ds

for i = 1,2. From Equation (A.6), have for any € > 0, there exists C, > 0 such that

G1(s) < CeJs]* + €Ga(s),
since near 0, g1 << ¢» and near oo, g; << s> ~1. Hence,
91() < Cels* ™ + ega(s).
Since T'(up) — A, ||Vuy|| 12 is bounded, hence by Sobolev,
[unll e < C

for all n. Since V(u,) = 1, we have

/Gmmm_/cmmm+L

N[ =

Hence, setting € =
1
C+ 2/G2(un)dx > /Gg(un)daz + 1.
Thus,

T;/uidx < /Gg(un)da: <C,

from Equation (A.6).

Hence, ||up| g1 is bounded, as is ||u,||zr for any 2 < p < 2* by interpolation.
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Step 4:

Since u, is radial, nonincreasing and bounded in L?, we have
_d
|un(z)| < Cla| 2.

This is proved simply by writing the L? integral in polar coordinates. Since u, is bounded
in H', one can extract a subsequence which converges weakly in H! and almost everywhere

to a function u. Note that w is radial and nonincreasing.
Let H(s) = s? + [s|* ~1. From Equation (A.6),

G1(s)
H(s)

— 0,

as s — 0 and oo.

Also,
sup/H(un)dJU < 00,
n
Gi(up) — Gi(u) almost everywhere,
un(x) — 0 as |[x| — oo, uniformly in n.
Claim A.1.3.
/Gl(un)dafﬁ /G(u)dm
as m — oo.

Proof. This is a result of a more general compactness lemma of Strauss.

We first prove that for any bounded Borel set, B, we have

/ |G1(up) — Gy (u)|dx — 0,
B

as n — OoQ.

To prove this, we need G1 uniformly integrable on B. Since G1(s)/H(s) — 0 as s — oo,

we have

|G (un(2))] < CTL + H (un())]-
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Hence G1(uy,) and Gy (u) are in L'(B). We have,

G (tn () da: < / G (tn (),

/Bﬂ{lGl(Un(I))PK} Bf{Jun(2)[2¢(K)}

for some function ¢ such that ¢(K) — oo as K — oo. This follows just from the structure

of G1. Thus,

/ G1(up(x))dx < e(K)/ |H (un(x))|dr < Ce(K),
BN{|G1(un(2))| 2K} B

for e(K) — 0 as K — oo since G1(s)/H(s) — 0 as s — oo. Uniform integrability follows,

hence the claim holds on bounded sets.

Due to the uniform boundedness near oo of the u,’s and the limiting properties of

G1(s)/H(s) near 0, there exists an Ry such that

/leRO G1(un(2))] < 6/ |H (un(z))] < Ce,

|z|>Ro

for all |z| > Ry.

Hence, by Fatou’s lemma G1(u) € L'(|z| > Rp) and

/ |G1(u)|dx < Ce.
|z|>Ro

From the first part of the proof, we have ng such that for all n > ny,

/ G () — G (w)|der < e.
|I|<R0

Thus, we have proven our claim. O

Now, using the claim, Fatou’s lemma and Equation (A.9), we have

/Gl(u)d:n > /Gg(un)dx+ 1,
or in other words, V(u) > 1. We also have

T(u) < liminf T'(u,) = A.

n—oo

Suppose V(u) > 1. A scale change gives us V(u) = 1 with T'(u) < A, a contradiction.

Hence, V(u) = 1 and u is a solution to the constrained minimization problem.
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Step 5:

We have proved that there is a solution u to the constrained minimization problem with

V and T are C'. So, there exists a Lagrange multiplier such that

]‘ ! !
§T (u) =0V’ (u).

If 8 = 0, then u = 0, a contradiction. We wish to show that # > 0. Assume not. Let w € S

be such that

(V'(u),w) = /g(u)wdw > 0.

This is possible since V'(u) # 0.

Since
V(utew) = V(u) +e(V'(u), w),
and
T(u + ew) & T(u) + 260(V" (u), w),

for ¢ — 0 and @ < 0. Hence, one can find € small enough such that V(u + ew) > 1 and
T(u+ ew) < J. Again, by a scale change, we get a contradiction, so § > 0. Therefore, in
the sense of distributions, there exists a solution to Equation (A.1) which is positive and

radial.

Note, for d = 1,2, the constrained minimization approach fails. However, using ODE
theory in d = 1 and critical point theorems for the action functional in d = 2, similar results

can be obtained. See (Caz), Chapter 8 for a description.

A.1.1 Properties
Lemma A.1.4. The solution u is C2.
Proof. We have that u satisfies

—Au = q(u)u,
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for q(u) = g(u)/u. From Equation (A.2), we get
la(u)] < C[L+ Ju* 2],

Since u € H', u € L?". Given that u € LP solves the equation, we have that u € W2z,
Using Sobolev embeddings, we have u € L? for all ¢ > 55 such that

2x—1
p

>

Q| =
ISHE N

Define a sequence g; by

1 o1 2 2
il (2* d<2*—2>+d<2*—1>j<2*—2>>'

2*—2 2
_Z__5
2% d ’
for § > 0. Then,
1 1 :
———=—(2"=1)6 < -9,
gj+1  gj

SO q% is decreasing and qij — —o0 as j — 0o. Since gg = 2%, there exists k > 0 such that

l>0f0r0§l§k7 L§O.
q qr+1

Claim A.1.5. u € L%,

Proof. Since u € L?". Also, from Sobolev, if u € L% for some | < k — 1, then u € L9 for all

qi
>
1= 91

such that

1 2*—1 2 1

- > _ 2 _ _-

q @ d  q
Specifically, u € L%+, so the claim is proved. O
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Applying Sobolev once again, we have u € L9 for all ¢ > q;/(2* — 1) such that 1/q >
1/qry1. This includes ¢ = oo. Thus, |u|?> ~2u € L2 N L™, so u € WP for all 2 < p < co.
This implies that w € WP for all 2 < p < co. However, this allows us to look at the elliptic
equation for d;u and show that d;u € W2P. Thus, u € W3P for all 2 < p < oco. By Sobolev,

u € C%9 for all 0 < § < 1 and hence, |D?u(z)| — 0 as || — oo for all |3] < 2. O
Lemma A.1.6. There exists some 6 > 0 such that

IDu(z)| < e,
for some C and |a| < 2.

Proof. Since u € C?, it actually satisfies Equation (A.1). Set

v = T(dfl)/Qu,
then v satisfies
b
v = [q(1) + T—Q]v,

where ¢(r) = —g(u(r))/u(r) and b = (d — 1)(d — 3) /4. For r large enough, we have

() + b S m
r)+—= > —.
4 r2 = 2
Let w = v%, so we have
1 b
5’&)7»7» = 7)3 + [Q(r) + ﬁ]w

For r > rqy large, we have w,, > mw and w > 0.

Let ¢ = e_\[(m)r(wr + /mw). Then,
Zr = e_\ﬂm)r(wr,« — muw) > 0.

So, z is nondecreasing on (r9,00). If there exists r;1 > 79 such that z(r;) > 0, then

z(r) > z(r1) > 0 for all » > r;. Hence,

wy + Vmw > (2(r1))eV™,
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and w, + /mw is not integrable. However, v? and vv, are integrable near oo, so w and w,

are also integrable, a contradiction. Thus, z(r) < 0 and

(V™ w), = 2V

)

for r > r1. As a result, w(r) < Ce V™" and

d—1 m

lu(r)| < Cr~z e 2",

ﬂ

for r > rq.

For the decay of u,, notice that
(Td_lur)r = _Td_lg(u)' (A.10)

Using the properties of g and the exponential decay of u, integrate Equation (A.10) to see

that w, must have exponential decay.

The decay of u,, comes from the radial form Equation (A.1). O

A.2 Uniqueness

Due to the complexity and breadth of work done on this issue, we present here only the
key lemmas involved in proving the most efficient version of the result. See (McCleod) and

the references therein for the proofs.

From the work of Gidas-Ni-Nirenberg, from the maximum principle we know that any
positive ground state solution is radial. Hence, we show the uniqueness for solutions of the

problem (GS):

Oprtt + Earu + flu) =0, (A.11)

r
Oru(0) = 0, u(r) — 0asr — oo, (A.12)
u(r) > 0 forr>0. (A.13)

In the following, we state a number of lemmas that lead us to the conclusion of unique-

ness for (A.11). If excluded, the proofs can be found in (McCleod) and the references

134



therein. Define
I(u, N) = duf'(u) — (A + 2) f(u).
Theorem 30. Let f be as in Section A.1, and suppose that for each U > « there is a
A= A{U) >0, continuously dependent upon U, such that
I(u,\) > 0 for0<u<U and

I(u,A\) < 0 foru>"U.
Then, the solution u is unique.

We study this problem using a shooting method

Ot + $8ru+ flu) =0,

oru(0) = 0,u(0) =a>0,
where u is extended maximally to the right with « > 0.
Consider a solution v € C%(]0,0)) for some o > 0. Assume there are two such solutions,
v(r) and w(r), and set z = v — w. Then, we have
Oprz + ?&z + ®(r) =0,

for ®(r) = f(v(r)) — f(w(r)). Then, since z(0) = 9,2(0) = 0, we have from the fundamental

solution of the Laplacian that

A(r) = — /0 ﬁ (1 - (j)d_2> s®(s)ds.

Since @ is Lipschitz continuous for small values 0 < s < 59, |®(s)| < K|z(s)], so

Kr /T
< |z(s)|ds, T < sp,
ld—2| Jo

therefore z = 0 for 0 < r < sg using Gronwall’s inequality. Since the equation is non-

|2(r)]

singular for r > sg, 2 = 0 wherever both solutions are defined. Hence, the shooting method

used gives a unique solution. We denote such a solution by u(a,r). Define

ST = {a>0:u(r,a) remains bounded away from 0},
SO = {a>0:u(ra) solves (GS)},

ST = {a>0:u(R,a) =0 for some R = R(«a) > 0}.
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For a € SY, set R(a) = co. The variation 6(r, a) = % satisfies the equation

-1
Orrd + dTaTa + f'(u)d =0,

9y0(0) = 0,6(0)=1.
Lemma A.2.1. (a) The sets ST, S°, and S~ are disjoint and cover the interval (0,00),
with (0,a] € ST. If u sovles (GS), then uw(0) > a.. Also, ST and S~ are both open in (0, 0).
(b) Any solution u with u(0) € S® U S~ is monotone decreasing. In particular, any

solution of (GS) is monotone decreasing.

(¢) If w is a solution of (GS), then for any e € (0,m),

limsup u(r)e™V™ ¢ < oo, limsup |[v/(r)]|e"™V™ ¢ < 0o

T—00 T—00

and

asr — oQ.

(d) If u is a solution of the shooting problem with w(0) € ST, then u has an infinite
number of local mazima and minima. Furthermore, if u(ro) is a local mazimum then u(r) <

u(ro) for r <.

Lemma A.2.2. (a) If u(0) € S°US™, and § has only a finite number of critical points and

a finite number of zeroes in (0, R).

(b) If u(0) € S°, then as r — oo either
§(r) — oo, 8'(r) — Foo with §(r)d'(r) > 0 for large r,
or
5(r) — 0, §(r) — 0 with §(r)d'(r) < 0 for large r.
In the second case, for any e € (0,m),

limsup [6(r)|e"V™ ™€ < oo, limsup |§'(r)]e"™V™ ¢ < oco.

T—00 T—00
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Lemma A.2.3. (a) Let ag € S~ and suppose that §(R(ap)) < 0. Then R(a) is a decreasing

function of a near ag.

(b) Let ag € S° and suppose §(r) — —oc as r — oo. Then for some € > 0, the interval
(ag,ap +€) C S™, while (ag — €,ap) C ST. Similarly, if §(r) — oo, there exists € > 0 such

that the interval (ag,ag + €) C ST, while (ag — €,ap) C S~

Definition A.2.4. Let a € S°U S~. Then, a is said to be admissible if 5(r,a) has exactly
one zero in [0, R). It is said that a is strictly admissible if a is admissible and §(r,a) < 0

(or §(r) — —o0 asr — oo if a € S°).

Lemma A.2.5. Suppose that a € S°U S~ and 6(r) — 0 as r — R. Then, if r1 € (0, R) is

such that 6(r1) = 0, we have u(ry) > a.

Lemma A.2.6. Let Y and Z be nontrivial solutions of
" d—1 /
Yor) + — =Y () +9()Y(r) = 0
d—1

Z//
)+

Z'(r)+ G(r)Z(r) = 0,

on some interval (pu,v) C (0,00), where g, G are continuous on (u,v) and G > g on (u,v),

G # g. If either
pw>0andY(pn) =Y () =0,
or
=0, Y, Zcontinuous at u, and Y'(pn) = Z'(u) =Y (v) = 0,

then Z has at least one zero in (u,v). The same conclusions hold for G = g on (u,v),

provided Y, Z are linearly independent.
Definition A.2.7. Define
d—1
p= irrlf{r € (0,00)| Y with no zeroes in (r,0) s.t. Y + TY/ +gY =0 }.

. . . . . . d—1
The interval (p,00) is called the disconjugacy interval of the equation Y"(r) + “=Y'(r) +

g9(r)Y (r) = 0.
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Lemma A.2.8. Let g(r) be continuous of (0,00), and suppose that g(r) < O for large r.
Let the disconjugacy interval of Y"(r) + ©2Y'(r) + g(r)Y (r) = 0 be (p, 00) with p > 0, and
suppost that Y (r) + E=LY'(r) + g(r)Y (r) = 0 has a solution which goes to 0 as r — oco. If
Y is a nontrivial solution of Y"(r) + <=LY’(r) + g(r)Y (r) = 0 such that Y (p) = 0, then Y
has no subsequent zeroes and Y (r) — 0 as r — oo. Conwversely, if Y is a nontrivial solution
of Y'(r) + LY (r) 4+ g(r)Y (r) = 0 with a zero in (p,o0), then Y does not approach 0 as

T — Q.

Lemma A.2.9. Under the assumptions on the nonlinearity, for any a € S° U S~! the

variation §(r,a) has at least one zero in (0, R).

Lemma A.2.10. Under the conditions on f, if a € S°US™! is admissible, then it is strictly

admissible.

Lemma A.2.11. The set of strictly admissible a € S° U S™1 is both open and closed in

S0u st
Lemma A.2.12. The value ag = inf(S° U S1) is admissible.

Theorem 31. Let f satisfy the requirements for existence and suppose that for each U > «,

there exists A = A\(U) > 0, continuously depending upon U, such that

I(u,\) > 0for0<u<U,

I(u, \)

IN

0 foru > U.

Then, there is a unique solution to (GS).

Corollary A.2.13. Let f satisfy the hypotheses in Section A.1. Then for each R > 0 the

problem

has at most one solution.
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A.2.1 Sturm Oscillation Theory

In R3, a change of variables shows that eigenvalues satisfy

( 2 1(l+1)

——+

dr2 r2 + V(T)) ul(r§ E) = EUI(T; E) (A.14)

Let Ni(E;V) be the number of zeros of u;(r; E') other than r = 0.

Lemma A.2.14. Let Ey < 0. If Ni(Eo;V) > mg, then (A.14) has at least mo square
integrable solutions with E < Ey. In particular, since the essential spectrum is [0,00),

N{(E;V) < oo if Ey < 0.

Lemma A.2.15. Ni(E;V) is a monotone increasing function of E. If Ey < 0 is an

eigenvalue, then Ny(E;V) > Ny(Eoy; V) + 1 for E > Ej.

A.3 Continuity in .

We present here a collection of results from (Shatahl), (Shatah2) and (ShatStrl).

A solution for the soliton equation (1.4)

—A¢y, +why, — f(¢w)a

minimizes the Lagrangian given by

10) =5 [Voldo+ 5 [16Pds ~ [ F(o)iz,

for ' = f.

Using a rescaling argument, we see that if ¢, minimizes J,,, then
K,(¢,) = —5 |pw|“dz + d(7 |pw|“dz + | F(¢y,)dx) =0.

Define M, = {¢ € HA(Rd)a Ku(¢) = 0,6 # 0}

Lemma A.3.1. M is a C' hypersurface in H'(R?) bounded away from 0.
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Proof. Since f is continuous, K = K, is a C' functional. If we take a function ug € H}

such that dK (ug) = 0, it satisfies the equation
—(d — 2)Aug + dw?ug — df (ug) = 0.

Once again using a rescaling argument, we have

(d - 2)?
2

/\Vuo\zdx + / o2z — dQ/F(]u0|)dm 0.
Hence, if K(ug) = 0, then

—2)2 -2
(d 5 ) /|Vu0|2das—d(dQ)/|Vuo\2d:c:O.

Hence, ug = 0, so for ug € M, §K (ug) # 0 and M is a C! hypersurface. By the restrictions

on the nonlinearity, we have

-2 1
K(u) > d2/|Vu|2d:1;+4/lu|2dx—0/|u|l+1d:n,

where | =1+ 4/(d — 2). Using Gagliardo-Niremberg for d > 2, we have

Jul2:

2 - Cllulgp

with o > 2. For ||ul| 1 < €, € small, we have K(u) > 0, so M is bounded away from 0. [

Theorem 32. For some v # 0, there exists

dw) = Ug]l\f[w Juw(v),

and
1
d(w) = {infd/]Vv|2dx, Ko(v) <0, v 0}
Moreover, v satisfies (1.4).

Proof. Consider any function v € H} such that K, (v) < 0. Let vg(z) = v(xz/B). Then, we

have

_ 2
Ko(vs) —Bd2d22/\VU\2daﬁ+ﬂdd(u;/]v\Qda:—l—/G(M)dx).
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For B =1, K,(v1) < 0 and for § small, K,(vg) > 0. Hence, there exists fy € (0,1) such

that K, (vg,) = 0 and

1 o2 1
d/|Vv/@O]2d1::0d/|Vv|2d:ﬂ< d/|Vv|2dx.

Since J,,(v) = 1/d([ |Vv|*dz + K,(v)), then

dw) = inf L) :inf{l/d/|Vv|2d:n, Ku(v) = 0,0 0}

inf{l/d/ |Vo|?dz, K,(v) <0, v#0}.
Hence, we have equivalence of the minimization problems.

Let vy, be a minimizing sequence. Then, [ |Voi|?dx is bounded and by the properties of

the nonlinearity, we have G(n) > —¢/2n?—C(e)n'*t?, for | < 1+4/(d—2). Since K, (v) < 0,

0> K, /|Vvk| de +d(— /|vk| da:+/G lug|?)dz),

(o) / ol L),

Since H;' is compactly embedded in LY for 2 < p < 2 +4/(d — 2), we see that ||vg| g < oo

or

and there exists a subsequence also denoted vy such that
v —% g EH&, v —vg € LPfor2<p<2+4/(d—2).
Since weak limits are lower semicontinuous, we have
Kow) = 52 [1veoar v [wolar+ [ luoPy)
< % / |V ?dx + d(u;2 / log |2 da + / G(|vg|*)dzx) = 0.

Hence, the weak limit is actually strong and

d(w) = vieIJl\/f[w Jw(v) = Jy(vo).
By Lagrange multipliers for J, and K,

—Avg + Wy + f(Jvol)vo = A(—(d — 2)Avy + dw?vg + df (Jvo|)vo)-

Integrating, using a minimizing/scaling argument, the applying that K, (vo) = 0, we have

that A = 0, proving the result. O
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It is clear that d(w) = 1/d [ |Vv|*dx where v is the minimizer from the previous theorem.

For each w, call the minimizer ¢,,.

Lemma A.3.2. Let wy < wy be such that [wy,ws] C (0,00), then d(w) and [ |¢,|*dz are

uniformly bounded in w € [wy,ws).

Proof. Since K is continuous in in w, d(w) is bounded for w € [w1,ws]. We have K, (¢,,) = 0.
Since G(n) > —cn'*! for n large and G(0) = G'(0) = G"(0) = 0, we have

a

5772 + G(U) > —Caﬁlﬁl,

for and @ > 0 and lyp = 1+ 4/(d — 2). Hence,
/(;W +G(o))da > —Ca/|v|l0+1dx.
As K, (¢,) = 0, using Gagliardo-Niremberg, we have
/yww 2dx+d /!qbw 2dx — /\ww; dz)®
As a result, ||@y||r2 is bounded in terms of the bound on [|Vey|| 2. O

Lemma A.3.3. We have that d(w) is increasing in w and if w1 < wa, then

2
Wi

dw2) < d(wr)— (w%;) / |br |2 d + 0(wy — wo),

d(wi) < d(w2) + (w%;w%) / |y [P dze + (w1 — w2).
Consequently, d(w) is continuous in w € (0,00).
Proof. Let w1 < wy. Then,

Ko (602) = Konln) ~ a2 50 [oar
Since Ky, (¢w,) = 0, we have
Kii (¢u) <0,

and

1 1
dlwn) = 5 [ 190ufde > nt (G [ [Vode, Koy <0, 00}
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Hence, we have d(wz) > d(w1).

Set Y3(x) = ¢, (z/0). Then,

_ (d—2)5"?
Ko, (Yp) = 5 /|V¢w2|2d1:
2
a5 [ louPdn+ [ Gllondo)
d—2)p+2 d—2

S N e

w2—w2
+ d<22”/ﬁmA%m

Define Ay = (w3 — w})/2 [ |u,|>dz, then

d(d— 2 _ d—2
Kon ) = NPt 32— a( L 2 d(n) + 812)
and setting
1
1 2
62 = A )
(1+ 4(51722)31@2))

we have K, (¢3,) = 0 and hence

dwn) < § [ 1oz = p32d(wn)

For wy — w small, we have |Ajz| < C(w? — w? since @, ||z2 is bounded. So,

A
d—2 12
- A
5 1wn) + 0(A12),
and
W2 — w2
d(wr) < d(w2) — (s —wi) [ Gun 172 + 0(wa — w1), (A.15)

2

which gives the first inequality in the lemma. A similar procedure using a rescaling of ¢,,,

in K, gives

(Wi — wi) 2 _
d(wz) < d(wr) + =5 [[dun 72 + o(wz — w1). (A.16)
Continuity is a direct consequence of (A.15) and (A.16). O
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Theorem 33. Select wy € (0,00). For w in a neighborhood of wy, let ¢, be the unique

ground state solution satisfying the equation

_A¢w + w2¢w - f(¢w) =0.

Assume also that L = —A + wi — f'(¢u,) does not have an eigenvalue at 0. If f € C?

satisfying conditions in Section A.1, then the map w — ¢, is a C% map from R — H}.

Proof.

Claim A.3.4. We have that the map w — ¢, is continuous in a neighborhood of wg with

values taken in in H}.

Proof. From Lemma A.3.3, we know that d(w) is continuous with respect to w and that
|¢w|| L2 is bounded locally in terms of w. Take (w;) to be a sequence converging to wy. Then
(¢w;) is bounded in H! and a subsequence can be chosen to converge weakly in H! to some

v. Then,

d—2

2
0=Ku(e) =7 [IVaulde+ % [louP+ [ Flou)de

Letting w; — wp, we see that from the lower semicontinuity of the weak limit and assump-

tions on F' that K,,(v) < 0. Hence,

/!VUIdeZ/\VéwO\de.

By lower semicontinuity of the weak limit again, we have ||Vvl||;2 = ||V, |12, which by
uniqueness implies v = ¢,,. Hence ¢, —* @y, in H}. By continuity of d, we can take a
strong limit in the expression for K, to see that ¢, — ¢,, in L?. Hence, ¢, — ¢, in

H'. O
Claim A.3.5. In a neighborhood of ¢.,, € H}, all solutions lie on a C curve.
Proof. We have —A¢ + w?¢ + f(¢) = 0. Define a function

G(w,u) =u— (W = A" f(u), ue H.
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The function G(w,u) € H} since u € HY, f(u) € L*¥(4*2) using the assumptions on the
nonlinearity and (w? — A)~1f(u) € H! by Sobolev embeddings. The function G is actually

a C' operator from (0,00) x H} into H}. Clearly, G(wo, ¢n,) = 0.

Look at the operator given by L = —A + w% + f'(puw,). Using Weyl’s criteria, we see
the continuous spectrum is precisely (wg, oo) and L has only discrete spectrum to the left
of w%. Via our uniqueness assumption, we have assumed that L is invertible. Therefore,

the compact operator

(Ao — A) 72 () (Mo — A) 72

on L? does not have —1 in its spectrum. So,

oG

ou (w07¢w0)_l+(w - )71](-/((25(4;0);

acting from H! to H} is also invertible. Using the implicit function theorem, the solutions

of G(w,u) = 0 in a neighborhood of wy, ¢, form a C! curve in (0,00) x H}. O

Using the claims, we have that w — ¢,, is a C! curve near w = wg, @, = ¢o, € H}.
Since ¢,, is bounded in H}!, by the aymptotic analysis at oo, on a neighborhood of wy the

functions

2] T (@)

are bounded independently of w and x. Bootstrapping using the soliton equation, we have

that ¢, is uniformly bounded. Since

99

[—A +w? + f(ho)] : = 2w, (A.17)

Since L is invertible % is uniformly bounded. Hence [%]2 is bounded in H!. Taking
(A

17), we have that ¢, is C? with values in H'. Then, ¢“ exists

difference quotients in

and satisfies

32%

A+ 4 (00 S0 = g, — 26, — (6

2.
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Appendix B

Functional Analysis

B.1 Spherical Harmonics

We present here the discussion from (Taylor2).

To begin, we write the Laplacian in R? in spherical coordinates

0?2 d-10 1
A= LT 9 A
8r2+ r 8r+r2 sS4t

To understand Aga, we consider the Dirichlet problem for the unit ball B = {z €

RAFL 2| < 1}:
Au=0in B, u= f on S¢ = 9B, (B.1)

given f € D'(S%). There exists the Poisson integral formula for the solution to (B.1):

1—|z|?
) = 20 [T as),

where Ay is the volume of S¢. Set x = rw for r = |z| and w € S?, then we have

rw) = 1—7? f(w/) o'
u(rw) = /S dS(w). (B.2)

Ay i (1 —=2rw-w + r2)d+l

We can define an alternative formula for the solution to (B.1) using an operator-valued

ODE, namely
w(rw) = 1T fw), r <1, (B.3)
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where A is an operator on D'(S%), given by

a- (~agr =1y

Set 7 = ™, then we can obtain a formula for the semigroup e ~*4 from the formulae (B.3)

and (B.3). Let 6(w,w’) be the geodesic distance on S¢ from w to W', s0 cos O(w,w’) = w- W',

then we can rewrite (B.2) as

2 _
u(rw) = A—dsinh(logr_l)r_(dz)l)

f(w/) i dS(w')

- /Sd [2cosh(logr—!) — 2 cos(O(w,w’))] 2

Then, by (B.3)

e—tA w) = — sin f(wl) W'
i) ult) /Sd [2COSht—2COS(9<w,w/)]%dS( -

Identifying an operator on D’(S?) with its Schwartz kernel in D’(S% x S9), we write

2 inh(¢
etA = 2 sinh(?) o, £> 0. (B.4)
Ad [2cosht — 2 cos O(w,w')] =
Integrating (B.4) from ¢ to oo, we have
A7te ™ = 20y(2 cosh t — 2 cos H(w,w'))_%, t>0 (B.5)

where n > 2 and

1 1 (d—1
- xSl
Co= g4, ~ 1" ° ( 2 >

Proposition B.1.1. The spectrum of the self-adjoint operator A on L*(S?) is

spec(A) = {l(d—l)+k|k:O,1,2,...}. (B.6)

2

Proof. The spectrum of A must be contained in the set (B.6) since u(x) represented by
(B.3) must be smooth at = 0, hence the exponent of r can only take nonnegative integer

values.

Let Vi, be the eigenspace of A for the eigenvalue v, = % + k. We would like to show

that Vi, # 0 as well as identify V}, exactly. For f € Vi, we have



is a harmonic function on R¥t!, which is homogeneous and smooth at z = 0. Hence,
this must be a harmonic polynomial, homogeneous of degree k in x by standard complex
analysis results. Let Hj be the space of harmonic polynomials, homogeneous of degree k in

x. Restricting Hy, to S¢ € R, we have an isomorphism
p:Hiy — V.

Hence, we need to show that Hjy # 0 for each £k =10,1,2,....

To this end, let ¢ = (¢, ¢a, ..., c401) € CHL. Define

pe(r) = (c1v1 + -+ + Cd+lxd+1)k'
Then,

Ape(z) = k(k —1){c,c)(crz1 + -+ + ckmk)k%,

where (c,c¢) = ¢ + - + c. Hence, the set Hy, is not empty. dJ

Now, we want to understand the orthogonal projections Ej, of L?(S%) on V. From

(B.5), we have

oo

(d=1)
Z e kB (x,y) = 2C4(2 cosht — 2 cos 9) o ,
k=0

where 6(z,v) is the geodesic distance from z to y in S¢. Setting r = e~* and using v}, =

=L 4k we get
o0
k —1 2y —{d=1)
Zr v, Ep(z,y) = 2C4(1 —2rcosf +1r°)" 2
k=0
o
= Z R pr(cos 6),
k=0
SO
Ex(x,y) = vgpr(cosb).
To see that px is a polynomial in cos @, set cosd = t. Then,
o0
(1=2tr + 73> =>"Cp(t)r", (B.7)

k=0
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where

[k/2] k—l+a-1 k—1
Ci(t) =Y (-1) (2t)F2,
1=0 k—1 l

Hence, we have the following;:

Proposition B.1.2. The orthogonal projection of L*(S%) on Vi, has kernel

d—1

Ex(x,y) = 2Cv;C (cosh), o= 5

Note that for d = 2, Ex(x,y) = yfl—:lPk (cos0), where Py is the kth Legendre polynomial.

Integrating Ej over the diagonal, we have

TT(Ek) = QCdAdeCkZ (1) = d — 1Ck2 (1)
For t =1 in (B.7), we have
N k+2a—1
Cr(1) =
k

Corollary B.1.3. The eigenspace Vi, of —Ag on S, with eigenvalue

1
/\k:u,f—i(d—l)szer(d—l)k:,
satisfies
% +d—11[ k+d—2 k+d—2 k+d-1
dim(Vy) = Tr(Ey) = 12— 2 _ .

d—1 2 k-1 2

In particular, on S?, dim(V},) = 2k + 1.

B.2 Complex Interpolation

We present here varioius arguments from (Stein) and (BeLo).

Suppose we are given a family of operators {U®} on a strip a < Re(s) < b, given by

(U f)(x) = y Ks(z,y) f(y)dy.
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We assume that for each (z,y), the function K(x,y) is analytic in @ < Re(s) < b and is

continuous in the closure a < Re(s) < b. Also, we assume
1U° fllao < Mol| f] Lo,

for Re(s) = a and

(U fllpar < Ma[fl[Le,
for Re(s) =b. Let us call this set of assumption (UB).

Lemma B.2.1. Under the assumptions (UB), we have
o=+ gl e < My~ M| f | o
1 _1-0, 0 1_1-0 4 6
whereogﬁgl,a—qo+ql,(mdp— + =.

Before we begin, we must state and prove an important result from comlex analysis.

We present here the version found in (BeLo).

Theorem 34 (Three Lines Theorem). Assume that F(z) is analytic on the open strip

0 < Rez <1 and bounded and continuous on the closed strip 0 < Rez < 1. If
|F(it)] < Mo, |F(1+it)| < M;, —oo <t < o0,

then we have

|F(0 +it)] < M3~MY, —00 <t < 0.
Proof of Three Lines Theorem. Let € > 0 and A € R. Set

F(z) = eez2+>‘zF(z).

Then, Fe(z) — 0 as Imz — £o0, and

|[Fe(it)| < Mo, [Fe(1+it)] < Mie™.
Hence, for all z in the strip,

|F.(2)| < max(My, Miet),
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by the Phragmén-Lindel6f principle. In other words,
IF(0+it)] < e~ ) max(Mge ™, Mye(1 =07,
Then, taking € — 0, we have
|F(0 + it)| < max(Mop~?, Myp'=?).
Setting p = My /M, we get

|F(0 +it)| < Mg~ M.

Proof of Interpolation. Let ¢’ be the dual of ¢. It suffices to show that

‘/Ua(10)+b0(f)gdl, < MM,

for f, g simple functions with || f||z» <1 and |g|/;+ < 1. Set

5= |fa<s>|jﬁ|, als) = p [1‘ + } ,

1—s S
go = lg") 1 ls) = o { + }
and

I(s) = Mg Mys | Ue=910s(£) foda.

Then, I(s) is analytic and bounded is the strip 0 < Res < 1, continuous at the closure and

satisfies |I(s)] < 1 for Res = 0 or Res = 1 by the assumptions on U. Hence, the three

lines lemma gives us |1(#)| < 1, which proves the lemma.

B.3 Hardy-Littlewood-Sobolev Inequality

The crucial result for proving the Strichartz estimates for the Schrodinger equation is

the following lemma. This is also utilized heavily to get bounds for the distorted Fourier

bases. The discussion we present here come from (Stein).
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Lemma B.3.1. Given 0 < v <d, 1 <p < q < o0, and % == — d?TW, then the following

1
P
holds

1 1yl paay < Apgll fll o gay-
Proof. We have

Fx (g @) = / f@ =)y dy
- / F(@ — )yl dy + / fa — )yl dy.
ly|l<R

ly| >R
The first integral is convolution of f with the function |y|™7xp(r)(y), for x a characteristic

function. This function is radial, decreasing and integrable.

Claim B.3.2. For ¢ radial and decreasing,

sup f * éu(x)] < Mf(z) / o(y)dy,
t>0

where ¢y(z) = t~¢(x/t) and M is the standard mazimal operator such that

(M) (x) = sup cgr / eyl
y|<r

r>0

Proof. 1t suffices to prove

| * o) < Mf(),

where f ¢dy = 1 since the result follows from scaling. To begin, let ¢ = Zjvzl a;xB;, where
each a; is positive and each Bj is a ball centered at the origin. Since ), a;|B;| = 1 and
(f * xB;)(x) < |Bj|M f(x), the result follows immediately. Since any radial, decreasing ¢

can be approximated by finite sums of this type, the result follows in the limit. O

Using the claim, we have

[ fa— ol dy < D) [ iy = RO 0L @),
lyl<R lyl<R
Using Holder’s Inequality, we have

/ @ =)yl dy < (| f1lr@ay 1]~ XB(R) 1o/ (RY)
ly>R
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where |||y|™"xp(r)< |l » = ¢R™ ¢ by the requirement that % = -5

Summing the two integrals, we have

|(F ] ) (@) < CIMf@)R™ + || fllo R

Let R be chosen such that

Mf(z) _ pntr-2 _ p-2
£ e

Then,
_ P 1-2
(o lyl7) (@) < [(MF) ()] [l *
and the result follows from standard LP bounds on maximal operators, as proved below.
O
B.3.1 Maximal Functions

Definition B.3.3. We define the centered maximal function of f:

(1)) = sop s [ 1wy

r>0

Similarly, we define the uncentered maximal function:

(Mf)(x = Sup / |f(y)|dy.
Observe M f(xz) > Mf(x).
Lemma B.3.4 (Properties of Maximal Functions). (i) For f € L?,
IMfllLe < Cllflle, 1<p< oo (B.8)
(ii) For f € L',
0821 > 03| < il (B.9)

In order to prove these results, we need the following lemma.
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Lemma B.3.5 (Vitali Covering Lemma). Suppose {By} is a finite family of balls, then

there exists a disjoint subset of the balls { By} such that
‘UBk’ <CY |Bal. (B.10)

Proof. Begin by choosing the largest ball, say B,,. Then, choose B,, the next largest ball

such that By, N By, = (). Continue this process.

We have

U Bk c 4B,
[

Suppose that Bj; is in the set { By}, but that Bj # B,, for any i. Then, B; must intersect
a larger ball B,. By the triangle inequality, we have B; C 4B, since for x € B,, y € B;,

we have:
Thus, Equation (B.10) follows from properties of measures. O

Proof. (ii) x € {\Mf\ > a} implies there exists B, such that = € B, and

1

Then

{|Mf|2a}c U B,.

x€{|Mf|2a}

By the Vitali Covering Lemma, locally there exists { By, } such that B;, N B;, = 0 and
4) |1Bu,l
k
< 23/ ifid
= - Y
@ ke / Bay,

4
< —|fllzr
(07

{IMf| > a}]

IN

This result can then be extended by looking at {\]\7 fl > a} as the limit of an increasing

sequence of compact sets.
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(i) Let f € LP. Write f = f1 + f2 where:

(@) fi = f-x(<ey €LP, and

b) f2

1
Foxyzgr el

Then M f(z) > a = M(fi + fo)(x) > a, so M fo(z) > $. Thus,

71>} < [0drl > S|
< Snll
< & [THIs > midn+ 11> al
which implies
HMf 11;’ = /Ompapl‘{ﬂf($)>a}‘da
< [ e [T mdn s [ per s> ol
< Wt [ [ peraalin) > mjan

= ClfIL-

B.4 Spectral Theory, Resolvents and Resolvent Estimates

We present here several results from (RSv4), (HS) and (Taylor2).

Definition B.4.1. Let A be a linear operator on a Banach space X. The spectrum of A,
denoted o(A) is the set of all X € C such that A — X is not invertible. This can happen in
the following ways:

(1) Ker(A—X) #0,

(2) Ker(A—X) =0, and Ran(A — \) is dense,

(3) Ker(A—X) =0, but Ran(A — \) is not dense.

155



The resolvent set of an operator A, denoted p(A) is the set of all A\ € C such that
A — X is invertible. If A\ € p(A), the resolvent of A is given by Ra(\) = (A — X)L
The discrete spectrum of A, oq4(A) is given by the set of finite multiplicity, isolated points
of 0(A). The residual spectrum of an operator A, denoted ores(A) is given by the set
{N e C|Ker(A —X) = {0} and Ran(A — \) is not dense}. The essential spectrum is given
by Oess = 0(A) — aq(A).

Theorem 35. The resolvent set p(A) is an open subset of C (o0(A) is then closed) and

RA(X) is an analytic operator-valued funtion of A on p(A).

Proof. To show that p(A) is open, assume \g € p(A) and let A € C such that
A== (A= 20) Y
Then, we have
A=X=(A=N(1— (A=) (A= )). (B.11)

By construction, |[(A—Xg)~'(A—Xo)|| < 1, hence using Neumann series and operator norms
in Banach spaces, we have 1 — (A — \g)"}(A — \) is invertible, so A — X is invertible. Thus,
for any A9 € p(A), there exists an open, symmetric e-neighborhood, I, such that for any
A € I, A— ) is invertible. Note, € can be taken to be [|(A— \g)~!||~!. Hence, the resolvent

set p(A) is open.

To show that R4(\) is analytic at Ag, use (B.11) to say that
(A=XN)"1=(A=20)"H1 = (A=) (A=) H)™h.
Taking
A= Aolll(A = x0)7HITH < 1,
we again use Neumann series to say

A=N"" = (A=2)") A=) A—-x)F

WE

b
Il

0

= i()\ — X)) (A= Ng)F L.

k=0
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Since this is norm convergent, we have a power series representation and hence analyticity.

O]

Definition B.4.2. We define the adjoint of an operator A with domain D(A), denoted A*,

as a map A* : D(Ax) — H satisfying the following relation
(Az,y) = (y, A"x),
for ally € D(A), x € D(A*), where
D(A") = {z € H||(Ay, z)| < C||y|| for Cy indepent of y and all y € D(A)}.
Theorem 36. Let H be a Hilbert space. For any densely defined linear operator A,

Ran(A) & Ker(A*) =H.

Proof. Tt suffices to prove that Ker(A*) is the orthogonal complement of Ran(A), then use

the following lemma.

Lemma B.4.3. Let M be any closed subspace of H, and let M+ be its orthogonal comple-

ment. Then, any © € H can be written uniquely as © =y + z with y € M and z € M.

Proof of lemma. Let y be the projection of x onto M, set z=x—y. Let t e Rand m € M.

If d = ||z — y|| = infpen ||z — n|, then
d* < |l — (y +tm)|* = [lz — y||> + ?[m|* — 2t Re (z —y,m).
Hence, for all t,
t2|m||? — 2t Re (x — y,m) > 0.
However, this implies that (z,m) = 0. Uniquesness follows from standard arguments. ]

Now, let u € Ran(A) and v € Ker(A*). Then, there exists f € D(A) such that u = Af

and

(u,v) = (Af,v) = (f, A"v) = 0.
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Hence, Ker(A*) C (Ran(A))*. Now, let w € (Ran(A))*. For any u = Af € Ran(A), we

have
0= (u,w) = (Af,w) = (f, A"w).
As D(A) is dense, A*w = 0, so (Ran(A))* C Ker(A*). O

Proposition B.4.4. Let A be a densely defined operator. Then,
(1) A* is always closed,

(2) if A is closed, then D(A*) is dense,

(3) if A is closed, then A** = A.

Theorem 37. Let A be self-adjoint. If for some M > 0 and for all u € D(A),
(A = Al = Mluf,
then \ € p(A). Moreover,
{zinC||z — A\| < M} C p(A).

Theorem 38. Let A be self-adjoint. Then,
(1) o(A) C R,
(2) ores(A) =0,

(8) eigenvectors corresponding to distinct eigenvalues are orthogonal.

Corollary B.4.5. Let A be self-adjoint and z € C, Im (z) # 0. Then,
IRA(2)I| < [Tm 2|~
Theorem 39. Let A be self-adjoint, X\ € p(A). Then,
IRAMN < [dist(A, o(A))] ™.
Definition B.4.6. The Riesz projection for an operator A is given by the contour integral
1

P/\o = 5 RA()\)d)\a

211 F)‘O
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where \g € 04(A) and Ty, is a contour which does not intersect o(A) anywhere except Ag.
Note, Py, is a projection onto the eigenspace at \g. Hence, if we allow I' to encircle all of

o(A), we can say

1
F(4) = 5 § FOVRa)aN
for sufficiently reqular f.

Theorem 40. Let A be a self-adjoint operator and B be a closed operator such that:
(a) For some (and hence all) z € p(B) N p(A), (A —2)"t — (B — 2)~! is compact,
and either

(b1) o(A) #R and p(B) # ()

or

(b2) There are points of p(B) in both the upper and lower half-planes.

Then, 0ess(A) = 0ess(B).

Theorem 41 (Weyl’s Theorem). Let A be a self-adjoint operator and let C' be a relatively

compact perturbation of A. Then oess(A) = 0ess(B).

Note that from here, for V' with sufficient decay, it is clear that oess(—A + V) =

Oess(—A) = [0, 00).

B.5 Analytic Fredholm Theory

We present results here from (Taylor2). Let £(V, W) be the space of linear operators
from Banach space V' to Banach space W. An operator G € L(V, W) is said to be compact
if G maps any bounded set of V' to a relatively compact subset of W. Namely, for any

bounded sequence {v,} € V, {Tv,} € W has a convergent subsequence.

Let K be a conpact operator from a Banach space V to itself. Then, we have the

following result.

Theorem 42. For A\ # 0, the operator T = A\ — K is surjective if and only if it is injective.
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Proof. Assume that T is injective. Then, T': V' — R(T) is injective.

To begin, we establish the following claim.

Claim B.5.1. Let T : V — W be a linear operator where V., W are both Banach spaces.

If K:V =Y is a compact operator where Y is another Banach space and
lullv < Cl[Tullw + C||Kully, (B.12)
for allu € V, the T has closed range.

Proof of claim. Let Tu, — f € W. We would like to find a v € V such that Tv = f. Let

L = Ker(T) and divide argument into to cases.

Case I:
If dist(up, L) < a < oo, let v, = u, modL, ||v,|| < 2a. Then, Tv, = Tu, — f. Also, by
passing to a subsequence, we have Kv, — ¢g € Y by the compactness of K. Then, using

(B.12) on u = vy, — vy, we have that {v,} is a Cauchy sequence in V', so v, — v and Tv = f.

Case II:
If dist(uy, L) — oo, assume that dist(un,L) > 2 for all n. Set v, = u, modL such that

dist(up, L) < ||vn|| < dist(u,, L) 4+ 1. Choose w,, = ”52”. Then, dist(w,,L) > 4. Since

|lwy|| = 1, we take a subsequence so that Kw, — ¢g € Y. Since Tw, — 0, (B.12) applied
to wy, — wyy, implies that {w,} is a Cauchy sequence since ||[T'w,|| — 0 as ||w,]|| is bounded
and ||v, || — oo. Hence, w, — w € V, so Tw, — 0, but dist(w, L) > 5. We have therefore

arrived at a contradiction, so Case II is impossible. ]

By the claim, R(T) is closed and hence a Banach space. Then, the open mapping
theorem implies that 7" is an isomorphism. If R(T) = Vi # V, then we have V,, = T"(1})
is a strictly decreasing family of closed subspaces. Hence, we have v, € V,, such that

[vn|lv =1 and dist(vn, Vas1) > 3 by the following lemma from functional analysis.

Lemma B.5.2. If W is a proper closed, linear subspace of a Banach space V', there exists

vp, € V such that ||v,||v =1 and dist(v,, W) /1.
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Proof of lemma. If W is a proper closed, linear subspace of V', given v € V \ W, pick

wy, € W such that ||v — wy,|| — dist(v, W). Normalizing v — w,, gives the result. O

Thus, for n > m,

Kvpy — Kv, = Avgy + [ Avy — (Top, — Toy)|

= AUy + W

with Wy, € Ving1. Hence, || Kvy, — Koy || > %‘l, contradicting the compactness of K. Hence,

T is surjective if it is injective.
Now, assume that T is surjective. Again, we need a lemma from functional analysis.

Lemma B.5.3. Let ' represent taking the dual. If V and W are Banach spaces and T :

V — W is a linear operator, then
Ker(T') = T(V?1).
If T(V) is closed in W, then T'(W') is closed in V' and
T/ (W') = (KerT)*.
Proof of lemma. O

Using the first part of Lemma B.5.3, we have T" = \I — K’ is injective on V’. Since K’
is compact through a simple duality argument, T” is surjective. Hence, by the second part

of Lemma B.5.3, T is injective. O

Theorem 43. The discrete spectrum of K has only 0 as an accumulation point.

Proof. Suppose to the contrary that we have linearly independent v, € V, ||v,| = 1, with

Kuv, = A, with A\, — XA # 0. Let

Vp = span{vy,...,va},
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then by Lemma B.5.2, there exists y,, € V;,, [|yn|| = 1 such that dist(y,, Vu—1) > 3. Let

T\ =M — K. For n > m,

)‘glen - )‘;anym = Yn+ [_ym - )‘ng)\nyn + )‘:an)\mym]
= Yn + Znm,

where zp,, € V1 since T\, y, € V,,—1 by construction. Thus,

A Ky — At Ky || >

9

N | —

which contradicts compactness since A\, — A\ # 0. Hence, 0 is the only possible accumulation

point. ]

An alternative and rather efficient approach to analytic Fredholm theory is given in

(SjZw). Before stating their result, we need to state the following:

Definition B.5.4. A bounded operator P : Hi — Hy between two Banach spaces is called
Fredholm if the kernel of P,

ker(P) = {u € H'|Pu = 0},
and the cokernel of P,
coker(P) = Hy/{Pu € H*ju = H'},
are finite dimensional.

Then, the authors show:

Proposition B.5.5. Suppose that for z € Q C C, a connected open set, A(z) is family of
Fredholm operators depending holomorphically on z. If A(z)™! exists at a point zy € Q,

then z — A(z)~! is a meromorphic family of operators for all z € Q.

The proof relies on relating Fredholm operators to the Grushin problem,

Pu+R_u_=v

Ryr=vwvy,
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where
P:H —Hy R_:H_ — Hy R,:H — H,,
If the problem is invertible and well-posed, we have

-1
P R_ E E.

Ry 0 E. E_,
where E_ is referred to as the effective Hamiltonian.

In particular, they prove:

Proposition B.5.6. Suppose that for some choice of Ry, the Grushin problem is well-
posed. Then, P : Hi — Hs is a Fredholm operator if and only if E_, : HL — H_ is a

Fredholm operator, and

dim ker(P) — dim coker(P) = dim ker(E_,) — dim coker(E_).

B.6 Agmon’s Bootstrapping Lemma

We include here the discussion of improved regularity from (Agmon). To begin, we have

the following theorem regarding estimates resulting from null manifolds for a function.

Definition B.6.1. We define the spaces

L»*RY) = {u(@)|(+]z*)2u(z) € LR},

Hpms(RY) = {u(z)|D% € L**(R?), 0 < |a] < m}.
Note that the spaces Hp, o are the standard L? Sobolev spaces.

Theorem 44. Let F(x) be a real C* function on R? such that F(z) # 0 for |z| > Ry, and

2 ()| <

for |x| > Ry and all multi-indices . Set T' = {z|F(x) = 0}. Assume I' # 0 and that

which satisfies

VFE(z)#0 for x €T, hence T is a smooth, compact d — 1 dimensional manifold in R,
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Let u(z) be a function in Hy,o with m > 1, such that u(z) = 0 of I in the trace sense,
meaning that it is simply the restriction to T if u € C(R?) and is otherwise defined via a
density argument. Then,

u

F € Hm—l,O(Rd) N Llloc<Rd)7

and

u
I2],,.. <t

where C' depends only upon F and m.

In the end, the portion of this theorem we will need most to bootstrap through regularity

will be the L}

loc

bound.

Lemma B.6.2. The following indentity holds:

m (R* —+ rf 2do
W (RSO A) =0 | )@

where Tf is the trace of f on the frequency sphere €] = VA

Proof. The identity follows from the formal calculation using Plancherel and the frequency

space representation of Ry. ]

Theorem 45 (Agmon’s Bootstrapping Theorem). Let V(z) be a real function of R such
that (1 + |z|)°V (x) has sufficient decay properties (as discussed in Section 6.1) for some

0>0. Let u € H% be a solution of

—Au+V(x)u = Au

1
loc?

for X\ > 0. Assume u € Ha 4, for some so > —% —0. Ifue L., then u € Ha s for any real

S.

Proof. Tt suffices to show that u € Ha s,+5. Then, by repeating the argument, we have that

u € Ha so+45 for 7 =1,2,.... However, this gives the result through interpolation. ]
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B.7 Derivation of Convolution Operators

In this note, we derive the integral kernel in R? for the inverse of the differential operator
P,=-A— u2.
Specifically, given u, f : R? — R, we find K, (z,y) such that if
P =/,
then

u= | Ku(z,y)f(y)dy.
R3

To begin, we Fourier transform the equation to see

N

(fz _MQ)ﬂ:fv

hence

So,
if we can define

in a meaningful sense.

Without loss of generality, set p > 0. Initially, asssume that x # 0, though this will be

easily seen as a limiting case in the end. We have

Glz) = /R Ldg

s (§2—p?)
/ /271'/ 1|z|rcos ( )d9d¢d
= —— r’sin r
u)
rsm(\x!r dr

!w\ o (r—p)(r+p)
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--= Re

Figure B.1. The contour for computing the behavior of K,

by first making a rotational change of variables where {5 — ‘f;—l, then using polar coordinates.

Now, we are set up to use contour integration to find G(z). See Figure B.1 for the

contour over which we integrate. We call this contour I' ..

Then, we have from residue theory

izlal il
/ S L— PR VY Yo
rp. (2 —p)(z+p) 2u

= riellle,

However, breaking I' down, we also have

/ zeiz\x| 4 — o /R rsin(\x|7’) i+ ﬂ.eilw\# B ﬂ-e—i|m|#'
Tp. (2= 1) (z+p) o (r—p)(r+mp) 2 2

Combining terms and taking R — oo, we have

Gla) = 472 cos(pu|z|) ‘

|z
This is valid for all x since the integral diverges as z — 0.

Notice that in this analysis we have used the distributional convention

[f(A+1i0) + f(A—10)].

N

fN) =
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However, it is not hard to see that taking the convention

fFA) = fF(A£10)

results in the

47T2€ii|a:\,u
Gla) = T
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Appendix C

Microlocal Analysis and Oscilatory

Integrals

C.1 Symbol Calculi and Microlocal Analysis

We begin with some preliminaries from the notes of Tataru (Tataru) and (Taylor2).

C.1.1 Pseudodifferential Operators

In this section, we discuss properties of Pseudodifferential Operators (PDO’s). In R",
we define the Weyl quantization of an operator a(z, hD) where a € S(R*"), a = a(z,£) by:

1 /n /n 6i<m—y7$>a(;g’§)u(y)dyd§>

(2m)"

a(x, D)u(z) =
for v € S and a symbol class by:
SE(m) = {a € C®(R®)][|0%] < Cal€|01%1=*m for all multi-indices a},
where m : R?® — (0, 00) is is an order function, i.e. there exist constants C, N such that
m(z) < Clz — w)Nm(w).
We also define

Sy®(m)= [ S5(m).

k=—o00
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For k,6 = 0 we write simply S(m).

Look at P(x, D)u = f. One possible approach to such problems involves approximate
solutions or parametrices:

K = P(z,D)K = I + error.

If the error is small, iterative methods give an exact solution. If the error is smooth, the
problem is solved modulo smooth functions.

As seen in (Strichartz), let R = error from above. Then, to solve the equation locally, we
need to find g such that (PK)*g = g+ (K *g) in some set U. Thus, we have changed the
problem to solving the integral equation g + K x g = f on U. Choose a cut-off function ¢
which is one on U and zero off V' where U C V. Choose ¢ a cut-off function on V. Note

that ¢ = 1. Hence, we need only solve the system

9+ V(K *(dg)) = ¢ f.
We define
Ko = [6@)K(z =)o) dy,
where K g is supported on V. Then, we have

(—D)F(E)* (1),

WE

g:

B
Il

0

which converges for for U, V small enough to make ||K|| < 1.

Let us approach the problem more formally. Consider u — P(x, D)u, and suppose that

P(z,D)u = ¢(x) D%u which implies
c(x)D = c(x)F1FD
= clx)F e
= /c(x){aemgﬂdg.

Thus for P(xz,D) = Y co(x)D®, we have p(z,§) := > o€, which we call the symbol of

the operator. That is,
P(a.D)u= [ (o ea(e)de.
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Suppose now that p(x,€) is a smooth function on R?". Define P(z, D)u by
P(z,D)u = /p(x,g)e“ﬁa(g)dg. (C.1)
Since u € S = u € S, if
0708 p(x,€)| < Cal(l +[€] + |2]) ¥,
then
P(z,D):S§ — S.

We want to use the Fourier transform to get an idea of what the adjoints will look like. Let

Pu(z) = [ p(z, )= Vu(y)dydé.
(P(z, D)u,v) = //m%wmwmmmam
= /ﬁ/ﬁ(m,f)e‘”%(w}dwdf

= [uwF [ (ol eeu(w)dady
= P*u(y) = / / p(x, &)e @V (z)dade.

Thus if P(z,D) = co(x)D?, (P(z,D))* = > D%%q(x).

Remark C.1. We say (P(x,D))* = P(D, ).

C.1.2 Weyl Calculus

We make a slight variation in the definition of P(x, D) in (C.1). Set

poe. D)) = [ (T3 e) e uty)dyae (©2)

The Weyl calculus is extremely useful since (p*(z, D))* = p“(x, D). We will see more on

functional calculi in section 9.
Remark C.2. Note that Pseudodifferential Operators do not necessarily commute.

Example C.1.1. [z,D] =zD — Dz =i.

Thus, we need a functional calculus. That is, we need to determine how pseudodiffer-

ential operators act under compositions. First, we prove the uncertainty principle.
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C.1.3 The Uncertainty Principle

Recall that functions of the form €% are purely oscillatory, whereas d,, are purely
spatial. Suppose we see a concentration around (0,0) in phase space. Note that xzdy = 0.
Given a function u, ||zul|z2 measures the concentration around x = 0, and ||4||72 measures

the concentration around & = 0.

Lemma C.1.2 (Uncertainty Principle).
n
lzull 2| Dull g2 > Zllull7:
in R™.

Proof.

/ nlu|?dzx

/ x - Oy|ul?dx

/ z(u - Oyt + u - Ou)dx

< 2lzull || Dull 2.

Note that equality holds if u is a Gaussian.

C.1.4 L? boundedness of Pseudodifferential Operators

Theorem 46. Suppose m(x,£) is supported on B(0,1) x R™ and that |0¢m(z,§)| < Ca,

then m(z, D) : L? — L2.

Proof. We know B(0,1) C Q(0,1) where Q(a,r) ={z : |z; —a;| <r, V1 <i<n}, sowe
use Fourier series in L2(Q(0,1)). Let ¢; be a basis which has the property that each entry is
bounded in L? and L*°. Then, m(z,&) = > ¢i(x)m;(€), where m;(§) = [ m(z,€)d;(z)dw.

Using integration by parts and our assumptions on m, |m;(¢)| < Cj~N,VN. Therefore,

m(z, D) = ¢;(x)m;(D)
j=1
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and
oo

lm(a, D)l pe—pz < Y 1|z [yl e < oo,
j=1

Theorem 47. Suppose m(x,&) is
e bounded
e smooth in £
e homogeneous of order 0 in €.

Then, m(x, D) : L* — L2

Proof. Since m is homogeneous in &, we have |0fm| < ca(ﬁ)o‘, m(z, &) = m(z, é—|) We
choose ¢; to be an L? basis of eigenfunctions for —Agn-1. The ¢; are restrictions of

homogeneous harmonic polynomials of degree j.

jlle < 57N,

mieg) = S ei(Em)
where m;(z) = [ m(z, IE\ gb]( ) dS™ 1. Thus we have rapid decay |m;(z)| < j=V.

D
m(x,D) = Zm] |D|

[m(z, D)|[2—p2 < Z\Imjlle|\¢j|!Loo<OO-

C.1.5 Symbol Classes

Definition C.1.3 (Symbol Classes). We say a symbol a(x,§) is the the symbol class oo

if and only if a € C*°(R?*") and

|08 0Fa(x,€)] < cayp(L+[¢])m AL,
where m is called the order of a, and 0 < § < p < 1.
Example C.1.4. If |8?agp($,f)| < Ca,8, then p € 3.

172



Theorem 48. Ifa € Sg 0 < p <1, then a(z, D) is L* bounded.

P?
Proof. Let us use a partition of unity: R" = U;A;, where
Aj ={271 < |l <27H1}, Ag = B(0,1).

Then,

1= "6,(€), supp (¢;) = 4;.

j=0

0%, < ca271% x co(1 + |€])7121 since ¢; moves from 0 to 1 in a region the size of 27.
Write a(z, ) = 37, (2, €), where a;(2,€) = a(w, €);(2,€). Then
O?Gfaj(x,g) < cq 520PIBI1=la)

Step 1: Boundedness of a;(x, D).
Let us introduce a change of variables z = Ay, 9, = 18, so that a;(z, D) — a;(\y, %)

In other words, we dilate space by A and contract the frequency by % Then we have
v » _
0500a;(M, 5)] < (2171,

If A =2797 then a; € 5870 = a; is L? bounded.
Step 2: Orthogonality of the a;’s ( Summing the a;’s).

We will need the Cotlar-Stein Lemma.
Lemma C.1.5 (Cotlar-Stein). Let A = [, A.dx, where A, : H — H. If
1
J 1454,z < €
and
1
J 14455 e < .

then ”AHH—>H <C.

Proof of Lemma C.1.5. We will use the following facts from functional analysis:

Fact 1: [|A|2 = |AA*|
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Fact 2: If B is a self-adjoint operator, then ||B||"™ = ||B"||.

Thus, we have [|A|*® = [|[A*A||" = ||(A*A)"||, where

(A*A)" = o AG Ay AL Ay - AL, Ay, da

But we also have

[Az) Awy Ay Ay - Ay, Ay, || <Ay Ags || - (| Az, Ac, |

T2n—1

and

HAzl AIQ A;3A$4 e A;anleQn || S

< A 1Az, Ayl - ([ A, —p Az, A, -

T2n—2“ " Topn—1

Thus, we can say

1 1 1
[Azy Ay Ay Ay -+ Ay, Aoy || < NAZ 12 14T, Ao 12 - -+ (1] Ao 12

T2n—1

Now, let us make some simplifying assumptions:
1. M has a finite measure m.

2. ||A;|| is uniformly bounded by N.

Then,
* n PR * 1 1 n—
APl < [ AL AL Al [ An e < N2
= ||A|| < (mN)2Clm2 "= C.
For complete details, see (Stein). O

Now, continuing with our proof of the theorem, let A = a(z,D), a = Y A;, A; =
aj(z, D). Thus, A} = a;(D,z), and

(4;45u)(2) = aj(z, D)ap(D, z)u(x)

_ / a;(w, ) e Vay (y, €)uly)dyds

= 0

when |[j—Fk| > 1 as a;, a;, have different regions of support. Thus, we get Zfi,ifl HA]AZH% <

C.
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Lemma C.1.6 (Rapid Decay of Mixed Terms). [j — k| > 1= [|AJA| < (27 + 28N,

Proof. Suppose j < k — 1. We have A7A, = AZSy(D)Ag + Aj(1 — Sk(D))Ag where Sy
selects a ball inside the support of Ai_s. Now, A;f is L? bounded, while Si(D) and Ay
have disjoint supports. Similarly, A is L? bounded, while A% and (1—Sy(D)) have disjoint

supports. Thus,

IN

> (@ 425N

l7—k|>1
< G,

ad 1
D 1A A2
§=0

if we can properly bound Si(D)ag(z, D) and a;(D,z)(1 — Sg(D)). To do this, let us use

the Bargmann Transform and scaling:
D D N D\ ... DY .,
We have the following two kernels to work with,

Kl(fl, I, fg, (L'Q) = (Tak()\x, D/)\)T*)

Ko(&2,12,83,13) = (T'Sp(D/N)T™).

|K1(&1,21,60,22)] < [L+ &1 — &of + |z1 — 2| + dist ((z2,&2), supp ag)] ™

1Ko (&2, 22,63, 23)] < [1+ & — & + |22 — m3] + dist ((z2,&),supp Si)] .

Thus,
|K (&1, 21,83, 23)| <
< /[1 + €1 — & + |71 — @2| + dist ((z2, &), supp ag)] ™Y
1+ & — & + |z2 — x3| 4 dist ((x2, &), supp Si)] N déadas
< (L4 |G ) — (G aa)) 7Y,
where r = 2k(1=p) O
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C.1.6 Adjoints and Compositions of Pseudodifferential Operators

Adjoints.

Formally, using Taylor series, we see
Al D) ula) = [ alg O uly)dyde
:/Zf)aazf y—x) ny)()dydf

aaaaa
= / Z ©.9) ST Vy(y)dyd.

So, we would like to show A(x, D)* = B(:c, D) where
(—1)*030¢ a(w, )

al

b(l‘,ﬁ) ~

But does this converge? We need a(x,§) nice as |a| — oo. Let a(z,§) € S™

oo then

b(xz,&) €. S;'?'a‘(p*&). Note that this works fine if p > § but is meaningless if p < 0.
Products.

Again, formally using Taylor series, we have

(A(z, D)B(x, D)u)(x)

[ ate, eIy uz)dzdvayde

i /Z galw, €)92b(, v) €@V (y)dzdvdyde.

ilala!

Then, by taking the Fourier transform with respect to y, then integrating over v, we have

/Z 30‘ a(z, §)0gb(x, §) iE(w—Z)u(y)dzdf-

Z|a|a|

So, formally,
I¢a(z, £)07b(z,§)

ilala!

C(:Caf) ~

)

and again we need p > § for this to make sense.

o0
Definition C.1.7. Let a; € S:?g, m; \, —00, then we say a ~ Zaj if
j=1

a—ZaJ ESmN L
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Theorem 49 (Formal Series). (i) Let a(z,§) € S7 for 0 <6 < p < 1. Then,

A(z,D)" = B(z, D)

where b(z,§) € S, and

(—1)*020¢a(x,€) 5)

al

b($,f) ~

(it) Let a; € S

p57j2172f07"0§5<p§1. The

Ai(x,D)As(z,D) = C(z,D)

for c(z,§) € S;”(51+m2 where

8?a1(:c,§)8§“a2(x, é)

ilelal

C(‘Taé) ~

We need to prove a few propositions before proving Theorem 49.

Proposition C.1.8. Let aj € Sp57

00
a ~ E aj.
Jj=1

Proposition C.1.9. Let f; € R, then there exists a function f € C°° such that 90

Proposition C.1.10. Suppose a € S;,,

nj \, —oo, then a ~ >, a;
We will first prove Proposition C.1.9.

Proof of Proposition C.1.9. Define the function
x ={lin[-1,1], 0in [-2,2]°},

where x is smooth. Let

for ¢; — 0 as j — oo to be chosen. Then
|f] < Z 25]
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m; \, —00, then there exist a € S;lg such that

m;
a; € Spp, mj \, —oo, (a —

(C.3)

= fj-

>oil1aj) € Spips



We wish to choose our €;’s such that the sum converges.

1
0.41< Cy ij i 4y 0%

0!
Similarly,
[eS) k—1 ji—k
k fi ik fi€j
Jj=k j=0
So, we need ] (25J) k| < o for k < j. Let h = j — k. Then, (2¢;)" f—, < 277, Choose
€; such that this occurs for h = 0,1, ..., . O

Proof of Proposition C.1.8. Let x = {1 € BS, 0 € B},

= £
0.9 =3 a5 ).
— J
7=0
where R; — oo. Choose the R;’s such that this sum converges, or

1
0805 a;(x,€)x (éj) | < 55+ leh™ lalp+1816

for |a| 4+ |B| < 7, mj—1 > m;. We have different cases for the different derivatives:
Case 1. All derivatives fall on a; =

(1) A bad constant,

(2) An extra (1 + [&])™ -1,

We must choose R; large enough such that 2 controls 1.

Case 2. Some derivatives fall on X(R%) = a factor of where £~ Rj.

Show convergence:

o lal+18|
> ozotaeen ()1 < © O R R LT S
j=0 J Jj= |Oé\+|ﬁ| Jj=i

< ©00.

Remark C.3. A note on remainder estimates:

Y =Y e (1—X(}§j>> £ 3 o <1§J>

j=1 j=1 Jj=m+1
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We have:

o0

2

j=m+1

02 [a)on 5 )] ‘ <

max{m-+1,|a|+|3]}
< Z S Z — (14 |¢)mi—1~ lalp+1B18
Jj=m+1 Jj= \04|+|/3\

Proof of Proposition C.1.10. We want to show

- Z a;(2,6))| < cap(1 +|&)mH1rlel+olsl
=1

But,
|O¢ %(a Za] (x,8))
< ]8?85 (x,€) — Za]fo—]ﬁ?@BZ%xﬁ
J=1 j=m+1
< (1+ ’ﬂ)fn—pla\w\ﬁl +C.
So,

00
a ~ E (Ij.
j=1

Definition C.1.11.
—0o0
- ﬂ ST
m=0
This is the symbol class with all derivatives rapidly decaying.
We are now in a position ro prove Theorem 49

Proof of Theorem 49. Use a Littlewood-Paley Decomposition to get

D)= Z aj(z, D)
§=0
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where supp(a;) C {|¢| ~ 27}.

Given a;, we want b; s.t.

80‘85% (x,8)

’L‘O‘|a‘

=y RS

We know that:
0800a;(x,€)| < Co 320 (m—rPlal+3181)
Rescale using  — Az and & — A7'¢. Then, we have
0800a;(A\x, AT1E)| < Co g2 (mrlal ol \~lal+18],

We want to choose \ so that 277P\~1 = 299\ or \2 = 2100—1)

Let a; = aj(Az, A"1¢), then
‘3?35&” < Caﬁgjmlum\ﬂm’

where p = A\"1279° = 219\ = | = 93 (6=p) < 1. Thus,

a;j(y,&) =
N
_ 8%aj($7 5) «@ N+1 ! hNaéVJrlaj((l B h)ZC + hya é)
- g;o ol @yt (o) /0 (N +1)! dh
Then,
aj(z,D)*u =

- / 0 (5 O <@y ) dyde

— /Zaaja;g _$) 'Lzy)()dydg

|al

€T + N+1
" / (uv-i)whNaiV oy (1= h)a + hy, §)dhdyde,

where \agﬁga(m,fﬂ < o F1l We need to prove a(x, D)* —by_1(x,€) € p

do this, let us restate the problem in a stronger form.

Assuming [99+198 M a(x,€)| < caayp,, [o] = N, then

a(z, D)* —by_1(z, &) € SQ,.
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This is the same as above, we have simply moved the factors of u. The proof of this
statement goes as follows:
a(x,D)*u =

= / aly, &)e " Vu(y)dyd¢

N (e ) @

la

+ / ((y — 2)0,) VT WNa((1 = h)z + hy, €)dhdyds

= /bNeiﬁ(wy)u(y)dy
1
+ / / ON N WN e W ((1 — h)x + hy, §)uly)dydédh,
0

where

o 3 R0

la|<N ilola
Is the remainder in 5’8’0?
Claim C.1.12. The function q(z,y,&) = 858?[@((1 —h)z + hy, €) is bounded with bounded

derivatives.

Proof of Claim. Let

Qu(x) = / o(z, v, €)e €TV u(y)dyde.

We need the kernel of TQT™. So, we have:

K(f?a x2, 517 581) =
— e s)? 6 (y—xl)q(% v, g)eiﬁ(x—y)e—%(w—z2)2€i§2(12—$)dxdyd§
— /e—é(y—mlﬁei&(y—ml)q(x — 29, v, 5)eif(w—y)+i€2(ﬂc2—w)d$dyd€

_ / e (¢ — g, y, €)e ) dyde,

as (z —y) = (z —22) + (22 — y).
Repeat this argument to get proper bounds on K (&2, z2,&1, 1) and thus ¢ € 5’870. This
will prove (C.3-C.4). O
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Now we proceed to prove (C.5-C.6).
02 01 (2, )| < cavanr o] = N
02 03w, €)] < Caar s o] = N,
We need to prove ai(x, D)ag(z, D) — byn_1(z, D) € 5’870.
(a1(x, D)ag(x, D)u)(x) =
= /al(x,g)eig(mz)ag(z, )V (y)dydzdedy

= /Z ar(z, )@ ay (2, ) F Wy (y)dydzdedy

lo| <N

_ i€(x—z) 8%@2 (.’IJ, l/) a iv(z—y)

= Z ay(z,€)e T(Z’ —x)% You(y)dydzdEdy
la| <N ’

1
4 [ [ arle. e D0  ax((1 - bz + hy.)
0
(z — 2)N e EVu(y)dydzdEdvdh

= /bN_le’f(”_Z)ei”(z_y)u(y)dydzdfdu.
Note that ¢ € C*° with bounded derivatives. Let
Qu(z) = / a(,€,y,v)e™ M u(y)dydédzdy.

We need derivatives on the Bargman Kernel of Q) and TQT™.

K(x% 527 A 51) =
_ /e—é(x—mﬁei&g (:cg—x)q@:’ ¢ 2, v, y)eié(:r:—z)eiu(z—y)
e~ 3@ =) Gy dzdg dy
- /q(ﬂj — 19, &, 2, v,y — @ )@ T (2=2) (i (=) FE W=21) gy d 2 dE dy

= /q(:): — 29, 2,1,y — x1)ePdxdydzdédy,

where ¢ = (§2 — §)(z2 — ) + {(z2 — ) + v(z —y) + &1 (y — 71).

Integrate in = to get:
Repeat this process to get the desired bounds on K (&2, z2,&1,x1).
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C.1.7 Properties of the Calculus of P.D.O.’s

Left Calculus: a(z, D)
Right Calculus: a(D,y)

Weyl Calculus: aw(zQﬂ, D).

a<x—2&—y’D>b<y—;—z,D) :c(x;Z,D>, where

(~1)*0307 a(x, )07 0¢b(y, €)
o(, &) = Z (2i)lel+8la) 5!

Using Taylor Series, take y into z from a, y into « from b. In this series, we get
b+ ~{a,b} +
c=ab+ —{a
2i
What is the symbol of a P.D.O.?
Normally, we must talk about a Calculus and a symbol. We have:
a(z, D) — a(z,§)
1
a(D,2) = b, D) = b(w,€) = a(w, ) + ~aze(,€) + .
The Principal Symbol of an Operator.

Ifae OPS;”& with error in OPS;"CSJr 0=p , then the principle symbol is contained in

m
Sp,d /
m+3§—p
S ;

P8

and it is independent of the Calculus.
Example C.1.13. The principal symbol of a(x, D)* is a(z,§).
Example C.1.14. The principal symbol for the product ai(z, D)as(x, D) is

(princ. symb.(a1))(princ. symb.(az)).

An important fact is that the the principal symbol of a commutator is well-defined. A

commutator of a P.D.O. is given by:
[a1($aD)7a2(m7D)] = al(an)QQ(waD) - GQ(I') D)al(va)7
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where a1 € S;ng, as € S;”;. In the expansion of the commutator, we see the first term is

simply 0, while the second term is %{al, as}. Hence, the principal symbol of a commutator

is the essentially the Poisson Bracket of the two elements.

C.1.8 L? bounds for P.D.O.’s
For multipliers, |9°m(¢)| < (1 + |¢))7lel = m(D) : LP — L>.
Theorem 50. Ifa € 5(1),5’ 0 <1, then a(x,D) : LP — LP.
Proof. For multipliers, we have
m(Dyuta) = [ Kz = yyuly)dy,
where K = m, |K(z)| < |2|™, and |0, K (x)| < |#|~""!. In this case, we have
K@) = [ ala, e s

Using a Littlewood-Paley decomposition, we can set @ = ) a; and similarly K = ) Kj.

Then,
Kj(z,y) = Kj(z,z —y)
Let z = x —y. We have:
K (z, 2)| < 277 (14 27]2]) 7
and
10, K;(x, 2)| < 270D (1 4 27)2) =,
Thus, by summing over j, we see:
(K (z,z—y)| < |z —y[™"
and
|0y K (z,0 —y)| < |z —y[7" 7
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As Oga(x,§) € Sfﬁ and dya;(x, €) = 290,

0. (0,2 — )] < 29297 (1 4 27]2]) N 4 20D (1 4 9]y~

= |0, K (z,y)| < o -y
O

Remark C.4. We only need 6 < 1 for L? boundedness. The kernel bounds are not inte-

grable. In general, we have a(z, D) : L* /4 L'. However, we do have:
a(z,D): Hy — H;
a(x,D): BMO — BMO.
C.1.9 Sobolev Spaces
For P.D.O’s, we have OPSS’(; : L? — L2,
Proposition C.1.15. OPS;% cH? — H°™ seR.

Proof. We know that (1 + |D|2)% : H® — L? is an isometry simply by Fourier transform.

Hence,

a(z,D): H* — H* ™ & (1+|D*)* 2 a(z, D)1 + |D]>) 7 : L? — L?

Proposition C.1.16. OPSTs : WP — WS™™P for 1 < p < oo.
Proof. WP = (1+ |D|?)= LP, for 1 < p < co. O

Note that derivatives of L functions are Lipschitz functions. Half derivatives are

Holder functions. Roughly, L>°® — C* — Lip where « is not an integer. We have that
Co# (1+|DP)= 0
but that
C* = (14 |D|*)= BMO.
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C.1.10 Invertibility of P.D.O.’s
Let a”(z)D;Dju = f, a” € C*, positive definite.
Proposition C.1.17. f € H?, v € H" implies that w € H*T2 where u, f are as above.

We have here an expression of the form p(x, D)u = f where p(x, D) = a“¢¢;, so

p(z,€) € ST and [p(x,&)| > [¢[* for large [¢].
Proof. Let q(x,§) € Sig. Act q(z, D) on both sides of p(z, D)u = f. Thus,

px,D)u=f = q(x,D)p(z,D)—1=r(z,D)

= u+r(z,D)u=q(z,D)f,
where r € §7°°, quig. O

Theorem 51. Suppose a € S5, p > 6, a(xz,&) > [E|™ for large ||, then there is a b € Sp_’g"

s.t. a(x,D)b(z,D) — 1 € S™°.
Remark C.5. S~ : 8 — C*. The Kernel of an operator in S™°° satisfies:
090 K (2, 9)] < cap(l+ o —y) .
Note that inverses are unique up to S~°.
by(x, D) = b(x,D)a(x,D)b,(x,D) + OPS™ > = b,(x, D) + OPS™ .
Proof. We seek

b(l‘,&) ~ ij(x7£)a

7=0
where b; € OPS;"(;]'(’)%) s.t. b(z,D)a(x,D)—1 € S7°. We will choose the b;’s inductively

such that:

For N = 0, seek by € OPS;;” s.t. I —bo(x,D)a(x,D) € OPS;((;p_(S). Take bo(z,&) =

a(z, &)~ for large |¢| and use symbol calculus.
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For the induction step, assume that I — (bg + ... + by—1)(z, D)a(z, D) = ry(z,D) €

S;év(p_(s). Choose

TN(:L"S)
a(z,§)

by(z,€&) =

for large |£]. Note that we do not worry about small [¢| values as we can control them by

adding S~ symbols. Then,
by (z,6) € OPS, =0,
Thus, by the symbol calculus, we get

by (z,D)a(x,D) =ry(x,D) +ryyi(x, D)

= TN+l € S;éNJrl)(p_&).

Idea: Look at the differential operator —A. We have
(—Au,u) = [[Vul 7.

Definition C.1.18. We define a(z,§) € ST to be positive definite if

(ae, Dyu,u) > eljuly — Dlfull® .

That is, the operator a(x, D) is positive definite in the usual sense, modulo an error of the

next lowest order.

m
2

Example C.1.19. (1 + |D|?)2 is positive definite.

We also have the notion of a non-negative definite symbol:

0 < |a(z, D)ul|* = (a(z, D)u,a(z, D)u) = (a(zx, D)*a(z, D)u,u)

= a(z,D)*a(x, D) is non-negative definite.

Note that (1 + |D[?)% + a(x, D)*a(z, D) is positive definite. a € S2 and the principal

symbol is (1 + ]£|2)% + la(x, &)|?.
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C.2 Beals’ Lemma

We present here the proof that a general bounded operator is in fact a psuedodifferential
operator for some symbol b as present in (EvZw). In particular, this allows us to say that
our smooth, decaying error is in fact a PDO in the discussion from Section 6.3. This proof
is done here from the semiclassical analysis point of view with A = 1, while the original
microlocal result is presented in (Beals). However, as the proofs are similar, we present the

more concise version from (EvZw).

Theorem 52. There exist constants C, M > 0 such that

bl <C Y 10p(8°0) | 2 2,
lal<M

for all b € S'(R??).

Proof. We have

b Djula) = g [ e e

where the Fourier transform is taken formally here in S'.

Set ¢ = ¢(x), v = Y(x) € S. Then, we can take f(bqbd;ei@@) as a function of dual

variables (z*,¢*) € R24. We have

1 .
@i [F(bpibe’ ) (0,0)] =

h(£)eitme)
(2m)d //b(w,é‘)qﬁ(w)w(é)e dadg
= |(b(x, D), )| < [Ibllr2—r2 ]l 2] 0]l 2-

Fix (z*,¢*) € R?? and rewrite the inequality with ¢(z)e**" ) replacing ¢(x) and e iHE"E)
replacing 1&(5), which does not alter the L? norm. Then,

1
(2m)¢

|F(bgpe" ) (@, €] <[]l o 219 2 0] -
Take x € C°(R??). Take ¢, ¢ € S so that

¢(x) = 1if (z,&) € supp x
P(€) = 1if (z,€) € supp x-
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Write

¢1 = xe 19,

Then,

x(@,€) = ¢1(z,€)d(x)h(€)e" ™),

Using standard estimates on the Fourier transform, we have

1Fxle <C > 10X,
la|<2d+1

SO

IFll <C > 0%l
o] <2d+1

Thus, for any (z*,£*) € R??, we have

FOb) @™, €)] < [1F(rbdiel™)|
- (271r)d 1F(61)  F(bgipe! )| oo
< L F @) [ F e )

(2r)
< Clbllpape

where C' depends only on ¢, ¢ and x, not (x*,£*). Hence,
[F(x0)l|zoe < Clbll p2— p2-
Claim C.2.1.

[F(xb)(@*, &) < C((@*, €))7 > |0p(0°b)| o2
o] <2d+1

Proof. We have

@EPFODEE) = [ @€ Db, €)dna

T
R2d
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Summing over (¢, ) with |a| 4+ |3| < 2d + 1 and using (C.7), we have

(@, €N FOd)le < Cr > (IF(DEDL(xb))] e

o+ 8| <2d+1
< Gy Y [0p(@°D) o2
la|<2d+1
O
Hence,
Ixbllizee < CIFGD) e <C > |0p(0°b)l| 2 12
la|<2d+1
Note that this can be applied in any quantization by standard arguments. O
Definition C.2.2. Write
adpA = [B, A],

where ad is called the adjoint action.

Definition C.2.3. A pair (z*,&*) € R?? is identified with a linear operator l(z,£) =

(%, 2) + (€7, €).

Theorem 53 (Beals’s Theorem). Let A : S — S’ be a continuous linear operator. Then
A = Op(a) for a symbol a € S if and only if for all N =0,1,2,... and all linear functions

l1,...,ln, we have
||adl1(x7D) ©---0 ale(x7D)AHL2_,L2 = 0(1) (CS)

Proof. If a € S, then (C.8) holds via standard microlocal techniques. Namely, since

|AllL2—r2 = O(1) and commuting with /;(x, D) yields a term of order O(1).

Since A is a continuous linear operator, there is a Schwartz kernel

Au(z) = y Ka(z,y)u(y)dy

where K4 € S'(R??). Denote K 4 the kernel of A.
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If a € S'(R??) is defined by

a(xz,§&) = /Rd e DK 4 (a+ %,x - §)dw,

then

1 T +y i(r—
Ka(r.9) = o [ a5 Lo ae

where the integrals are shorthand for the formal Fourier transform on &’. Indeed,

+y wrt+y w
K — elr—y—ws) g x = S

- /‘“x;y Qettrre

since

1 (r—y—w
e [ e = 0w

in &'. Hence, A = Op(a) for a as defined in (C.9).

Now, we would like to know that a € S, or

sup|0°a| < C,
RQd
for each multi-index a.

To do so, we use (C.8). Define [; by the pair (x;,£;). Compute

Op(Dgayula) = @jr)d [ 26 (o (F52e) ) etemutyeay
(“y ) g (79 uly)dgdy

i ] ¢
_ / (“ y ) a0 (25 — y;Yuly)dedy

= —[xj,A]u = —ady; Au(z).

Similarly,
Op(Dg;a)u(r) = adDszu(:c).

In other words, for j =1,...,n,

ady; A = —Op(Dg;a)
adDsz = Op(Dy;a).
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Hence, from our hypothesis, we have
10p(07%a)|| < 1
for all multi-indices 8. From Theorem 52, we have
10%a]l= < C > [0p(0**a)| 2 g2 < Ca.

|B|<d+1

Hence, a € S and we have the result. ]

C.3 Resolvent Identities and Pseudodifferential Operators

1
We prove here that Lf2 is a PDO for X a compact manifold as in Hérmander (Ho4).

Theorem 54. Let X be a compact manifold, ¥ a space of pseudo-differential operators
and Q3 be the space of half-densities on X. Let P € \I/;’,ng(X; Q%, Q%) be a positive, elliptic,
symmetric operator. Then, P defines a positive, self-adjoint operator P in L?(X, Q3. Ifm >
0 and a € R, then P® is also defined by a pseudodifferential operator in \Ifg%(X;Q%,Q%),

with principal and subprincipal symbols p* and ap®'p® if p and p° are those for P.

Proof. P is bounded if m < 0, hence self-adjoint. If m > 0, then P is the restriction of P
to all u € L? with Pu € L?. This implies u € H () and C*° is dense in H,,), hence P is

self-adjoint. The resolvent,

is defined and analytic in z except at eigenvalues of P on R, and the L? operator norm
can be estimated by the reciprocal of the distance to the eigenvalues. If a < 0, it follows
from the spectral theorem that with absolute convergence in L?,
100
Plu = —(2772')1/ 2"R(2)udz, u € L,
—100
where z¢ is analytic in the right half plane and equal to 1 when z = 1. Since P*Tly = P*Pu

when u is in the domain of P and Re (a) < 0, it follows that the distribution kernel of P
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is an entire analytic function of a. By approximating R with a parametrix for P — z, we

shall determine the singularities for a < 0 and by analytic continuation for a > 0 as well.

Let Y C X be a local coordinate patch identified with an open set in R™. In the local

coordinates, the symbol for P — z is uniformly bounded with respect to z in

|dg|?
14 €%

S((L+ [zl + 1€]™), 9), g=|dz> +

where u € S(m, g) if u € C*° and for every k > 0, we have

Juli (@)

ko m(z)

< o0,

where

and G = g, is a quadratic form. For fixed k, this is equivalent to the maximum of the
derivatives of order k with respect to a G orthogonal coordinate system.

Then, (P — z)~! is uniformly bounded in S((1 + |z| + |£|™)~}, g) if Re(z) = 0, which
we assume henceforward. Note that we may assume Re (P(z,&)) > 0 everywhere for p > 0

since P is strongly elliptic. Hence,
(P(z,D) —z)(P —2)"Y(2,D) = I — Q.(z, D),

where Q. is uniformly bounded in S((1 + [£])™ (1 + |z| + |¢|™) !, g) by standard bounds

on inverses for PDQO’s. Specifically, we have

P (z, &) Dy (P(x,€) —2)~"
ol '

Qz(xag) ~ Z
a#0
Let E, be the asymptotic sum of the symbols of
(P —2) Yz, D)(Q:(z, D)), N=0,1,....
Then,
(P(x,D) —z))E;(x,D) =1 —-W,(z,D),
where W, is uniformly bounded in S((1 + |z])~1(1 + [£])~%, g) for any N.
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Up to now, we have worked only within coordinate patch Y. Choose ¢, ¥ € C3°(Y')

with U =1 on spt(¢)). Then, YE,(z, D)Yu is defined in X for every w in D'(X), and
(P —2)VE,(x,D)yYpu = pu — W (x, D)u

for another W, such that (14 |z|)W, is uniformly bounded in ¥~>°. Covering X by coordi-
nate patches Y; and selecting corresponding v;, ¥; € C§°(Y;) such that ¥; =1 on spt(v);)

and ) y 1; = 1, we have a parametrix F, satisfying
(P(z, D) = 2))E.(2,D) = I = W.(z,D),
globally in X. Then, we have
R(z) = E. 4+ R(2)W.,
where (1 + |z])W, is uniformly bounded from H(y to H ;) for arbitrary s, ¢ and
1R iy —Hy < C/(1 4 |2]
since ||ull ) = HP%UH(O), at least if ¢ is a positive multiple of m. Thus, we have for a < 0

100
P = —(27m')1/ 2*E.dz + T (a)u,
—100

where T'(a) is an operator with kernel analytic in @ when Re(a) < 1, with values in
C®(X x X; Q%(X x X)). Every term in the symbol of E, is of the form —(z — P)~*~1qdz
where ¢ € SME=F for some k > 0. We have

100

—(2mi) ! / 2(z—P) *l=ala—-1)...(a—k+1)P"Fq/k!,

—100
which is a symbol in S % and depends analytically on a. There are a finite number of
terms for fixed k. Terminating the series for F, after sufficiently many terms adds an extra
error to T'(a), yet this error will as many derivatives as we need for Re (a) < 1. Hence, P
is a pseudo-differential operator for a < 1. Calculating the terms with kK =0 or Kk = 1, we

find mod S*"~2, the symbol is equal to
ala—1) . ; _9
P+ Tz E p(])p(j)pa .
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Since P is congruent to p + p® — %z > pgg, it follows that P® is congruent to
P+ ap(p° - %z Sl
To obtain the sum of the principal and subprincipal symbols for P%, we add %ZE %
to the symbol of P? which proves the statement on the subprincipal symbol when a < 1.
It follows immediately from the Weyl calculus that if P is defined by a pseudodifferential

operator, this the same holds for P??, with the principal and subprincipal symbols obtained

by multiplication of those of P®. Hence, the result extends through to all a € R. O

C.4 Principles of non-stationary phase and stationary phase

In this note we discuss the principles of stationary and nonstationary phase used to
prove decay in time for the linearized Hamiltonian. The following come from (Stein) and

(EvZw).

Lemma C.4.1 (Non-stationary phase). Suppose v is smooth with sufficient decay and that

¢ is a smooth function with no critical points in the support of 1. Then

10 = [ P4 p(a)ds = 0(3),

as X\ — oo, for all N > 0. In particular,

IS AN ) sup oy,

laj<N R?
Proof. Define
1 1

for x € supp(y). Note that

LN(ei)\qb(x)) _ ei)\qﬁ(a:)’

hence

[TV =

/ LN(eiA¢(x))1/J(x)dx
Rd

/ @ (LN (2)dx| < ATV,
]Rd
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Definition C.4.2. A critical point xo of ¢ is called nondegenerate if the symmetric matriz

[Széif J o

1s tnvertible.

Lemma C.4.3 (Stationary phase). Suppose ¢(xo) = 0, ¢ has a nondegenerate critical point

at xo. If ¥ is supported in a sufficiently small neighborhood of xq, then

/ e““ﬁ(“)w(x)dx ~ TS Z aj)\*j,
Rd .
7=0
where the a;’s depend only on finitely many derivatives of ¢ and 1.

Proof. Let us assume that ¢(z) = > m? - anﬂ zi. Let I = (l1,...,lq) be a multi-index.

Then, note that

l

d oo

+idz? —2? I 14
H/ e"ie i) dry = H/ —? 2lidz(1 T iN) "2
j=1) e

by deforming the contour of integration using the decay of e~2°. Factor out
d
H —(l;+1)/ (d+|l\) /2
7j=1

then expand

d .
[[at=iy22

J=1

into a power series in A~! for large A\. Then, we see that
9 [e.e]
@) e g o ATEHIZNT o YN

Let n(z) € C$°(R?). We need that

/ M)yl ()| < A—(EHID/2.
Rd

To prove this, let

2

T
Fj = {x: |$j|2 > ﬁh
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and

Since we have

find functions Q;, j = 1,...,d such that supp(€2;) C I';, Q; is homogeneous of degree 0 for

all j, smooth away from the origin and

for all z # 0. Then, we have
/ @) ly(z)de = Z/ ei’\‘b(aj)wln(ﬂv)Qj (z)dx.
Rd X Rd
j

In each cone, use integration by parts with the operator

D;f(a) = (£2iay) " oL

L
such that
D;e@) = (o)
Using the bound || > (2d)~"/?|z| in T; and
(D) ()] < CxA™N | 7.

/2

By splitting the integral into fB(O o and fRd\B(o o) then choosing € = A™%~, we are done

with the proof. By the principal of nonstationary phase, when n € S and n vanishes near

the origin, then

/ei/\d’(z)n(m’)daj =0

for every N > 0. Then, using a Taylor series and the previous estimates, we have the

result. O
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