THE RADIATION FIELD ON PRODUCT CONES
DEAN BASKIN AND JEREMY L. MARZUOLA

ABSTRACT. We consider the wave equation on a product cone and find a joint asymptotic
expansion for forward solutions near null and future infinities. The rates of decay seen
in the expansion are the resonances of a hyperbolic cone on the “northern cap” of the
compactification as computed exactly by the authors in [BM16]. The expansion treats an
asymptotic regime not considered in the influential work of Cheeger and Taylor [CT82a,
CT82b].

The main result follows the blueprint laid out in the asymptotically Minkowski set-
ting [BVW15, BVW18]; the key new element consists of propagation estimates near the conic
singularities. The proof of the propagation estimates builds on the work of Melrose—Vasy—
Wunsch [MVWO08] in the spacetime and on Gannot-Wunsch [GW18] in the semiclassical
regime.

1. INTRODUCTION

In this paper we consider the long-time asymptotics of solutions of the wave equation on
product cones. In particular, we find a complete (joint) asymptotic expansion for solutions
near null infinity. The exponents in the expansion along null infinity are the resonances of
the spectral family of the Laplacian on the “hyperbolic cone” living at the “northern cap”
and were computed in a previous paper [BM16].

For a given compact connected Riemannian manifold (Z, k), we say that the cone C(2)
over Z is the manifold with boundary

[0,00), x Z,
equipped with the (singular) Riemannian metric

dr? + k.
We consider the wave equation

(1) Ow = (D} — Acz))u = f € CX(R x C(2)),
(w, Quw)|i=0 € C(C(2)) x C(C(2)),

on R x C(Z). In order to simplify matters, we always assume that Ac(z) represents the
Friedrichs extension of the Laplacian on C'(Z).

We compactify the spacetime R x C(Z) to a manifold with corners we call M; in the
case of a “phantom cone”, this reduces to the compactification of the Minkowski metric
considered in previous work [BVW15, BVW18]. The manifold with corners M has two
boundary hypersurfaces: one, denoted mf corresponds to the “boundary at infinity”, while
the other, denoted cf, corresponds to the conic singularity.

The main result of this paper is to obtain the asymptotic behavior of the solution u near
the light cone at infinity, which we denote S,. In order to do this, we ultimately blow up S

in mf to obtain a third boundary hypersurface. Locally near the interior of this new front
1
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face (denoted Z7), the blow-up amounts to introducing new coordinates p = (1+t2+72)"1/2,

s =t —r, and z; the front face is given by p = 0.

In order to simplify the statement of the main theorem (i.e., to make a statement without
compound asymptotics), we introduce the Friedlander radiation field, which is given in terms
of s=t—r, r,and z by

R [w](s,z) = lim r™ Y 2w(s 4+ r,r, 2),

r—00
e., by restricting an appropriate rescaling of the function to the new face. The function
R [w] measures the radiation pattern seen by a distant observer and is an explicit realiza-
tion of the Lax—Phillips translation representation as well as a generalization of the Radon
transform.
Our main theorem can be stated in terms of the radiation field as s, the “lapse” parameter,
tends toward infinity, and more generally, the compound asymptotics of the solution near
the forward light cone.

Theorem 1.1. Suppose u is a solution of the wave equation on a cone with smooth initial
data compactly supported away from the conic singularity, i.e.,

Ow=0 onRxC(2),
(w, Oyw)|i=o € CF(C(2)) x CZ(C(Z)).

The radiation field R [w](s,z) of w admits an asymptotic expansion of the form

R [w] ZZQJ“ 5% (log 5)"

as s — +00.
Moreover, w has a full asymptotic expansion away from cf, with the compound asymptotics
near CL NI given by

—n1 1 Z Z Zagm —io; logs)lﬁl(S/T)Z'

Jj k<m; £=0

In fact, the o; in the theorem are the resonances of the hyperbolic cone considered pre-
viously by the authors [BM16] and can be computed explicitly in terms of the eigenvalues
,uj of Aj. Because each eigenvalue ,u2 leads to an entire family of resonances, it is easier to
rename them o;; in terms of two parameters, which we call 7 and k. Here j refers to the
eigenvalue in question and k € N = {0,1,...}.

1 n—2\*

provided that
n—2\> 1
- — + 7.
J(52) ree s

The resonance o; has the same multiplicity as the eigenvalue u? of Ay.

Theorem 1.1 is an extension of the foundational work initiated by Cheeger—Taylor [CT82a,
CT82b], though our aim is different. Cheeger and Taylor were more interested in the propa-
gation of wavefront set for the wave equation on product cones; in particular their main aim
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was to show the existence (and calculate the symbol) of the diffracted wave arising from the
metric singularity. In the process, they also found the asymptotic behavior of solutions of
the wave equation away from ZT; we recover their result in this region. Although in principle
Theorem 1.1 can be recovered using the methods of Cheeger—Taylor [CT82a, CT82b] pro-
vided one could extend their asymptotic expansion uniformly to the boundary of the light
cone, but we provide an alternative microlocal proof.

We note that the hypotheses of Theorem 1.1 may be relaxed somewhat; it is not strictly
necessary that we consider the static wave equation on a product cone; we present this
setting largely for pedagogical reasons and describe straightforward generalizations below
(see Section 3). Although the argument simplifies in the product setting, the complica-
tions arising can be treated using more refined microlocal techniques. See for instance the
previous papers [BVW15, BVWI18] for relaxing the static hypothesis and Melrose—Vasy—
Wunsch [MVWO08] to relax the product hypothesis.

The novelty of this paper is at least twofold: not only do we contribute to the project of
Cheeger—Taylor in a fashion that gives full a complete asymptotic description, but we find
that cones provide an additional class of examples where the expansion of the radiation field
can be computed explicitly.

1.1. A sketch of the proof of Theorem 1.1. To prove the main theorem, we adhere
to the blueprint laid out in previous work of the first author [BVW15, BVW18|, which in
turn builds on the foundational work of Vasy [Vas13]. In particular, our aim is to reduce the
problem of finding an asymptotic expansion to the inversion of a family of Fredholm operators
on mf; the residues of the poles of this family generate the terms in the expansion. Showing
that the family is Fredholm (and that the argument can begin) reduces to propagation of
singularities arguments.

We begin with the solution of equation (1); by smoothly cutting off the solution for ¢ < 0
we consider instead the forward solution of Jw = f’, where f’ € C'2°(M) vanishes identically
in a neighborhood of C'_. We consider then the function u = p~("~1/2y and set

L = p—2p—(n—1)/2|:|p(n—1)/2’
so that u satisfies Lu = f” for some other function f” € C°(M) vanishing near C_. A
propagation of singularities argument (which will be proved in Section 6) shows that u is
conormal to Sy.

We set P, = N (L) where N is the reduced normal operator, i.e., the family of operators
on mf obtained by the Mellin transform in the normal variable p. We set u, and fo. to be
the Mellin transforms of u and f”, so that u, solves

Py, = f,.

In general, one would expect additional correction terms, but the dilation invariance of
the model problem simplifies the argument considerably. We show that we can propagate
regularity from the past “radial points” of P, to the future ones. Away from the conic
singularity, this argument is contained in the previous papers [BVW15, BVW18, Vasl3];
the main missing piece is the propagation near the conic singularity (which we will prove in
Section 7). This argument shows that P, is Fredholm on variable-order Sobolev-type spaces
and P, ! has finitely many poles in any horizontal strip. In fact, the poles of P! can be
identified with the resonances of the corresponding hyperbolic cone.
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Once these pieces are in place, the argument from the prequel [BVW18] proves the main
theorem. Since that argument simplifies slightly in the product context, we provide a sketch
of it below (Section 8).

The next four sections are “preliminaries” to the main analysis contained in Sections 6,
7, and 8. Section 2 provides a brief review of the geometry of manifolds with corners and
asymptotic expansions on them. Section 3 provides an introduction to the specific geometry
we consider, while Section 4 presents the pseudodifferential calculi employed. Section 5
develops the function spaces in which the various arguments take place.

In the propagation arguments (and in the choice of coordinates in Section 3), we aim
to match as closely as possible the notation of Melrose-Vasy—Wunsch [MVWO08] to make
reference to arguments easier. We further adopt the conventions that A is a non-negative
operator, D = %8, m typically represents the order of a differential (or pseudodifferential)
operator, and ¢ typically represents an index (or multi-index) for growth or decay.

Acknowledgments. The authors wish to thank Semyon Dyatlov, Oran Gannot, Peter
Hintz, Rafe Mazzeo, Andras Vasy and Jared Wunsch and for valuable discussions. DB was
supported in part by National Science Foundation (NSF) under NSF Grant DMS-1500646
and NSF CAREER Grant DMS-1654056. The research of JLM was supported by NSF Grant
DMS-1312874 and NSF CAREER Grant DMS-1352353. Part of this work was done while
the second author was on sabbatical at Duke University and the Mittag-Leffler Institute.

2. BASICS OF b-GEOMETRY

We begin by recalling results about analysis on manifolds with corners. Some of the dis-
cussion in the next few sections is adapated from the first author’s previous work [BVW15,
BVW18], while a more thorough discussion of b-geometry can be found in Melrose’s book [Mel93,
Chapter 4]. In the context of manifolds with corners, we refer the reader to Melrose’s un-
published book [Mel96] and to Vasy’s work [Vas08].

Throughout the paper we assume M is a compact (n+1)-dimensional manifold with corners
and that X is a compact n-dimensional manifold with boundary. A function p € C*°(M) is
a boundary defining function for a boundary hypersurface H of M if p vanishes simply at
H and is non-vanishing elsewhere. A codimension k corner is the intersection of k£ boundary
hypersurfaces of M.! Near a codimension k corner H, N ---N Hy, we may use

(p1s- s pry) €0, 1)F x R™FIH

as coordinates on M, where p; is a boundary defining function for H; and y are coordinates
along the corner Hy N --- N Hy.

The space of b-vector fields on M, denoted W, (M), is the space of smooth vector fields on
M tangent to M. Near a codimension k corner HyN- - -NHy, V(M) is spanned over C*(M)
by the vector fields p10,,, ..., pr0,,,dy. The vector field p;0,. is called the b-normal vector
field to the boundary hypersurface defined by p; and is independent of choice of coordinates
as an element of V,(M)/pV,(M).

In fact, V(M) is a Lie algebra and is the space of smooth sections of a vector bundle
(called the b-tangent bundle) PT'M over M. The dual bundle of PTM is PT*M and its
sections are locally spanned (near a codimension k corner) over C'*°(M) by the 1-forms

LOur main applications involve corners of codimension no greater than two.
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dp1/p1,-..,dpr/pr and dy. The b-cotangent bundle PT*M is equipped with a canonical
1-form, which can be written
3 6 g g Ty

P1 Pk
in local coordinates near a codimension k corner. We further obtain the fiber compactification
bT* ) of ®T*M by radially compactifying each fiber. A defining function for the “boundary
at infinity” of a fiber is given by

v=(C 4+ P

and near infinity we may use
v, § =vE, =
as a redundant set of local coordinates on each fiber near {v = 0,p; =0,...,p; = 0}.2 We
let PS*M denote the boundary at infinity of PT*M, i.e., {v = 0}.
The b-cotangent bundle also inherits a canonical symplectic structure where the symplectic
form is given by the exterior derivative of the canonical 1-form. (In other words, the natural

symplectic structure on T*M extends to "T*M.) If we write covectors in "T*M in local
coordinates as

d d
élﬂ_i_..._i_é_kﬁ_i_n.dy,
P1 Pk
then the symplectic form is given by
d d
(4) dgl/\%+-~+d§k/\%+dn/\dy.
1 k

As V(M) is a Lie algebra, we may consider its universal enveloping algebra, denoted
Diff; (M). Near the codimension k corner Hy N --- N Hy defined by {p1 =0,...,pr =0}, an
operator A € Diff]" (M) has the form

(5) A= Z aa,ﬂ(pla"-7pk’ay)(p1Dp1)a1"‘(kapk)akD57
a1+Fag+|B[<m
where a, 3 € C(M).
The semiclassical version of Diff;’(M), denoted Diffy’, (M), is similarly defined with a

parametric dependence on a small parameter A > 0. In local coordinates, an operator
A € Diff, (M) has the form

(6) A= > aap(p1s- - prsyi h) (hp1Dp))™ .. (hpp Dy, )™ D

a1+ tog+|B|I<m

where a3 € C°°(M) are bounded in h. In fact, we require Diff} , only in the context of
manifolds with boundary.

We also introduce a multi-filtered version of Diff;(M). Suppose that Hi, ..., H, are the
boundary hypersurfaces of M and that p; is a boundary defining function for H;. Given a
multi-index ¢ = ({q,...,¢,) € R", we obtain a multi-filtered algebra by setting

Diff* (M) = p;* ... p; o Diff™ (M) = p~* Diff™(M).

2Strictly speaking, we should regard (é\, 1) € S™ and then regard (V,g,ﬁ) as “polar coordinates” near
infinity.
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While the principal symbol of a differential operator specifies its high-frequency behavior,
it does not capture the boundary asymptotics. At each boundary face, there is a dilation-
invariant model operator, called the normal operator, that captures this behavior. The
normal operator N(A) of a b-differential operator A of the form above (5) at a codimension
k boundary face H is the dilation-invariant operator given by freezing the coefficients of
piD,, and D, at p; = --- = py = 0. In other words, N(A) € Diff{'([0,00)* x H) is given by

(7) N = 3 a0 0,9)(01D,) - (oD, ) DY

ar+--Fap+|Bl<m

Just as the Fourier transform is useful in the study of approximately translation-invariant
operators, the Mellin transform is useful in the study of approximately dilation-invariant op-
erators. For the main application of this paper, we need only the Mellin transform associated
to a single boundary hypersurface H. Suppose u is a distribution on M suitably localized
near the boundary hypersurface H defined by p. The Mellin transform of u associated to H
is defined by

Mpyu(o,y) = / x(p)u(p, y)p~"" " dp,
0

where y is a smooth compactly supported function that is equal to 1 near p = 0.

The Mellin conjugate of the operator N(A) is known as the reduced normal operator.®> For
N(A) given in the formula (7) above, the reduced normal operator is the family of operators
on the boundary hypersurface H given by

(8) NA) = > a;5(0,9)0' D},
JHIBI<m
where the other p variables are included with the y.

The Mellin transform is especially useful in the study of asymptotic expansions in powers
of p (the boundary defining function for the hypersurface) and log p. We first discuss the case
where M has only a single boundary hypersurface, i.e., when M is a manifold with boundary.
In particular, we recall from Melrose [Mel93, Section 5.10] that if u is a distribution on a
manifold with boundary, we write

u € Aphg( ) (u is polyhomogeneous with index set E)

if and only if u is conormal to M (and, in particular, is smooth away from the boundary)

and
u~ Z logp Az ks

(z,k)eFE
where a, ) are smooth functions on dM. Here the expansion should be interpreted as an
asymptotic series as p — 0 and F is an index set and therefore must satisfy?
EcCx{0,1,2,...},
E is discrete,
if (z;,k;) € E with |(2;, k;)| = oo, then Im z; — —o0,
if (z,k) € E, then (2,1) € Eforall [ =0,1,...,k— 1, and
if (z,k) € E, then (z —ij,k) € E forall j =1,2,....

3We only require this construction for differential operators, although it extends to b-pseudodifferential
operators as well.

4We have adopted the index set conventions of Melrose’s unpublished book [Mel96] rather than the other
reference [Mel93] to remain consistent with the first author’s previous work [BVW15, BVW18].
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We refer the reader to the work of Melrose [Mel93, Section 5.10] as to why these conditions
are natural. We occasionally use z € C to denote the smallest index set containing (z,0).
As an example, the functions that are smooth up to M are polyhomogeneous with index
set 0 (i.e., with index set £ = {(—ij,0): 7 =10,1,2,...}).

Distributions in Afhg(M ) can be characterized in two different ways: by the Mellin trans-
form and by the application of scaling (or radial) vector fields. To see the former, we recall
the characterization of this space given by Melrose [Mel93, Proposition 5.27]. For a given in-
dex set E, a distribution u lies in A%} (M) if and only if its Mellin transform is meromorphic
with poles of order k only at points z for which (z,k — 1) € E (together with appropriate
decay estimates in o).

Alternatively, we may test for polyhomogeneity by using radial vector fields. Let R denote
the radial vector field pD,. We characterize u € .Alfhg(M ) by the requirement that for all A,
there is a v4 with 74 — 400 as A — +00 so that

(9) [T @®-2|uemB " (WM)

(z,k)eEImz>—A

Our main theorem concerns polyhomogeneity at several boundary hypersurfaces not on a
manifold with boundary but on a manifold with codimension 2 corners. For convenience, we
repeat here several remarks from the first author’s previous work [BVW18]. In our setting,
at a codimension 2 corner defined by {p; = p2 = 0}, we have & = (E4, E,), where each E; is
an index set at the boundary hypersurface defined by p;. Essentially, the idea is that u has
an expansion at each boundary hypersurface with coefficients that are polyhomogeneous at
the other. In other words, we have

u € A‘ghg(M)
if and only if for each j = 1,2 we have

u~ > ajapp(logp)t  mod HYV(M),
(Z,k)GEj

where for each (z, k), the coefficients a; , j, are smooth at the hypersurface defined by p; and
polyhomogeneous (with index set Fy or Ej, depending on whether j = 1 or j = 2) at the
other. Here 7y = (+00,—A) and 7, = (—A,+00), where A is some fixed number greater
than sup{Imz | (z,k) € E;, j =1,2}.

When testing for polyhomogeneity at two (or more) boundary hypersurfaces, it suffices to
test individually at each one with uniform estimates at the other. This result is a consequence
of a characterization by multiple Mellin transforms (see Melrose [Mel96, Chapter 4] or the
Appendix of the PhD thesis of Economakis [Eco93], which contains a proof by Mazzeo). In
particular, we rely on the following proposition.

Proposition 2.1 (Mazzeo, Melrose). Let R; denote p;D,,, the radial vector field at the
boundary hypersurface defined by p;. For € = (Ey, Ey), a distribution u lies in Aghg(M) if
and only if for each j = 1,2 there are fived weights v} at the other boundary hypersurfaces

and, for all A, there is a vj o with ;4 — +00 as A — 400, so that

(10) [I (B-2|uwen """,

(z,k)€Ej Imz>—A
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where ;A is the weight at the boundary hypersurface defined by p; and ~y; encodes the weights
at the other boundary hypersurfaces.

In other words, applying the test above (9) at the boundary hypersurface H; defined
by p; improves the decay at H; at no cost to the growth or decay at the other boundary
hypersurfaces. Note that there is no requirement that the coefficients in the expansion (or
the remainder) are polyhomogeneous. Indeed, their polyhomogeneity follows automatically
when the condition (10) is imposed at all boundary hypersurfaces.

3. CONIC GEOMETRY

Our primary concern is the wave equation on a cone, so we describe this setting in detail.
Remark 3.1 describes natural extensions to this setting in which our main results still hold.

Suppose (Z, k) is a compact, connected (n — 1)-dimensional Riemannian manifold. We
say that the metric cone C'(Z) over Z is the manifold

R* x Z =(0,00), x Z
equipped with the warped product metric
dr? +r’k.
This metric is singular and incomplete at r = 0; we refer to the natural boundary {0} x Z
as the cone point.®

Our main result concerns solutions of the wave equation on the spacetime M° = R, xC(Z),
which is equipped with the Lorentzian metric

g = —dt* +dr* +rk.

We may regard M° as the interior of a compact manifold with corners. For clarity, we
first describe this compactification in the (1+ 1)-dimensional setting (i.e., when Z is a single
point). We will return to this familiar example throughout the manuscript as an illustration
of our methods (though of course Theorem 1.1 is trivial in this case).

We compactify R, x (0, 00), by stereographic projection to a quarter-sphere Si + as depicted
in Figure 1. In other words, the map R; x (0, 00), — S* C R3 given by

(t,r,1)
V1+t2 412
sends M° to the interior of the quarter-sphere given by
Si+ = {(21722723) S Sz - ]Rg | 29 Z O, Z3 Z 0}

The quarter-sphere Si , is a manifold with corners and has two boundary hypersurfaces

defined by the boundary defining functions zo and z3. We let cf (or the conic face) be the
hypersurface defined by the function

(t,r) —

r

1482472

and we let mf (or the main face) be the face defined by
1

2= ———.
V1424 r?

SWe regard the conic singularity as being purely metric; we can think of it has having been previously
resolved.
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t
/\cf

4 mf

R x (0,00) S,

FIGURE 1. The compactification of R x (0, 00) to $%

I II III

FIGURE 2. Regions I, IT, and Il in $% |

Having defined the smooth structure on this compactification, it is often convenient to
work with other equivalent boundary defining functions in different regions. We define
regions I, II, and IIT (the shaded regions in Figure 2) as follows: We let region I denote a
fixed neighborhood in S%, bounded away from mf; region II is a neighborhood bounded
away from cf; finally, region III is a neighborhood of the corner c¢f N mf. For concreteness,
we can take region I to be given by [t|,r < 10, region II to be r > 2,7 > |t|/2, and region
III to be |t| > 2, |t| > r/2.

We now describe several convenient coordinate systems valid in different regions. For
notational convenience, we will always use p to denote a defining function for mf and z to
denote a defining function for cf. In region I (where we are bounded away from mf), it is
convenient to take x = r, while in region II (where we are bounded away from cf), we can
take p = 1/r. Finally, in region III (which is the source of most of the new technical work in
this document), it is often convenient to take p = 1/t and x = r/t. Because polyhomogeneity
is independent of the choice of (equivalent) boundary defining function, we typically use
whichever boundary defining functions are most convenient at the time.

As another way of understanding the smooth structure of the compactification, we also
introduce “almost global” coordinates that are valid away from t = r = 0. We introduce
p€10,1) and 6 € [0, 7] defined by

1 1
t=—cos), r = —sinf.
p p
One can then take z = sinf as the defining function for cf. In these “almost global”
coordinates the metric g takes the form
dp? do d d6?
g= —COSQQL4 — 2sin26’——§ + cos20 —-.
p PP p
By introducing v = cos 260, we have
dp*  dvdp v dv?
I= T T i)
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and so the metric in region I has the same form as the short-range asymptotically Minkowski
metrics introduced by the first author and collaborators [BVW15].
Near the corner (region III), if we instead use p = 1/t and x = r/t, the metric has the

form ) ,

d dz d d

g:—(l—wQ)L—%:—x—g—F%.
p pp: o p

For the more general case of M° =R x C(Z), we take M to be the closure of the image
of M° under the map R x (0,00) x Z — S? X Z given by

Ty 2 ——z .
V112412
In other words, we take M = S% . x Z to be the compactification of M° to a manifold with
corners.

In region I, the metric is the spacetime metric on a conic manifold as was studied by
Melrose-Wunsch [MWO04a] (and later by Melrose-Vasy-Wunsch [MVWO08]). In region II,
the metric has the form

dp?> dvdp v dv? 1—v k

11 — gz, - = -7

(1) O A I e R

which is again a short-range asymptotically Minkowski metric.

Near the corner (region III), in terms of p = 1/t and x = r/t, the metric has the form

dp? dx d dx? k

(12) g:—(l—x2)i4—2x—x—p+i+12—2.
p p

This metric is a hybrid of a Lorentzian scattering metric (in that it is built from 1-forms of

the type dp/p* and «//p) and a conic-type metric (in that it degenerates as z — 0).

Remark 3.1. There are a number of natural extensions to the product cone setting that
require little additional work. All of the results and proofs in this manuscript apply to the
setting where ¢ is a Lorentzian metric on M = Si 4+ X Z that is

(1) a spacetime conic metric (so that the results of Melrose-Wunsch [MW04a] apply) in
region I,

(2) a (long-range or short-range) asymptotically Minkowski metric in region II, and

(3) a hybrid in region III. In other words, in region III, we demand that g is built out
of %;—’, %x, and % and that its leading order behavior as x — 0 (in terms of these
objects) is

Pt op p

3.1. The radiation field blow-up. In this section we recall from previous work [BVW15,

BVW18] the construction of the manifold with corners on which the radiation field naturally

lives.

Consider the submanifold given by S = {v = p = 0} in terms of the almost global
coordinates on M. This submanifold naturally splits into two pieces according to whether
+t > 0 near the component. We denote these two pieces Si. The complement of S in mf
consists of three regions. The region Cj consists of those points in mf where v < 0, while
the region in mf where v > 0 has two components, denoted C according to whether ¢t > 0
nearby.
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s2, S2.58, US|

FIGURE 3. A schematic view of the radiation field blow-up. The lapse function
s increases along Z1 towards C.

We now blow up S in M by replacing it with its inward pointing spherical normal bundle.®
In the product cone setting, this is equivalent to blowing up a pair of points in S, and then
taking the product with Y. This process replaces M with a new manifold M = [M;S] on
which polar coordinates around the submanifold are smooth; the structure of this manifold
with corners depends only on the submanifold S (and not on the particular choice of defining
functions v and p). The blow-up is equipped with a natural blow-down map M — M, which
is a diffeomorphism on the interior.

The new space M is again a manifold with corners and has six boundary hypersurfaces:
the closure of the lifts of the interiors of Cy and Cy to M, which are again denoted by C,
and CL; the lift of cf, again denoted cf, and two new boundary hypersurfaces consisting of
the pre-image of the future and past components of S under the blow-down map. These two
new hypersurfaces are denoted Z*. Moreover, Z* is naturally a fiber bundle over S; with
fibers diffeomorphic to intervals. Indeed, the interior of the fibers is naturally an affine space
(i.e., R acts by translations, but there is no natural origin). Figure 3 depicts this blow-up
construction. Given v and p, the fibers of the interior of Z* in M can be identified with
R x Z via the coordinate s = v/p.

In our setting, Friedlander’s argument [Fri80, Fri01] shows that for solutions v of COu = 0
with smooth, compactly supported initial data, the restriction

Ralul(s,y) = p~ "7 ulgs

is well-defined and smooth. This is Friedlander’s radiation field.”
Friedlander’s argument motivates the definition below of the operator

I - p727(n71)/2Dgp(n71)/27

and its reduced normal operator P, = N (L). Because changing the boundary defining
functions by a smooth non-vanishing multiple changes L and P, by an element of Diff;, we
freely work with whichever forms of the boundary defining functions are most convenient.
In particular, for the main argument of Section 8 we use coordinates in which the metric
takes the form in equation (11), while in Sections 6 and 7 we use the coordinates in which
the metric has the form (12).

For later reference, we record the forms of the operators in regions II and III. In region
I1, using the same coordinates as in the form of the metric there (11), we can record (where

6The reader may wish to consult Melrose’s book [Mel93] for more details on the blow-up construction.
"Note that our definition differs from Friedlander’s by the absence of a derivative.



12 D. BASKIN AND J.L. MARZUOLA

throughout we use the notation D = 19)

2
(13) L =v(pD,)* ~ 4(1 = v*)pD, Dy — 4v(1 = v*) D} — A,
— v

—((n=1)+ (n+1))ipD, +2 (2= (n— 1)v — (n — 3)v*) iD,

—2(";1>2—(n—1) (";?’)v.

We also record the form of P, here:

(14) P, = —4v(1 —v*)D? — %AZ +2(2=(n—1)v—(n—3w")iD,
—4(1 —v¥oD, +vo* — ((n—1) + (n+ 1)v)ic

—2(";1>2—(n—1) <";3)v.

In region ITI, where the metric has the form in equation (12), we write

L= (pD,+zD,)* —ni(pD, + «D,) — D2 + @=ip — LA, _ n’-L

(15)

Pa:(fL‘Dx+U)2—ni(xDx+0)—Dg+@ :c_%zAz—nLl.

T 4

3.2. Broken bicharacteristics. In the main propagation result of Section 6, we require
a small amount of the edge calculus machinery (namely, the bundles and the differential
operators) introduced by Mazzeo [Maz91]. We specialize our description to the specific
setting in which we work, though the calculus applies in much more general settings. For a
more detailed description, we refer the reader to Mazzeo [Maz91]. In an abuse of notation, we
use the term “edge” to refer to objects that behave as edge objects near cf and as b-objects
at mf.

Our use of the edge machinery is limited to a neighborhood of the boundary hypersurface
cf corresponding to the conic singularities. This boundary hypersurface is the total space of
a (trivial) fiber bundle:

A

cf
|
I

Here [ is a compactification of R; ¢ is locally a coordinate on the interior of I, while p
provides a coordinate near the boundary of I.

The set of edge-vector fields, denoted ), consists of those b-vector fields tangent to the
leaves of the fibration. In local coordinates (p, x, z), where x is the boundary defining function
for cf and z is a coordinate along Z, V. is spanned over C* by

20y, x(p0,), and 0,.

The Lie algebra V. is the space of smooth sections of a vector bundle (called the e-tangent
bundle) ¢T'M over M.®

8Strictly speaking, as a global object we are considering a mixed edge-b-tangent bundle, but our results
are essentially local so we do not stress this point.
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We let Diff;(M) denote the universal enveloping algebra of V.(M). An element A €
Diff" (M) near cf N mf has the form

A= > aus(p ., 2)(zpD,) (xD,)* DY,
JHk+|BI<m

where the ajzs are smooth on M. In region III above, the wave operator is an element of
p?x~2 Diff?(M); this relationship is exploited below in Section 6.

Canonical coordinates on *T*M induced by coordinates (p, z, z) are (p, z, z,7,§, (), which
corresponds to writing covectors as

d d
T—p+§—x+C~dz.
xp T

We then obtain a bundle map 7 : *T*M — PT*M given in these coordinates by

w(p,x,2,7,6C) = (p,z, 2, T,z x().
In other words, the map = is given by w — xw, which is an isomorphism *T*M — "T*M
away from z = 0.

Away from x = 0, the bicharacteristics (geodesics lifted to the b-cotangent bundle) of L are
the integral curves of the b-Hamilton vector field of the b-principal symbol of L. Because
(M, g) is incomplete (owing to the conic singularity in C(Z)), we must clarify what we
mean by bicharacteristics hitting the cone point. The aim of this subsection is to describe
one notion of bicharacteristic flow through the singularity at cf. As we are interested in
wave equations, we restrict our attention to null bicharacteristics, i.e., those lying in the
characteristic set of L.

We start by defining the compressed cotangent bundle by

PT*M = n(*T*M)/Z, 7 :°T*M — "T*M.
The quotient by Z acts only over the boundary; the topology is given by the quotient
topology. Observe that bTC*fM can be identified with PT*I. More explicitly, in terms of
coordinates (p, z,z,7,&,¢) on *T*M, n(°T%M) is given by points of the form (p,0, 2, 7,0, 0).
After the quotient, p and 7 provide coordinates on ngMM .
Observe that 22L € Diff>(M); near mf N cf, its edge-principal symbol is
2

0u(?L) = (7 26— € — (P~ ? .

In an abuse of notation (but following Melrose—Vasy—Wunsch [MVWO08, Section 7]), we
can introduce

7(°S*M) = (zn(°T*M) \ 0) /R* C *S*M,
#(°S*M) = (#(°T*M) \ 0) /R* C PS*M,
where PS*M and ¢S*M are quotients of their respective cotangent bundles by the natural
scaling action and "S*M =PS*M/Z.
Because cf is noncharacteristic, nonzero covectors in the edge-characteristic set of 2L are

mapped to nonzero covectors by m and 7. We can thus define the compressed characteristic
set

> =7(%),
where ¥ C ¢©S*M is the edge-characteristic set of 22L. Over x = 0, Y= bS&:O}M.
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Just as in Melrose—Vasy—Wunsch [MVWO08, Section 7], we define the hyperbolic subset of
m(*5¢M) by
H={qgen(*SiM) : # (7 '(¢)NX) > 2}.
Observe that in fact H = 7(°S;;M) and so there is no need to define the elliptic or glancing
parts of this set. The cooresponding set in "S% M is given by

H="H/Z

For a general definition of generalized broken bicharacteristics, we refer to Melrose—Vasy—
Wunsch [MVWO08, Definition 7.5]. In the present context, they can instead be described
more simply. Away from cf, they consist of lifts of maximally extended light-like geodesics
to PS*M (or, alternatively, to ©S*M). Near the cone points, they are concatenations of
bicharacteristics that are continuous as functions to .

In particular, near cf, the generalized broken bicharacteristics are concatenations of (lifts
of) light-like geodesics entering and exiting the same conic singularity; the continuity con-
dition requires only that they enter and leave “at the same time” (i.e., the p-coordinates
agree) and with the same “time momentum” (i.e., the same value of 7). More precisely, a
simple ODE analysis shows that null bicharacteristics enter S’ M with coordinates

(p07 Oa 20, 70, &)a 0)7

where 72 = £2. These bicharacteristics then leave ¢S%M from the point

(va 07 21,70, _607 0)7

where 2, € Z.9

4. PSEUDODIFFERENTIAL OPERATORS

We may now describe the spaces of b-pseudodifferential operators we employ. In the bulk
M, we rely on the homogenous b-calculus associated to a manifold with corners. On X = mf
we use the semiclassical b-calculus on a manifold with boundary.

4.1. The homogeneous b-calculus. We now briefly describe the spaces W', ¥ .

\I/Zl’g of b-pseudodifferential operators on M. Rather than provide detailed definitions and
proofs, we instead provide a list of their properties and refer the reader to Melrose’s unpub-
lished book [Mel96] and Vasy’s paper [Vas08] for details.

Our discussion in this section is specialized to a neighborhood of mf Nef (region I1I) in M;
the relevant results in region I can be quoted, while the results in region II can be recovered
by assuming that x is bounded away from 0.

The space of b-pseudodifferential operators U} (M) is the “quantization” of the Lie algebra
Yy (M) and formally consists of operators of the form

b(p,.fll', ZapraxDzaDz) )

and

where b is a classical symbol (i.e., it is smooth on PT*M and has an asymptotic expansion
in increasing powers of v). In terms of coordinates (p, z, z) near the corner mf N cf, we may

9n other words, the direction in which the bicharacteristic leaves the cone point has no relation to the
direction in which it entered. In the parlance of Melrose-Wunsch [MWO04b], these are the “diffractive”
bicharacteristics.
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write an explicit quantization of the symbol b by

1 i(p—p ) T+i(z—x')E+i(z—2")- p_p/ r—a
Ob(0)u(py2.2) = gy [ [ elrmtmtesisstesig (L0 5 (228 )y
~b(p,x, 2, pr, 2€, Qu(p', 2, 2") dr d€ d¢ dp da’ d2’,

where ¢ € C°((—1/2,1/2)) is identically 1 near 0, v localizes to a region where the local
coordinates on z are valid, and the integrals in p’ and 2’ are over [0, c0).

We further define a multi-filtered algebra W™*(M) = p~*U7*(M). Thus the index ¢ refers
only to the filtration in p; any filtration in x will be made more explicit in the text in later
sections.

Similar to the results from Melrose-Vasy-Wunsch [MVWO08], for our regularization argu-
ments in Section 6 we require a slightly larger algebra we call Wi (M). It is defined in
the same way but with symbols satisfying Kohn—Nirenberg estimates (rather than having
complete asymptotic expansions).

The algebra \IIIT’E(M ) satisfies the following properties:

i If A e W™ (M) (or U7"'), then A defines continuous maps A : C(M) — C>(M) and

A:C (M) — C~>=(M).
ii. The principal symbol of a b-differential operator extends continuously to give a map
T UIH(M) — p~tC®(PS* M).

The principal symbol map is multiplicative, i.e., 0(AB) = o(A)o(B).
In the case of ¥} . the principal symbol takes values in the quotient space
Sm(bT*M)/Sm_l(bT*M),
which in the case of classical symbols can be identified with C*°(*S*M).

The principal symbol captures the top order behavior of elements of \IIZI’Z(M ). In
other words, the following sequence is exact:

0 — U (M) = UM — p~0=(*S*M) — 0.

(In the case of W}, the latter space must be replaced by the quotient S™/S™™1))
iii. There is a quantization map Opy, : p~¢S™(*PT*M) — ¥"*(M) so that

ob,m,e(Opp(a)) = a

as an element of p~¢S™(PT*M)/p=*S™ L(PT*M). A similar statement holds for Wy,
when the symbol space only satisfies Kohn—Nirenberg estimates.
iv. The algebras \I/ZM and W are closed under adjoints, and

o(A*) = o(A).
v. If A e U (M) and B € U"* (M), then [A, B] = AB — BA € W™ "L (01 and

Ob,m~+m/—1,0+¢ (Z[Aw BD = {O-<A)’ U(B)}7

where the right hand side denotes the Poisson bracket induced by the symplectic struc-
ture on PT* M.

vi. Elements of WY (M) are bounded on L?. In particular, given A € W)(M), there is an
A" € U 1 (M) so that

[Aull 2 < 2sup |o(A)] Jull 2 + [[A"ul| 2 -
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We further require the notion of a basic operator (reintroduced below in Section 6). As
in Melrose—Vasy—Wunsch [MVWO08, Section 9], we say a symbol a € C®("T*M) is basic
if it is constant on the fibers above PT*M, i.e., in terms of local coordinates d,a = 0 at
{r =0,£ =0, =0}. The quantization of such a symbol is also called basic.

We now recall from Melrose-Vasy—Wunsch [MVWO08, Lemma 8.6] how the b-calculus in-
teracts with 1/x, D, and 1D, .

Lemma 4.1 (cf. [MVWO08, Lemma 8.6]). If A € U*(M), then there are B € V(M) and
C € U Y(M) depending continuously on A so that

i[D,, Al = B+ CD,,

with 0(B) = 0,(0(A)) and 0(C) = 0¢(0(A)).
In particular, given C' = i[l/x, Alz, we have C € U]" (M) and

om-1(C) = Hy-10(A) = Oca(A).
If, in addition, A is a basic operator, then

1 1
Z|:§Dzj,A:| Bj + C;D, +Z k= Dzk+ ~ I,

with B; € WIN(M), C;, Eji., F; € U"1(M) depending continuously on A, and
0z, (0(A)) + ¢, 0(0(A)) = zo(B;) + £a(C +ZC o (Ejr).

4.2. The semiclassical b-calculus. In this section we briefly describe some properties sat-
isfied by the semiclassical b-calculus ¥} (X) described by Gannot—Wunsch [GW18, Section 3].
We refer to that paper for details. Throughout this section we assume X is an n-dimensional
manifold with boundary.*”

An explicit quantization procedure on R = [0, 00) xR™ ! is given by fixing ¢ € C°((—1/2,1/2))
so that ¢(s) =1 near s = 0. Given a € S;*(*T*R?), define Opy, j,(a) by

/

Oy p(apu(e.2) = g [ et(-886209 (l" - ) (. 5,28, Qu(a, ) dE ¢ da’ dy

As in the homogeneous case, the space of semiclassical b-pseudodifferential operators on
X satisfies the following properties:
i. Bach A € ¥}, ;,(X) maps C(X) — C*(X) and C~®(X) — C~=(X).
ii. There is a principal symbol map oy, : U7, (X) — S™(PT*X)/hS™ ! (P T*X) so that the
sequence

e

0= hUP (X)) = U7 (X) = S™(PT*X) /hS™ T (PT* X) — 0

is exact. Moreover, this map is multiplicative.
iii. There is a (non-canonical) quantization map Opy,;, : S™(*T*X) — W, (X) so that if
a € S™(PT*X) then
a(Opy,(a)) = a
as an element of S™(*T*X)/hS™ 1 (PT*X).

0We employ the semiclassical calculus only on mf, accounting for the shift in dimension.
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iv. The algebra Wy , (M) is closed under adjoints (with repsect to a fixed density on X) and
o(A*) =o(A).
v. f Ae ¥ (X) and B € \I'{)’f;l(X), then [A, B] € h\IJ{)’f;{m/*l(X) and has principal symbol

o (% A, B]) ={0(A),0(B)},

where the Poisson bracket is taken with respect to the symplectic structure on P7T*X.
vi. Each A € ¥}, (X) extends to a bounded operator on L? and there exists A" € W 5°(X)
so that

[Aull > < 2sup [o(A)] [[ull» + O(h™) | A"ul|
for each u € L2

As in the homogeneous setting, we define a basic operator to be the quantization of a
symbol a with d.a = 0 at {x = 0, = 0,{ = 0}. We also use the semiclassical analogue of
Lemma 4.1, with proof essentially identical to the proof in the homogeneous setting.

Lemma 4.2 (cf. [MVWO08, Lemma 8.6] and [GW18, Lemma 3.6]). If A € ¥, (X) has
compact support in a coordinate patch, there are B € W, (X) and C € \Ifg?,jl(X) so that
% [hD,, Al = B + C(hD,)
with o(B) = 0,0(A) and 0(C) = 00 (A).
In particular, given C = i[1/x, Az, we have C € W' (M) and
O'mfl(C) = Hx—10'<A> = 8§U(A)
If, in addition, A is a basic operator, then

i [h h
—|=D.,A| = B; + C;(hD,) Dzk ~F
P [z ’ } +C;(hD,) + § =Dy + —

with B; € Wi, (X), C;, Ej, F; € U7 1(X) and

0,0(A) + ¢, 0c0(A) = 20(B)) + £o(Cy) + Y _ ¢, 0(Ejp).

- k
5. FUNCTION SPACES AND WAVEFRONT SETS

5.1. b-Sobolev spaces. We start by defining the “standard” b-Sobolev spaces on M and
X, referring the reader to other references for more details.

Here and throughout the paper we fix a “b-density”, which is a non-vanishing density
that, near the codimension 2 corner mf N cf has the form

dp dx
f(p,l’,Z) __d

p x
where f is smooth and positive everywhere (down to the corner). We define L?(M)to be the
space of functions on M that are square-integrable with respect to this (fixed) density. We
use H™(M) to denote the Sobolev space of order m relative to the function space L2(M)
and the algebras Diff}'(M) and UP*(M). In particular, for m > 0, if A € V(M) is any
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fixed elliptic operator, then u € H{™(M) if and only if u € L3(M) and Au € L3(M).'! For
m < 0, the space H"(M) is defined as the dual space of H, "™ (M) with respect to the LZ(M)
pairing. For £ = (¢1,...,4,), we let

HyY (M) = pt .. pyr H (M)

denote the corresponding weighted spaces. A similar definition (with a similarly defined
density) applies to characterize the space H{"(X).

The spaces H;® * are the spaces of distributions conormal to the boundary (possibly with
different boundary weights). These conormal spaces can be characterized without reference
to microlocal methods by the iterated regularity condition: a function w lies in H;° ’Z(M ) if

and only if for all N and all V;,...,V, € V,(M),
Vi...Vyu € p'LE(M).

5.2. Domains. Although in the previous section we defined Sobolev spaces relative to a b-
density, the proofs of the propagation statements in Section 6 below more naturally employ
a density associated to the conic structure of the problem, i.e., the density associated to the
(Lorentzian) metric p?g, which in local coordinates has the form

2" Wk

dpdx dz.

The L? space defined by this density is the one used in the definition of the Friedrichs
extensions of our various operators.

We now characterize the domains of the operators (defined above in equation (15)) L and
P, in region III (and its restriction to X = mf). In our propagation theorem in the “bulk”
(Section 6), the domain of L provides the background with respect to which we measure
regularity. In the semiclassical regime (Section 7) the propagation of semiclassical wavefront
set is measured with respect to the domain of P, (or, rather, its semiclassical analogue).

The domain of A on C(Z) informs our understanding of the domain of L on M as well as
the domain of P, on X = mf. We let D denote the Friedrichs domain of the Laplacian on
C(Z) and D' the domain of A~/2 so that A : D — D’. In other words, D is the closure of
C>((0, 00) x Z) with repsect to the quadratic form ||dul|* + ||u||*. (Here both norms are the
L? norm with respect to the conic metric.) We recall now a central result concerning this
domain.

Lemma 5.1 ([MVWO08, Lemma 5.2]). If dimZ > 1, then there is some C' so that for all
v e C®((0,00) x Z),

o= 2o||* + |a = D.o||* + | Do ||* < C o]

When the dimension of Z is 1, i.e., when the link is a circle, then this Lemma is false.
Modifications similar to those used by Melrose—Vasy—Wunsch [MVWO08, Section 10] allow us
to recover the propagation results of Sections 6 and 7.

The domain of L is induced by the domain D above and is denoted D. The analogue of
D' we denote D'. Because L is essentially the D’Alembertian for the metric pg, we measure

U1f m is a positive integer, H{™ can be characterized in terms of Diff{"(M). A characterization for other
values of m then follows by interpolation and duality.
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size with respect to this Lorentzian metric. In particular, we may take as a representative
of this norm

2 2 2
lulls = lldullza () + lull2(2g)

where du now denotes the differential on M. In particular, the D norm controls the L2
norms of pD,u, Dyu, and z7'D,u. As solutions of wave equations do not typically lie in
L? in time, we also use the “weighted domains”, denoted p‘fﬁ, which consist of those u for
which v = pfu € D. The ,0_375 norm of u is defined to be the D norm of plu.

On M, one of the main uses for the domain D is as the background with respect to which
we measure regularity. To that end, for fixed ¢ € R and m > 0, we define the finite order
conormal space H]ZL g(M ) to consist of those u € p'D with Au € p'D for some elliptic A € v

In other words, H;” g consists of distributions conormal to cf of finite order m relative to

pfﬁ. These spaces do not depend on the choice of A (as in the work of Vasy [Vas08, Remark
3.6]).

On the boundary X = mf, we characterize the domain of P, near the conic singularity.
As P, differs from —A by an element of Difff, Lemma 5.1 applies to P, as well, so in an
abuse of notation we use D to denote the domain of P, as well.

The main propagation result of Section 7 is semiclassical, so we introduce a rescaled version
of the domain norm, denoted D, associated to the operator P, = h?P,, where h = |o|™!.
For u supported near 0.X, this norm is given by

2 2 2
[ullp, = 7 dul” + [lull",

where the L? norms are taken with respect to the conic metric dz? 4+ 22k near the cone point
on X.'2 As in Lemma 5.1, the D, norm controls the L? norms of h D,u and h ™' D,u. The
dual of D, we again denote Dj,.

It is worth pointing out that the characterization of domains stemming from Lemma 5.1
shows that if x € C2 localizes near mf N cf, then the map u — xu, viewed as a map
from the domain to L? (with respect to the relevant metric) is compact. By duality, the
corresponding map from L? to the dual of the domain is also compact. This observation is
used in the Fredholm statement proved in Section 7. When dim Z = 1, the characterization
of the Friedrichs domain given by Melrose-Wunsch [MWO04a, Proposition 3.1] also shows the
compactness of these inclusions.

As we aim eventually to reduce problems on M to problems on the boundary hypersurface
X = mf, we record the following lemma relating the two domains. The proof of the lemma
with D replaced by a Sobolev space H” is standard; the proof for D proceeds identically.

Lemma 5.2 (cf. [BVW15, Lemma 2.3]). Ifu € p~‘D and x € C®(R), then the Mellin trans-
form in p of x(x)u is a holomorphic function for Im o > ¢ taking values in L§2 L3, (Ry,; D).

Imo

5.3. Variable order Sobolev spaces. As in the prequels [BVW15, BVW18], we wish in
Section 7 to propagate regularity from S_ to Sy in X = mf. In order to do this, the family w,,
must be more regular than a threshold regularity at S_ and less regular than the threshold
at S,. Because the two thresholds are equal, we employ variable-order Sobolev spaces.

We therefore must define a smooth regularity function s : *S*mf — R. The characteristic
set of P, in "S*mf has two components ¥ ; the integral curves of the Hamilton flow in 3,

121 fact, P, is a rescaled conjugate of the Laplacian on a hyperbolic cone, but we do not need to exploit
this fact here.
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tend to Sy as the parameter tends to +oo. The sets AT = N*S, C PS*mf are the radial
sets at future/past infinity, respectively.
We fix a future regularity function sg, : >S*mf — R satisfying the following:

i. sg, is constant near A* and sg, = 1 in a neighborhood of the conic singularity dmf;

ii. Away from Omf, sy, is decreasing along the H,-flow on ¥, and increasing on »_;

iii. sg, is less than the threshold exponent on A™ and greater than the threshold exponent

on A™.

By increasing sg, near A~ (or decreasing it near AT), we can arrange that 1 lies between
Ster|a+ and Sy |p- that the second and third requirements are compatible with the first.

Note that sg, is implicitly a function of o; the thresholds at A* are also o-dependent.
Indeed, as in the previous paper [BVW15, Section 5], the thresholds are given by

1
—+Imo.
5 +Imo
We further define s}, = —s, + 1. With these functions in hand, we can define (as

in [BVW15, Appendix A]) the variable order Sobolev spaces H* and H®st away from the
conic singularity dmf. Recall that the standard hyperbolic propagation estimates still hold,
provided that the order is decreasing along the flow.

We now fix a partition of unity ¢,1 — ¢ € C* so that ¢ is supported near the conic
singularities Omf where s = 1, and 1 — ¢ = 0 in a neighborhood of dmf. We now define the
spaces

Yol = Ly = (1 — @)uy + dug s uy € H¥ ™1 uy € L?},
Yoot ™t = Ly = (1 — @)ug + pug : uy € H» ™ uy € D'},
where we have abused notation slightly — the spaces Y% —1 and Y®as~1 differ by how they

look near the conic singularity. As sg, = 1 near the cone points, Y*~1 should behave like

L? there; Spast = 0 mear the cone point, so Y#past—! should stand in for H~! there. We equip

these two spaces with the norms

ot = (1= @)l e + llSull72
2 2 2

[l gt = (X = Al e + S0l

To define the semiclassical versions of the norms, we replace the Sobolev part of the norm
with a semiclassical Sobolev norm and replace the D part of the norm with the Dj, norm.
We now define the X’ spaces, again relying on the localizer ¢:

Xt = {u = (1 — ¢)uy + duy : ug € H uy € D, Pyu € Ysu—1}
XS;ast — {u — (1 _ (b)/u’l + ¢u2 : Ul e HS;ast7 u2 e L2’ Pou 6 ys;astfl}.
Note first that we have abused notation in the same way as in the definitions of the ) spaces.
Observe also that the condition on P,u in the definition of the X spaces is independent of

o, as P, — P,, € Diff} (or Difflljvh in the semiclassical setting). The norms on these spaces
are given by

lul

2 2 2 2
wore = (1= )ullgen, + [|oullp + [[Poullysn-1
2 2 2 2

= (0 = @)ullype + 0l + [ Poul

* *
Xspast yspast -

|

[l .

with the semiclassical analogues obtained in the same way as for the ) spaces.
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Observe that with our choices of sg, and s, the dual of Y*~! is the space of distri-

butions of the form ¢u; + (1 — ¢)us, where vy € H spast and uy € L2, Similarly, the dual of
Vpast ™! consists of those distributions ouy + (1 — ¢)ug with uy € H** and uy € D.

5.4. Wavefront sets. In this subsection we describe our microlocal characterization of reg-
ularity, the wavefront set. We define the notion only for the problem on the bulk M. Though
it would be natural to define similar (homogeneous and semiclassical) notions on X = mf,
the new propagation estimates are directly stated in terms of operators and so we avoid
introducing definitions on X.

Definition 5.3. Let u € HS; for some s,r € R and s > 0 (so that u € D) and let m > 0.
We say ¢ € PT*M \ 0 is not in WFmé( ) if there is some A € W™*(M) elliptic at g so that

Au e D.
For m = oo, we say ¢ is not in WFE"g(u) if there is some A € ¥ so that Au € HOOLK.

)

Because this notion of wavefront set is only defined for u € 5 ,cr HE%, we call these

distributions D-admissible. Given an operator A € Uy, (M), we also will use a notion of
operator wavefront set, WF}(A), where we have WF} (A) C PS*M, with properties as in
[IMVWO08, Section 3].

That there are non-trivial elements in this class follows immediately by energy conservation
(indeed, polynomially growing energy estimates would suffice).

Lemma 5.4. If u is tlie forward solution of Lu = f, where f € C°(M°®), then there is some
¢ €R so that u € p~*D.

6. PROPAGATION OF SINGULARITIES IN THE BULK

The main aim of this section is to show that if u € pZD satisfies Lu € C, u = 0 for
t <0, then u € H 5 for some s and 7. As in previous work [BVW15, Section 4], the same
argument can be augmented to show that in fact u possesses iterated regularity under the
module generated by pd,, pd,, v0,, and J..

Throughout this section we use (); to denote those first-order differential operator we
encounter that are not in U}. In particular, we set Qo = 1/, Q1 = D,, and Q; = %Dzj for
local coordinates zo, ..., 2, on Z.

The results of the previous work [BVWI15, Section 4] apply here away from z = 0; the
propagation of singularities results of Melrose-Wunsch [MWO04a] establish the result away
from p = 0. We must thus only show the following two propositions:

Proposition 6.1 (cf. [MVWO08, Proposition 8.10 and Theorem 8.11]). If u € o'D then, in
a neighborhood of mf N cf,

m,l m—1,0 .- e Qk m,l m,l .
WFbﬁ(u) C VVF]D’5 (Lu) Un(°S*M) and WFbﬁ(u) \WFb’ﬁ(Lu) CcX.
In particular, if Lu € C*(M), then WFE%(u) C X for all s.

Proposition 6.2 (cf. [MVWO08, Theorem 9.7]). Suppose u is an admissible solution of Lu =
f e C(M), and suppose that U C S is a neighborhood of gy € H. Then

UNn{—{ <0} NWF*(u) =0 — g ¢ WF'5(u),
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where we note that away from x =0, WFZ’% u=WF* .

Taken together, Propositions 6.1 and 6.2 establish the diffractive theorem (cf. [MVWOS,
Theorem 9.12)):

Theorem 6.3. If u € pfﬁ and Lu € CF, then near cf Nmf,
WFbﬁ(u) C E
is a union of mazimally extended generalized broken bicharacteristics of L in 3.

Away from the cone points, exactly the same estimates as in the previous work [BVW15,
Section 4] apply, so Theorem 6.3 yields the following corollary:

Corollary 6.4. If u € péﬁ satisfies Lu € C° and u =0 fort <0, then there are s,y € R
with s + ¢ < 1/2 so that u € Hs%. Moreover, u possesses module regqularity with respect to

this space.

The rest of this section is devoted to the proofs of Propositions 6.1 and 6.2.

6.1. Elliptic regularity. Throughout this subsection and the next, we work only near
mf N cf and assume all operators and distributions are localized in a fixed neighborhood
near this set. In particular, we always assume we are localized to a region with v < 1/4.
As mentioned earlier, we abuse notation and use the symbol Diff, to denote differential
operators that are edge-like at cf (i.e., in x) and otherwise b-like at mf (i.e., in p). We
measure L? with respect to the density for the metric p%g; in local coordinates this has the

form
- 1 \/E

dpdzdz.

With respect to this density, we observe that L has the following form:

1 1 2-1
L = (pDy +aDy)"(pD, +wDy) = DDy = (—V2)"(—-V2) = ! T

As in the work of Melrose-Vasy—Wunsch [MVWO08], we set
7 DIfff O gl

to be the span of the products QA with Q € z=* Diff’; and A € U, It is also generated by
the products AQ and so the union

|J =" Diff} vy
k,m
is a bigraded ring closed under adjoints with respect to any b-density.
Following the notation of [MVWO0S8|, we say a symbol a € C®((°T*M) is basic if it is
constant on the fibers above "T* M, i.e., in terms of local coordinates, d,a = 0 at {x = 0,§ =

0,¢ = 0}. An operator with such a symbol is also called basic.
The main elliptic estimate follows from the following two lemmas:

Lemma 6.5 (cf. [MVWO08, Lemma 8.8]). Suppose that K C U C PS*M with K compact
and U open, and suppose further that A = {A, € ¥i™! :r € (0,1]} is a basic family bounded
in WS with WF,(A) C K. Then there are G € U % and G € WT? with WF,(G),
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WEF(G) C U, and Cy > 0 so that for all v € (0,1] and u € D with WFZ;M(U) NU =0,
WF;%I/Q(Lu) NU =0, we have

n—1
= vk dpdzx dz
p

o NP1 2 2
| 2 Arul” + 1 |Ayul® — |(p0, + 20y )ul

5 2
<, (||u||% + | Gulls + | Lull3, + HGL“H75,> :

Lemma 6.6 (cf. [ MVWO08, Lemma 8.9]). With the same hypotheses as in Lemma 6.5, there
are G € \I/i_l/2 and G € U with WF}(G), WF(G) € U and Cy > 0 so that for all € > 0,
and u € D with WF Z*(u) N U =0 and WF; 5(Lu) VU =0, we have

xnfl\/E
P

21
‘/ (|dm72Aru|2 + 2 1 |Aul® — |(pd, + x@m)u|2) dpdzxdz

. 2
< ¢ (ldueArulls + 03pAculs) + Co (ulls + Gl + = al + rall, ).

Proof. By the hypothesis on u, we know A,u € Dforr € (0, 1], so we have that

1 2 21
(Lt A = 9, + 200yl — 10cAuls = | 190 =T
L2
The proofs of these two lemmas are now identical to the ones given by Melrose—Vasy—
Wunsch [MVWO08] with 0, replaced by pd, + x0,. O

At this stage we record a corollary that will be useful in the next subsection:

Corollary 6.7. Under the hypotheses of Lemma 6.6, we can estimate the domain norm of
Ayu by

lAvulls < € (lull + I Gulls + | Lullg, + ||GLu||  + 1160, + 20.) a2 )

In particular, this corollary allows us to replace factors of @); with the b-differential oper-
ator pd, + 20, at the cost of the terms on the right side of Lemma 6.6.
The proof of Proposition 6.1 further yields another useful corollary:

Corollary 6.8. Under the hypotheses of Lemma 6.0, if we further suppose that WF(A) N
¥ =10, then

|4z < € (Jlull + IGulls + | Lullg, +||GLu]| )
Proof of Proposition 6.1. The proposition follows by the same argument as in Melrose—Vasy—

Wunsch [MVWO08, Proposition 8.10] with 0, replaced by pd, + x0,. Because the proof
simplifies a bit in our setting, we sketch it here.

Suppose ¢ € PS*M \ #(°S*M). We assume inductively that q ¢ WFZ_ﬁl/Q’e(u) and need to
show that ¢ ¢ WFE’%(u). Let A € U be basic and such that
. s—1/2,4
i. WF,(A) ﬂWFbﬁm (u) =0,
.. s,
ii. WF}(A)N WFbﬁ(Lu) = (), and
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iii. WF}(A) is a subset of a small neighborhood U of ¢ on which 1 < C@Q + |§|2)

We now introduce A, € ¥;? for r > 0 with symbol (1 + (72 + & + [{|*))~! so that A,
are uniformly bounded in \I/% and A, = Id asr — 0. We set A, = A, A so that for » > 0 we

have
a

i@+ EF IR

and A,p’ and p~‘u satisfy the hypotheses of the previous lemma.
If A is supported in x < §, then

57 ||$8wArul|i2 < HaxAruHi?»
2

o(Ay)

2 o Al < | 04,0

L2

Near ¢, for 6 > 0 sufficiently small, we define and observe

1—
=5 (“xé’x&”z +2. H%Aru!!2> — (14 )| (p0, + 20:) Aru?
J

= ||BA,4u||2 + (FAu, Ay,

where B € U] F € ¥}, and the symbol of B is given by
o(B) = (1 —€)/26*)(E + [¢)*) = (L + &) (z + &))"

(and is therefore elliptic on U for small enough & and ¢). Because F is order 1 and A, € D,
the second term is uniformly bounded in r.
By the previous lemma, we know that the difference
2
+

n®—1
4

1
10 Avul|® + HEV]CATU | Ayul|> = || (p0, + 20, )ul]* — €||dAul?

)

2
) + | BAul”

is uniformly bounded in r. This is bounded below by

1_
j—

1
(H@Amw + HEV;CATU

and so we deduce that

1—c¢
2

1
(naxArunQ o

is uniformly bounded. Extracting weak limits shows that dAu € L? and proves the proposi-
tion. 0

6.2. Hyperbolic propagation. The aim of this section is to prove Proposition 6.2. We
establish the proposition by a positive commutator estimate; the positivity we seek arises
from
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Indeed, for py = o(L), the Hamilton vector field of p, satisfies
1 o 1 (& e
_H _ —_ = = .
5 po(—§) B <a72+ 72
We follow Melrose—Vasy—Wunsch [MVWO08] (which itself closely mirrors Vasy [Vas08]) in
this section. First, we define the two auxiliary functions
w=1a"+|p— po|®
and
- 1
o=-E+ 3

As long as we assume p < 1 and that w < d, we can bound

| &\
—H,w=0 \/C_L)(;—F?—Fl)

ow.

7|

In fact, the é term is unnecessary, but we include it as it does no harm.

We now fix xo € C*(R) supported in [0, 00) with xo(s) = exp(—1/s) for s > 0 so that
Xo(8) = s7%x0(s). Take x; € C*(R) supported in [0,00) to be equal to 1 on [1,00) and
so that x| > 0 is compactly supported in (0,1). Finally, for a given ¢, take yo € C°(R)
supported in [—2cy, 2¢1] and identically 1 on [—cq, ¢;]. We insist as well that all cut-offs and
their derivatives have smooth square roots up to sign.

We now define a basic test symbol a given by

~

a:XO(l_?)Xl (%+1)X2<§2+|§|2>.

As in Melrose-Vasy—Wunsch [MVWO08] and Gannot—Wunsch [GW18], we can arrange that
a is well-localized:

Lemma 6.9. Given any neighborhood U of gy € H in *S*M and any B > 0, there are § > 0
and ¢y > 0 so that a is supported in U for all 0 < § < &y.

We choose a basic operator B € \Ifkl)/ ? with
b=0(B) = |7|"*6"*(xox0) " * X1 X2,

so that b? occurs as a factor whenever derivatives of a land on xo. We further choose C' € W}
with principal symbol
V2
o(C) = mlz+§\w,
where 1) € S°(®T*M) is identically 1 on the support of the symbol of B.

With precisely the same argument in Melrose—Vasy—Wunsch [MVWO08], we can now write
the commutator of A*A and L in a nice form:

Lemma 6.10 (cf. [MVWO08, Lemma 9.6 and Theorem 9.7]). There is a 6y > 0 so that for
all 0 < 6 < &y, the commutator of L and A*A is given by

i[A*A, L] = R'L 4+ B* ((J*(J +Ro+ Y RiQi+ Y. Q;Rijk> B+ R'+F +E"
J J.k
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where the terms enjoy the following properties:

all factors are microlocalized near qo,

Ry € \Ijg, R/,Rj S \I/gl, Rjk S \1/52,

E E" € z72Diff2 U !, R" € 72 Diff2 ¥, 2,

the symbols ro, rj, and v of Ry, R;, Rji. are supported in {w < 96%5},
ro, 1, and 127"jk are bounded by both

Cg (1 + %) and 302(55 + B_l),
e WFL(E) C £7'((0,00)) N,
e WF, (E")NY = 0.

Proof. This representation follows from the computations in the proof of Theorem 9.7 as
in [MVWO0S8] relying heavily on the carefully chosen structure of the operators A and B.
However, for convenience we remind the reader here of the origins of each term.

Our choice of the function y( ensures that when derivatives fall on x(, we get the con-
tributions between B* and B. The positive term, C*C', arises from a copy of |1 + &|?/|/?
appearing from exchanging the leading order term in ad¢a with L, which also leads to the
R'L term. -

When derivatives fall on i, we get contributions to E’ and when they fall on y,, we get
contributions to E”. Commuting (); vector fields through B, also leads to contributions to
E" and E".

Because the above is largely a computation involving principal symbols, we also need the
R" term; this can be further used to absorb other lower order commutation terms. O

Lemma 6.11. Given € > 0, there is a §; € (0,0p) so that for all 0 < § < 6y and all v € 15,
(RoBo, Bo)l + 37 [(R,Q; B0, 0] + 37 (Qy RuQuBu, Bv)
J J.k

< el|Bellts + C IR Bols + C (Il + |Gull + Ll + |[GLul )
for some R' € ;'

We typically do not require € to be very small; it is used to absorb the ||Bvl||* term into
the left side of an estimate later.

Proof. We rely on the symbol estimates of Lemma 6.10, together with the observation that
if A€ U, then there is a A’ € \Ifgl so that for all u € L?,

[Aul| < sup |oo(A)[[|v]| + C[ Av]].

We begin with the term involving Ry. By the observation above, there is an Rj € ¥ ' so
that

[(RoBv, Bv)| < |[RoBo|[ 2 | Bo|[ -
< 3Co(0 + 671 1Boll 72 + IR, Boll 2 |1 B 2

We now turn our attention to R; and R;;. Let Ty € \I/%) be elliptic and Ty € ¥ Lan
elliptic parametrix for 73 so that 717", = I + F', where F' € ¥ . We first observe that we
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may find an R} € U~! so that

[(R;Q; Bv, Bu)| < ||[RyTyT1Q;Bvl| 2 | Bol 2 + |12 FQ; Bul| 12 || Bo|| 1
< 3CH(08 + A7) N T-1Q;Bul| 2 | Bol| 12 + | Ry T-1Q; Bl 12 || Bu]|
<3C5(08+ B IT-1Bv||5 || Bv| > + || R T-1Q;Bv|| ., | Bo|l 1
<3C(08 + 671 [1(p0y + 20.)T-1 Bvl| 12 || Bol| 12 + || R7T-1Q;Bv|| ., | Bv]| 2

+C (lullp + Gl + | Zullg, + ||GLul| )

As (pd, + ©0,)T-1 € W}, the first part of the first term is bounded by a (fixed) multiple of
[ Bvl| 2.
A similar argument applies to the R;; terms, finally yielding an estimate of the form

(RoBu, Bv)| + 3 |(R,Q;Bv, Bu)| + 3 [(Q; R Q1 Bv, Bu)
i Jk

— € /
< @B+ 57) |1Bol} + 5 1Bellfa + C | R Boll
+C (Il + 1 Gullp + 1Ll + |[GLu| ).

where R’ € W', Choosing 8 > 0 large enough and then § > 0 small enough finishes the
proof. [l

We now finish the proof of Proposition 6.2.

Proof of Proposition 6.2. We first consider the case with ¢ = 0. Suppose s < sup{s’ : qo ¢
s+1/2
L b 5/ u.

As we measure regularity with respect to D, we know that if B € ¥} localizes to U, then
Bu, Q;Bu, and pd,Bu all lie in L?. By the hypothesis and Corollary 6.7, it suffices to control
pO,u at qo. In particular, it suffices to find a b-pseudodifferential operator B of order s+ 3/2
elliptic at gy for which Bu € L?, explaining the apparent shift in order (by 1) below.

Let A, B, and C be in the discussion preceding Lemma 6.10, and A, be a quantization of

T[T @+ )TV e 0,1],

and set A, = AA, € \Ifg for r > 0, so that A, is uniformly bounded in \Iff;rol We may further
arrange that [L, A,] = 0.
By the commutator calculation in Lemma 6.10, we may write

(16)  i([A*A,, Llu,u) =||CBAul|* + (R'LAu, Ayu) + (RoBAu, Au)
+ ) (R;Q;BAyu, BAyu) + Y (RjuQ; BAu, QBAu)

J Jik

+ (R"Au, Apu) + ((E'+ E") A, Ayu).

WFil’ﬁ u} S0 we may assume WE} suntU = (). Our aim is to show ¢y ¢ WF

Asu € 75, the following pairings are well-defined:
([Ar Ay, Llu,u) = (At ALu,u) — (LAY A, u, w)
= (A, Lu, A,u) — (Ayu, A, Lu).

Because Lu is residual, these terms are uniformly bounded in r and so we may estimate
|ICBA,u|® by the absolute values of all other terms in equation (16). The second term
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is uniformly bounded because Lu is residual, while the next three terms are estimated by
Lemma 6.11. The R” term is bounded by the regularity hypothesis of u on U, while the E”
term is bounded by elliptic regularity. Finally, the E’ term is bounded by the hypothesis of
the theorem. We therefore can find a constant C independent of r so that

~ 2
ICBAu|® < C + e[ BAul* +C (||RIBU||2 + llulll + 1Gulll + | Lulls, + HGLuHﬁ/) ,

where G € \IJZH/ ? G e Ut are supported in U. Another application of Corollary 6.7 shows
that |CBA,u| (and the rest of the right hand side) controls || BA,u||. The other terms on the
right are uniformly bounded by the assumed regularity of u, so we can extract a subsequence

and conclude that BAgu € L?) so that gy ¢ WFSH/z( ).

A similar argument to the one sketched by Melrose Vasy Wunsch [MVWO08] (which is

based on a similar argument of Hormander [H09, 24.5.1] shows that in fact gy has a neigh-
borhood U’ for which WF, 5(u) N U’ = () for all s and therefore g, ¢ WEPs(u).

To finish the proof, we now suppose mstead that £ # 0, ie, that u € p ~‘D. Because
Lu € C®, Lv € C* as well, where v = plu € D and L = p'Lp~t. Because L and L differ
only by an element of lefb, the same proof applies to v. O

7. PROPAGATION OF SINGULARITIES IN THE BOUNDARY

The aim of this section is to establish a natural setting in which the P, operator is Fredholm
for each o, allowing us to rigorously evaluate contour integrals on compact intervals in o.
This will be stated formally as Proposition 7.3 below. The main missing ingredient is the
semiclassical propagation estimate for P, near the cone point. As in the previous section,
throughout this section we use @); to denote the first-order-differential operators not lying in
the semiclassical b-calculus. In particular, we let Qo = 1/x, Q1 = hD,, and the remaining
(); denote %Dzi for local coordinates zs,..., 2, on Z.

We record the form of P, and its semiclassical rescaling by h = |o|™!, A = ¢ /|o| (which,
in an abuse of notation, we call P}):

1 1

P, = (D, +0) (D, + o) — D:D, — (EVZ)*(EVZ)

2 _

ol —2i(Imo)(zD, + o),
h h
P, = h*P, = (haD, + \)*(haD, + \) — (hD,)*(hD,) — (;VZ)*(;VZ)
2
n R

1
— h? —2i(Im \)(hD, + \).

As we are only ever concerned with Im o € [a, b], we observe that A = £1 + O(h).

As in the bulk, the propagation arguments from previous work [BVW15, Section 5] es-
tablish the required estimates away from the singular points. The aim for this section is
therefore to establish the following two propositions:

Proposition 7.1 (cf. [GW18, Proposition 5.1]). Suppose A,G € W), with A basic satisfy
WF}, . (A) Celly(G) and WFY ,(A) N > = (. Then there is a constant C' so that

[Aullp, < ClGPyullp + Ch|Gullp, + OR>) [lullp,
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for all uw € Dy,.

Proposition 7.2 (cf. [GW18, Proposition 5.8]). If G € W™ is elliptic at {(0,2,0,0) : 2 €
Z} then there are Q, Q) € W, with Q elliptic at {(0,2,0,0) : 2 € Z} and

WF),, Q C ell,(G),

WF{%h 9, C ellb(G) N {—§ > 0},

so that for all u € Dy,
¢ s
1Qullp, <+ 1GPully, +Cl|Quullp, + Ch[|Gullp, + O(RF) [|ullp, -

One advantage of our choice of order function s, is that we can measure regularity at the
conic singularity with respect to the domain Dj and rely on previously known results (as
in [BVW15, Appendix A]) to handle the variable order regularity away from the cone point.

Having proved Propositions 7.1 and 7.2, we can put them together with standard propaga-
tion of singularities estimates and radial points estimates ezactly as in the prequel [BVW15,
Section 5], yielding an estimate of the form

C
X:ftr S E ||Pu||y2ftr71 + Ch Hu‘

Jul e + ()

with an analogous estimate for P* (with sy, replaced by s3 ). Here the Q; term (which
measures semiclassical singularities propagating to the cone point) can be absorbed into the
final O(h*) term by using that w is trivial near S_. In particular, for small enough h, P
is invertible. Together with the compactness of the inclusions D — L? and L? — D', we
obtain the following proposition proved analogously to [Vas13, Section 2.6]. In [Vasl13], the
author uses complex absorbing potential, while here as in [BVW15, BVW18] the variable
coefficient Sobolev spaces give the necessary Fredholm structure. It is key that with respect
to o we construct a holomorphic family of operators, which is clear when since have P, as

written in (15) is an operator valued polynomial in o.

Proposition 7.3. The family P, has the following mapping properties:

(1) P, : Xstw — Y=l gnd Pr . Xopast — Vet ™l gre Fredholm.
(2) The operators P, form a holomorphic Fredholm family on these spaces in

1
Cs,s. ={0€eC:s, < §+Imo<3_},

with Sge|p+ = s+. The formal adjoint PF is antiholomorphic in the same region.
(3) P;' has only finitely many poles in each strip a < Imo < b.
(4) For all a and b, there is a constant C' so that

17| < C(Ro)™!

Sgerp—1 s
hY ftil SX ftil
lo| o]

ona<Imo <b, |Ro| > C, with a similar estimate holding for (P})~*.

7.1. Elliptic regularity. As in Section 6.1, we assume all operators and distributions are
supported in x < 1/4.
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Lemma 7.4. Suppose A,G € W), with A basic satisfy WF} ,(A) C ell,(G). There is a
constant C' so that

/ (h?|dAul® = |(ha D, + X)Aul?) " Wkdxdz

O oo
< el Aullp, + - IGPullp, + Ch(|Gullp, + O(h) [Jul,
for all uw € Dy,.
Proof. Integration by parts shows that if v € Dy, then

/ (h?|dv|* — |(hzDy 4+ A)v|* + 2i(Im A) (2D, + A\)v)v) = (P, v),

where the pairing on the right side is the pairing of D), with D;,.
We apply this to v = Au € D, and then first estimate
(APu, Au) + ([P, Alu, u) — 2i(Im A\){(hz D, + \) Au, Au).
The first term is estimated by Cauchy—-Schwarz:
1
(AP, Au)| < = [APuly, + el Aully.

Microlocal elliptic regularity lets us estimate APu in terms of GPu. Because Im A = O(h),
the final term is bounded by

Ch (||ha Dy Aul)* + || Aul?) .

The extra factor of h means that both of these terms can be absorbed into the h ”GU||2Dh
term.

We now turn to the term involving [P, A]. Recall from Melrose-Vasy—Wunsch [MVWO0S,
Lemma 8.6] that for a basic operator A € ¥} ,, we may write

[P, Al =h) Q;BuQw+h) BQ;+B,
Jik J

where Q; refer to 1/x, Dy, and 1D, By, € W, Bj € ¥}, and B € ¥} ,. We may then
estimate each of the terms by h ||Gu\|%h. O

We record a useful corollary for the hyperbolic section:

Corollary 7.5. If A and G are as above, then there are constants Cy (independent of A)
and C' so that

I 4ullp, < Co 1 Aull 2 + € (IGPullpy + b [Guly, ) +O(=) [ull, .
Proof. As x < 1/4, we can bound —|(hzD, + \)Au|* below by
1
—Z|hD:,3Au|2 — AP AL

The first of these terms can be absorbed into the first term on the left in Lemma 7.4, while
the second is moved to the right side. 0

Exactly as in Gannot—Wunsch [GW18, Lemma 5.4], we can further improve this estimate
by an iterative argument:
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Lemma 7.6. If A and G are as above, then
[Aullp, S IGPaullp, + IGull 2 + OR) |lullp, -
Proposition 7.1 follows immediately from the following lemma:
Lemma 7.7. Suppose A, G € W} ,, with A basic satisfy WFy, ,(A) C elly(G). If A is supported
in {z < 0/v2} and {(§+ 2)* < 2672 +[(|})}, then
[Aullp, < CllGPullp, + Ch|Gullp, +OMhX) [lullp, -

Proof. Since A is supported in {z < §/v/2}, we know
/ (67 |hedAul® — |(heD, + N Aul?) < / (IhDoAul® — |(haDy + N Auf?) .

Our other hypothesis on the support of A shows that we can find B with WF}, ;,(A) C ell,(B)
so that given the operator

7= ((hxDm)*(hxDm) + (%vg*(%vg — (haDy + 2)"(ha Dy + z)) — (B*B + hF)

we have

WFp,(Z) N WFy ,(A) = 0.
Integrating by parts and using Lemma 7.4 shows that

1 C
|BAu|2. + / SldAuP < e | Aully, + = |GPully,

+Ch || Gullp, + Ch||FAul 2 || Aull 2 + O(h) |[ullp, -

As B is elliptic on WFY, ,(A), the the left side controls ||Aul|p , while the right side is
controlled by
2 2 2 00 2
e ||[Aullp, + C[|GPullp, + Ch||Gullp, +Oh>) [|ullp, -
Absorbing the first term into the left side then finishes the proof. 0J

7.2. Hyperbolic propagation. In this subsection we prove Proposition 7.2. As in Sec-
tion 6.2, we introduce an operator A with symbol given by

a = xo(2 = ¢/0)x1(2 = £/0)xa(€” + 1<),

where y; are the same functions as in that section and ¢ = —§ + ﬁx? Recall that yo

is supported in [—2¢;,2¢;] and is identically one on [—cy, 1], so we think of a as being
determined by the three parameters c;, 3, and 9.

We also choose a basic operator B € Wy”," with symbol

2
b= %(X0X6)1/2X1X27

so that factors of B arise when the derivative lands on xq in A.
As in that section (and Melrose-Vasy-Wunsch [MVWO08]| or Gannot-Wunsch [GW18,
Lemma 5.9]), the symbol a is well-localized:

Lemma 7.8. Given any neighborhood U of {(0,2,0,0) : z € Z} in *T*mf and any 3 > 0,
there are 69 > 0 and ¢ > 0 so that a is supported in U for all 0 < § < .
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We compute now the commutator of P with A*A in much the same way as in Melrose—
Vasy—Wunsch [MVWO08]:

Lemma 7.9 (cf. [MVWO08, Lemma 9.6 and Theorem 9.7]). Let Qo = 1/x, Q1 = D, and Q;
denote the remaining %DZ. There is a 09 > 0 so that for all 0 < § < &g, the commutator of
P and A*A is given by

1

[P ATA] = —BoP + B° <C*C +Ro+ Y RiQi+ > Q;?Rijk) B+ E+E"+hR,
J Jik

where the terms enjoy the following properties:

o C = (hzD, + z2),

[ ] O'(B()) = 20§(a2),

® Ry, Rj, Rjr € W™ satisfy

|o(R.)| < C1(68 + 671),
o E'\E" R € a2 Difff , Uy satisfy
WFL L (E) C {—=£ >0}, WEF,(E")NX =0.

Proof. We use Lemma 4.2 to commute A*A through P, using that A is basic. The main

term arising from the commutator then reproduces the main terms in P; indeed, it is of the
form

B* ((hDI)*(th) + Z—zAz) B.

We use the form of the operator to exchange this term for ByP and B*C*C'B. The other
terms in the expression arise in the same way as in Melrose—Vasy—Wunsch [MVWO08] (ex-
plained above in the proof of Lemma 6.10. U

Lemma 7.10. For any € > 0, there are f > 0 and §; € (0,d0) so that
[(RoBu, Bu)| + Y [(R;Q; Bu, Bu)| + Y [(Q; R QuBu, Bu)| < ¢||Bullp, +O(h™) |lull3, -
J Jik

As with Section 6.2, we typically do not need € to be especially small; our aim is to absorb
that term into the left side in the propagation argument.

Proof. As in the proof of Lemma 6.11, we rely on the symbol estimates in Lemma 7.9.
Indeed, we bound

[Revl[ 2 < 2sup |oun(Ra)] [|0] 2 + OR) [[o]l 2
< 20188+ 571 vl 2 + O(B) [|v]l =

We now fix § > 0 sufficiently large and then take d; € (0,d) sufficiently small to make
20108 + B71) < ¢/3.

We now consider the individual terms. For the Ry term, we apply the above inequality
with v = Bu and then use Cauchy-Schwarz. The R; and R, terms are nearly identical:

(Q} RjxQrBu, Bu)| = [(Rj,QrwBu, Q; Bu)|
<2C1(68+ B7") | Bullp, < €llBullp, -
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We now finish the proof of Proposition 7.2.

Proof. Given u € Dy, we apply Lemma 7.9 to write

2
— Tm(APu, Au) = %([A*A,P]u,m

— |CBul%. + (RyBu, Bu) + 3 (R,Q, Bu, Bu)

j
+ ) (RjQiBu, Q;Bu) + (E'w, u) + (E"u,u) + h{R'u,u) — (BoPu, u).
j.k
We note that A, B, and CB preserve Dy, while By preserves Dj,.
By Corollary 7.5 and the ellipticity of C'on WFy ,,(B),

co | Bullp, < ICBulz2 + C|GPullp, + Chl|Gullp, +O(h™) ullp, .
where ¢ > 0 is independent of 5 and ¢ and G is elliptic on WFy , (B).
We now suppose G € W™ is elliptic on WFy, , (B) and Q; € W is elliptic on WF, ,,(E')
with WF} ,(Q1) C elly(G) N {—£ > 0}. Applying Lemma 7.10 yields an estimate of the form
Co 2
3 1Bulls, <5 (APu, Au)| + C || GPull, + Chl|Gulp,
+ (B + E"Yu, u)| + b [(R'u, u)| + [{BoPu, u)| + O(h™) |[ull3, -

We can estimate the £’ term by Q; using microlocal elliptic regularity and the E” term by
Proposition 7.1. We can therefore estimate the second line by

C oo
—GPullp, + Ch || Gullp, + C|Quullp, +O(h) |Jullp,
Because WF} ;,(A) C ell,(G), we can further estimate

2 (APu, Aul < o IGPul, +Cc [ Auls, + O [ul?,
By construction, x4(s) = s*xp(s) for s > 0 and so
1
a=(2—¢/8)(xoxo)"*x1x2 = §51/2(2 — ¢/8)b.
We may therefore write A = F'B + hF" for some F, F' € W,,"" in order to estimate Au by
Bu. Putting the above together yields the estimate
¢ .
1Bullp, < —IGPullp, +CllQuullp, + CR'2 | Gullp, + O(h) [lullp, -

An iterative argument exactly as in the end of the proof of the analogous proposition in
Gannot—Wunsch [GW18, Proposition 5.8] finishes the proof. O

8. PROOF OF THEOREM 1.1

This section is devoted to a sketch of the proof of the main theorem. The outline of
the proof is the same as in the asymptotically Minkowski setting [BVW15, BVW18]; the
key missing steps involve propagation near the conic singularities and are formalized in
Corollary 6.4 and Proposition 7.3. Indeed, with those missing steps, the same approach
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as in the asymptotically Minkowski setting ( [BVW15, Section 9] and [BVW18, Section 9])
applies here, essentially verbatim.

We let p denote a defining function for mf and = denote a defining function for cf. (Near
S, , the primary region of interest, we can take p = ¢=1.)

We consider the equation

Oyw = f’
on M?, but then rescale and conjugate to rewrite it as
Lu = f,

where

L= p—(n—l)/2—2|:|gp(n—1)/27
u=p "V 2y e (M),
f _ pf(nfl)/272f/ e OOO(M)

Under this conjugation, L becomes a “wedge-b-differential operator”, i.e., it is a b-differential
operator (in the sense of Melrose [Mel93]) at mf and is a wedge-type operator at cf. Moe
precisely, L € =2 Diff?(M).

Due to the scaling invariance (in the variable p) of the metric, we observe that N (L) = L.
This observation simplifies the analysis as we are ultimately able to avoid dealing with
remainder terms.'® For convenience, we recall from Section 3.1 the form of the operator L
in both the (p,v,y) and (p, x,y) coordinate systems.

Near S,, in the “almost global” (p,v,y) coordinate system,

L=v(pD,)* —4(1 —v*)pD,D, — 4v(1 — v*)D? — %AZ
—((n=1)+ (n+1))ipD, +2 (2 — (n—1)v — (n — 3)v*) iD,

—2(”;1>2—(n—1) (";L?’)v.

where Ay, is the non-negative Laplacian on the link (Z, h).
We also record the form of the operator in the coordinates (p,z, z), where p = 1/t and
x=r/t

(n—l)z’D 1A n?—1

— 2 - 2
L= (pD,+xD,)* —ni(pD,+ zD,) — D; + - - 58— —

After applying the Mellin transform to the identity Lu = f, we obtain
Paﬂa = f;’?

where P, = N(L) is the reduced normal operator of L. As w vanishes near C_, we may
arrange that u, also vanishes there.

Because our solution u in the bulk is not typically conormal to the boundary hypersurface
cf, the Mellin transformed solution u, is not typically conormal to x = 0 on mf. As a result,
we must introduce a slightly modified version of the standard cornomal spaces. To do this,

131f we instead perturb the spacetime metric, the remainder terms can be handled as in the asymptotically
Minkowski setting [BVW15, BVW18].
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we fix a smooth cutoff function ¢ on X = mf so that ¢ = 1 near 0X = mf Ncf and ¢ =0
near S, US_.

Definition 8.1. Suppose @ is a distribution on X = mf. We say that u € I®)(S,) if

(1) u is smooth away from S, and 0X = mf N cf,
(2) (1— ¢)a € H(m),

(3) ¢u € D, and

(4) (1 — ¢)u is conormal to S, relative to H*.

In other words, u € I®)(S,) if 4 € D near X and, away from z = 0, u € H*(X) remains
in H*(X) after repeated application of vector fields vanishing on S,.

Because we use these spaces many times, we recall the same compact notation used in the
previous paper [BVW18]. In what follows #H(€2) refers to the space of holomorphic functions
on the domain 2 C C.

Definition 8.2. For ¢, s € R, we let C. be the upper half-plane Im o > —¢ and then define
B(s,s) = H(C) N (o)LL} (R; 1¥(S,)).

In other words, B(s, s) consists of those g, holomorphic in o € C, taking values in 1()(A¥)
such that for each seminorm on I*)(S,),

| N2 d

o0

is uniformly bounded in v > —g.

Further complicating matters, we in fact allow elements of H(C.) to take values in o-
dependent Sobolev spaces.

Observe that because f € C*(M), we have

fr € B(C, ) for all C, 5.

One consequence of Corollary 6.4 is the following proposition:

Proposition 8.3. There are ¢y, s so that
ﬁg & B(g(),S — 0)

Proof. Because p"~Y/2y lies in some H;"” (M), we have
(17) Ty € H(Cq) N (o) O L2 LA(R, H*),
where ¢y = v — (n — 1)/2. By reducing s, we may assume that s+ < 1/2, so as to be able
to apply the regularity results of Corollary 6.4. We may also arrange that w, vanishes in a
neighborhood of C'_ in M because w vanishes near C'_ in M.

Corollary 6.4 implies that (away from cf) w is conormal to S, and so by [BVW15, Lemma
2.3],

{Da € B(§0, —OO).

Interpolating with equation (17) yields the result. O

This allows us to start the iterative procedure. Because

Py, = }:n

our aim is to invert P, and employ a contour shifting argument (as w, is holomorphic in a
half-plane) to enlarge the domain of meromorphy of w,.
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By Proposition 7.3, P;! forms a meromorphic family in any half-plane. Because ]A”:, is

entire, we now write u, = P, 1};, to see that wu, is meromorphic in any upper half-plane.
More precisely, after shifting the contour by N units, we have

Wy € B(sop + N,min(s —0,1/2 — gy — N —0))
+ Y. (0—0) ™May,

(0'.7' ,mj)Ego
Im 0j>—<0 —N

where
aj € B(so+ N,Imo; +1/2—0).

Here & is the set of poles of P!, By an argument identical to the one in the asymptotically
Minkowski setting [BVW15, Section 7], these can be identified with the resonances on the
hyperbolic cone bounded by S, identified above in equation (2).

After inverting the Mellin transform, we can conclude that w enjoys a partial asymptotic
expansion. In fact, on M away from the singular locus cf, we have

w = Z 0% (log p)*bji, + ',
(0j,k)e€0
Imo;>—¢

where, for some C' = s + ¢y (with s as in Proposition 8.3),

w/ E pEHll;nin(C—Z—O,l/Q—go—e—O) (M)

The coefficients b;;, are smooth functions of p taking values in I (1/2=R(73)=0) and are supported

in C.. As we look further into the asymptotic expansion of w, the coefficients (and the
remainder term) are growing more and more singular; this is because the radiation field is
“hiding” at S,.

In fact, after blowing up S, Proposition 2.1 implies that the same arguments in the
preceding discussion provide one step toward establishing the polyhomogeneity of w. Indeed,
w enjoys an asymptotic expansion at Cy (away from the singularity at C'y N cf) uniformly
up to the corner in [M; S,].

By Proposition 2.1, the other step needed to establish the polyhomogeneity of w concerns
the estimates at Z*. This argument relies on the observation that on M, L and 4D,(pD, +
vD,) agree up to terms with additional vanishing near S;. The vector field pD, 4+ vD, is
precisely the vector field that lifts to the b-normal vector field to Z on [M;S,]. As it lifts
to the radial vector field, we set

R=pD,+vD,.

The other step establishing the polyhomogeneity of w requires that w enjoys additional
vanishing (on [M; S, ]) after the application of (R +ik)...(R+i)R.

We ignore for now these additional terms'* and suppose L = 4D, (pD, + vD,) = 4D,R.
As Lw is smooth and rapidly decaying, and w € H,", we know that D,Rw € H;"”. Because
D, is elliptic on WF},(w), it is microlocally invertible and so Rw € HSH’V, i.e., Rw is one
order better than w.

1Of course, these additional terms are always there. Managing these terms forms a sizeable part of
Section 9.2 of the previous paper [BVW18] and we refer the reader there for a thorough discussion.
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To continue this iterative process, we observe that RD, = D,(R + i), so that

k-1 k-1 k
[[(R+i5) ) L={]][(R+ij) | D.R =D, | [](R+ij)
=0 =0 =0

An inductive argument then shows that
k

[[(R+ij) | we HF (),
§=0
so that (R + ik) ... (R + i) Rw enjoys additional regularity near S, .

Because w is already conormal to S, , added regularity near S, really measures additional
applications of D,. The vector field vD, is tangent to S (and so can be applied to w as many
times as we like), so we may interpret additional regularity at S, as additional vanishing at
S, .15 This extra vanishing is what is needed for the polyhomogeneity statement.
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