1

16

18
19
20

TARGETING INFLUENCE IN A HARMONIC OPINION MODEL*

ZACHARY M. BOYD', NICOLAS FRAIMAN?, JEREMY L. MARZUOLAS,
PETER J. MUCHAY, AND BRAXTON OSTINGI

Abstract. Influence propagation in social networks is a central problem in modern social network
analysis, with important societal applications in politics and advertising. A large body of work has
focused on cascading models, viral marketing, and finite-horizon diffusion. There is, however, a need
for more developed, mathematically principled adversarial models, in which multiple, opposed actors
strategically select nodes whose influence will maximally sway the crowd to their point of view.

In the present work, we develop and analyze such a model based on harmonic functions and linear
diffusion. Our general problem is known to be NP-hard and that the objective function is monotone
and submodular; consequently, we can greedily approximate the solution within a constant factor.
Introducing and analyzing a convex relaxation, we show that the problem can be approximately
solved using smooth optimization methods. We illustrate the effectiveness of our approach on a
variety of example networks.

Key words. opinion dynamics, social network, maximizing influence, zealot, graph Laplace
equation, convex relaxation
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1. Introduction. On social media platforms (and in real life), ideas, informa-
tion, and opinions propagate through connections in the social network; network mem-
bers may influence their connections, e.g., swaying the political viewpoint of friends,
disseminating information about current events, or increasing product awareness in
followers. To be concrete, let’s consider a particular product for which there are k = 2
competing brands: a blue brand and a red one. Each member of the network will
have some degree of preference between the brands and also have varying influence
on their connections in the network. Indeed, influencers emerge on social media plat-
forms and have the ability to widely market their preferred color product to their
many connections. Additionally, a zealot is an individual that is uncompromising or
inflexible in their (typically extreme) idea/opinion. An authority for the blue or red
brand wants to most broadly advertise it within the network. They may not be a node
in the network themselves, but instead try to influence the network by persuading key
nodes to join their side. Companies and political parties are examples of authorities.
We suppose that authorities have a budget to strategically target members of the
network and convert them to become zealots. For example, they may sponsor them
or otherwise incentivize them to disseminate their viewpoint. Intuitively, an authority
might target members of the network with many connections, but it is not so sim-
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2 Z. M. BOYD, N. FRAIMAN, J. L. MARZUOLA, P. .J. MUCHA, AND B. OSTING

ple. For example, choosing a powerful influencer may not be very effective if most of
their connections already agree with the authority’s point of view. We refer to the
problem of authorities targeting members within a social network so as to maximize
the influence of a particular opinion as the targeting influence problem. The targeting
influence problem appears in many guises beyond the targeted product marketing
example given here; indeed, swaying public opinion is a natural goal in both politics
and advertising. As an additional example, it is paramount for various authorities to
combat “fake news” by disseminating factual information to influential members of a
network.

1.1. Contributions and results. In this paper, we analyze a model for target-
ing influence in a social network in settings where there are a multitude of extreme
opinions, with our analysis including the introduction and study of a convex relazation
of the targeting influence problem. The opinion of each member of the network lies in
an opinion space, taken to be the convex hull of some extreme opinions; see subsec-
tion 2.1. The opinion of each individual is influenced by their (directed) connections
in the social network. We use a simple, harmonic model based on DeGroot learning
[15] and label propagation [50] to describe these opinion dynamics; see subsection 2.2.
This type of combinatorial optimization problem has been studied in a variety of
methods in the past in the network literature, see for instance the surveys [6, 30, 43].
Our main goal will be to introduce a viable approximation method that is built off of
a regularized notion of influence.

In subsection 2.3, we introduce our measure for the influence for a particular
opinion and an optimization problem that describes how an authority might target
influence within the social network; see (2.4). The measure of influence of each opinion
is simply the sum of the opinions of the individuals in the network. Similar to the
work in [9], we emphasize that in this framework we can work with directed opinion
networks. In subsection 2.4, we show that each authority can group together the
opposing opinions/ideas when considering how to maximize their own influence, thus
resulting in a reduced grouped opponent targeting influence problem; see (2.5). In
subsection 2.5, we review the probabilistic interpretation of harmonic functions on
graphs in terms of the hitting time of an associated random walk. In subsection 2.6,
we describe how the problem, in the case of an undirected network, can be interpreted
in terms of the graph Dirichlet energy.

In section 3, we recall some hardness properties of our opinion model that were
originally established in [21]. As it is instructive to understand the graph dynamics
relevant to the model, we will re-prove using slightly different techniques that there
exists a € > 0 such that it is NP-hard to obtain a (1—e¢)-approximation to the targeting
influence problem; see Theorem 3.2. The proof uses a gap-introducing reduction to
the vertex cover problem on cubic (3-regular) graphs, which is APX-hard. To recall,
APX problems are optimization problems that have a polynomial-time constant-factor
approximation algorithm. Some problems in APX have a polynomial-time approxi-
mation scheme (PTAS) and can be approximated to any factor. However, the PCP
Theorem (probabilistically checkable proofs) [5] established that there are problems
in APX which cannot be approximated efficiently by a PTAS. These so-called APX-
hard problems have approximation-preserving reductions from every problem in APX.
Therefore, APX-hard problems do not have a PTAS and cannot be approximated to
an arbitrary factor. We also give an alternative proof that the objective function in the
influence targeting problem is monotone and submodular and hence admits a 1 —1/e
approximation algorithm; see Proposition 3.4. The proof relies on the probabilistic
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TARGETING INFLUENCE IN A HARMONIC OPINION MODEL 3

interpretation of harmonic functions on graphs.

In section 4, we introduce our key contribution in this work. Namely, we develop
an approximation strategy for solutions of the NP-hard targeting influence problem.
We show that the objective function for the relaxed optimization problem (4.3) is
concave and compute the gradient and Hessian; see Theorem 4.3. In subsection 4.1, we
consider the relaxed optimization problem and prove that, in the case when the graph
has a symmetry, the optimal solution also has the same symmetry; see Proposition 4.6.

In section 5, we describe a numerical implementation of our method and present
the outcomes of numerous experiments to illustrate our results and test how well
the relaxed optimization problem predicts the solution to the original (APX-hard)
problem. For simplicity, we consider a game between two opinion authorities to
capture the largest proportion of influence, where each authority alternatively selects
one vertex to convert to their opinion. In general, we see that the relaxed problem
highlights similar features of the graph as the unrelaxed problem giving a reasonable
and computationally efficient strategy for targeting influence.

We conclude in section 6 with a discussion.

1.2. Previous work. There are a wide variety of interrelated opinion dynamics,
belief propagation, and consensus formation models that have been introduced and
analyzed. Generally in these models, the opinions of members in a social network
evolve in time via network interactions. The member opinions can be modeled as
discrete or continuous and can account for more than two opinions. The interactions
between members can be modeled using Bayesian or non-Bayesian approaches; here
we focus on non-Bayesian approaches, which can further be characterized as dynam-
ical/stochastic models in discrete/continuous time. A review of this vast literature is
beyond the scope of this paper (see, e.g., [2, 41]), but non-Bayesian opinion dynamics
models include or are motivated by cascading models [24, 25, 26], percolation mod-
els, the Vicsek swarming/flocking model [46], the Kuramoto synchronization model
[29], the DeGroot model [15] and its many variants (as described in, e.g., [13], the
label propagation model [50], voter models [42], and bounded confidence models [7]).
In the present work, we consider the steady state of a specific form of the DeGroot
dynamical model, which is closely related to the label propagation model.

Within opinion dynamics models a wide variety of questions are posed and stud-
ied. What is the steady state of the dynamics: does the population reach consensus or
are opinions polarized/fragmented? How do opinion dynamics depend on the topol-
ogy of the social network or on the way in which interactions between members are
modeled? How do we identify authoritative members of the network [28, 40]? If influ-
encers/zealots/opinion authorities/forceful agents are introduced, how does this effect
opinion dynamics [3, 20, 35, 45] and how does this change with network topology [27]?
We view the targeting influence problem as an optimal control/inverse problem for
this last question.

There are several previous works that look at targeting influence or “influence
maximization,” as considered in this paper. To our knowledge, this type of question
was first mathematically posed in [16] who modeled influence by a Markov random
field. Subsequent work also analyzed this type of question when opinion dynamics is
an independent cascade model [8, 36].

In the unregularized version of our framework, there are several recent results
that we recall here. We first mention the work [17], where the authors formulate a
binary opinion/idea targeting influence problem equivalent to our grouped opponent
targeting influence problem (2.5). In particular, the opinion dynamics model is taken
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to be the steady-state of the DeGroot model. This problem is reformulated and
approximately solved via the alternating direction method of multipliers (ADMM).
Interestingly, the authors also consider perturbations to the network connections to
enhance the influence of zealots. Secondly, a related version of the model is presented
in the paper [21], where the authors demonstrate that the classical version of our
model is NP-hard using similar tools to what we present here. Lastly, we mention
that directed network versions of opinion models were analyzed in [9].

We also mention the work [48, 49], in which the authors consider a targeting
influence problem where the opinion dynamics model is also taken to the steady-state
of the DeGroot model. However, whereas we consider the measure of influence of each
opinion as the sum of the opinions of the individuals in the network, [48, 49] introduces
a measure which counts the voters who prefer each opinion. This “competition”
between binary opinions/ideas might be more realistic in an election, for example.
The authors introduce an Influence Matrix (IM) criterion to predict the bias of each
non-zealot individual and hence the result of the competition. They compare the
IM criterion with seven centrality-based criteria and extensive numerical experiments
suggest that the IM criterion is effective at predicting the competition result.

Finally, the targeting influence problem bears some resemblance to the problem
of active learning for semi-supervised learning tasks. Here, one selects maximally
informative vertices/edges of a graph (representing data) to be included as labeled
data for the semi-supervised learning task. This problem has recently been studied in
a variety of settings that use similar regularization and/or greedy methods; see, for
example, [22, 23, 31, 32, 33, 34, 38, 51].

Notation. Write [k] = {1,2,...,k} for & € N\ {0}. Denote by e, € R* the
characteristic vector for coordinate ¢ € [k]. Denote by ey € RIV! the ones vector.
Denote the unit simplex by Ay = {u € R*: u > 0, Dreqp Ue = 1} = conv ({ec}eepn)-
For vectors or matrices a and b, a ® b represents the Hadamard product. The outer
product of two vectors a and b is written a ® b.

2. Opinion dynamics and targeting influence.

2.1. A model for opinions and influencers. We consider a particular topic
and assume that there are k > 2 (fixed) extreme opinions on the topic. Each individual
(represented by a vertex in the network) has an opinion on the topic, and we model
each individual’s opinion as a convex combination of the extreme opinions. To this
end, we represent the extreme opinions by the coordinate vectors e, € RF. The
opinion of individual i is represented as the vector u(i) = (uq,...,ux)(i) € Ag. Thus,
the opinion space is the unit simplex, A, C Ri, the convex hull of the extreme
opinions.

2.2. A harmonic model for opinion dynamics. Here we describe a simple
model for opinion dynamics; this model is related to the DeGroot model [15] and
the label propagation model [50], as well as other models in opinion dynamics. We
call attention to the introduction of [13], which delineates the literature on numerous
variants of the modeling we leverage here, including the introduction of continuous-
time modeling [1] and the inclusion of zealots [19, 44], as well as many other models
with rich behaviors. For our present purposes, we introduce the model we consider
through a continuous-time dynamics; but we are ultimately focused only on the steady
states resulting from that model in formulating our influence maximization problem
(though, in so doing, we recognize that models yielding qualitatively different steady
states might also be interesting to study in this manner). We will assume that the
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TARGETING INFLUENCE IN A HARMONIC OPINION MODEL 5

individuals are connected via a social network. Within the network, there are zealots
with (fixed) extreme opinions and other members with opinions that are determined by
their social connections. Roughly speaking, the opinion of the non-zealot individuals
will be the average of the opinions of the individuals networked to the individual.

Let G = (V, E) be a strongly connected, directed graph! that represents the social
network. Set n = |V| and enumerate the nodes so that we may identify V' with [n].
Let Z, C V, £ € [k] be disjoint vertex sets representing zealots, where Z; is the set of
zealots for opinion ¢ € [k]. Consequently, we set

u(i) = ey, 1€ Zy, L€ k]

The vertex subset Z := Il,cyZ, is the collection of all zealots. Note that for every
vertex i € Z, u(i) is the characteristic vector for the disjoint partition Z = e[y Z.
Since G is a directed graph, individual ¢ may be influenced by j even if j is not
influenced by i. We use the convention that a directed edge (i,j) represents that ¢
is influenced by j. That means edges are directed in the opposite direction in which
opinions spread in the network. Let A € R"*™ be the directed adjacency matrix,

{1 1 is influenced by j
Ai,j = . .
0 otherwise
We will assume without loss of generality that A; = 0. Let d; = > j A;j be the
out-degree of vertex i € V' and define the diagonal matrix, D € R™"*" of out-degrees
by D;; = d;, with D;; = 0 whenever i # j. Denote the (out-degree) graph Laplacian
for G by L = D — A. In the above construction, influence along edges is considered
binary (edge weights are 1 or 0), but our analysis is unaffected if we instead consider
weighted adjacency matrices where influence can be weighted differently along edges,
i.e. A =[ay] for a;; > 0, and the corresponding weighted graph Laplacian L = D — A
where now d; = Zj a;j.

We assume a specific case of the DeGroot model, wherein the opinions evolve
according to linear diffusion, satisfying

(2.1a) %u(i) = —(Lu)(i) = — ZLUU(J'), ieV\Z,
(2.1b) u(i) = ey, i€ Zy, L€ [k],

with appropriate initial conditions. As t — oo, the opinions approach a steady state.
The opinions of the non-zealot vertices are then defined to equal this steady state,
satisfying

(2.2a) Lu(i) =0, ieV\ Z,

(2.2b) u(z) = €y, i E Zy, le [k]

Note that equation (2.2a) is written using vector notation assuming the order of oper-
ations that applies the Laplacian before evaluation for the ith node and is performed
separately for each opinion index; that is, Lu(i) should be read as (Lu,)(i) = 0 for

each £ € [k]. We interpret u to be a harmonic (vector-valued) vertex function sat-
isfying Dirichlet boundary conditions, i.e., a graph Laplace problem. In particular,

I'We recall that a strongly connected directed graph has a path between each ordered pair (both
from and to) of vertices in the graph.
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since L = D — A, we have that non-zealot i’s opinion is the average of their outgoing
neighbors N (i) opinions,

u(@) = — Y ulj), ieV\S§,
' GEN(D)

where d; is the out-degree of node i. Because of this local averaging, «(%) is necessarily
in the opinion space Ay if its neighbors’ opinions are also in that opinion space. In
(2.2), the zealots (vertices in the boundary Z) have opinion in the opinion space Ay.
The following lemma shows that w(4) for every ¢ € V' is in the opinion space A.

LEMMA 2.1. Let G = (V, E) be a strongly connected, directed graph, Z C V, and
f:Z — Ay. Suppose u: V — RF solves

Lu(i) = 0, ieV\Z
u(i) = f(i), ieZ

Then u(i) € Ay, for everyi € V.

Proof. Looking at each component ¢ € [k] individually, by the graph maximum
principle, we have that u,(i) > 0 for all i € V and £ € [k]. Defining v = ¢ ue, we
have that v: V — R solves the Laplace problem

Lo(i) =0, iceV\Z,
v(i) =1, icZ.

The unique solution is given by v = 1, which gives that u(i) € Ay for every i € V. O

As an aside, we note that the simplex opinion space constraint holds not only
for the steady state solution but also for the underlying dynamics in (2.1) when all
individual opinions are initiated on the unit simplex.

Limitations of the harmonic model for opinion dynamics in the context of the
targeting influence problem will be discussed in section 6.

2.3. Measuring and targeting influence. Suppose that we have opinions
given by u: V — Aj. We measure the influence of opinion m € [k] by

1
2.3 = || Um || ¢t .

eV

Note that the total influence of all opinions is given by

> L) = &3 wali) =

me k] 'LGV me|[k]

We thus interpret Z,,(u) to be the proportion of influence that opinion m € [k] has
on the network.

We can now formulate the targeting influence problem. Let the current zealot
set be given by Z = Il;cZ,. Consider the authority for opinion m € [k]. We
suppose that this authority wants to augment their zealot set Z,, — Z,, UT such
that T C V'\ Z has fixed size |T'| = t (corresponding to a fixed budget) as to maximize
Zm, the proportion of influence that opinion m has on the network. We formulate the
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TARGETING INFLUENCE IN A HARMONIC OPINION MODEL 7

targeting influence problem as

(2.4a) max T (u)

(2.4b) s.t. Lu(i) = 0, ieV\(ZUT),
(2.4¢) u(i) = ey, i € Zy, L€ [k],
(2.44d) u(i) = em, ieT,

(2.4e) T =t TNZ=2.

Intuitively, if the authority wants to have a large effect on the population, it should
choose T C V' \ Z to consists of influencers within the population.

Limitations in our formulation of the targeting influence problem (2.4) will be
discussed in section 6.

2.4. Reduction to a grouped opponent targeting influence problem. We
now explain how, for fixed authority m € [k], the targeting influence problem (2.4)
reduces to an us-vs-them targeting influence problem.

We observe that Z,,, defined in (2.3), only depends directly on wu,, and not w,,
¢ # m. Additionally, writing v = w,,, the constraint set also separates and the
equation for v: V — [0,1] can be written

Lu(i) =0, ieV\(ZuUT),
v(i) = i€ ZnUT,
v(i) =0, i € Zy, L#£m.

These three equations replace the constraints (2.4b)-(2.4d). Abusing notation we
write Z,,(v) = ﬁ”’l}”gl(v). For fixed m € [k], (2.4) can be equivalently expressed as

(2.5a) gﬂnca‘:;(l' m (V)

(2.5b) s.t. Lv(z) ieV\(ZuT),
(2.5¢) v(i) = i€ Z,UT,
(2.5d) v(i) = i€ Zy, LF#m,
(2.5¢) IT| =t, ThZ—o

Thus, authority m can group together the opposing opinions/ideas when consider how
to maximize their own influence. We refer to (2.5) as the grouped opponent targeting
influence problem. The advantage of (2.5) over (2.4) is that it involves a scalar-valued
field, v, on V rather than a vector-valued field, u, on V.

Remark 2.2. Equation (2.5) is equivalent to [17, Eq. (1)], but presented with
different language.

2.5. Probabilistic interpretation. The network opinion can be related to the
hitting probabilities of the zealot sets for a random walk. Let X, be a random walk on
the network, that is P (XS+1 =j|Xs= z) = A;;/d;. We write P; () =P ( | Xo = z)
as shorthand for the random walk starting from node i. For a subset of vertices U
define its hitting time as 7(U) = inf{s > 0: X; € U} for a given random walk
realization. That is, importantly, the 7(U) is a random variable dependent on the X
random walk and selected subset U.

LEMMA 2.3. Given zealot sets Zy for £ € [k], if u is the solution to (2.2) we have

Um (i) = P; (1(2) = 7(Zm)) -
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Proof. All we need to check is that the right hand side is harmonic and satisfies
the boundary conditions. For ¢ € V' \ Z, conditioning on the first step of the random
walk (using the Markov property and P; (X1 = j) =1/d; for j € N(i)) we have

Pi (7(2) = 7(Zm)) = Z Pi (1(Z) = 7(Zm) | X1 = j) Pi (X1 = j)
JEN(4)

" JEN()
Moreover, for the boundary nodes we have

1 ifi€ Znm,
0 ifi€Z\ Zn.

Therefore, (P; (7(Z) = 7(Zs)) ) satisfies equation (2.2). 0

Le (k]
Remark 2.4. Note that 7(Z) = minyep) 7(Z¢). For fixed m define Z' = Uz Zy.
We have that the following two events coincide {7(Z) = 7(Zn)} = {7(Zn) < 7(Z")}.

One way to interpret this result is to say that ¢ does a random walk until it meets
one of the zealot sets and it then picks the corresponding opinion. Then, wu is the
distribution of the opinion of node 1.

2.6. Energy interpretation in the undirected case. We consider the case
in which the graph is undirected, i.e., A;; = A;;. We define the Dirichlet energy of
the (vector-valued) graph vertex function u: V' — Ay by E(u) = %Zee[k] (ug, Lug).
The opinions of the non-zealot vertices are then defined as the solution to the energy
minimization problem,

(2.6a) argmin, E(u)
(2.6b) s.t. u(i) = ey, i€ Zy, Le [kl

The Dirichlet conditions (2.6b) state that the opinions of the zealots are fixed at their
extreme values. The opinions of non-zealots take values as to minimize the Dirichlet
energy of the opinion field u. Mathematically, (2.6) defines a harmonic field with
image in the unit simplex. Again, the energy function and constraints in (2.6) are
separable, and we can solve for each component of the opinion field u: V. — Ag
independently.

3. Hardness and approximation of the targeting influence problem.

3.1. Hardness of the targeting influence problem. Here we show that the
targeting influence problem (2.4) is NP-hard to approximate by a reduction to the
vertex cover problem on cubic (3-regular) graphs. These results first appeared in [21],
but we give a simpler set of proofs below. We recall that a vertex cover is a set of
vertices that includes at least one endpoint of every edge of the graph.

Remark 3.1. Establishing the hardness of the problem is most interesting for the
case where the budget ¢t = |T| grows with n = |V/|. Our problem (and the Vertex Cover
problem) is fixed-parameter tractable, i.e., for bounded ¢ one could solve by doing an
exhaustive search of all subsets of size ¢ which is polynomial in n (though only really
feasible for very small ¢). The NP-hardness proof holds as you try, for instance, to have
a number of influencers that are a fixed percentage of the total number of members
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TARGETING INFLUENCE IN A HARMONIC OPINION MODEL 9

of the network. While admittedly this may not be realistic in terms of resource
allocation, the proof gives an understanding of how the computational complexity
grows with network size in this capacity.

THEOREM 3.2. There exists an £ > 0 such that it is NP-hard to obtain a (1 —¢)-
approzimation to the influence targeting problem (2.4) when finding t(n) influencers
in a graph of size n with t(n) — oo as n — 0o.

Proof of Theorem 3.2. We will use a gap-introducing reduction to the vertex
cover problem in cubic graphs (where all vertices have degree exactly 3). Since this
problem is APX-hard [4] by the PCP Theorem [5] there is a § > 0 and ¢ = t(n) so
that it is NP-hard to decide the promise problem of whether a cubic graph with n
vertices (and m = 3n/2 edges) has a vertex cover of size < t (a Yes-instance) or if
any subset of ¢ vertices leaves at least dm edges uncovered (a No-instance).

Suppose you are given a cubic graph G = (V, E) on n vertices that is a Yes/No-
instance. Extend the graph G to G’ by adding an extra node z and edges from each
vertex v of G to z. Consider the influence maximization problem maxy J(A) with
|A] =t and J(A) = n%rl > icy v(i) where Lu(i) = 0 for all i € V'\ A, v(2) = 0 and
v(i) =1 for all i € A.

Note that since G is 3-regular any vertex cover has size at least m/3 = n/2 and
at most n. Therefore we can assume ¢t = (1 + v)n/2 for v € [0,1].

If G is a Yes-instance then by picking A to be the vertex cover on t vertices
we can lower bound the optimal value by J(A). For each i € V' \ A we have v(i) =
P; (7(A) < 7(z)) = 3/4. This is because G is 3-regular and each one of those edges has
its other endpoint in A and we added an edge to the vertex z, so the random walk hits
A before z in one step with probability 3/4. Therefore )y, v(i) =t + (3/4)(n — k).
Using that ¢t = (1 4+ v)n/2 we have that (n+ 1)J(A) = (14+)n/2+ (3/4)(1 —v)n/2
which simplifies to give

T+ n
mjtxJ(A) > J(A) = ( 5 ) ol
If G is a No-instance then any subset A of ¢ vertices leaves at least dm = 63n/2
edges uncovered. Since G is 3-regular, there must be at least dn vertices with some
uncovered edge. This is because there are §3n endpoints of the uncovered edges, if
there were fewer than dn vertices by the pigeonhole principle one vertex would have
to cover more than 3 of these endpoints which is impossible by the 3-regularity of G.
If 7 is one of these dn vertices then it has a neighbor j that is not in A, the
random walk can move from i to j and then z, thus v(i) = P; (7(A) < 7(2)) <
1—1/4—(1/4)* = 11/16. Then, for any A we have that (n+ 1)J(A) < t+ (3/4)(n —
t —n) + (11/16)6n. Therefore, using t = (1 4+ y)n/2 we can bound
T+~ 6 ) n

A< (22 .
max J( )—( 8 16)n+1

If we were able to approximate the optimal value with arbitrary accuracy we
would be able to determine if the graph G is a Yes or a No instance. 0

3.2. Approximation of the targeting influence problem. For fixed m € [k]
and a zealot set Z = Iy Z¢, we consider function F,: 2V\Z 5 R, which takes a
vertex subset T C V' \ Z and returns the value

1
Fon(T) ==L (vr) = = llvrlle vy,
\4
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where vy satisfies (2.5b)-(2.5d). We will prove that F), is a monotone and submodular
set function. Recall that f is a monotone function if for any Ty, Ty C V' \ Z satisfying
Ty 2O Ty, we have f(T1) > f(Tz). We say that f is a submodular set function if for all
TCV\Zandz,ycV\Z,

F(TU{z}) = f(T) =2 f(TU{z,y}) = F(TU{y}).

Intuitively, we think of submodularity of a function as giving diminishing returns as
elements (vertices) are added to the set T'.

For T C V'\ Z, write v;(T) as the solution to the following equation evaluated at
vertex i € V

Lv(i) =0, iteV\(ZuT),
(i) =1, i€ ZnUT,
v(i) =0, i€ Zy, L#m.

We first establish the following
LEMMA 3.3. v;: 2¥\2 5 R is a monotone submodular set function.

Proof. Fix an arbitrary subset T # &. Let Z’' = Uy, Zp and let A = Z,,, UT.
Recall the hitting time for a subset of vertices U by a random walk is defined as
7(U) =inf{s > 0: X, € U}. By the probabilistic interpretation in subsection 2.5, we
have that v;(T) = P; (7(A) < 7(Z’)), where P; gives the distribution of the random
walk started at .

To prove that it is monotone note that if 77 =T and T = T'U R we have

vi(Th) =P; (1(A) < 7(Z")) <P; (T(AUR) < 7(Z")) = v;(T2),

where the inequality follows from the fact that 7(AU R) < 7(A).
Now we prove submodularity. Since 7(A U {z}) < 7(A) we have that

v(TU{z}) —v(T) =P, (T(A Uiz} < T(Z’)) — P, (T(A) < T(Z’))
(3.1) =P; (r(Au{z}) < 7(Z') < 7(4)).

Similarly, since T7(A U {z,y}) < 7(AU{y}) we have

v (T U{z,y}) —vi(TU{y}) =P; (r(AU{z,y}) < 7(Z")) = P; (r(AU{y}) < 7(Z))
(3.2) =P; (T(A U{z,y}) <7(Z") <1(AU {y})) )

The event {r(AU {z,y}) < 7(Z') < 7(AU{y})} is the random walk hitting =
before Z' while avoiding A U {y}, this is contained in {7(AU {z}) < 7(Z) < 7(4)}
which is hitting x before Z’ while avoiding just A. Therefore (3.2) is smaller than
(3.1). That is

vi(TU{z}) —oi(T) 2 vi(T U {z,y}) — vi(T U {y}). 0

PROPOSITION 3.4. The function F,,: 2V\% — R is a monotone and submodular
set function satisfying

o F,(V\2)=TR2HE] <.

This manuscript is for review purposes only.
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o F ()= ﬁ”’t]@”l > 0 where vy satisfies

Lo(i) =0, ieV\ 2,
'U(’L) = ]., Z S va
v(i) =0, i€ Zg, 04 m.

Proof. This follows from Lemma 3.3 and Z,,,(T) = Fy,(vr) = ﬁ Yiev(vr)i. O

COROLLARY 3.5. A greedy algorithm gives a 1 — 1/e approzimation to the mazi-
mization of F,, over sets of a given size.

Proof. The problem of maximizing a monotone submodular function f subject to
a cardinality constraint admits a 1—1/e approximation algorithm. The approximation
is given by a greedy method, which starts with the empty set Sy, and in step ¢ adds
the element of maximum increase to obtain S;. Nemhauser et al. [37] proved that

f(Sk) > (1 —1/e) maxgj<i f(5). 0
We will further explore the computational complexity of implementing these
greedy combinatorial algorithms in Section 5.

4. A relaxation strategy for the targeting influence problem. In sub-
section 2.3, we formulated a model for the targeting influence problem (2.4). This
problem asks how an authority for opinion m € [k] would target network members
in V'\ Z to maximize the proportion of influence that opinion m has on the network.
In subsection 2.4, we showed that this problem can be recast as a grouped opponent
targeting influence problem (2.5), where the authority does not have to consider all
other opinions/ideas, but can lump them into a single group. In section 3, we recalled
that there exists an & > 0, such that a (1 —¢)-approximation is NP-hard, but that the
problem can be (1 — 1/e)-approximated with a polynomial-time algorithm. In this
section we identify a convex relaxation of the NP-hard targeting influence problem.

For fixed T C V' \ Z, e > 0, and m € [k] we introduce the problem

(4.1a) Lu(i) + e Yer ® (u — ey,)(i) = 0, ieV\Z,
(4.1b) u(i) = ey, i€ Zy, Lelkl
. 1 +€T .
Here, we have used the notation ey = 0 igT to be the characteristic vector for
i

the set T C V'\ Z and ® to be the Hadamard product. Throughout, we thus take ey
to mean the vector of all ones.

LEMMA 4.1. Ase | 0, the solution, us of (4.1) converges to the solution u of the
graph Laplace problem (2.4b)—(2.4d); in particular, u:(i) — e, fori € T.

Lemma 4.1 can be proved by considering the difference between solutions u. and u,
and applying a discrete maximum principle on V' \ Z.

For € > 0, a relaxed formulation of the targeting influence problem (2.4) is then
given by

(4.2a) max L, (u)

¢: VR
(4.2b) st Lu(i) + e 19 ® (u —ep) (i) = 0, ieV\Z,
(4.2¢) u(i) = e, 1€ Zy, L€ k],
(4.2d) $>0, ¢lz=0, Y (i) =1.

eV
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Here, we have replaced the characteristic function er: V- — {0,1}" for T C V' \ Z,
|T'| =t by the function ¢: V — R, that is constrained to be supported on the set
V'\ Z and satisfies ) ;.\, #(i) = 1.

Remark 4.2. In (4.2d), we have constrained ¢ to satisfy ||¢||¢1 (1) = 1. Comparing
to (2.4e), one might think that this constraint should be ||¢[[,1 vy = t. However, this
problem only depends on the ratio €/t, so we can set ¢ = 1 for convenience. This
invariance signifies a shortcoming of the relaxed model; we do not expect that ¢ is
supported on exactly t vertices.

Finally, as described in subsection 2.4, we can reduce this to an equivalent, us-
vs-them binary problem. Writing v = u,, (i.e. we will now let v represent the scalar
problem associated to one component of the vector u) and again abusing notation by
writing Z,,, (v) = ‘71|||v\|41(v), we have

(4.3a) max_ Zp,(v),

¢: V=R
(4.3b) st. Lv(i) + e 1o © (v —ev)(i) =0, ieV\Z,
(4.3¢) (i) = 1, i € T,
(4.3d) v(i) =0, 1€ Zy, L#£m,
(4.3¢) $>0, ¢lz=0, Y o(i) =1

Equation (4.3) is a relaxed version of the targeting influence problem that we will
solve computationally. If ¢* is the solution to (4.3), we obtain a set T C V \ Z by
choosing the largest ¢ values of ¢*, arbitrarily breaking ties if necessary.

The following theorem shows that the objective function is strictly concave in ¢
and gives expressions for the gradient and Hessian. To state the theorem, we use the
following notation. The function ¢ is constrained to have support on Z¢ =V \ Z,
so it is useful to partition the variables according to the sets {Z, Z¢}. For v € RIVI,
we write v. = v|ze to denote the entries corresponding to Z¢. For L € RIVIXIVI we
write L. . to denote the principle submatrix corresponding to Z¢ x Z¢. For ease of
notation, for L € R™*™ and ¢ € R", we simplify the writing of graph Schrédinger
operators of the form L + diag(¢) € R™*™ by using the notation L + ¢.

THEOREM 4.3. Let G = (V,E) be a strongly connected, directed graph. For
¢: V. — R satisfying the constraints in (4.3e), let vy denote the solution to equa-
tion (4.3b) satisfying the Dirichlet boundary conditions (4.3c) and (4.3d). The map
¢ > L (vg) is strictly concave and twice differentiable. The gradient is given by

(4.4) Volm |c (ey — ve) © we

1
Vi

where we.: V\ Z — R is defined by w, := g1 [LQC +€*1¢>C]7Te. The Hessian is
given by

(4.5) Vilnm

e = —% sym ([Lc,c + 5_1¢c]71 O [we ® (ey — Uc)]) )
where sym(A) = (A + AT)/2.

Proof. We first compute the gradient and Hessian. We additionally need the
notation that the submatrix of L corresponding to V' \ Z x Z,, is denoted by L .

This manuscript is for review purposes only.
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We can then rewrite (4.3b)-(4.3d) for the unknown v, as

(4.6)

Lc,c'Uc + Lc,meV + 571(1)0 (O] (Uc - €V) =0.

We can write the solution v, in terms of the Schur complement

(4.7)

Ve =[Lee+ & 0] (7 be — Lemev )

which is uniquely solvable since ¢ > 0 and on any proper subset Z¢, the matrix L. .
is positive definite since the graph is strongly connected.

Differentiati

giving that

Thus,

ng (4.6) with respect to ¢;, with j € Z¢ we obtain

Ove 1

(Lee +7 ' 00) 90, =c ¢ O(ey — )

Ove .
00,

_1[(LC,C + 5_1(?0)}_1 (ej © (eV - 'UC)) .

oL, . v,
€ )
90, |V| EZ: 96, = W] < " 90, >

1 -

=g <6v, [Leete 0] ™ (e © (ev —ve))

= 8_1ﬁ <(€V - ’Uc) © [Lc,c + E_1¢C] - ev; ej>
1

=7 ((ev —ve) © we, €5) -

This gives that V4Z,,, |.= ﬁ (ey — ve) ® w, as desired.
Differentiating (4.6) a second time with respect to ¢y with k € Z°¢ yields

(Lc7c + 5_1¢c)

Solving for L

R

=—¢! (e @81}04_6‘@6%)
D; 00y, M 0e T o)

v, . "
5%, 00n and using the definition of Z,,,, we have that

9%T, 1 < 9%v, >
06;00r  VI\"Y" 06;00%

= 1<we®a + e; 31JC>
VN g T gy,

() e o £5)
= |V| We, €k €k, 8¢j We, €5 €5, 8¢k )

where we have used the property that (a,er © b) = (a, e)(b, er). We then use this
property again to compute

<

v,

B (ot )

= 571 <(I)€k,€j> <ej76V - vc>,
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where we have written ® := [LC,C + 5_T¢C] - Substituting this above, we have

0*T,, 1
26,000~ V] ((we, ex) (Per, €5) (€5, ev — ve) + (we, €5) (Pej, ex) (ex, ev — vc))
= (e;, Hey),
where H = — 37 (2 © [(ev — ve) @ we] + @7 © [we @ (ey —v.)]) as desired.
We now prove strict concavity. Our argument follows the proof of [12, Prop.

2.4], using the Neumann series (i.e., (I — 7)1 = 372 T*) in the Schur complement
expression of the solution (4.7) and investigating convexity of each term. Let the
degree matrix D . be the diagonal of L. . and d. . the corresponding vector along the
diagonal. Writing z = d.. + ¢~ 1¢ and X = diag(z) = D, . + ¢ 'diag(¢) and noting
Lem = —Ac,m, we have

(4.8a) VT (vs) = (ev,v)

(4.8b) :<ev, (X — Aee)” (—1¢—Lc,mev)>

(4.8¢) :<ev, I X~ IACC) 1X_1(5_1¢+Acﬁmev)>

(4.8d) :i<ev, X*IAC,C)’“Xfl(eflmAc,mev)>.
k=0

Let us reframe the problem in terms of the variable z. Then, following (4.8d), we
define the function E(x) such that

-1

V|E(z) := <ev, (1= X"Aoe) "X Yo —dpe + Acymev)>

= <6V7 Z(XﬁlAc,c)k(eV - Xﬁl(dc,c + Ac,m6V))>

k=0
= <6V’Z( 11400 Z 1Acc _1(dc,c+Ac,m€V)>
k=0 k=0
= <6V7 eV> + <6V7 Z( 114(: c Z lAc c kX (dc,c + Ac,meV)>
k=1 k=0

k=0 k=0

=|Z° + <ev, S XA X T A ey =Y (XM A) X T (de e + Ac7mev)>

= |ZC‘ + <6\/, Z(X_lAc,c)kX_l (Ac,ceV - dc,c - Ac,m6V)> .

k=0

Notice that A, cev — (de,c + Aem)ey is nonpositive because A, cey is the degree of
each node, counting only neighbors in ¢, whereas d. . is the full degree.

We first show concavity of the function F(z) defined above. Since the sum of
convex functions is convex, it is enough to show that

ev ( lAc c) _1f

is convex for each k > 0, for all nonnegative vectors f. For fixed k, and using the
fact that e, f, and A, . are nonnegative, the preceding term is a nonnegative linear

This manuscript is for review purposes only.
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combination of terms of the form
F(z) = H x; .
i

Therefore, we seek to show that F is convex for any o = (a1, - - - , o, ) with each a;; > 0.
To prove this, we check whether the Hessian is semi-positive definite. Computing
second derivatives gives

0’F 9
= F(x)oy(a; + D
5o (@) = F@)asla; + 1o}
and P2F
207 x) = F(x)aiajxi_lxj_l.

So the Hessian of F' is
F(z)[(a@z ) ez +diag(a @ 27?)].

The first term is positive semidefinite (PSD) since it is the outer product of a vector
with itself and the second term is PSD since it is diagonal with positive entries. Thus,
the Hessian of F' is PSD.

To prove positive definiteness (rather than semi-definiteness), recognize that the
k = 0 term contributes a term to the Hessian of the form DX 2, which is strictly
positive definite on the domain in question. This proves strict convexity. 0

Remark 4.4. In subsection 2.6, we gave an energy interpretation in the case where
the graph is undirected. For fixed T'C V' \ Z, ¢ > 0, and m € [k], define the relaxed
energy

1 .
Epne(usT) = B(u) + o Z lu(i) — em)?.
€T
The minimizers of this energy satisfy (4.1). Furthermore, as € | 0, the minimizer
u = ue will converge to the solution of the graph Laplace problem (2.4b)—(2.4d). In
particular, u. (i) — e, for i € T.

4.1. Targeting influence on symmetric graphs. In this section, we consider
the relaxation of the grouped opponent targeting influence problem (4.3) in the case
when the graph has a symmetry and prove that the optimization shares the symmetry.

Recall that an automorphism of a graph (V, E) is a permutation 7: V' — V such
that (i,7) € E if and only if (7(¢),7(j)) € E. An automorphism 7 induces a linear
transformation P, on (*(V), defined by (Pr(u)))i = tr@), u € £*(V), i € V. The

matrix P, € RIVI*XIVI is a permutation matrix.

LEMMA 4.5. Let G = (V,E) be a strongly connected, directed graph. Suppose
that 7 is an automorphism on (V, E) and let Py be the induced linear transformation.
Suppose S C V is a permutation invariant set, i.e. ©S = S. Let f; € (?(V \ S),
i=1,2, and f3 € (%(S) and extend these functions by 0 to V and abuse notation by
denoting the extensions by f; € (2(V), i = 1,2,3. Assume f; > 0 and are invariant
to Pr,1=1,2,3, i.e., Pof; = fi. Consider the equation

(4.9a) Lo(i) + f1(0)v (i) = fa(d), 1eV\S,
(4.9b) v(i) = f3(i), 1€ 8.

Then the solution v is also invariant to Pj.
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539
540
541

544
545
546
547
548

A

S S, IS s
[N

ot
[\&)

N

v Ot
or Ot

(S5
ot

ot
(=]

3

>

Cr Ut Ot Ot Ot Ot Ot
(SIS, BN S, d
oo

—

562
563
564
565

566

567
568
569
570

16 Z. M. BOYD, N. FRAIMAN, J. L. MARZUOLA, P. .J. MUCHA, AND B. OSTING

Proof. Since 7 is an automorphism, P, commutes with the adjacency matrix A,
the degree matrix D, and hence the graph Laplacian L = D — A. Multiplying both
equations in (4.9) by P, and using commutativity, we have

L(Prv)(i) + (Prf1)(i)(Pro) (i) = (Prf2)(i), ieV\S,
(PFU)(i) = (Pﬂ'f?))(i)? i €5,

which shows that P,v is also a solution to (4.9). Here, we used that for vectors f,
g, we have P.(f ©® g) = Prf ® Prg since (f ® ¢)(i) = f(i)g(7). By uniqueness of the
solution to (4.9), we have that v = Pru. d

We similarly consider the relaxation of the grouped opponent targeting influence
problem (4.3).

PROPOSITION 4.6. Let m be an automorphism on the strongly connected, directed
graph (V, E) with induced linear transformation Pr. Fiz zealot sets Z = Iy Zy.
Suppose that Z,, and UpzmZ, are permutation invariant sets. Fiz e > 0 and consider
(4.3). The mazimizer ¢* is invariant to Py.

Proof. Let ¢* be the maximizer of (4.3) and let v* be the corresponding harmonic
function. Since V is finite, there exists an integer p, so that P? = I. We consider the

test function )
¢ = - E P7z-¢*7
p
JE[p)]

which is invariant to Pr. For each j € [p], denote the solution to (4.3b) with po-
tential ¢ = PJ¢* by v;. We then use the linearity of the constraints to argue that
DEES %Zje[p} v; = %Zje[p] PJv* is a solution for ¢. The strict concavity of Z,,
(Theorem 4.3) and Jensen’s inequality then gives that

ZI v)) ZI Zn(0"),

Je[p JE[p

unless ¢ = ¢*. Here we use that the ¢!-norm is invariant to permutation of the
argument. This strict inequality contradicts the optimality of ¢*. 0

The results in Proposition 4.6 suggest that if a graph is symmetric with respect to
an existing configuration of influencers, then the optimizer of the regularized problem
(4.3) will be evenly distributed with respect to that symmetry operation. Hence, the
optimizer of (2.5) may very well suggest more than the budgeted ¢ vertices as optimal
ways to optimize influence. We will see examples of this in Section 5. Choosing how
to expend the budget of ¢ nodes in this case is a topic we would like to explore in
future work.

5. Computational methods and experiments. In this section, we perform
several numerical experiments to investigate and illustrate the targeting influence
problem (2.5). We first describe our implementation of the two computational ap-
proaches to this NP-hard problem; see Algorithms 5.1 and 5.2. Both algorithms were
implemented in MATLAB and run on a laptop computer.

5.1. Computational Methods. We first implement a greedy algorithm to solve
(2.5); see Algorithm 5.1. For each opinion m, we sweep through all non-zealot nodes,
1 € V\ Z, and solve the version of (2.5) with Dirichlet boundary conditions appro-
priately chosen. For the relatively small size graphs considered here, we simply use

This manuscript is for review purposes only.
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Algorithm 5.1 Greedy algorithm for approximately solving the grouped opponent
targeting influence problem (2.5)

Input: directed graph, authority index m € [k], initial zealot sets Z = yeir) Ze,
and an augmented zealot set size t € N\ 0.
Output: an updated zealot set Z,, UT of size |Z,, UT| = | Z,| + .
Set T'= &.
for s € [t] do
forie V\(ZUT) do
Set T =T U {i} and solve

Lu(i) = 0, ieV\(ZUT),
v(i) =1, i€ Z,UT,
v(i) =0, 1€ Zy, L#m.

Compute the energy

. 1
E(i) = L, (v) = WHUHMV}

end for
Compute j = argmax;cy\ (zur) E(i), breaking ties randomly if needed.
Set T =T U{j}.

end for

the MATLAB backslash operator to solve the Schur complement problem. After
evaluating the energy for each non-zealot node, E(i), we find the vertex which gives
the largest energy and add it to the zealot set m. Since each iteration in s requires
O(n) linear solves each costing O(n3), the run time of this algorithm is O(tn*).

In Algorithm 5.2, we implement an algorithm based on the relaxation of the prob-
lem described in section 4. Given existing zealot sets, we use a quasi-Newton BGFS
method in MATLAB via fmincon in order to approximate the unique optimal solution
to (4.3). We solved (4.3a) using the MATLAB least squares function 1sqr. Here, we
dramatically speed up the numerical optimizations by including the gradient as com-
puted in Theorem 4.3, which we verified by using the Gradient Check feature in the
optimization solver. Each iteration in s requires the solution of a single optimization
problem. The time complexity of computing the gradient is O(n3) and we perform
O(1) iterations to approximate the solution to the optimization problem. The run
time for Algorithm 5.2 is then O(#n?), an O(n) reduction over Algorithm 5.1. A choice
of ¢ > 0 must be made and we discuss this choice in the examples below. Generally,
we observe that for very small ¢ the algorithm prioritizes proximity to the existing
zealot nodes, while for & ~ ||L||1§r10bcnius, the graph dynamics play a more significant
role.

In both algorithms, the initialization of zealot nodes can be done by, e.g., targeting
a specific region of the graph, by random initial assignment, or by using a dynamic
programming approach to identify the best possible first move for one of the label
sets.

5.2. Computational experiments. In the general us-vs-them targeting influ-
ence problem (2.4) and its reduction to a group opponent problem (2.5), one may
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Algorithm 5.2 Algorithm for approximately solving the grouped opponent targeting
influence problem (2.5) utilizing the relaxation (4.3).

Input: directed graph, authority index m € [k], initial zealot sets Z = yeir) Ze,
and an augmented zealot set size t € N\ 0.
Output: an updated zealot set Z,, UT for of size |Z,, UT| = |Z,| + .
Set T'= &.
for s € [t] do
Solve the convex optimization problem

max_ Z,,(v)

¢: V=R
st. Lo(i) + e 1o @ (v —ey)(i) = 0, ieV\(ZUT),
v(i) =1, i€ ZymUT,
v(i) =0, 1€ Zy, L#m,
¢ >0, ¢|lzur=0, qu?(z) =1

Compute j = argmax;cy\ (zur) ¢(4), breaking ties randomly if needed.
Set T'=TU{j}.
end for

Network with Node Energies Netgork with regylarized Energies

L S —
L P

Y Coordinate
Y Coordinate

5 6 7
X Coordinate X Coordinate

Fic. 1. On an 11 x 11 square grid graph, we consider the case where first authority has chosen
the center node and the second authority is choosing a wvertex. (left) We plot the measure of
influence Ia for the second authority for each available node. (right) We plot the ¢ value obtained
as the solution to Algorithm 5.2 with ¢ = .15. The ¢ values respect the underlying symmetry and
correctly predict that the optimal single-node choice is to pick one of the j mearest meighbors. See
subsection 5.2.1.

consider the case where multiple authorities m € [k] compete for non-zealot individ-
uals in the network at the same time. For simplicity, in each experiment below, we
consider a game between two opinion authorities to capture the largest proportion of
influence. Each authority alternatively selects one vertex to convert to their opinion.

5.2.1. Square grid. In a first experiment, we consider an 11 x 11 square grid
graph. The first opinion authority has chosen Z; to be the center node. In Figure 1,
we compare the energy that the second opinion authority would realize choosing each
node vs. the prediction via the relaxed problem (4.3). On the left of Figure 1, we plot
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Netgork with ized Energies

W
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Y Coordinate

5 7
X Coordinate X Coordinate

Fic. 2. We again consider an 11 x 11 square grid graph, but now with a single edge missing.
The left and right panels are as in Figure 1. See subsection 5.2.2.
for each i € V'\ Z1, a normalized energy

S IQ(Z) — minj IQ(])
Io(i) := max; Z»(j) — min; T (5)’

ieV\ Z;.

where v satisfies the boundary condition v =0 on Z; and v =1 on Zz = {i}. On the
right, we solve (4.3) with e = .15 and plot the normalized vertex function, normalized
similar to above,

i 90— min o0
P S, 937 — i )

1eV\ 2.

As predicted by Proposition 4.6, this normalized vertex function q; has 4-fold symme-
try. From the left plot, we see that it is advantageous to choose a neighboring node
of Z1 and the plot of ¢ in the right panel is a good predictor of this behavior.

5.2.2. Square grid with a defect. We repeat the first experiment (see subsec-
tion 5.2.1), but for an 11 x 11 square grid graph with a defect — the edge connecting
vertex (6,7) with vertex (6, 8) has been removed. The results are plotted in Figure 2.
As predicted by Proposition 4.6, the vertex function gz~5 has a horizontal reflection
symmetry, but the vertical reflection symmetry has now been broken. From the left
plot, we see that it is advantageous to choose a neighboring node of Z; that is be-
low Z;. The neighboring node above Z; is less advantageous; because of the missing
edge, there are fewer edges for the opinion to propagate from that node. Again, the
function from the relaxed problem plotted in the right does a good job predicting
this asymmetry, and also highlighting that the nodes diagonal up to the right/left are
preferable; while the specific rank order of these diagonal nodes relative to the nearest
neighbors down, left and right differ slightly between the two panels, the impacts are
very similar from each of these nodes.

5.2.3. H-graph. We next consider an ‘H’ graph, illustrated in Figure 3. The
graph is obtained by connecting two 5 x 10 square grid graphs by a single edge
(“bridge”) connecting the (5,5) vertex of one with the (1,5) vertex of the other (at
(6,5) in the figure). In the top panels of Figure 3, the first opinion authority has
chosen Z; to be the (3,5) node on the left subgraph. In the bottom panels, the
first opinion authority has chosen Z; to be the (3,5) node on both the left and right
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Fic. 3. We consider an H-graph as described in subsection 5.2.3 and again consider the case
where the first authority has chosen Z1 and the second authority is choosing a vertezx. (top) Here,
Z1 consists of a single node (3,5) in the left subgraph. The left and right panels are as in Figure 1.
(bottom) Here, Z1 consists of a two nodes, one taken from the left and one taken from the right
subgraphs. Again, The left and right panels are as in Figure 1. See subsection 5.2.3 for details.

subgraphs. As before, in the left panels, we plot the energy that the second opinion
authority would realize if they chosen each available node and, in the right panels, we
plot the the prediction ¢(i) via the relaxed problem (4.3) with ¢ = .15. In both cases,
the vertices in the top half of the graph are slightly preferred to the bottom half. In
the left panels, we see that there is a trade-off between proximity to the set Z; and
the high betweenness centrality of the vertices near the bridge. Again, é plotted in
the right panels does a good job predicting this behavior.

In a second experiment on the H-graph, we consider varying the parameter € > 0.
We again consider the case where the first opinion authority has chosen Z; to be the
(3,5) nodes on both the left and right subgraphs. We now take ¢ = .015, a factor
of 10 smaller than the previous value. We plot the function QNS in Figure 4, which
should be compared to the bottom right panel of Figure 3. We observe that as ¢
decreases, the function ¢ localizes near the set Z;. In other words, as ¢ — 0, ¢ will
move to completely isolate the opinion class of Z;. Since ¢ is not really constrained
to consider a budget of a small number of nodes, this is the optimal way to minimize
Z7’s influence. However, for ¢ chosen such that the global graph dynamics can be
viewed, it can demonstrate further useful nodes for restricting spread of Z;’s opinion.
An expanded version of our algorithm could actually be implemented to choose a
response based upon a probability distribution set by the function ¢ with € chosen at
a scale that allows for spreading out amongst the graph.
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F1a. 4. As in Figure 3, we consider an H-graph, but this time we plot <;~5 for the value € = .015,
which is a factor of 10 smaller than the previous value. Compare to the bottom right figure of
Figure 3. We observe that the algorithm correctly wants to cordon off the first authority opinion.

Score:
0.520

Player 1's Turn

Fi1G. 5. An illustration of the interactive game implementation of the targeting influence problem
[11]. Here, we have an random geometric graph on 50 nodes. Two human players have each chosen
a single node and Player 2 is currently winning; see subsection 5.2.4.

5.2.4. Interactive game implementation. Finally, we implemented our al-
gorithm, which can be found on github [10], in a graphical user interface at [11].
The graphical user interface is designed for non-experts and allows the user to select
a graph type and size. The graph types available are spatial random graphs, tree
graphs, ladder graphs, square lattices, hexagonal lattices, triangle lattices, and cycles.
A version of the game played on an implementation of a random geometric graph with
50 vertices is shown in Figure 5. The user can also choose to have one or both players
be played automatically. The automatic player can be set to random (easy), greedy
(medium), and dynamic programming heuristics (hard) levels of play and are useful
for developing intuition as well as for introducing the problem to popular audiences
on a conceptual level.

6. Discussion. In this paper, we studied a model for targeting influence in a
social network in settings where there are multiple extreme opinions — see (2.4) —
along with introduction and study of a convex relaxation of the optimization problem.
We first showed that each authority can group together the opposing opinions when
considering how to maximize their own influence; see (2.5). For completeness, we
recall results that the targeting influence problem is NP-hard to approximate; see
Theorem 3.2. We also recalled that the objective function in the influence targeting
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problem is monotone and submodular and hence admits a 1 — 1/e approximation
algorithm; see Proposition 3.4. In section 4, we developed an approximation strategy
for solutions of the NP-hard targeting influence problem. We show that the objective
function for the relaxed optimization problem (4.3) is strictly concave and compute
the gradient and Hessian; see Theorem 4.3. We also proved that, in the case when
the graph has a symmetry, the optimal solution to the relaxed problem also has the
same symmetry; see Proposition 4.6. Finally, in section 5, we described a numerical
implementation of our method and described the results of experiments to illustrate
our results and test how well the relaxed optimization problem predicts the solution
to the original problem.

There are several simplifications that we made in formulating the targeting influ-
ence problem (2.4), including the following.

1. Each social connection is parameterized by a single number (the link weight),
whereas real social connections are highly complex. Indeed, we might even
disapprove of the choices made by our acquaintances; this could be modeled
by incorporating signed weights in the directed graph or allowing for multiple
kinds of connections.

2. In the harmonic model for opinion dynamics used here, there is no time de-
pendence. This is equivalent to assuming that the timescale of social opinion
spread is faster than the timescale on which players can select and influence
particular nodes, which may or may not be valid, depending on the situa-
tion. The assumption of linear dynamics on this short time scale is also not
obviously true, and is one of the main departures of our contribution from
previous approaches, such as cascading models. A very interesting line of fu-
ture work would be to explore further when the various dynamics of opinion
spread are appropriate.

3. We have modeled zealots to hold only extreme opinions. While this might be
a reasonable assumption in some cases (for example, in advertising, sponsored
influencers tend to push a particular product), in political elections it might
be better to allow multiple preferences of zealots (for example, an activist
might prefer anyone but candidate X).

4. We have assumed that an authority for a particular opinion can convert any
chosen member to a zealot through sponsorship/incentives. But this might
not be the case in all applications or the budget might have to account for
different prices for conversion of different nodes. Our framework is extensible
to such cases by incorporating costs for converting vertices, i.e., in (4.2d) or
(4.3e), we could assign weights w; > 0,4 € V'\ Z and require ) ., w;¢(i) = 1.

5. In the numerical examples, we have explored the case when the different
authorities play a game, taking turns adding to their respective zealot sets.
However, in practice, authorities compete for influence all at once.

Beyond addressing the model shortcomings outlined above, there are of course
other interesting possible future directions for this work. In the game scenario where
the authorities take turns choosing a single zealot to convert, we think it is an interest-
ing question of whether the first player has an advantage. In the case of an undirected
graph, we conjecture that the first player, if they play optimally, will always beat or
tie the second player. In the case of a directed graph, this is not true. Consider a
directed cycle graph where all orientations are the same. If the second player chooses
the node adjacent and “downstream” to the node chosen by the first player, they will
completely influence all nodes but one and win the turn.

In recent years, there have been many developments investigating the consistency

This manuscript is for review purposes only.



724

~N N~
Ul Ot Ot Ot ot Ut
O UL s W N~

-~
t
~

TARGETING INFLUENCE IN A HARMONIC OPINION MODEL 23

of problems posed on geometric graphs in the limit as the number of sampled nodes
tends to infinity (see, e.g., [14, 39, 47]). It would be interesting to consider this
continuum limit here, where one might expect to obtain the Laplace problem on a
fixed domain and authorities alternatively introduce boundary components where a
Dirichlet condition is satisfied. A generalization that would allow Dirichlet data to
be specified on lower dimensional sets is to consider the p-Laplacian for p > 2. A
very recent paper [18] considers a continuum version of the continuous-time DeGroot
model.
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