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Abstract. A spectral minimal partition of a manifold is its decomposition into disjoint

open sets that minimizes a spectral energy functional. It is known that bipartite spectral

minimal partitions coincide with nodal partitions of Courant-sharp Laplacian eigenfunc-

tions. However, almost all minimal partitions are non-bipartite. To study those, we define

a modified Laplacian operator and prove that the nodal partitions of its Courant-sharp

eigenfunctions are minimal within a certain topological class of partitions. This yields new

results in the non-bipartite case and recovers the above known result in the bipartite case.

Our approach is based on tools from algebraic topology, which we illustrate by a number of

examples where the topological types of partitions are characterized by relative homology.

1. Introduction

Let M be a compact, oriented surface, with or without boundary, endowed with a Riemann-

ian metric. A k-partition of M is a mutually disjoint collection P = {Ωi}ki=1 of nonempty,

open, connected subsets ofM . Letting λ1(Ωi) denote the smallest eigenvalue of the Dirichlet

Laplacian on Ωi, we define the energy

Λ(P ) = max
1≤i≤k

λ1(Ωi) (1.1)

and say that P is minimal if Λ(P ) ≤ Λ(P̃ ) for every k-partition P̃ .

Minimal partitions arise in a wide variety of applications. They first appeared in the study

of free boundary variational problems [1] and spatially segregated solutions to reaction–

diffusion systems [8,9]. In [24] minimal partitions were considered in relation to ground states

of multi-component Bose–Einstein condensates, and in [20] a version of the minimal spectral

partition problem was used to prove the existence of spectral gaps for ergodic reversible

Markov operators. In [21], spectral minimal partitions on manifolds have been shown to

arise as a high density limit of related partitioning schemes proposed on graphs [22,26,27].

It is known that minimal k-partitions exist for each k and are suitably regular; see [18]

and references therein. However, rigorously finding minimal partitions is quite difficult in

general. An important result is the following, where we recall that a partition is bipartite

if each of the domains Ωi can be assigned one of two colors in such a way that neighboring

domains have different colors (Ωi and Ωj are neighbors if int(Ωi ∪ Ωj) ̸= Ωi ∪ Ωj).

Theorem 1.1 (Helffer, Hoffmann-Ostenhof, Terracini [18]). A bipartite k-partition is mini-

mal if and only if it is the nodal partition of a k-th (i.e. Courant sharp) eigenfunction of the

Laplacian.
1
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∂P

Figure 1.1. The conjectured (but unproven) minimal 3-partition of the disk.

See (1.3) for the precise definition of Courant sharp. A given Riemannian manifold can

only have a finite number of Courant sharp eigenfunctions [23], so it follows that most

minimal partitions are not bipartite, but rigorously identifying them is a difficult problem.

For instance, while it is known that the minimal 3-partitions of the square and the disk

cannot be bipartite, and the minimizing partitions have been conjectured, they have not

been rigorously verified except in the presence of a priori assumptions on their structure.

See [6] for a relatively up-to-date summary of the literature.

Our main result, Theorem 1.6, extends Theorem 1.1 to the non-bipartite case by establishing

minimality within a certain class of related partitions. This class is defined using a concept

from algebraic topology, namely the homology class of the boundary set ∂P = ∪i∂Ωi\∂M of

a partition P = {Ωi}. We thus develop a new tool for studying non-bipartite partitions and

also provide further insight into the bipartite case, as bipartite partitions are precisely those

partitions whose boundary sets are null homologous.

To describe the partitions under consideration, recall that a C1 curve is said to be regular if

its velocity never vanishes.

Definition 1.2. Let M be a compact surface with piecewise C1 (or empty) boundary. A

closed set Γ ⊂ M is a piecewise C1 cut if it is the image of a finite set of regular C1 curves

that intersect one other (and ∂M) transversely, and only do so at their endpoints.

Remark 1.3. The C1 assumption simplifies exposition and is justified by the fact that the

boundary set of a minimal partition is a piecewise C1 cut [18]. However, the constructions

and results described here extend to cuts Γ that are merely continuous, see Section 5.

We also need non-bipartite versions of “nodal partitions” and “Courant sharp eigenfunctions”

that were introduced in [4]. Given a piecewise C1 cut Γ, we define an operator −∆Γ acting

as the (positive-definite) Laplacian on the space of functions on M satisfying anti-continuity

conditions across Γ. The precise definition, which we give in Section 2, is complicated by

the fact that Definition 1.2 allows Γ to have cracks. In the special case that each component

Ωi of the corresponding partition is a Lipschitz domain, the restrictions ui = u|
Ωi

of any
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function u in the domain of −∆Γ are required to satisfy1

ui
∣∣
∂Ωi∩∂Ωj

= −uj
∣∣
∂Ωi∩∂Ωj

,
∂ui
∂νi

∣∣∣∣
∂Ωi∩∂Ωj

=
∂uj
∂νj

∣∣∣∣
∂Ωi∩∂Ωj

(1.2)

whenever Ωi and Ωj are neighbors; νi denotes the outward unit normal to Ωi, and we impose

Dirichlet boundary conditions on ∂M if it is nonempty.

Let {λn(Γ)}∞n=1 denote the eigenvalues of −∆Γ, listed in increasing order and repeated ac-

cording to their multiplicity. If ψ is an eigenfunction with eigenvalue λψ, we define its spectral

position

ℓ(ψ) = min{n : λn(Γ) = λψ}. (1.3)

Defining the nodal domains of ψ to be the connected components of {x ∈M : ψ(x) ̸= 0}, it
follows from [4, Thm. 1.7] that ψ has at most ℓ(ψ) nodal domains. We say that ψ is Courant

sharp if it has exactly ℓ(ψ) nodal domains. We also define the nodal partition Pψ of ψ to be

the partition of M whose components are the nodal domains of ψ.

Remark 1.4. If P is bipartite, then −∆∂P is unitarily equivalent to the Laplacian and [4,

Thm. 1.7] reduces to Courant’s nodal domain theorem [10, §VI.6]; see Remark 2.3 for details.

Our main result is that the nodal partition of a Courant-sharp eigenfunction of −∆Γ min-

imizes energy within a certain topological class of partitions, which we now specify. The

following definition requires some notation and terminology from algebraic topology, which

will be developed in Section 3.

Definition 1.5. Piecewise C1 cuts Γ1 and Γ2 are homologous if they are represented by

singular 1-chains γ1 and γ2 for which [γ1 − γ2] = 0 ∈ H1(M,∂M ;Z2).

A more intuitive formulation is the following: If Γ1 ∪ Γ2 is also a piecewise C1 cut, then Γ1

is homologous to Γ2 if and only if the closure of the symmetric difference,

Γ1△Γ2 = (Γ1 ∪ Γ2) \ (Γ1 ∩ Γ2),

is the boundary set of a bipartite partition; see Figure 1.2 for an illustration and Theorem 3.3

for a precise statement. In particular, letting Γ2 = ∅, we see that Γ1 is null homologous if

and only if it is the boundary set of a bipartite partition.

Let Pk denote the set of all k-partitions of M . For any piecewise C1 cut Γ and positive

integer k we define

Pk(Γ) =
{
P̃ ∈ Pk : ∂P̃ contains a piecewise C1 cut homologous to Γ

}
. (1.4)

If P̃ ∈ Pk(Γ), then ∂P̃ contains a piecewise C1 cut homologous to Γ, say Γ̃, but no regularity

is assumed for the rest of the boundary set. For instance, if Γ is null homologous, then we

can choose Γ̃ = ∅ to conclude that Pk(Γ) contains all k-partitions. We also note that if an

eigenfunction ψ of −∆Γ has k nodal domains and Pψ is its nodal partition, then Pψ ∈ Pk(Γ)
(see Lemma 4.4 for further details).

1The second equation is also an anti-continuity condition, since νi = −νj on the common boundary.
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Γ1

Γ2 Γ3

∂P△Γ1 ∂P△Γ2 ∂P△Γ3

Figure 1.2. The boundary set of the Mercedes star partition, Figure 1.1, is
homologous to Γ1 and Γ2 but not Γ3.

Our main result compares the kth eigenvalue, λk(Γ), of −∆Γ to the energy of any P̃ ∈ Pk(Γ).
The following is a special case of the more general Theorem 5.3, which we will formulate and

prove in Section 5.

Theorem 1.6. If Γ is a piecewise C1 cut and k ∈ N, then

λk(Γ) ≤ inf
{
Λ(P̃ ) : P̃ ∈ Pk(Γ)

}
, (1.5)

with λk(Γ) = Λ(P̃ ) if and only if P̃ is the nodal partition of an eigenfunction of −∆Γ with

eigenvalue λk(Γ).

In particular, if ψ is a Courant-sharp eigenfunction of −∆Γ with k nodal domains (and

therefore ℓ(ψ) = k), then Λ(Pψ) ≤ Λ(P̃ ) for all P̃ ∈ Pk(Γ).

That is, the nodal partition P of a Courant-sharp eigenfunction for −∆Γ minimizes energy

within the class of partitions Pk(Γ). When P is bipartite the set Pk(Γ) consists of all k-

partitions, and nodal partitions of −∆Γ eigenfunctions are nodal partitions of Laplacian

eigenfunctions, so we recover one direction of Theorem 1.1 as a special case.

If λk(Γ) is a simple eigenvalue of −∆Γ, we have Λ(P ) < Λ(P̃ ) for all P̃ ∈ Pk(Γ)\{P}. In

general, the characterization of equality in Theorem 1.6 is difficult to apply, as it requires

knowing all of the eigenvalues and eigenfunctions of −∆Γ. Our next result gives a sufficient

condition for inequality that is topological in nature.

Corollary 1.7. Let P ∈ Pk be the nodal partition of a Courant-sharp eigenfunction of −∆Γ.

If the boundary set of P̃ ∈ Pk(Γ) is a piecewise C1 cut that is not homologous to Γ, then

Λ(P ) < Λ(P̃ ). In particular, if P ∈ Pk is the nodal partition of a Courant-sharp Laplacian

eigenfunction, then it has strictly lower energy than any non-bipartite k-partition.
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In Section 6 we apply Theorem 1.6 and Corollary 1.7 to partitions of the disk, sphere, torus

and cylinder. For now, we mention just one example, to give an idea of the kind of results

we obtain.

Theorem 1.8. The Mercedes star partition is minimal among all 3-partitions whose bound-

ary set contains a curve from the origin to the boundary of the disk. Moreover, it has strictly

lower energy than any 3-partition whose boundary set contains such a curve but is not ho-

mologous to it.

For instance, the set Γ3 shown in Figure 1.2 contains a curve from the origin to the boundary

of the disk, but Γ3 is not homologous to this curve, therefore the corresponding 3-partition has

strictly greater energy than the Mercedes star partition. (Equivalently, Γ3 is not homologous

to the boundary set of the Mercedes star partition but contains a subset that is, namely the

set Γ2 shown in Figure 1.2.)

Remark 1.9. Theorem 1.8 should be compared to the results for the disk in [5, 15], where it

is shown that if the boundary set of the minimal 3-partition has only one singular point,

or contains the origin, then it must be the Mercedes star. While our topological hypothesis

is more restrictive, we make no a priori assumptions about the structure of the minimizer.

That is, we show that the Mercedes star minimizes energy within a certain topological class

of partitions, whether or not that class contains a minimal partition. As a byproduct, we

deduce the existence of a minimizer in this class.

The remaining applications have a similar flavor—starting from Courant-sharp eigenfunc-

tions for a given −∆Γ, we construct partitions that minimize energy within a certain topo-

logical class. This does not require us to make any a priori assumptions on the structure of

the minimal k-partition, nor does it require us to know that the constrained optimization

problem (minimizing energy within a given topological class) has a minimum.

Finally, we remark that while Theorem 1.6 can likely be reformulated and proved using the

“double covering” construction2 of [14], the homological approach developed in this paper has

several advantages: (i) the tools of algebraic topology can be brought to bear on the problem

of minimal partitions; (ii) the topological hypotheses of our theorems are formulated on the

original manifold and do not involve lifting to the double cover (which is easy to construct and

visualize in concrete examples but rather abstract in general); (iii) the partition Laplacian

−∆Γ is easier to analyze, visualize and prepare for numerical computations, since it is defined

on the smooth manifold M , rather than its branched double cover.

Outline. In Section 2 we define the operator −∆Γ and state its relevant properties (to

be proved later), which we then use to prove Theorem 1.6. In Section 3 we review some

topological concepts and use them to clarify Definition 1.5. In Section 4 we prove the

technical results from Section 2 and hence complete the proof of Theorem 1.6. Corollary 1.7

is proved in Section 4.3. In Section 5 we generalize all of our results to partitions with

2Here one introduces a suitable branched double cover of M and considers the Laplacian restricted to anti-
symmetric functions on the resulting singular manifold.
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Γ Γ̃

Figure 2.1. The slit in Γ has been eliminated in the set Γ̃ by adding an extra
segment, so each connected component of M o\Γ̃ is a Lipschitz domain.

continuous, rather than piecewise C1, boundary sets. Finally, in Section 6 we apply our

results to partitions of the disk, sphere, torus and cylinder.

2. The partition Laplacian and proof of Theorem 1.6

We define −∆Γ in Section 2.1 and then characterize its dependence on Γ in Proposition 2.2,

which will be proved in Section 4. In Section 2.2 we use Proposition 2.2 to prove Theorem 1.6.

2.1. The partition Laplacian. Let Γ be a piecewise C1 cut. For convenience we write

M o = M\∂M . To define −∆Γ, we need to define traces (restrictions to Γ) for functions in

the Sobolev space W 1,2(M o\Γ). Definition 1.2 allows a subdomain to lie on both sides of its

boundary, as in Figure 2.1, so a given Ωi may not be a Lipschitz domain.

We therefore extend Γ to a piecewise C1 cut Γ̃ such that each component of M o\Γ̃ lies on

one side of its boundary, and hence is a Lipschitz domain. See [12, §1.7]), and also [2], where

similar techniques were used to study Neumann domains.

Label the components of M o\Γ̃ by {Ω̃i}. A regular segment Γa ⊂ Γ will be contained in

∂Ω̃i ∩ ∂Ω̃j for unique i ̸= j. Since the subdomains Ω̃i and Ω̃j are Lipschitz, for any function

u ∈ W 1,2(M o\Γ) we can define two traces,

ui
∣∣
Γa
, uj

∣∣
Γa

∈ W 1/2,2(Γa), (2.1)

where ui = u|
Ω̃i
. These traces do not depend on the choice of extension Γ̃. Similarly,

since ∂M is piecewise C1, it can be decomposed into a finite set of regular C1 curves, each

contained in the boundary of a unique Ω̃i. For every such Ω̃i, which we call a boundary

subdomain, the restriction ui|∂M∩∂Ω̃i
is thus well defined.

Definition 2.1. u ∈ W 1,2(M o\Γ) is continuous across Γa ⊂ Γ if ui|Γa
= uj|Γa

, and is anti-

continuous across Γa if ui|Γa
= −uj|Γa

. It is (anti)continuous across Γ if it is (anti)continuous

across each Γa. It vanishes on ∂M if ui|∂M∩∂Ω̃i
= 0 for every boundary subdomain Ω̃i.

We now define

W 1,2
0 (M ; Γ) =

{
u ∈ W 1,2(M o\Γ) : u vanishes on ∂M and is anti-continuous across Γ

}
.

(2.2)
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This is a closed subspace ofW 1,2(M o\Γ) and hence is complete. When Γ is empty it coincides

with W 1,2
0 (M o).

Letting dV denote the Riemannian volume form on M , · the inner product, and setting

ui = u|
Ωi
, we define the bilinear form

b
Γ
(u, v) =

k∑
i=1

∫
Ωi

(∇ui · ∇vi) dV, dom(b
Γ
) = W 1,2

0 (M ; Γ), (2.3)

where {Ωi} are the connected components of M o\Γ. The form b
Γ
is nonnegative and

hence lower semibounded. It is a closed form, because W 1,2
0 (M ; Γ) is a closed subspace

of W 1,2(M o\Γ) and hence is complete. It thus generates a self-adjoint operator on L2(M),

which we denote by −∆Γ, via the representation theorem for semibounded forms; see, for

instance [25, Thm 10.7]. Note that Γ = ∅ corresponds to the Dirichlet Laplacian on M .

Since each Ωi is a Lipschitz domain, we have thatW 1,2(Ωi) is compactly embedded in L2(Ωi),

from which it follows that W 1,2
0 (M ; Γ) is compactly embedded in L2(M). As a result, −∆Γ

has compact resolvent, so its spectrum consists of isolated eigenvalues of finite multiplicity.

Writing the eigenfunctions and eigenvalues of −∆Γ as
(
ϕn(Γ), λn(Γ)

)
, we have the variational

characterization

λn(Γ) = min

{
b
Γ
(ϕ, ϕ)∫

M
ϕ2 dV

: ϕ ∈ {ϕ1(Γ), . . . , ϕn−1(Γ)}⊥ ∩H1
0 (M ; Γ)\{0}

}
. (2.4)

The minimum is achieved if and only if ϕ is an eigenfunction for the eigenvalue λn(Γ).

Having defined −∆Γ, we now describe its dependence on the cut Γ.

Proposition 2.2. If Γ1 and Γ2 are homologous, then −∆Γ1 and −∆Γ2 are unitarily equiva-

lent. That is, there is a unitary operator Φ on L2(M) that mapsW 1,2
0 (M ; Γ1) ontoW

1,2
0 (M ; Γ2)

and satisfies

b
Γ2
(Φu,Φv) = b

Γ1
(u, v) (2.5)

for all u, v ∈ W 1,2
0 (M ; Γ1). Moreover, the unitary transformation Φ preserves nodal sets of

eigenfunctions, i.e., {u = 0} = {Φu = 0} if −∆Γ1u = λu for some λ ∈ R.

This is the most technical result of the paper. The proof is somewhat delicate because Γ1

and Γ2 need not be related in a nice way. While it is assumed that the curves in Γ1 intersect

one another transversely, and likewise for the curves in Γ2, it is possible that some curve in

Γ1 intersects a curve in Γ2 tangentially, in which case Γ1∪Γ2 is not a piecewise C1 cut. This

makes it difficult to compare the domains of the operators −∆Γ1 and −∆Γ2 . We will resolve

this issue in Section 4 using a transversality argument.

Remark 2.3. If P is bipartite, then −∆∂P is unitarily equivalent to the Laplacian and we get

half of Theorem 1.1 as a special case of Theorem 1.6.

2.2. Proof of main theorem. We now show how Proposition 2.2 implies Theorem 1.6.

The proof is similar to that of [18, Prop. 5.5], which covers the bipartite case.
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Let Γ be a piecewise C1 cut and k ∈ N. Starting with a partition P̃ ∈ Pk(Γ), we use its

groundstates to build a test function for the Rayleigh quotient in (2.4) and hence obtain an

upper bound on λk(Γ). The difficulty in the non-bipartite case is producing a test function

in W 1,2
0 (M ; Γ), since the groundstates coming from P̃ are continuous, rather than anti-

continuous, across Γ. We resolve this by modifying the groundstates on regions bounded by

Γ and ∂P̃ . This is where the hypothesis P̃ ∈ Pk(Γ) is used.

Proof of Theorem 1.6. Let P̃ = {Ω̃i} be an arbitrary partition in Pk(Γ), with ψ̃i denoting

the groundstate for the Dirichlet Laplacian on Ω̃i, extended by zero to the rest of M and

normalized so that ∫
Ω̃i

|∇ψ̃i|2 dV = λ1(Ω̃i). (2.6)

Since P̃ ∈ Pk(Γ), there exists a subset Γ̃ ⊂ ∂P̃ that is homologous to Γ. Since ψ̃i vanishes on

∂P̃ , it is anti-continuous across Γ̃, therefore ψ̃i ∈ W 1,2
0 (M ; Γ̃). Since Γ̃ is homologous to Γ,

by Proposition 2.2 there is a unitary operator Φ acting on L2(M) so that Φ(W 1,2
0 (M ; Γ̃)) =

W 1,2
0 (M ; Γ). Then, letting ψi = Φψ̃i ∈ W 1,2

0 (M ; Γ), we obtain

b
Γ
(ψi, ψi) = b

Γ̃
(ψ̃i, ψ̃i) =

∫
Ω̃i

|∇ψ̃i|2 dV = λ1(Ω̃i). (2.7)

Now choose nonzero real numbers c1, . . . , ck so that the linear combination ϕ = c1ψ1 + · · ·+
ckψk is orthogonal to the first k− 1 eigenfunctions of −∆Γ and hence is a valid test function

for (2.4). Since the ψi have mutually disjoint supports, we can use (2.4) and (2.7) to compute

λk(P ) ≤
b
Γ
(ϕ, ϕ)∫

M
ϕ2 dV

=
c21λ1(Ω̃1) + · · ·+ c2kλ1(Ω̃k)

c21 + · · ·+ c2k
≤ max

1≤i≤k
λ1(Ω̃i) = Λ(P̃ ), (2.8)

as claimed.

If λk(Γ) = Λ(P̃ ), then the inequalities in (2.8) are all equalities. From the case of equality in

(2.4) we see that ϕ = c1ψ1 + · · ·+ ckψk must be an eigenfunction of −∆Γ for the eigenvalue

λk(Γ), so P̃ is the nodal partition of an eigenfunction of −∆Γ, for the eigenvalue λk(Γ).

Conversely, if P̃ is the nodal partition of an eigenfunction for the eigenvalue λk(Γ), each sub-

domain has groundstate energy λ1(Ω̃i) = λk(Γ) and hence P̃ has energy Λ(P̃ ) = λk(Γ). The

same argument shows that if P is a k-partition generated by a Courant-sharp eigenfunction

of −∆Γ, then Λ(P ) = λk(Γ) and so Λ(P ) ≤ Λ(P̃ ) for all P̃ ∈ Pk(Γ). □

3. Homology of cuts

We now elaborate on Definition 1.5. After reviewing some concepts from algebraic topology,

we explain how piecewise C1 cuts, Γ1 and Γ2, can be represented by singular 1-chains, γ1 and

γ2 respectively. This representation is not unique, but we will see that the condition [γ1 −
γ2] = 0 ∈ H1(M,∂M ;Z2) is independent of this choice, and so Definition 1.5 is meaningful.

Note that we have γ1 − γ2 = γ1 + γ2, as our coefficients lie in Z2. See [13, Ch. 2] for an

introduction to the definitions and tools used here.
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In Section 3.3 we give an equivalent formulation of Definition 1.5 for a sufficiently regular

pair of cuts, and in Section 3.4 we discuss the relationship between homology and the set of

odd points for a cut.

3.1. Definitions. Letting ∆n ⊂ Rn denote the standard n-simplex, we recall that a singular

n-simplex is a continuous map ∆n → M . In particular, a singular 0-simplex corresponds

to a point in M and a singular 1-simplex is a parameterized curve. A singular n-chain is a

(finite) formal sum of singular n-simplices with coefficients in Z2, so the set of these, denoted

Cn(M ;Z2), is the free Z2-module generated by the singular n-simplices.

For each n there exists a boundary map ∂n : Cn(M ;Z2) → Cn−1(M ;Z2) with the property

that ∂n∂n+1 = 0. For instance, viewing a continuous curve γ : [0, 1] → M as an element of

C1(M ;Z2), we have ∂1γ = γ(1)− γ(0) ∈ C0(M ;Z2).

Defining the quotient groups Cn(M,∂M ;Z2) = Cn(M ;Z2)/Cn(∂M ;Z2), we see that each

∂n descends to a boundary map ∂n : Cn(M,∂M ;Z2) → Cn−1(M,∂M ;Z2) again satisfying

∂n∂n+1 = 0. The relative homology groups are given by Hn(M,∂M ;Z2) = ker(∂n)/ im(∂n+1)

for each n. In particular, H1(M,∂M ;Z2) consists of equivalence classes of relative 1-cycles,

i.e., 1-chains γ ∈ C1(M ;Z2) for which ∂1γ ∈ C0(∂M ;Z2).

The homology class of a relative 1-cycle γ is denoted by [γ] ∈ H1(M,∂M ;Z2). Note that

[γ] = 0 if and only if γ = ∂2ω + β for some ω ∈ C2(M ;Z2) and β ∈ C1(∂M ;Z2). We say

that two 1-chains γ1 and γ2 are homologous if [γ1 − γ2] = 0. For this to hold it is necessary

that γ1−γ2 to be a relative 1-cycle, that is, ∂1γ1−∂1γ2 ∈ C0(∂M ;Z2). This condition is not

sufficient: see the example in Figure 3.2, where a relative 1-cycle Γ2 is not null-homologous.

3.2. The homology class of a piecewise C1 cut. Given a partition, we are interested

in the homology class of its boundary set. If Γ is a piecewise C1 cut, in the sense of

Definition 1.2, then it can be viewed as a singular 1-chain. More precisely, given a finite

collection {γa} of regular C1 curves that can only intersect at their end points, whose image

is Γ, we define γ =
∑

a γa ∈ C1(M ;Z2). This 1-chain is said to represent Γ.

A cut Γ can be represented by many different chains. This does not matter for the following

reason.

Lemma 3.1. If γ, γ̃ : [0, 1] →M are continuous, then their concatenation γ∗γ̃ is homologous

to γ + γ̃. If τ : [0, 1] → [0, 1] is a homeomorphism, then γ ◦ τ is homologous to γ.

We omit the proof, which is standard, but note that the second statement relies on the fact

that we are using Z2 coefficients, and thus have γ = −γ as 1-chains, since τ was not assumed

to preserve orientation.

It follows from Lemma 3.1 that all representatives of the same cut are homologous. Therefore,

if two cuts Γ1 and Γ2 can be represented by homologous 1-chains, any other representatives

of Γ1 and Γ2 will also be homologous, and so Definition 1.5 is meaningful.
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3.3. Homology and bipartiteness. In this section we reformulate Definition 1.5 for pairs

of cuts satisfying a compatibility condition. While more restrictive than the original defi-

nition, this formulation is more geometric in nature and suffices for many applications; see

Figure 1.2 for examples.

Definition 3.2. Piecewise C1 cuts Γ1 and Γ2 are compatible if Γ1∪Γ2 is a piecewise C1 cut.

To understand why such a condition is needed, consider γ1, γ2 : [−1, 1] → [−1, 1]2 given by

γ1(t) = (t, 0), γ2(t) =

{(
t, e−1/t2 sin(1/t)

)
, t ̸= 0,

(0, 0), t = 0.
(3.1)

These are C∞ regular curves, thus each of their images is a piecewise C1 cut, but the same

is not true of their union, due to the infinitely many intersections of γ1 and γ2.

We recall that a partition P = {Ωi} is bipartite if each of the Ωi can be assigned one of two

colors so that neighboring domains have different colors, where Ωi and Ωj are neighbors if

int(Ωi ∪ Ωj) ̸= Ωi ∪Ωj. Note that a domain with a slit always neighbors itself, therefore any

partition that contains such a domain cannot be bipartite. For instance, the partition with

boundary set Γ2 in Figure 1.2 is not bipartite, even though it only has one component.

Theorem 3.3. Compatible cuts Γ1 and Γ2 are homologous if and only if Γ1△Γ2 is the

boundary set of a bipartite partition.

To prove our main results it suffices to know this theorem when Γ1 and Γ2 intersect trans-

versely; this special case will be used in the proof of Lemma 4.2 below. We have chosen to

formulate and prove the result in the more general context of compatible cuts as this gives

further geometric insight into Definition 1.5, and in particular applies to all of the examples

shown in Figure 1.2.

To prove Theorem 3.3, we start with a technical result about compatible cuts.

Lemma 3.4. If Γ1 and Γ2 are compatible, then Γ1 ∪ Γ2 can be parameterized by regular C1

curves {γa}a∈A such that the image of each γa is contained in Γ1\Γ2, Γ2\Γ1 or Γ1 ∩ Γ2.

Proof. By assumption, Γ1 ∪ Γ2 is the union of the images of a finite set of curves that only

intersect at their endpoints. Subdividing if necessary, we can assume that none of these

curves contain an endpoint of either Γ1 or Γ2 in its interior. Let γ : [0, 1] → M denote one

such curve. If the interior γ
(
(0, 1)

)
is contained in Γ1\Γ2 or Γ2\Γ1, then there is nothing

to prove. Therefore, we just need to show that if γ
(
(0, 1)

)
intersects Γ1 and Γ2, then it is

contained in Γ1 ∩ Γ2.

We claim that if γ
(
(0, 1)

)
intersects Γ1, then γ

(
(0, 1)

)
⊂ Γ1 (and likewise for Γ2). Equiva-

lently, the set I1 = {t ∈ (0, 1) : γ(t) ∈ Γ1} is equal to (0, 1). To see this, it suffices to show

that this set is relatively open and closed in (0, 1); the latter property follows immediately

from continuity of γ1.

To show that I1 is relatively open, let t∗ ∈ I1. This means there is a curve γ1 : [0, 1] → M

in Γ1 and t1 ∈ [0, 1] for which γ1(t1) = γ(t∗). Since the interior of γ does not contain an
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Γ

Ω1 Ω2

Γ Γ

Figure 3.1. Triangulating Ω1 and Ω2 does not necessarily give a valid trian-
gulation of M (center), but this can always be refined to produce a triangula-
tion (right), as in the proof of Proposition 3.6.

endpoint of any curve in Γ1, we must have t1 ∈ (0, 1). Moreover, we claim that there exists

δ > 0 such that

γ1
(
[t1 − δ, t1 + δ]

)
⊂ γ

(
(0, 1)

)
. (3.2)

Suppose the claim does not hold. Then, for all δ, the restriction of γ1 to [t1 − δ, t1 + δ] will

intersect some curve in Γ1∪Γ2 other than γ, say γ̂. Since for δ small enough γ1
(
[t1−δ, t1+δ]

)
does not intersect the endpoints of γ, then γ̂ must intersect the interior of γ, yielding a

contradiction.

Since γ1 is a regular curve and (3.2) holds, it follows from the implicit function theorem that

γ1
(
(t1 − δ, t1 + δ)

)
⊂ γ

(
(0, 1)

)
is an open neighborhood of γ(t∗), and hence contains γ(t) for

all t in some neighborhood of t∗. This proves that I1 is open, as claimed. □

We next give a homological interpretation of the symmetric difference.

Proposition 3.5. Compatible cuts Γ1 and Γ2 are homologous if and only if Γ1△Γ2 is null

homologous.

Proof. Parameterize Γ1 ∪ Γ2 by curves {γa}a∈A as in Lemma 3.4. Defining A1 = {a ∈ A :

Im γa ⊂ Γ1} and likewise for A2, we have A = A1 ∪ A2 and A1 ∩ A2 = {a ∈ A : Im γa ⊂
Γ1∩Γ2}. It follows that γ1 =

∑
a∈A1

γa represents Γ1 and similarly for γ2 =
∑

a∈A2
γa. Since

our coefficients are in Z2, we have

γ1 − γ2 = γ1 + γ2 =
∑
a∈A1

γa +
∑
a∈A2

γa =
∑

a∈A1△A2

γa, (3.3)

because each γ1 with a ∈ A1 ∩ A2 appears in the sum exactly twice and hence cancels. The

chain on the right-hand side represents Γ1△Γ2, so we conclude that [γ1− γ2] = 0 if and only

if Γ1△Γ2 is null homologous. □

Theorem 3.3 is then an immediate consequence of the following.

Proposition 3.6. A piecewise C1 cut Γ ⊂ M is null homologous if and only if it is the

boundary set of a bipartite partition.
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The proof uses simplicial (rather than singular) homology, with a triangulation of M that is

adapted to Γ. While the simplicial approach is convenient for studying a fixed cut, Defini-

tion 1.5 requires us to compare arbitrary cuts, a flexibility afforded by singular homology.

Proof. Let P = {Ωi} denote the partition whose subdomains are the connected components

of M o\Γ. Triangulating each Ωi and then subdividing as needed (see Figure 3.1), we obtain

a triangulation of M with the following properties:

• The interior of each 2-simplex is contained in some Ωi.

• There is a subset of 1-simplices whose union is Γ.

• Each 1-simplex satisfies exactly one of the following:

(a) it is a face of two distinct 2-simplices; or

(b) it is contained in ∂M .

Writing the sets of 1- and 2-simplices as K(1) and K(2), respectively, let

γ =
∑
τ∈K(1)

Γ

τ, K
(1)
Γ = {τ ∈ K(1) : τ ⊂ Γ}. (3.4)

The isomorphism H∆
1 (M,∂M ;Z2) → H1(M,∂M ;Z2) between simplicial and singular ho-

mology identifies γ with a singular 1-chain representing Γ. Therefore, it suffices to show

that P is bipartite if and only if [γ] = 0 ∈ H∆
1 (M,∂M ;Z2). To prove this, we show that the

following are equivalent:

(1) P is bipartite.

(2) There exists K
(2)
Γ ⊂ K(2) such that

τ ⊂ Γ ⇐⇒ τ is a face of some 2-simplices σ ∈ K
(2)
Γ and σ̃ /∈ K

(2)
Γ . (3.5)

(3) [γ] = 0 ∈ H∆
1 (M,∂M ;Z2).

Note that the condition in (2) means that each 1-simplex in the boundary set Γ is the face

of two different 2-simplices, exactly one of which is in K
(2)
Γ .

We first prove (1) implies (2). If P is bipartite, then each Ωi, and hence the interior of

each 2-simplex, is colored red or blue. Let K
(2)
Γ = {σ ∈ K(2) : int σ is blue}. If τ ⊂ Γ,

then it is not contained in ∂M , and hence is the face of two distinct 2-simplices, σ and σ̃,

whose interiors are contained in subdomains Ωi and Ωj. These subdomains are neighbors,

and hence have different colors, so exactly one of σ, σ̃ is contained in K
(2)
Γ . This proves (⇒)

in (3.5), and (⇐) is immediate.

Next, we show that (2) implies (1). If K
(2)
Γ ⊂ K(2) satisfies (3.5), we will define a coloring

of P by declaring that Ωi is “blue” if it contains the interior of some σ ∈ K
(2)
Γ . To see that

this is well defined, we must show that the set K
(2)
Ωi

= {σ ∈ K(2) : int σ ⊂ Ωi} is contained

in either K
(2)
Γ or its complement. If σ, σ̃ ∈ K

(2)
Ωi

have a common face that is not contained in

Γ, it follows from (3.5) that σ and σ̃ are both in K
(2)
Γ or both in its complement. Since Ωi

is connected, we conclude that K
(2)
Γ either contains K

(2)
Ωi

or is disjoint from it.
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Γ1 Γ2 Γ1△Γ2

Figure 3.2. Two cuts of the annulus that have Γ1,odd = Γ2,odd = ∅ but are
not homologous.

We now declare Ωi to be “blue” if K
(2)
Ωi

⊂ K
(2)
Γ and “red” otherwise. Suppose Ωi and Ωj

are neighbors, so there exist 2-simplices σ and σ̃ with interiors in Ωi and Ωj, respectively,

having a common face contained in the boundary set Γ. It follows from (3.5) that one of

σ, σ̃ is contained in K
(2)
Γ and the other is not. This means Ωi and Ωj have different colors,

so we conclude that P is bipartite, thus completing the proof that (1) is equivalent to (2).

Next, we show that (2) implies (3). If K
(2)
Γ ⊂ K(2) satisfying (3.5) exists, we define

σ̄ =
∑

σ∈K(2)
Γ

σ. (3.6)

From (3.5) we know that every 1-simplex that is not in Γ is either in ∂M or is the face of an

even number of 2-simplices in K
(2)
Γ . It follows that ∂σ − γ is a sum of 1-simplices contained

in ∂M , therefore γ is null homologous relative to ∂M .

Finally, we show that (3) implies (2). If [γ] = 0 ∈ H∆
1 (M,∂M ;Z2), then there is a 2-chain σ̄

for which ∂σ̄ − γ is supported in ∂M . Defining K
(2)
Γ to be the set of 2-simplices appearing

in σ̄, we conclude that every 1-simplex in γ must be a face of exactly one 2-simplex in K
(2)
Γ ,

so (3.5) holds. □

3.4. Homology and odd points. Given a piecewise C1 cut Γ, we let Γodd denote the set

of points in the interior of M where an odd number of curves terminate. The following

observation relates this to Definition 1.5.

Proposition 3.7. If Γ1 is homologous to Γ2, then Γ1,odd = Γ2,odd.

That is, a necessary condition for Γ1 and Γ2 to be homologous is that they have the same odd

points. This is not, however, a sufficient condition, as shown in Figure 3.2. The proposition

is an immediate consequence of the following lemma, which also makes it clear why Γ1,odd =

Γ2,odd is not sufficient.

Lemma 3.8. Let γ1 and γ2 represent Γ and Γ2. The difference γ1 − γ2 is a relative 1-cycle

if and only if Γ1,odd = Γ2,odd.

In other words, Γ1,odd = Γ2,odd ensures the homology class [γ1 − γ2] ∈ H1(M,∂M ;Z2) is

defined, but does not guarantee that it is zero except in the case that H1(M,∂M ;Z2) is
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trivial. This explains the presence of the annulus in Figure 3.2—no such example is possible

on a simply connected domain.

The proof of Lemma 3.8 is a direct consequence of the definition of ∂1 and the fact that the

endpoints of the curves in γ1 and γ2 will cancel in pairs, regardless of orientation, since we

are using Z2 coefficients.

4. Homology and unitary equivalence

In this section we prove Proposition 2.2. The case when Γ1 and Γ2 intersect transversely uses

the equivalent characterization of homology in Theorem 3.3 and is presented in Section 4.1.

The general case is presented in Section 4.2 and uses a transversality argument. We prove

Corollary 1.7 in Section 4.3.

4.1. The transverse case. The following characterization is useful for comparing parti-

tions.

Lemma 4.1. If Γ1 and Γ2 are piecewise C1 cuts that intersect transversely, then

W 1,2
0 (M ; Γ1) =

{
u ∈ W 1,2

(
M o\(Γ1 ∪ Γ2)

)
: u vanishes on ∂M , is continuous

across Γ2, and is anti-continuous across Γ1

}
.

(4.1)

Proof. Let u ∈ W 1,2
(
M o\(Γ1∪Γ2)

)
. Comparing (2.2) and (4.1), it suffices to prove that u is

contained in W 1,2(M o\Γ1) if and only if it is continuous across Γ2. This follows immediately

from the definition of the weak derivative and integration by parts. □

Using this, we prove a special case of Proposition 2.2.

Lemma 4.2. If Γ1 and Γ2 are homologous and intersect transversely, then −∆Γ1 and −∆Γ2

are unitarily equivalent. That is, there is a unitary operator Φ on L2(M) that mapsW 1,2
0 (M ; Γ1)

onto W 1,2
0 (M ; Γ2) and satisfies

b
Γ2
(Φu,Φv) = b

Γ1
(u, v)

for all u, v ∈ W 1,2
0 (M ; Γ1).

Proof. For convenience we set Γ = Γ1△Γ2 = Γ1 ∪ Γ2. Since Γ1 and Γ2 are homologous, Γ

is the boundary set of a bipartite partition, by Theorem 3.3. Denoting this partition by

P = {Ωi}, we let U+ and U− denote the union of the blue and red subdomains, respectively,

and then define Φ: L2(M) → L2(M) by

Φu =

{
u on U+,

−u on U−.
(4.2)

This is an isometric isomorphism of L2(M) by design.

Suppose u ∈ W 1,2
0 (M ; Γ1). By Lemma 4.1 we have u ∈ W 1,2(M o\(Γ1 ∪ Γ2)), u vanishes

on ∂M , is continuous across Γ2, and is anti-continuous across Γ1. Since every connected
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component of M o\(Γ1 ∪ Γ2) is contained in either U+ or U−, we see that Φu belongs to

W 1,2(M o\(Γ1 ∪ Γ2)) and still vanishes on ∂M . Therefore, the desired conclusion will follow

by applying Lemma 4.1 with the roles of Γ1 and Γ2 reversed, if we show that Φu is continuous

across Γ1 and anti-continuous across Γ2.

Now consider a smooth segment Γ∗ ⊂ Γ. Since Γ∗ is contained in ∂Ωi ∩ ∂Ωj for some i and

j, Ωi and Ωj are neighbors. Using that P is bipartite, Ωi and Ωj must have different colors,

so one is contained in U+ and the other is in U−. It follows that Φ changes the sign of u on

exactly one side of Γ∗. Recalling that Γ = Γ1∆Γ2, there are two cases to consider:

(1) Γ∗ ⊂ Γ1: u is anti-continuous across Γ∗, therefore Φu is continuous across Γ∗.

(2) Γ∗ ⊂ Γ2: u is continuous across Γ∗, therefore Φu is anti-continuous across Γ∗.

This implies Φu ∈ W 1,2
0 (M ; Γ2), and it follows immediately that b

Γ2
(Φu,Φv) = b

Γ1
(u, v)

for all u, v ∈ W 1,2
0 (M ; Γ1). The same argument shows that Φ−1 maps W 1,2

0 (M ; Γ2) into

W 1,2
0 (M ; Γ1) and completes the proof. □

4.2. The general case. The following result allows us to reduce the proof of Proposition 2.2

to the special case already considered in Lemma 4.2.

Proposition 4.3. Given piecewise C1 cuts Γ1 and Γ2, there is a piecewise C1 cut Γ̃ that is

homologous to Γ1 and intersects Γ1 and Γ2 transversely.

Proof. We construct Γ̃ by deforming each segment of Γ1 via a fixed endpoint homotopy. This

guarantees Γ̃ is homologous to Γ1. Moreover, we shall see that Γ̃ can be assumed to lie in

an arbitrarily small tubular neighborhood of Γ1.

Consider a regular C1 curve γ1 : [0, 1] → M that is part of Γ1. Without loss of generality

(subdividing if necessary), we can assume γ1(0) ̸= γ1(1). Choosing a normal direction along

γ1 and letting t denote the distance in this direction, we obtain coordinates (s, t) in a tubular

neighborhood of γ1, with respect to which γ1 is given by {(s, 0) : s ∈ [0, 1]}. Equivalently, it
is the graph of the function t(s) = 0.

For sufficiently small ϵ > 0, the deformed graph

tϵ(s) =

{
ϵs, 0 ≤ s < 1

2
,

ϵ(1− s), 1
2
≤ s ≤ 1,

(4.3)

will be transverse to Γ1, Γ2 and ∂M at both endpoints, and hence for s in some neighborhood

[0, δ)∪(1−δ, 1]. On the other hand, the parametric transversality theorem (see, for instance,

[11, Lem. II.4.6]) guarantees that the “shifted” curve t(s) = t∗ intersects Γ1, Γ2 and ∂M

transversely for almost all t∗. Therefore, there exists δ∗ ∈ (0, δ) such that the graph of

t̃(s) =


ϵs, 0 ≤ s < δ∗,

ϵδ∗, δ∗ ≤ s ≤ 1− δ∗,

ϵ(1− s), 1− δ∗ < s ≤ 1,

(4.4)
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tϵ
t∗

δ 1−δ

t̃

δ∗ 1−δ∗

Figure 4.1. The graph of tϵ intersects Γ1, Γ2 and ∂M transversely for s ∈
[0, δ)∪ (1− δ, 1], whereas the constant t∗ does so for all s ∈ [0, 1]. Gluing these
together at some δ∗ ∈ (0, δ), we obtain a curve that has the same endpoints as
γ1 and intersects Γ1, Γ2 and ∂M transversely for all s ∈ [0, 1].

intersects Γ1, Γ2 and ∂M transversely. It follows immediately from (4.4) that this curve is

homotopic (with fixed endpoints) to γ1, and hence is homologous to γ1.

To complete the proof we repeat the argument inductively, homotoping each segment of Γ1

so that it is transverse to Γ1, Γ2, ∂M and the previously modified segments of Γ1. □

We are finally ready to prove our main proposition.

Proof of Proposition 2.2. Suppose Γ1 and Γ2 are homologous. Using Proposition 4.3 we can

find a piecewise C1 cut Γ̃ that is homologous to Γ1 (and hence to Γ2) and intersects both

Γ1 and Γ2 transversely. Now Lemma 4.2 implies that −∆Γ1 and −∆Γ2 are both unitarily

equivalent to −∆Γ̃, so the result follows because unitary equivalence is transitive. □

To recap, we have now established Proposition 2.2 and thus Theorem 1.6 which was derived

from Proposition 2.2 in Section 2.2.

4.3. The case of equality: proof of Corollary 1.7. Corollary 1.7 is an immediate con-

sequence of the following.

Lemma 4.4. Let Γ be a piecewise C1 cut. If P̃ is the nodal partition of an eigenfunction of

−∆Γ and ∂P̃ is a piecewise C1 cut, then ∂P̃ is homologous to Γ.

In the proof it will be important to keep in mind that an eigenfunction of −∆Γ does not

necessarily change sign across its zero set, but can change sign without being zero, on account

of the discontinuity across Γ. That is, the set where the eigenfunction changes sign need not

coincide with its zero set.

Proof. Using Proposition 4.3, we can obtain a cut Γ̂ that is homologous to Γ and intersects

∂P̃ transversely. The operators −∆Γ and −∆Γ̂ are unitarily equivalent by Proposition 2.2.

Moreover, the unitary map Φ, defined in (4.2), preserves zero sets, therefore ∂P̃ is the nodal

partition of an eigenfunction of −∆Γ̂.

We thus assume for the rest of the proof that Γ intersects ∂P̃ transversely. By Theorem 3.3,

it suffices to show that Γ ∪ ∂P̃ is the boundary set of a bipartite partition. Let ψ denote

the eigenfunction of −∆Γ whose nodal partition is P̃ . It is only possible for ψ to change sign

where it equals zero or is discontinuous, i.e., on the set Γ ∪ ∂P̃ . Since Γ and ∂P̃ intersect

transversely, there are two possibilities, shown in Figure 4.2:



HOMOLOGY OF SPECTRAL MINIMAL PARTITIONS 17

∂P̃\Γ Γ\∂P̃ Γ ∩ ∂P̃

Figure 4.2. The graph of ψ along a curve transverse to Γ∪∂P̃ , showing that

it only changes sign on the symmetric difference Γ△∂P̃ , as in Lemma 4.4 and
Remark 4.5.

(1) ∂P̃\Γ: ψ is zero and its normal derivative is continuous, so ψ changes sign;

(2) Γ\∂P̃ : ψ is nonzero and anti-continuous, so it changes sign;

It follows that Γ ∪ ∂P̃ = Γ△∂P̃ is precisely the set where ψ changes sign, therefore it is the

boundary set of a bipartite partition. □

Remark 4.5. In the proof of Lemma 4.4 we only needed to consider the case that Γ and

∂P̃ intersect transversely. Nonetheless, it is instructive to consider what happens when

Γ∩ ∂P̃ contains a curve segment. The eigenfunction ψ will vanish on this segment (because

it is contained in the nodal set ∂P̃ ) and the normal derivative of ψ will be anti-continuous

(because it is contained in Γ), thus ψ will not change sign across this segment. See Figure 4.2.

5. Defining partition eigenvalues for continuous cuts

We now relax the regularity hypotheses in Theorem 1.6, replacing Γ by an arbitrary 1-

chain and resulting in the more general Theorem 5.3. To remove the assumption that Γ is

piecewise C1, we use the fact that the eigenvalues {λn(Γ)} of −∆Γ and the nodal domains

of the corresponding eigenfunctions only depend on the homology class of Γ. This means

we can define “eigenvalues” and “nodal partitions” for any singular 1-chain by deforming

it to a piecewise C1 cut and then considering the eigenvalues and nodal domains of the

corresponding cut Laplacian. Allowing ∂P̃ to be less regular, on the other hand, is more

delicate, and requires an approximation argument which is given in Lemma 5.4.

Recalling the notion of a piecewise C1 cut from Definition 1.2 and a singular 1-chain from

Section 3.1, we have the following.

Lemma 5.1. Every singular 1-chain γ ∈ C1(M ;Z2) is homologous to a finite sum of regular

C1 curves {γ̃a} that intersect one another (and ∂M) transversely, and only do so at their

endpoints. Each of these curves can be taken to lie in an arbitrarily small neighborhood of γ.

By a slight abuse of terminology we will say that γ is homologous to the piecewise C1 cut

generated by the γ̃a.

Proof. Write γ =
∑

a γa, where each γa is a continuous curve in M . It is standard that each

γa is homotopic (with fixed endpoints) to a smooth curve γ̂a, and this approximation can
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be done in an arbitrarily small neighborhood of γa. Since there are only finitely many γ̂a,

we can deform them one at a time, using Proposition 4.3, so that they intersect one another

and ∂M transversely. Subdividing if necessary, we can assume that these intersections only

occur at the endpoints. □

We can now give our main definition.

Definition 5.2. Fix γ ∈ C1(M ;Z2) and let Γ be a piecewise C1 cut homologous to γ.

(1) The eigenvalues of γ are the numbers λn(γ) = λn(Γ), n ≥ 1.

(2) A partition of M is γ-nodal if it is the nodal partition of an eigenfunction of −∆Γ.

(3) A γ-nodal k-partition, corresponding to an eigenvalue λ∗, is Courant sharp if k =

min{n : λn(γ) = λ∗}.

Lemma 5.1 guarantees that such a Γ exists, and Proposition 2.2 ensures that the corre-

sponding eigenvalues and nodal partitions do not depend on the choice of Γ. It follows that

homologous 1-chains γ1, γ2 ∈ C1(M ;Z2) have the same eigenvalues and nodal partitions.

Analogous to (1.4), we define

P0
k(γ) =

{
P̃ ∈ Pk : ∂P̃ contains the image of a 1-chain that is homologous to γ

}
. (5.1)

Since the curves in a 1-chain are just assumed to be continuous, the boundary set of a

partition in P0
k(γ) can be quite irregular. Therefore, even if a 1-chain γ represents a piecewise

C1 cut Γ, the set P0
k(γ) is larger than the set Pk(Γ) defined in (1.4).

This means the following result is stronger3 than Theorem 1.6, no matter how regular γ is.

Theorem 5.3. If γ ∈ C1(M ;Z2) and k ∈ N, then

λk(γ) ≤ inf
{
Λ(P̃ ) : P̃ ∈ P0

k(γ)
}
, (5.2)

with λk(γ) = Λ(P̃ ) if and only if P̃ is a γ-nodal partition with eigenvalue λk(γ). In particular,

if P ∈ Pk is a Courant sharp γ-nodal partition, then Λ(P ) ≤ Λ(P̃ ) for all P̃ ∈ P0
k(γ).

The proof is similar to that of Theorem 1.6, with one crucial difference. The boundary set

∂P̃ contains the image of a 1-chain γ̃ that is homologous to γ, but since γ̃ is not assumed

to represent a piecewise C1 cut, we cannot directly use Proposition 2.2 to transform a P̃ -

ground state into a test function for the cut Laplacian, as was done above. We instead use

the following.

Lemma 5.4. Let γ ∈ C1(M ;Z2) and suppose P̃ = {Ω̃i} ∈ P0
k(γ). For any piecewise C1 cut

Γ that is homologous to γ, there is a unitary operator Φ on L2(M) that maps
⊕k

i=1W
1,2
0 (Ω̃i)

into W 1,2
0 (M ; Γ) and satisfies

b
Γ
(Φu,Φu) =

k∑
i=1

∫
Ω̃i

|∇ui|2 dV (5.3)

3Except when Γ is null homologous, in which case Pk(Γ) = P0
k(γ) = Pk is the set of all k-partitions and the

two theorems are equivalent.
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for all u = (u1, . . . , uk) ∈
⊕k

i=1W
1,2
0 (Ω̃i).

In the special case that ∂P̃ contains a piecewise C1 cut, say Γ̃, that is homologous to Γ, then

⊕iW
1,2
0 (Ω̃i) can be identified with a subspace of W 1,2

0 (M ; Γ̃) and Lemma 5.4 follows directly

from Proposition 2.2.

Proof. We first define Φ on C∞
0 (Ω̃i) for a fixed i. Let {Kn} be a collection of compact sets

in Ω̃i with K1 ⊂ K2 ⊂ · · · and ∪nKn = Ω̃i, and let Γ̃ denote the subset of ∂P̃ that is

homologous to Γ. For each n we can use Lemma 5.1 to find a piecewise C1 cut, Γ̃n, that is

homologous to Γ̃ (and hence to Γ) and is disjoint from Kn.

By Proposition 2.2 there is a unitary operator Φn on L2(M) that maps W 1,2
0 (M ; Γ̃n) onto

W 1,2
0 (M ; Γ) and satisfies

b
Γ
(Φnu,Φnv) = b

Γ̃n
(u, v) (5.4)

for all u, v ∈ W 1,2
0 (M ; Γ̃n). Changing the signs of some of the Φn if necessary, we can assume

that if suppu ⊂ Km for some m, then Φnu = Φmu for all n ≥ m. Thus for any ui ∈ C∞
0 (Ω̃i)

we define

Φiui = lim
n→∞

Φnui. (5.5)

The limit exists in W 1,2
0 (M ; Γ) because it is eventually constant.

Since each Φn is a unitary map on L2(M), we get ∥Φiui∥L2(M) = ∥ui∥L2(M). Moreover, since

suppui will be contained in a single connected component of M o\Γ̃n for large enough n, we

have from (5.4) that

b
Γ
(Φiui,Φ

iui) = lim
n→∞

b
Γ
(Φnui,Φnui) = lim

n→∞
b
Γ̃n
(ui, ui) =

∫
Ω̃i

|∇ui|2 dV. (5.6)

By continuity we can therefore extend Φi to a bounded linear map W 1,2
0 (Ω̃i) → W 1,2

0 (M ; Γ)

that satisfies (5.6). Repeating for each i and letting Φ = ⊕iΦi completes the proof. □

With this lemma at our disposal, the rest of the proof of Theorem 5.3 is identical to that of

Theorem 1.6.

6. Applications

We now give some applications of Theorem 1.6 (more precisely, its generalization Theo-

rem 5.3) and Corollary 1.7, one of which was already stated in the introduction. A com-

mon theme here is that the topological hypotheses of the theorem are reduced to the com-

putations of relative homology groups. Note that by Poincaré–Lefschetz duality we have

H1(M,∂M ;Z2) ∼= H1(M ;Z2); see, for instance, [13, Thm. 3.34].

6.1. The disk. We consider radial partitions of the disk M = {(x, y) : x2 + y2 ≤ 1}, as
in Figure 6.1. The radial k-partition is only Courant sharp for the corresponding partition

Laplacian when 1 ≤ k ≤ 5. In particular, the radial partitions for k = 1, 2, 4 are bipartite

and hence minimal, but the minimal 3- and 5-partitions of the disk are not bipartite [18,
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Figure 6.1. Radial 3- and 5-partitions of the disk.

Prop. 9.2]. The radial configurations shown in Figure 6.1 are each minimal within a certain

topological class of partitions, by Theorem 5.3, so they are plausible candidates for the

minima.

We now describe the classes in which they are minimal. The result for k = 3 appeared as

Theorem 1.8 in the introduction; for convenience we restate it here.

Theorem 6.1. The radial k-partition, k ∈ {3, 5}, is minimal among all k-partitions whose

boundary set contains a curve from the origin to the boundary of the disk. Moreover, it has

strictly lower energy than any k-partition whose boundary set contains such a curve but is

not homologous to it.

Proof. Let P denote the radial k-partition in question. This is a nodal partition for −∆Γ,

where Γ = {0} × [0, 1]. Suppose P̃ is a k-partition whose nodal set contains a curve from

the origin to some point on the boundary. Denoting this curve by Γ̃, we see that the

concatenation of Γ with Γ̃ is a curve with both endpoints on the boundary. This means

Γ− Γ̃ is a relative 1-cycle, and hence is null-homologous because H1(D, ∂D;Z2) is trivial, so

the result follows from Theorem 5.3. □

6.2. The sphere. Now consider the 3-partition of S2 given by the meridians 0◦, 120◦ and

−120◦. In [19] this is called the Y-partition, and it was shown to be the unique (up to

rotations) minimal 3-partition of the sphere. To the best of our knowledge, this is the only

rigorously known example of a non-bipartite minimal partition. There are two main steps

in the proof:

(i) If the boundary set of a minimal 3-partition of S2 contains two antipodal points,

then it is (up to rotation) the Y-partition.

(ii) The boundary set of any minimal 3-partition of S2 contains two antipodal points.

On the other hand, Theorem 5.3 easily implies the following, since H1(S
2;Z2) is trivial.

Theorem 6.2. The Y-partition is minimal among all 3-partitions whose boundary set con-

tains a curve joining two antipodal points. Moreover, it has strictly lower energy than any

3-partition whose boundary set contains such a curve but is not homologous to it.

In light of the results in [19], Theorem 6.2 is not new. However, it provides a different

route to the proof of minimality of the Y-partition, by showing that any 3-partition whose
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boundary set contains a curve joining two antipodal points4 has energy at least as big as the

Y-partition. That is, Theorem 6.2 is neither a stronger nor weaker statement than (i), but

yields the same conclusion when combined with (ii).

6.3. The torus. Following [17], we let T(1, b) denote the 2-torus obtained by identifying

opposite sides of [0, 1]× [0, b], and let Pk(b) denote the k-partition of T(1, b) generated by k

uniformly spaced vertical loops, {i/k} × S1.

It is known that Pk(b) is minimal only when b is sufficiently small, so it is natural to ask

where the transition occurs, i.e., what is the value of

bk = sup
{
b : Pk(b) is a minimal partition of T(1, b)

}
. (6.1)

In [17] it was shown that bk = 2/k if k is even and

1

k
≤ bk ≤

2√
k2 − 1

(6.2)

if k is odd. In [7] the lower bound was improved to bk ≥ bSk for some number5 satisfying

1/k < bSk < 1/
√
k2 − 1, and it was conjectured that bk is given by the upper bound in (6.2).

Defining a “vertical loop” to be a closed curve that winds about T(1, b) once in the y direction

but zero times in the x direction, we get the following from Theorem 5.3.

Theorem 6.3. If k ≥ 3 is odd and 0 < b ≤ 2/
√
k2 − 1, then Pk(b) is minimal among all k-

partitions whose boundary set contains a vertical loop. Moreover, it has strictly lower energy

than any k-partition whose boundary set contains such a loop but is not homologous to it.

Proof. It is easily verified that Pk(b) is the nodal partition of an eigenfunction of −∆Γ, where

Γ = {0} × S1, and it is Courant sharp if and only if b ≤ 2/
√
k2 − 1. To complete the proof

we observe that a vertical loop is precisely a curve that is homologous to Γ. □

Since Pk(b) is a nodal partition, we can conclude from [3, Thm. 6] that it locally minimizes

the energy Λ for b < 2/
√
k2 − 1 but not for b > 2/

√
k2 − 1. This gives an alternate proof of

the upper bound on bk in (6.2), and in fact gives the stronger result that Pk(b) is not even

a local minimum for b larger than this value.

A result equivalent to Theorem 6.3 was shown in [7, Prop. 2.7] by a double covering argument.

The equivalence follows from the observation that a k-partition of T(1, b) lifts to a 2k-

partition of the double cover T(2, b) if and only if its boundary set contains a vertical loop.

6.4. The cylinder. The thin cylinder with Neumann boundary conditions was studied in

[16], but no results are known for the corresponding Dirichlet problem. We consider C(1, b) =

S1 × (0, b), where S1 is the circle with length 1, so the Laplacian eigenfunctions are

cos(2mπx) sin
(nπy

b

)
, m ≥ 0, n ≥ 1, sin(2mπx) sin

(nπy
b

)
, m, n ≥ 1, (6.3)

4If the boundary set of a non-bipartite 3-partition of S2 contains two antipodal points, then it necessarily
contains a curve joining them, by [19, Prop 4.3].
5The number bSk is defined by an eigenvalue optimization problem on the strip R× (0, b); see [7, Eq. (1.4)].
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with eigenvalues λm,n = (2mπ)2 + (nπ/b)2.

We let Pk(b) denote the k-partition of C(1, b) generated by k uniformly spaced vertical lines,

{i/k} × [0, b]. When k is even this is a nodal partition of a Laplacian eigenfunction, namely

sin(kπx) sin(πy/b), and it is easily shown that it is Courant sharp, and hence minimal, if

and only if b ≤
√
3/k.

The case k odd is more interesting.

Theorem 6.4. If k ≥ 3 is odd and 0 < b ≤
√

3/(k2 − 1), then Pk(b) is minimal among all

k-partitions whose nodal set contains a curve between the two boundary circles. Moreover, it

has strictly lower energy than any k-partition whose boundary set contains such a curve but

is not homologous to it.

On the other hand, it follows from [3, Thm. 6] that for b >
√
3/(k2 − 1) the partition Pk(b)

is not even a local minimum.

Proof. Consider −∆Γ with Γ = {0} × S1. The eigenfunctions are given by (6.3) but with

m = 1
2
, 3
2
, 5
2
, . . . and n ∈ N, therefore Pk(b) is the nodal partition of the eigenfunction

sin(kπx) sin(πy/b), which has m = k
2
and n = 1. To see when this is Courant sharp, we note

that λk/2,1 is the kth eigenvalue of −∆Γ if and only if λk/2,1 ≤ λ1/2,2, which is equivalent to

k2+b−2 ≤ 1+4b−2 and hence to b ≤
√

3/(k2 − 1). Finally, we note thatH1(M,∂M ;Z2) = Z2

is generated by a curve between the inner and outer boundaries, therefore any such curve

must be homologous to Γ. □

Remark 6.5. In [16] it is shown that the nodal set of a minimal 3-partition of a sufficiently

thin cylinder, with Neumann conditions on the external boundary, must contain a curve

between the two boundary circles. It is essential to the proof that the groundstates of the

partition satisfy mixed Dirichlet/Neumann boundary conditions (on the internal/external

boundary, respectively), therefore the argument does not work for the Dirichlet problem.
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