Bulk soliton dynamics in bosonic topological insulators
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We theoretically explore the dynamics of spatial solitons in nonlinear/interacting bosonic topological insulators. We employ a time-reversal broken Lieb-lattice analog of a Chern insulator and find
that in the presence of a saturable nonlinearity, solitons bifurcate from a band of non-zero Chern
number into the topological band gap with vortex-like structure on a sublattice. We numerically
demonstrate the existence stable vortex solitons for a range of parameters and that the lattice soliton dynamics are subject to the anomalous velocity associated with large Berry curvature at the
topological Lieb band edge. The features of the vortex solitons are well described by a new underlying continuum Dirac model. We further show a new kind of interaction: when these topological
solitons ‘bounce’ off the edge of a finite structure, they create chiral edge states, and this give rise
to an ”anomalous” reflection of the soliton from the boundary.

The insight by Haldane and Raghu [1] that the topological properties of the quantum Hall effect were not
limited to electrons propagating in solid-state materials,
but could be applied to photons propagating in a photonic crystal, has led to a cross-disciplinary effort to explore and exploit topological robustness. For instance,
topological interface states that are highly robust to disorder have been observed in microwave photonic [2] and
optical [3, 4] platforms, in mechanical systems [5, 6] and
even in amorphous and quasicrystals lattices [7, 8]. In
both ultracold atomic and photonic systems, topological invariants have been directly measured using bulk
response [9–13].
The large emphasis of recent work has been demonstrating the presence of topological phenomena, such as
protected edge states, in the linear (i.e., non-interacting)
regime. A major question in the field has been whether
nonlinear optical response in topological systems give rise
to novel phenomena where topological character and nonlinearity are both essential. Initial results on nonlinear
topological systems include the prediction of bulk topological solitons [14], soliton edge states [15], self-induced
topological edge states [16, 17], and nonlinear effects in
coupled-ring resonator systems [18].
Here, we theoretically and numerically demonstrate
and study the dynamics of solitons propagating in the
bulk of a bosonic topological insulator and whose energies lies inside the topological band gap. Our description applies equally well to a range of nonlinear wave
systems, including optical waveguide arrays, planar photonic crystals, mechanical lattices, ultracold atomic systems in optical lattices, and others. The mechanism for
the formation of these solitons is fundamentally topological: the wavefunction describing the soliton has 2π
winding that is inherited from the Berry curvature of the
topological band edge. The inner core of the soliton corresponds to the ‘conducting bulk’ of a material, and the
exterior of the soliton behaves similarly to a topological
edge state. While previous work has demonstrated the

existence of such solitons [14], the dynamics thereof were
not explored, and they were not linearly stable (though
they did exhibit long lifetimes under some conditions).
In the present work, we demonstrate a model for which
the topological solitons can be stable; derive a continuum
model describing the solitons; demonstrate that the soliton dynamics include the anomalous velocity term arising
from the non-zero Berry curvature of the band; and study
the dynamics of the soliton interacting with the edge of
the system.
For concreteness, we describe the system using the
language of photonic waveguide arrays, where each site
comprises a single-mode waveguide that is coupled in an
evanescent manner to its neighbors in the lattice. To describe the dynamics of the light propagating in the nonlinear lattice we use the discrete nonlinear Schrödinger
equation with saturable nonlinearity:
i∂z ψm =

X

Hmn ψn +

n

|ψm |2
ψm ,
1 + s|ψm |2

(1)

where ψm is the amplitude on the mth site (i.e., waveguide) of the lattice; z is the distance of propagation along
the waveguide axis (and acts as a temporal coordinate);
s is a parameter that defines the degree of saturation of
the nonlinearity (s = 0 defines a Kerr nonlinearity); and
Hmn is the linear Hamiltonian that is given by a Chern
insulator that is based on a Lieb lattice. See Fig. 1(a)
for a depiction of the lattice model. In Bloch wavevector space, (kx , ky ), the Hamiltonian is parameterized by
the ratio of the next-nearest to nearest-neighbor hopping
strengths |t2 /t1 |:
H(kx , ky ) =
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The model corresponds to an array of helical waveguides arranged in a Lieb lattice. The helicity breaks
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FIG. 1. (a) The topological Lieb lattice is composed of three sublattices, labelled A (red), B (blue), and C (orange). (b) The
three bands of the tight-binding Hamiltonian are plotted within the first Brillouin zone. (c) Phase diagram of soliton stability,
as a function of energy and power, (d-g) Soliton wavefunction magnitude profiles for points indicated in (c). Note that the
magnitude of the A and C sites is the same though they are out of phase by π/2 . (h) Wavefunction magnitude profile at the
A sites, (i) at the B sites; and (j) the phase at the B sites (for the soliton in (f)). Soliton parameters for (h-j) are: s = 1.0,
t1 = 1.0, t2 = 0.4, P = 3.31, E = −2.4044.

z-reversal symmetry by acting like a periodic temporal
drive; under the influence of this drive, the Lieb lattice
opens a topological band gap and thus exhibits the band
structure of a Chern insulator (band structure shown in
Fig. 1(b)). We use the Magnus expansion [19] to approximate the z-dependent system with a z-independent
Hamiltonian (this approximation is valid in the highdrive-frequency limit). In the simplest non-trivial case,
the nearest-neighbor hopping is defined by a purely real
t1 (which we henceforth take to be 1) and the nextneighbor hopping, ±it2 , is imaginary, and has alternating
signs as indicated in Fig. 1(a), similarly to the Haldane
model [20] with hopping phase π/2. It is the secondneighbor hopping that is responsible for opening up the
topological gap of size 4t2 . In this model, the bottom and
top bands have Chern numbers −1 and +1 respectively,
and the flat band between them has Chern number 0.
The solitons that we search for are solutions to the zindependent nonlinear Schrödinger equation of Eq. 1,
i.e., static solutions to that equation. We use a selfconsistent iteration procedure to solve for solitons localized entirely in the bulk (we use periodic boundary
conditions), bifurcating from the bottom band. We will
classify the solitons by the parameters given by the nonlinear eigenvalue E in the band gap as well as the power
P ≡ hψ|ψi. A phase diagram showing soliton existence
curves is depicted in Fig. 1(c) for different values of t2 .
We observe that the effective support of the solitons are
related both to P and t2 . In Fig. 1(d-g), the magnitude
of the wavefunction is plotted for a range of powers indicated in Fig. 1(c) displaying the vortex like structure inherited from the topological band. We note that beyond
the work [14] in the Floquet topological setting, vortexlike solitons have been studied in many previous works,
e.g., Refs. [21, 22]. However, the vortex solitons that
we found here arise from a different mechanism, namely

bifurcation from a band of high Berry curvature.
The magnitude and phase profile of a typical soliton
from such a family is shown in Fig. 1(h-j) - note the
2π winding associated with the phase of the soliton on
the B-sites. This is shown clearly in Fig. 1(j), which depicts the phase of the wavefunction with the plane wave
component of the Bloch wave at (kx , ky ) = (π, π) factored out. Being in a topological band gap, the mechanism for the formation of these solitons is different than
previously-explored gap solitons [23–27]. The inner core
of the soliton can be interpreted as metal-like in the sense
that the potential generated by the soliton detunes the
lattice such that at the soliton energy, the core of the
soliton is formed from bulk bands. However, on the periphery of the soliton there is decay associated with the
fact that the soliton energy lies within the bulk band gap,
much like an edge state.
Unlike the previous solitons found in topological gaps
[14], the soliton we find here using saturable nonlinearity in the Lieb lattice can be linearly stable (in a certain
parameter regime, see Fig. 1(c)). In other words, when
small perturbations are added to it, it remains intact indefinitely. This is a crucial ingredient because it allows
for the long-time dynamics of the soliton to be probed as
it propagates through the lattice. In order to characterize its stability, we linearize Eq. (1) around the soliton
wavefunction φ0 . Specifically, we consider perturbations
around φ0 of the form: φ = e−iEz (φ0 +δφ), where δφ is
the perturbation (with   1). By diagonalizing the resulting equation for δφ, we are able to diagnose whether
perturbations around φ0 are purely oscillatory or exponentially growing, implying instability. In Fig. 1(c), we
plot soliton stability curves for a range of next-neighbor
hopping, t2 from 0.15 to 0.45 (and for fixed saturable nonlinearity parameter s = 1.0). In the black region, there
is insufficient power for the solitons to localize (lattice
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where τ2 /τ1 is the continuum equivalent of t2 /t1 above.
Indeed, in the derivation, we have that τ2 /τ1 = t2 /t1 ,
however it can be useful to scale the continuum parameters for computational purposes so we allow the continuum coefficients to be more general. In terms of the
three-dimensional Gell-Mann matrices λi , we can write
the system
Hcont = (i∂x λ1 + i∂y λ6 ) −

τ2
λ5 .
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solitons are known to have a non-zero power threshold
in two dimensions [28]). Solitons in the gray region are
such that the largest real part of all stability eigenvalues is greater than 10−14 (a non-zero real part indicates
exponential growth, therefore instability). In the stable
(red) region, the real part of the instability eigenvalue
reaches at most 10−14 , indicating stability.
Using the effective mass (i.e., two-scale) expansion, we
are able to derive a continuum description of the soliton
in the vicinity of the Dirac point. To do this, we expand
around the Brillouin zone corner (i.e., wavevector k =
(π, π)-point) - see Fig. 1(b). Since the Lieb lattice has
a three-member basis, we obtain three coupled nonlinear
partial differential equations that describe the soliton,
namely:
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FIG. 2. (a) The amplitude of the continuum soliton component corresponding to ψA of the form ψ(r) + e2iθ η(r), which
is the same as that of ψC of the form −i(ψ(r) − e2iθ η(r)),
for some radial functions ψ and η; (b) The continuum soliton
component corresponding to ψB ; (c) The continuum soliton
phase component corresponding to ψA , which is a π/2 rotation of that from ψC ; (d) The continuum soliton phase
component corresponding to ψB .

(5)

These represent a novel nonlinear Dirac-type system,
which is related to those discussed in for instance [29–33].
We may again solve these equations using self-consistent
iteration, and we obtain a branch of solitons. We solve
for soliton solutions of Eq. (3) and plot the results (for
τ1 = 1.0, τ2 = 5.0, P = 10.0) in Fig. 2. The amplitude
and phase profiles of the resulting soliton are shown in
Fig. 2(a-d). They clearly match with those obtained for
the lattice, as shown in Fig. 1(h-j): in particular, the
same winding of the phase profile is observed.
The dynamics of wavepackets form from bands with
non-zero Berry curvature is non-trivial: the semiclassical equations that describe its evolution under a external
forces include an anonalous velocity term [34]. Our topological solitons live inside the band gap, and therefore do
not belong to any band. And interesting question is what
governs the dynamics of these topological solitons. We
found that for weak nonlinearities and short times the
topological soliton behaves as a wavepacket created from
the band it bifurcates, and since topological solitons bifurcate point with large Berry curvature, they will have
an anomalous velocity. Now, we return to the discrete
model to show the effect of the anomalous velocity term
on the soliton dynamics, making the assumption that the
soliton is a wavepacket that largely spectrally occupies

the bottom band (from which it bifurcates). The semiclassical equations describing the center-of-mass position,
r, and velocity, v are:
∂z k = F; ∂z r = ∇k (k) − F × Ω(k),

(6)

where F is the force (i.e., potential gradient) applied to
the system; (k) represents the linear energy band structure, and Ω(k) is the Berry curvature at Bloch wavevector k = (kx , ky ). In order to demonstrate that the soliton
obeys these dynamics, we take one soliton with parameters s = 1.0, t1 = 1.0, t2 = .18, P = 4.1202, E = −1.7037
and one with s = 1.0, t1 = 1.0, t2 = .49, P = 0.5020,
E = −2.9598. For these parameters, the solitons are
unstable on time scales much longer than the dynamics we describe below. We introduce an electric field in
the x-direction (i.e., a potential gradient of F = 1/100x̂
per lattice spacing) and evolve the soliton in z according
to Eq. (1) using the fourth-order Runge-Kutta method.
The evolution of the center of mass, (x(z), y(z)), of the
soliton is shown in Fig. 3. The time scale of the simulation is such that the soliton travels roughly 10 unit cells
for t2 = .18. Interestingly, we found that in the presence
of the uniform electric field, it is possible to analytically
solve (i.e., integrate) Eqs. (6). First, making the effective
mass expansion in the vicinity of the Brillouin zone vertex of the Lieb lattice, from which the soliton bifurcates,
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FIG. 3. Evolution of the center of mass, [x(z), y(z)] (blue
lines), of a low power topological soliton with (a,b) t2 = 0.18,
(c,d) t2 = 0.49 . The red line depicted the expected semiclassical dynamics trajectory. Notice the ZB oscillations that are
due the population of other bands.

we find a Berry curvature of: Ω = (α|k|2 + β), where k is
the deviation in wave vector from the Brillouin zone vertex, α = 3/512t42 , and β = −1/16t22 . By linearizing the
dispersion of the bottom band, we obtain the wavepacket
displacement:
r(z) = (µF z 2 , αF 3 z 3 /3 + βF z),

(7)

where µ = t2 /2 − 1/8t2 is the curvature of the lower
band. When we compare this analytic approximation
to the numerical evolution of the topological soliton we
observed a clear agreement, as depicted in Fig. 3. The
oscillations in the y-component of the center of mass arise
from Zitterbewegung (ZB) due to partial population of
the other bands. An indication of these is the fact that
the frequency of the oscillations is consistent with the
ZB oscillations study in [35] for linear systems, i.e. for
a spectral gap, 4t2 , the frequency of ZB oscillations is
ω = 4t2 .
By increasing the power, on a comparable time scale
the curves begin to diverge further from the semiclassical
prediction as a result of nonlinear effects.
We now describe an interesting new phenomenon that
arises due to the topological nature of the solitons. Solitons in trivial systems reside spectrally within band gaps,
where they are isolated from interaction with any other
states of the system. For this reason, they behave like
particles – they move with constant velocity in the bulk
of the system, and they perfectly bounce from the edge
of the system, following the rules of momentum conservation parallel to the edge. However, topological solitons in
finite systems are no longer isolated because topological
edge states also reside in the topological band gap of the
system. Thus, topological solitons can interact with and

FIG. 4. (a) Sketch of the reflection of a soliton from the
pointy edge of the lattice. The soliton travels with a 30◦ angle with respect to the horizontal axis; when it reaches the
pointy edge it generates a topological edge mode that takes
all its momentum in the y-direction (in this case), in such a
way that the soliton is reflected with a 0◦ angle. The intensity of the topological edge mode is renormalized in order to
clearly visualize it. (b) Reflected angle as a function of the
incident angle of a soliton colliding with the flat edge and the
pointy edge of the lattice. The reflection from the flat edge
closely follows the expected behavior where the reflected angle
is equal to the incident angle. However, the reflection from the
pointy edge is anomalous because the soliton strongly populates a topological edge mode, which absorbs part of the ymomentum, when it scatters from the edge. The red circle
represents the scattering event depicted in (a).

induce topological edge modes when they bounce from
the edges of the system. To show this, we take a topological soliton (Fig. 1(e)) and add a linear boost in momentum. We observe that when the solitons bounce from
a ‘pointy’ edge of the Lieb lattice (at right in Fig. 4(a)),
they populate a topological edge state, as shown in Fig.
4(a) and Movie 1. This topological edge state takes away
momentum from the soliton giving rise to an anomalous reflection angle for the soliton. This phenomenon
is clearly shown in the plot of the reflected angle as a
function of the incident angle (red line in Fig. 4(b)). We
find that the soliton behaves differently when it bounces
off the ‘flat’ (at left of Fig. 4(a)) and pointy edges,
which have slow and fast group velocities, respectively.
In particular, the fast group velocity of the flat edge corresponds to low density of states (DOS), implying that
the edge state is minimally populated while the soliton
bounces. Conversely, the pointy edge has low group velocity, thus relatively high DOS, and thus the edge state
gets more populated (see Supplementary Movies 1 and
2).
To conclude, we have introduced a family of solitons
that reside in a topological band gap that are vortex-like
in character, owing to their bifurcation from a band of
high Berry curvature. The features of the vortex solitons
are well described by a new underlying continuum Dirac
model, and the dynamics of these solitons are impacted
by the topological band structure from which they bifurcate. These results give rise to a number of interesting
directions, including the exploration of the nature of soli-

5
tons in the bulk of higher Chern number lattices, soliton
dynamics in the long-time regime (i.e., when they deviate
from semiclassical behavior), and how such solitons interact with one another. This falls within a larger rubric of
the exploration of interactions and topology in bosonic
systems, and how novel behavior can emerge from the
interplay of these two effects.
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