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STABILITY OF SPECTRAL PARTITIONS WITH CORNERS

G. BERKOLAIKO, Y. CANZANI, G. COX, P. KUCHMENT, AND J.L. MARZUOLA

ABSTRACT. A spectral minimal partition of a manifold is a decomposition into disjoint open sets
that minimizes a spectral energy functional. While it is known that bipartite minimal partitions
correspond to nodal partitions of Courant-sharp Laplacian eigenfunctions, the non-bipartite case is
much more challenging. In this paper, we unify the bipartite and non-bipartite settings by defining a
modified Laplacian operator and proving that the nodal partitions of its eigenfunctions are exactly
the critical points of the spectral energy functional. Moreover, we prove that the Morse index
of a critical point equals the nodal deficiency of the corresponding eigenfunction. Some striking
consequences of our main result are: 1) in the bipartite case, every local minimum of the energy
functional is in fact a global minimum; 2) in the non-bipartite case, every local minimum of the
energy functional minimizes within a certain topological class of partitions. Our results are valid
for partitions with non-smooth boundaries; this introduces considerable technical challenges, which

are overcome using delicate approximation arguments in the Sobolev space H'/2.
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1. INTRODUCTION
1.1. Overview and main results

For a compact, oriented manifold M, the spectral minimal k-partitions are the minimizers of the
functional
A(P) := max A1 (), (1.1)
K3

over the partitions P = {Qi}le of M, namely the collections of mutually disjoint, nonempty, open,
connected subsets ; C M. Here \(£2;) is the lowest eigenvalue of the Dirichlet Laplacian on ;,
and the minimizers are sought for a given fixed k. Existence of a minimizer for any k was established
in [21]. Tt can be easily seen that a minimizer must be an equipartition: \1(£2;) = A\ (1) for all 7.

Spectral minimal partitions arise naturally in the study of free boundary variational problems [3]
and spatial segregation in the strong competition limit of reaction—diffusion systems [20—22]. They
have also been used to establish spectral gaps for ergodic Markov operators on general measurable
spaces [15]. In the wider context of optimal partitioning of manifolds and graphs, spectral partitions
have been used to approximate Cheeger cuts [17] and compute bounds on Cheeger constants [10)],
and have also been applied to problems in community detection [9] and wavelet construction [3].
Much of what is known about spectral minimal partitions and their applications is summarized in
the recent survey [17]. We remark that finding spectral minimal partitions both numerically and
analytically is extremely challenging [16,18]. A striking example of an open problem is the spectral
minimal 3-partition of the disk, conjectured but not yet proven to be radial, as shown in Figure 1.1.

In this paper, we are primarily interested in the connection between spectral minimal partitions and
nodal properties of Laplacian eigenfunctions, an area with rich history and much recent activity
(for a small subset of the work in this area, see [2,8,10,19,24,27,36,41-13,16,48]). This connection
was first discovered in the seminal articles [21,32] and further developed in [5, 12, 13,15, 33]. In
particular, it turns out to be beneficial to alter the scope of the problem, discussing all critical points
of the functional A(P)—as opposed to just the minima— while restricting the search to the space
of equipartitions. It became increasingly clear that the critical points are generated by the nodal
sets of Laplacian® eigenfunctions, with the stability of said critical points governed by the position
of the corresponding eigenvalue in the spectrum. So far, this correspondence has been established
only for partitions with smooth internal boundaries 9€;\OM . In the present work we finally remove

1When the partition is not bipartite (and thus cannot possibly be generated by the sign changes of a Laplacian
eigenfunction), the Laplacian has to be suitably modified, as described in (1.5) and Section 2.2.
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FiGure 1.1. The so-called “Mercedes star” is conjectured to be the minimal 3-
partition of the disk.

the assumption of smoothness, establishing the above correspondence for all critical points of A,
including partitions with triple intersection points (as in Figure 1.1), which are conjectured to be
generic for large k. As a further benefit, whenever a given critical partition is not minimal, our

technique suggests ways to perturb the partition to move towards a minimum.

To start introducing our results, we collect the relevant terminology in the following definition. For
the rest of the paper we focus on the two-dimensional case, so our results are valid for partitions
of compact surfaces and planar domains.

Definition 1.1. A k-partition of a compact, oriented, connected surface M is a collection P =
{€,}¥_, of mutually disjoint, nonempty, open, connected subsets 2; C M. If each Q; is a manifold
with piecewise smooth boundary, int Q; = Q; and M = U;Q;, then P is a partition with corners. If
A1(€;) does not depend on i, then P is an equipartition. A partition is bipartite if one can assign
to each €2; one of two colors so that any two neighbors have different colors.

An important example is the nodal partition of an eigenfunction i of the Dirichlet Laplacian on
M. This is the partition whose subdomains are the connected components of the set {1 # 0}.
Nodal partitions of eigenfunctions are bipartite equipartitions. If A denotes the eigenvalue for v,
then each subdomain has A\(€;) = A, therefore the partition energy is A(P) = A. Defining the
spectral position to be ¢(P) = min{n : A\, = A}, where {\,}22, are the eigenvalues of the Dirichlet
Laplacian on M, we then define the nodal deficiency

5(P) = ((P) — k, (1.2)

where k is the number of components in P. Courant’s nodal domain theorem states that §(P) > 0.
We say that the eigenfunction v is Courant sharp if its nodal partition has 6(P) = 0.

One of the difficulties in finding spectral minimal partitions is the need to find the global minimum.
A striking special case of our much more general main result (Theorem 1.5) shows that for bipartite
partitions it suffices to check that P locally minimizes A, in the sense that

A(P) < Ae(P)) (1.3)
for all diffeomorphisms ¢ close to identity (in a sense that will be made precise later).
Theorem 1.2. Let P be a bipartite k-partition with corners. The following are equivalent:

(1) P is the nodal partition of a Courant-sharp Laplacian eigenfunction,
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(2) P is a minimal partition,
(3) P locally minimizes A.

In particular, every bipartite local minimum of A is in fact a global minimum. The significance of
this result is that the hypothesis only involves comparing P to partitions that are nearby (and in
particular have the same topology), but the conclusion is that P minimizes energy compared to all

k-partitions, regardless of proximity or topology; see Figure 1.2 for an illustration.

The equivalence (1) < (2) was shown in [32], and the implication (2) = (3) is trivial. In this paper
we prove (3) = (1), and as a consequence obtain a new proof that (2) = (1), which is nontrivial.

In fact, our approach gives a much more general result than Theorem 1.2, which only dealt with
minimal partitions. Given an equipartition P, we consider the set of diffeomorphisms ¢: M — M
such that ¢(P) is also an equipartition, and restrict the energy functional A to it. That is, we work
with the functional Ap(¢) = A(p(P)); see equation (1.8) and Theorem 1.7 for precise definitions.
This is a smooth function, and thus the notions of critical points (not just minima) and their
Hessians make sense. Starting with the bipartite case, we completely characterize the critical points
of Ap and their Morse indices, in terms of Laplacian eigenfunctions and their nodal deficiency. We
say that an equipartition P is a critical partition for A\p if ¢ =id is a critical point of Ap.

Theorem 1.3. A bipartite partition P is a critical partition for Ap if and only if it is the nodal

partition of an eigenfunction of —A, in which case it has Morse index n_(Hess \p) = §(P).

Here, the Morse indez, n_(Hess Ap), is the maximal dimension of a subspace on which the symmetric
bilinear form Hess Ap is negative definite.

A special case of Theorem 1.5 was obtained previously in [15, Theorem 11], for smooth, bipar-
tite equipartitions corresponding to simple eigenfunctions of the Laplacian. To the best of our
knowledge, this was the first explicit formula obtained for the nodal deficiency. Another formula
was given in [23] in terms of a two-sided Dirichlet-to-Neumann map defined on the nodal set; see
Theorem 1.11. The present work arose from our desire to unify these two approaches to nodal
deficiency, and in particular, to understand the relationship between the Hessian of A\ and the
two-sided Dirichlet-to-Neumann map. This relationship is made explicit in Theorem 1.10, which
is one of the main ingredients in the proof of Theorem 1.3 and its non-bipartite generalization,
Theorem 1.5.

The general (not necessarily bipartite) case is much more subtle and requires additional terminology.
Suppose P is a k-partition of M with boundary set OP = U;00Q;\0M. We say that a set I is
homologous to OP if the closure of the symmetric difference, 9PAT, is the boundary set of a
bipartite partition. We then define

Py(P) = {P: P is a k-partition and 9P contains a subset homologous to 9P}. (1.4)

For instance, if P is the 3-partition of the disk shown in Figure 1.1, then P3(P) consists of all
3-partitions whose boundary set contains a curve from the origin to the boundary of the disk; see
Section 2.3 and [13] for details.
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ﬁ#

FIGURE 1.2. P, the partition of the square on the left, locally minimizes A. The
partition on the right, P, is not included in this local comparison, as it is not of
the form ¢(P) for any diffeomorphism ¢ and hence is not close to P. Nonetheless,
Theorem 1.2 guarantees that A(P) < A(P).

We also define an operator —A?% | called the partition Laplacian, that acts as the Laplacian on the
space of functions satisfying Dirichlet boundary conditions on OM and anti-continuity conditions
on the boundary set of P. That is, the restrictions u; = u‘Q satisfy

Bu,-

u‘ _ _u" . 8uj
v 691'089]' J anan’ 8V2‘

(1.5)

0N v, 09,09
whenever 0€); intersects d€); for some i # j. The partition Laplacian is unitarily equivalent to
the Laplacian when P is bipartite; see Section 2.2 for details. The non-bipartite generalization of

Theorem 1.2 can now be stated as follows.

Theorem 1.4. Let P be a k-partition with corners. The following are equivalent:

(1) P is the nodal partition of a Courant sharp eigenfunction for — NP,
(2) A(P) =inf{A(P): P € Px(P)},
(3) P is a critical partition for \p with n_(Hess Ap) = 0.

The proof that (2) = (3) is more delicate in the non-bipartite case, since (2) just says that P is
minimal within the set Py (P), which does not contain an open neighborhood of P. We will resolve
this with a technical approximation result, Theorem 6.1, that allows us to calculate the Morse
index of Hess Ap just using deformations that fix a neighborhood of each corner point.

In contrast to Theorem 1.2, we are not able to conclude that a locally minimal (non-bipartite)
partition is a global minimum. In fact, numerical examples show that there exist local minima
which are not global. However, we conjecture that locally minimal k-partitions P; and P, with
A(Py) # A(P») necessarily have different topology.

Using again the restriction Ap of the energy functional A to the set of equipartitions, we are able
to obtain a not-necessarily-bipartite analog of Theorem 1.3, to characterize the critical points and
compute their Morse indices in terms of the deficiency

§(P)=n_(— AP — A(P)) +1—k, (1.6)
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which is nonnegative by [11, Theorem 1.7]. If §(P) = 0, then P is said to be Courant sharp. An
equivalent formula for §(P) will be given in Remark 1.6.

Theorem 1.5. P is a critical partition for Ap if and only if it is the nodal partition of an eigen-
function of —A%F | in which case it has Morse index n_(Hess A\p) = 6(P).

We therefore get information about saddle points of the energy functional, in addition to local
minima. We will use this in Section 8 to construct energy-decreasing perturbations of non-minimal

partitions of the disk and rectangle.

Remark 1.6. If P is a critical (and hence nodal) partition, we can define its spectral position
¢(P) = min{n : \,(OP) = A(P)}, where {\,(0P)}°%, denote the eigenvalues of —A%" written in
increasing order and repeated according to their multiplicity. It follows that ¢(P) = n_( — NP _
A(P)) + 1, so we can equivalently write the deficiency as §(P) = ¢(P) — k, which is the definition

give in [11].

In the remainder of the introduction, we give precise definitions and describe the ideas in the proof
of Theorem 1.5. Along the way we highlight the relevant literature, explaining the developments
that led to the above theorems.

1.2. Definitions and further results

If M has a nonempty boundary, it is convenient to assume that it is contained in a larger manifold,
which we can take to be closed (compact and without boundary). We therefore let (V,g) be a
closed, oriented Riemannian surface and M C N a compact subset with piecewise smooth (or
empty) boundary.

It was shown in [15] that the space of generic partitions, which by definition do not have corners,
has the structure of a smooth manifold. When the partitions are allowed to have corners, it is
easier to consider A as a function on the space of diffeomorphisms, mapping ¢ +— A(p(P)), where
P = {Q;} is a fixed “reference partition” and ¢(P) denotes the partition {¢(€2;)}. This simplifies
the analysis at the expense of introducing some degeneracy into the energy functional, since there
are many nontrivial diffeomorphisms that map P to itself and hence do not change the energy. In
terms of the Hessian of the energy functional, this degeneracy affects the nullity but not the Morse
index; see Section 6.4 for further discussion.

Instead of working with diffeomorphisms on M, which may have corners, we consider diffeomor-
phisms on the ambient space N that leave M invariant. Let D*(N) be the set of H?® diffeomorphisms
on N for some s > 2. This is a smooth (C°°) Hilbert manifold, as we recall in Section 3, and the
tangent space at the identity is the set X*(N) of H® vector fields on N. We then define

D5 (N)={peD’(N): p(M)=M}. (1.7)

In Section 3.2 we will show that D3,(N) is a smooth submanifold of D*(N), with TigD3,(N)
consisting of all vector fields in X*(N) that are tangent to the smooth part of M.

The map ¢ — A(p(P)) is not a smooth function on this manifold —while the individual eigen-
values A1 (p(€2;)) vary smoothly when the partition is deformed, their maximum is only Lipschitz.
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Fortunately, it is known that a minimal partition must be an equipartition. We thus assume that
our reference partition P is an equipartition and define

Ep(N) = {p € D3;(N) : p(P) is an equipartition of M }. (1.8)
The following result says that £;(N) is a convenient setting for our variational analysis.

Theorem 1.7. If P is an equipartition with corners and s > 2, then E5(N) C D5;(N) is a smooth
submanifold, with

TWEp(N) = {X e TuDiy(N): [ (X-m) @fﬁdu —= /mkoc ) (?ﬁ:)zdﬂ} |

where ; is the LQ(Qi)—normalized groundstate on §; and v; is the outward unit normal. Moreover,
the function
A EB(N) — R, An(9) = A(9(P)) (1.9)

is smooth.
Theorem 1.7 allows us to talk about critical points of Ap. Since n is a critical point of Ap if and

only if the identity is a critical point of \, ), it suffices to differentiate Ap at the identity. We thus
say that P is a critical partition if it is an equipartition with corners and the identity is a critical

point of \p.
Theorem 1.8. P is a critical partition if and only if there exist nonzero real numbers ai,...,ax
such that a3 + -+ +a =1 and
O O;
a; = |a;j 1.10
! aVi J 81/]‘ ( )

on each ¥; N Y, where ¥; = 0;\OM is the “internal boundary” of ;.

Remark 1.9. The function A\p depends on the choice of s but we will usually suppress this depen-
dence. If the identity is a critical point of Ap: 5 (N) — R for some s, > 2, then (1.10) holds and
it follows that the identity is a critical point of A\p: EH(N) — R for every s > 2. In other words,
the notion of “critical partition” does not depend on the choice of s > 2.

An immediate consequence of Theorem 1.8 is that P is critical if and only if it is the nodal partition
of an eigenfunction of —A". This generalizes [15, Theorem 9] to the non-smooth, non-bipartite
case. For convenience, we will often denote the boundary set P by 3, so that ¥ = U;Y;.

Another consequence of Theorem 1.8 is that we can define a “weight function” p: ¥ — R by

s
8 v;

for each 7. This will appear in Theorem 1.10 when we compute Hess Ap. If the partition has corners,

plg, = |ai (1.11)

the weight p will vanish there. This causes technical difficulties in the proof of Theorem 1.5, which

we overcome by a delicate approximation argument in Section 6.

Having characterized the critical points of Ap, we next compute the second derivative. The proof of
Theorem 1.5 is based on an explicit formula for Hess Ap in terms of a weighted, two-sided version
of the Dirichlet-to-Neumann map, Ap,, which we now describe.
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First, we choose a piecewise smooth unit vector field v along ¥ that is normal to the smooth part
of ¥. (The one-sided limits of v therefore exist at each corner, but need not coincide.) For each ¢
we define a function x; = v-v;: X; — {£1} that is constant along each smooth segment of ¥;, and
let

Sp, 1= {f € LZ(E) : /EZ Xifgjil
For sufficiently smooth f € Sp, we have Ap, f = Ilg,, (ayuf), where Ilg,, , is the L?(¥)-orthogonal
projection onto Sp,, d,u’ is a function on X satisfying

dp = 0 for each z} . (1.12)

f O )
oyu s, = Xi 01 + X v, (1.13)

for all ¢ # j, and u{ is any solution to the boundary value problem

Au+ A(P)u =0, uly, = xif, 0. (1.14)

U‘BQZ-\EZ- =
A precise definition will be given in Section 2.1. For now we just mention that Ap, is a densely
defined, self-adjoint operator on Sp,, generated by a symmetric bilinear form a,, .

We are now ready to state our formula for the Hessian. Given a vector field X and a choice of v as
described above, we will write the normal component X ‘E -v simply as X - v.

Theorem 1.10. Fiz s > 3 and let P be a critical partition. If v is a smooth unit normal vector
field along the smooth part of 3, then

Hess Ap(id) (X1, X2) = 2a,, (p(X1 - v), p(X2 - v)) (1.15)
for all X1, Xs € T&H(N).

This is similar to the formula for the Hessian obtained in [12] for generic partitions, but there are

some important differences:

(1) It is not assumed that X; and X are normal to the smooth part of ¥. (If they were, they
would necessarily vanish at the corner points, and hence could not describe a deformation
that moves these points.)

(2) The right-hand side is written in terms of the bilinear form a, , instead of the corresponding
self-adjoint operator Ap,. (The fact that P is a critical partition guarantees that p(X - v)
is in the form domain for any X € Tiq€5(N), but it is not clear that it is in the operator
domain, which is strictly smaller, due to the loss of regularity of 1;, and hence of p, at the

corners.)
The same two-sided Dirichlet-to-Neumann map? also encodes the deficiency of the partition P.

Theorem 1.11. [71, Theorem 1.7] If P is a critical partition, then n_(Ap,) = §(P).

The theorem in this level of generality is due to [I 1]. Earlier versions for the bipartite cases appeared
in [14,23] and the non-bipartite case was considered in [34].

2The operator Ap, depends on the choice of unit normal v, but its index does not.
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We will prove Theorem 1.5 by comparing Theorems 1.10 and 1.11. Specifically, we will compare
the Morse indices of Hess Ap and Ap,. We know from (1.15) that Hess Ay and a ., are related by
the map X +— p(X -v) from Tiq€H(N) to dom(a,,, ), but this map is neither injective nor surjective.

The lack of injectivity stems from the obvious fact that any vector field X that is tangent to X does
not move the partition P, and hence leaves the energy unchanged. (The resulting degeneracy is
therefore a consequence of Ap being defined on the space of diffeomorphisms, rather than partitions.)
This affects the nullity of Hess Ap but not the Morse index; see Section 6.4 for further discussion.

The lack of surjectivity is more subtle. If the partition has corners, then the weight function p will
vanish there, since the normal derivative of 1; vanishes at each corner. It follows that X — p(X -v)
is not surjective, since every function in its range vanishes at the corners. Nonetheless, we are able
to show that the range is dense in a suitable norm, and conclude the following.

Theorem 1.12. If P is a critical partition, then n_(Hess A\p) = n_(Ap,).

In fact, we will see that any f € dom(a,,) can be approximated by p(X -v) where X is smooth and
vanishes in a neighborhood of each corner point. This means the deficiency §(P) is equal to the
Morse index of Hess \p restricted to the space of smooth deformations that do not move the partition
corners. This will play a crucial role in the proof of Theorem 1.4, since the class of partitions Py (P)

is invariant under such deformations.

Our approximation result, Theorem 6.1, has an interesting geometric manifestation. We will see
examples in Section 8 where the eigenfunction for the most negative eigenvalue of Ap, does not
vanish at a corner point, and hence is not of the form p(X - v) for any X € T;4E5(N). Intuitively,
this singular vector field corresponds to a “deformation” that decreases the energy by changing the
partition topology. Such “deformations” do not remain in the space £5(N), but it turns out they
can be approzimated by deformations in £ (V) that decrease the partition energy. In Section 8 we
illustrate these approximating deformations and observe that they appear “close” (in a sense we
do not make precise here) to “deformations” that change the partition topology.

In other words, the manifold £%(N) is rich enough that the Morse index of Hess Ap recovers the

deficiency 0(P) without taking into account non-smooth (i.e., topology changing) deformations.
Outline of paper and notation

In Section 2 we define the self-adjoint operators Ap, and —A%" and recall the notion of homology
for partition boundary sets that was introduced in [13]. In Section 3 we describe the manifold
D?(N) of diffeomorphisms on N, as well as the submanifolds D},(N) and D3 (N). In Section 4
we obtain formulas for the first and second variation of a Dirichlet eigenvalue when the domain is
varied, assuming sufficient regularity of the perturbation but allowing the domain to have corners.
These formulas allow us to characterize critical points of Ap and compute its Hessian, which we do
in Section 5. In Section 6 we use this formula for the Hessian to prove Theorem 1.12. As noted
above, this is nontrivial and requires some delicate approximation arguments. We then use this
theorem in Section 7 to prove Theorems 1.2 and 1.4. Finally, in Section 8 we use our machinery to
study non-bipartite partitions of the rectangle and disk.
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For convenience we list the main spaces and objects arising in this paper.

(N,g) a closed, oriented Riemannian surface
M  a compact surface with piecewise smooth boundary, contained in N
M?  the interior of M
P ={Q;} a partition of M
> =0P the boundary set of P
Y;  the “internal boundary” of €;

—A%" " the partition Laplacian associated to P

0(P)  the deficiency of P
X°(N) the space of H® vector fields on N
D*(N)  the set of H® diffeomorphisms of N
D3;(N)  the diffeomorphisms in D*(N) that leave M invariant
DpH(N)  the diffeomorphisms in D3, (N) that leave P invariant
EP(N)  the diffeomorphisms in Dj,;(NN) that map P to an equipartition

Ap  the partition energy functional on £5(N)
v a piecewise smooth unit vector field, normal to the smooth part of X
Ap,  the weighted, two-sided Dirichlet-to-Neumann map
the bilinear form that generates Ap,

p  the weight function on ¥

2. PRELIMINARIES
2.1. The two-sided Dirichlet-to-Neumann map

In this section we review the construction of the two-sided Dirichlet-to-Neumann map for A + A,
following the notation and presentation of [11]. We assume throughout this section that P = {€;} is
an equipartition with energy A,. This means \, is the smallest eigenvalue of the Dirichlet Laplacian

on each (;, with corresponding eigenfunction denoted ;.

For each i we define ¥; = 909;\0M to be the “internal boundary” of €;. Given a choice of v, we
define a function y; = v - v;: ¥; — {£1} that is constant along each smooth segment of ¥;.

Following the notation of [11], we let

HY2 (3 = {f € L3(%) : Bif € HY?(00:)}, (2.1)
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where E;: L%(3;) — L?(09;) denotes extension by zero. This is complete with respect to the inner
product <f7 g>f{1/2(21) = <Ezf> Eig)Hl/Z(aﬂi)'

Remark 2.1. For comparison, the space H'/2(%;) consists of all f € L?(X;) that can be extended
(but not necessarily by zero) to a function in H/2(8€;). This means H'/2(%;) is a proper subset
of HY 2(%;) if X; # 0€;. An easy example is a nonzero constant function on ¥;; it can obviously
be extended to a function in H/2(9;), but its extension by zero is not in H/2(9Q;).

We then define

HY2(3) = {f € L*(%) : xif |y, € HY2(S) for each z} , (2.2)
which is is easily seen to be complete with respect to the inner product
k
(fs >H1/2 ®) = ; (xif Xi9>ﬁ1/2(21,) . (2.3)
Next, we define a closed subspace of L?(3) by
Sp, = {f e L(%): /2 Xzfgqu dp = 0 for each z} (2.4)

The two-sided Dirichlet-to-Neumann map Ap, will be constructed as the selfadjoint operator gen-
erated by a closed, lower semibounded bilinear form on H'/2(X) N Sp,,.

Given f € HY/2(2) N Sp,, consider the boundary value problem

Au; + Au; =0, ui‘zi = Xif7 =0 (2.5)

“i‘agi\zi
on ;. The boundary conditions are equivalent to wu; = Ei(x:f)- Since f € HY 2(2)N Sy, we

have E;(xif) € HY?(99;) and

81' ai
Ei(xif) v dM:/E'Xif v dp =0,

o9, 61/1- 81/1'

so there is a weak solution u; € H'(€;) to (2.5). Moreover, there is a unique solution for which
fQi u;v; dV = 0. Denoting this solution by uzf, we then define

a, (f,h) Z/ (Vul, Vulty — Noulult) av (2.6)

for f,h € dom(ay,,) = HY*(2)N Sy,

It was shown in [11, Section 3] that the form a,,, is densely defined, closed and lower semibounded.
In particular, we note the bound

s (£ T < CN Sl asny l 27)
for all f,h € HY/2(£)N Sp,,, which will be used below in Section 6.

The form a,, therefore generates a selfadjoint operator Ap, such that a,,(f,h) = (Ap,f,h) 2 =)

for all f € dom(Ap,) and h € ﬁl/z(E) N Sp,. To describe Ap, and its domain, we introduce the
two-sided normal derivative d,u/ on ¥. This is an element of the dual space H'/2(X)*, but for
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sufficiently smooth u/ it is a function on ¥ satisfying

f — e
oyu snm, = Xi 0 + X v, (2.8)

for all ¢ # j.
From [11, Theorem 3.1] we know that dom(Ap,) = {f € HY2(2)N S, 2 Oul € L*(%)}, and for

any such f we have
AP,Vf = HSpy (al/uf)a (29)

where ILg,,, is the L?(X)-orthogonal projection onto Sp, .

2.2. The partition Laplacian

Let P = {Q;} be a partition with corners. For any function u on M, we define its restriction

u; = u|, for each i. We say that u is anti-continuous across OP if

ui‘aﬂmaszj = U ‘aginaﬂj (2.10)

whenever €); and €2; are neighbors. We then define the function space

Hy(M;0P) = {u € H'(M°\OP) : u vanishes on OM and is anti-continuous across 9P}. (2.11)

Here M° = M\OM denotes the interior of M, so u € H'(M°\OP) if and only if u; € H(£;) for
each i. It follows that H&(M ; OP) is complete with respect to the inner product

k
(u,0), =D (5, 03) g1 () - (2.12)
i=1
The corresponding norm will be denoted || - || .

We then let —A%" be the self-adjoint operator on L?(M) generated by the bilinear form

k
blu,v) = ;/Qi(vui - Vu;) dV

with dom(b) = H}(M;OP). Tt is easily shown that dom(—A%") consists of all functions u € dom(b)
that additionally satisfy Au; € L?(€2;) for each i and
8’LLZ'
8Vi

_ Oy

(2.13)

92NON; I 9NAN;
whenever 2; and €); are neighbors. Note that this is also an anti-continuity condition, since the

outward normals satisfy v; = —v; on the common boundary of €; and €;.

An important observation is that if P is bipartite, then —A%" is unitarily equivalent to the Dirichlet
Laplacian on M, with the unitary map being multiplication by 1 on the blue subdomains and —1 on
the red subdomains. This is a special case of [13, Proposition 2.2]; we recall the general statement

below in Proposition 2.2.

Since this unitary map preserves nodal sets, in the bipartite case nodal sets of —A%" eigenfunctions
coincide with nodal sets of Laplacian eigenfunctions. While —A%" is a more complicated operator
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than the Dirichlet Laplacian, on account of the internal boundary conditions imposed along dP, it
allows us to treat the bipartite and non-bipartite cases simultaneously; cf. Theorem 1.5.

2.3. Homology of partitions

We finally recall the notion of homology for partition boundary sets that was introduced in [13].
Suppose P} and P, are partitions with corners. If the closure of the symmetric difference of their

boundary sets,

OPLAOP, = (8P1 U 8P2) \ <8P1 N 8P2),

is the boundary set of a bipartite partition, then we say that 0P, and 0P, are homologous. In
particular, OP; is null-homologous (that is, homologous to the empty set) if and only if it is the
boundary set of a bipartite partition. This follows from the above definition by choosing Py = {M°},
so that 0P, = @.

We refer the reader to [13] for examples and further discussion, including an extension of the
definition of homology to less regular boundary sets. An important result from that paper describes
how the operator —A?" depends on P.

Proposition 2.2. Let P; and P, be partitions with corners. If 0Py is homologous to OPs, then the
operators —A1 and —A?P2 gre unitarily equivalent.

A special case of this was noted in the previous section: if P is bipartite, then 0P is null-homologous,

therefore —A?" is unitarily equivalent to the Dirichlet Laplacian on M.

In general, a small perturbation of P will not have boundary set homologous to dP. It will be
homologous, however, if the perturbation does not move any of the corner points in the interior on
M; see Lemma 7.1.

3. MANIFOLDS OF DIFFEOMORPHISMS

We now describe the smooth structure of the relevant spaces of diffeomorphisms. We begin in
Section 3.1 with the set of diffeomorphisms of a closed manifold N. In Section 3.2 we assume
that N is two dimensional and restrict our attention to a subset M C N with piecewise smooth
boundary, then describe the subset of diffeomorphisms leaving M invariant. We also consider the

diffeomorphisms leaving P invariant, where P is a given partition of M.
3.1. Diffeomorphisms of closed manifolds

In this section we let N be a closed manifold of arbitrary dimension, and denote by D*(N) the set
of H*® diffeomorphisms of N. We recall the manifold structure of D(N), following the approach
of [25] and [20].

We view D?(N) as an open submanifold of the set H*(N, N) of all H® maps from N to itself, so we
first construct a manifold structure on the latter space, assuming s > n/2. Given f € H*(N,N),

we define
T¢H*(N,N) = {V € H*(N,TN):V, € TrpyN for all p € N}. (3.1)
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This is the set of H® sections of the pullback bundle f*T'N. When f = id it coincides with the
space X*(N) of all H® vector fields on N.
Next, we fix an arbitrary Riemannian metric on N and let exp: TN — N denote the corresponding
exponential map. We get coordinates in a neighbourhood of f € H*(N, N) by defining

O TyH*(N,N) — H*(N,N), O(V) =expoV. (3.2)

That is, ®¢(V) is the map p — expyy) Vp- Note that @y maps the zero section to f, since
expy(p)(0) = f(p) for each p € N. More generally, (3.2) gives a bijection from a neighbourhood of
0 € TyH?(N,N) onto a neighbourhood of f € H*(N, N); see [20] for details.

It follows that H*(N, N) is a smooth manifold for any s > n/2. Letting C'(N, N) denote the space
of C' maps from N to itself, the inverse function theorem implies that Diff!(NV), the set of C*
diffeomorphisms, it an open subset. For s > n/2 + 1 the Sobolev embedding theorem says that
H?*(N, N) is continuously embedded in C'(N, N), and so

D¥(N) = {p € H*(N,N) : ¢ € Diff'(N)}

is an open subset of H*(N, N) and hence is a smooth manifold.

3.2. Boundaries and submanifolds

We now restrict the dimension to n = 2, so N is a compact surface without boundary. Letting
M C N be a compact, connected manifold with piecewise smooth (or empty) boundary and fixing
an s > 2, we define

Diy(N) :={p € D*(N) : p(M) = M}. (3.3)
Note that any ¢ € D3,(N) maps the boundary of M onto itself, i.e., ¢(OM) = M. We are also
interested in diffeomorphisms of N that preserve a given partition with corners, as in Definition 1.1,
so we fix such a partition P and define

D3(N) = {¢ € Dy (N) : p(P) = P}. (3.4)

We now show that the inclusions
DiH(N) C Dy (N) C DP(N) (3.5)
are in fact embeddings.

Theorem 3.1. If M C N has piecewise smooth boundary and P is partition with corners, then
there exists a neighborhood VW C D*(N) of the identity such that D3,;(N)NW is a submanifold of
D*(N)NW and DyH(N)NW is a submanifold of D5, (N)NW.

If OM and ¥ are smooth and disjoint, this reduces to [25, Theorems 6.1 and 6.2]. However, we are
interested in the case that M is only piecewise smooth and 3 may have self-intersections, as well as
intersections with 9M. The following construction allows us to treat this case; cf. [25, Lemma 6.4].

Lemma 3.2. There exists a smooth Riemannian metric g on N such that the smooth part of OM U

18 totally geodesic.
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Ficure 3.1. Left: a 3-partition of the disk with a ball around each corner point.
Right: a magnification showing a covering of part of M U 3, as in the proof of
Lemma 3.2. The curve 7 (arising in step (3)) is shown in red, and the union of the
blue and red curves is the set I', the smooth component of M U 3 that contains ~.

We use the notation g to clarify that this is different from the metric g whose Laplace-Beltrami

operator we are studying.

Proof. Tt suffices to construct g in a neighborhood of M U X. We do this in three steps.

1) In a neighborhood of each corner point of 9M U X we can find coordinates in which 0M U X is
given by a finite number of line segments meeting at the origin. Since the corner points are finite
in number, we can assume that these neighborhoods, which we denote {U,}, are mutually disjoint;
see Figure 3.1(left). In U, we use these coordinates to define a Riemannian metric g® by gf‘j = 0;j,
so that straight lines in these coordinates are geodesics and hence the smooth part of (OMUX)NU,,
is totally geodesic with respect to g“.

2) The smooth part of 9M U X consists of disjoint open curves, so we can find open sets {V3} that
are mutually disjoint, do not contains any corner points and, together with the {U,}, cover all of
OM U %; see Figure 3.1(right). Each (OM U X) N Vj consists of a smooth curve, so we can easily
construct a metric ¢? on V3 for which this is totally geodesic.

3) We have thus covered M U3 with finitely many open sets, {U,} and {V3}, such that the U, are
mutually disjoint, as are the Vg, and each U, NV} is either empty or consists of a smooth curve. On
each of these sets we have a Riemannian metric with respect to which the smooth part of 9Q U X
is totally geodesic. To complete the proof we need to patch together these locally defined metrics
in a way that preserves the totally geodesic condition. This will be done using Fermi coordinates.

First, we use a partition of unity to obtain a metric § on N that, for any « and (3, agrees with g¢
on U,\Vj and agrees with g” on V3\U,. There is no reason for the part of 9M U Y in the overlap
U, N V3 to be totally geodesic in this new metric, so we need to modify g there.

For fixed a and 3, (OM U X) N (Uy N V3) is a smooth curve. We denote this curve by v, and let
I’ be the component of the smooth part of M U X that contains ~; see Figure 3.1(right). Let
(z,y) be Fermi coordinates, with respect to g, in a neighborhood of I". That is, x is an arbitrary
coordinate along I" and y is the (signed) normal distance from I". We can assume that 7 corresponds
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to (—=1,1) x {0} in these coordinates. The metric has the form
g = alw,y)da’ + dy?,

where a is a smooth, positive function. The second fundamental form of I' is proportional to

g—z(x, 0). In particular, we have g—g(ac,O) = 0 for || > 1 by construction. We then define

alz,y) = iz y) - yx@g;@, 0), (3.6)

where x(y) is a smooth cutoff function that equals 1 in a neighborhood of y = 0 and vanishes for

ly| > 6. This implies

() @0 <8 (30

Since g—Z(aﬁ, 0) is bounded (it is supported in the compact set [—1,1]) and a is bounded away from
zero, we can choose d small enough that the function a(x,y) defined by (3.6) is positive, and so

g = a(x,y)da® + dy?

defines a Riemannian metric on U, U V3. It follows from (3.6) that g—g(x, 0) =0 for all z, and so I'
is totally geodesic with respect to g.

Similarly modifying g on all other U, N V3, we obtain the desired metric g. ([l

We let X3,(NN) C X°(N) denote the closed subspace of vector fields that are tangent to the smooth
part of OM. Note that such a vector field must vanish at every corner point of 0M. We also let
X5H(N) C X3,(N) denote the closed subspace of vector fields that are tangent to the smooth part
of M U ¥, and observe that these vector fields vanish at every corner point of OM U X.

Lemma 3.3. With g as in Lemma 3.2 and s > 2, there exists € > 0 such that if V € X*(N) and
IVIls <€, then o = expoV satisfies

(1) ¢ € D3,(N) if and only if V € X5,(N),
(2) ¢ € DH(N) if and only if V € XH(N).

In fact it suffices to have the C! norm of V sufficiently small. The requirement that s > 2 gives
the embedding H® C C' since n = 2.

Proof. We only prove the first assertion, as the second one follows from the same argument.

We first take e > 0 small enough that ||V|s < € implies ®(V') = expoV is a diffeomorphism. Next,
we claim that there exists € > 0 such that V € X9,(N) and ||V||s < € imply ¢(OM) C OM. Since
corner points of M are fixed by ¢, we just need to consider points in the smooth part of the
boundary, which we denote dM, for convenience.

Given x € OM,, let v(t) denote the unique g-geodesic with y(0) = z and ~/(0) = V(z), so that
o(r) = exp, V(x) = v(1). The fact that 0M, is totally geodesic and V(x) is tangent to OM,
guarantees y(t) € 9M, for small ¢, but not necessarily for large ¢, since ~(t) will leave M if it
passes through a corner point. This will happen if |V (z)| is larger than the distance (in OM) from x
to the nearest corner point, so we must ensure V' is small enough that this cannot happen. Letting
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p denote the nearest corner point to x, Taylor’s theorem gives
V(@) < |VV(2')|d(p, )

for some point 2’ between p and z, since V(p) = 0. On the other hand, by the Sobolev embedding
theorem there is a constant K > 0 so that |VV(2')| < K||V||s for any 2/ € M. We thus choose
e < 1/K, so that ||V|s < € implies |V (z)| < d(z,p), as required.

Therefore, if V € X3,(N) and ||V|s < €, we have that ¢ is a diffeomorphism and ¢(9M) C OM.
We claim that p(OM) = M. For e sufficiently small ¢ maps each connected component of 9M
into itself. If @M has a smooth component (which must be diffeomorphic to S'), it is easily shown
that the image of this component is both open and closed, and hence it is mapped onto itself. On
the other hand, the image of a smooth segment of M will be a connected subset of this segment
that contains both endpoints, since they are fixed by ¢, and so ¢ maps this segment onto itself. It
follows that p(OM) = 0M.

Since ¢ is a diffeomorphism, it therefore maps N\OM onto itself. In particular, each connected
component of N\OM is mapped to a connected component of N\OM. We thus choose € small
enough that ¢ maps each connected component onto itself, and hence for ||V || < € we get p(M) =
M, as was to be shown. This proves the first implication.

To prove the converse, let V' € X*(N), with [[V[|s < ¢, and suppose that ¢ € D3,(IN). Since ¢
is a diffeomorphism, it follows that ¢(0M) = M. Moreover, ¢ fixes all of the corner points and
maps each connected component of 0M, onto itself. In particular, this implies that V' vanishes at

all corner points.

For € OM, we have ¢(x) = (1), where (¢) is the geodesic with (0) = = and 7/(0) = V(x).
Since N is compact, we can choose € > 0 small enough that |V||s < € implies x and ¢(z) are
contained in a geodesically convex neighborhood U, for each x € N. This means there is a unique
minimizing geodesic from z to ¢(z). On the other hand, we can choose € so that M, N U, is
connected and has length less than the injectivity radius of (N, g). This means the part of OM,
between = and ¢(x) is minimizing, and hence is the unique minimizing geodesic between these two
points, i.e., it is the curve ~y(¢) introduced above. It follows that v(t) € OM, for all 0 < t < 1,
therefore 7/(0) = V(z) is tangent to M., as was to be shown. O

We are now ready to prove our theorem about submanifolds of D*(N).

Proof of Theorem 3.1. Choose open neighborhoods U C X5,(N) and V C %ﬁw(N)J-, both contain-
ing 0, so that & x V is contained in the e ball around 0 in X°(V), with € as in Lemma 3.3. Now
consider

®|, ., UXV—D(N) (3.7)
with & = ®jq as in (3.2). This is a bijection from U x V onto W = ®(U x V), and it follows
immediately from Lemma 3.3 that ®(U + V') € D},(N) if and only if V' = 0. We have thus found a
coordinate chart ¢ x V for W such that Dj,(/N) N W corresponds to U x {0}, so we conclude that
D5,;(N)NW is a submanifold of D*(N) N W. The same argument, combined with the second half
of Lemma 3.3, shows that D% (N) N is a submanifold of D3, (N) NW. O
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Remark 3.4. 1t is convenient to work with Hilbert spaces since it is guaranteed that every closed
subspace has a closed complement. If MUY is smooth, it can be directly shown that the space of C*
or C** vector fields that are tangent to M UY. has a closed complement; see [25, Remark 12.2(i)].

This is more delicate, however, when intersections are present.

4. VARIATIONAL FORMULAS

In this section, we compute the first and second variation of a simple Dirichlet eigenvalue with
respect to a deformation of the domain. While we only consider C? deformations, we are interested
in non-smooth domains, in particular those with corners, so we use the method of interior variations,

which applies to open, bounded sets in a Riemannian manifold of arbitrary dimension.

The main result of this section is Proposition 4.3. With an additional regularity assumption, we
recover the classical formula of Hadamard for the first derivative, written as a boundary integral;
see Theorem 4.5. This will be used to characterize critical points of the energy functional Ap in
(1.9). The interior formula (4.3) for the second derivative is sufficient to compute the Hessian of
Ap, but in Section 4.4 we show how it can be used to obtain the classical formula for the second

derivative on a C3 domain.

For a discussion of Hadamard’s formula with minimal regularity assumptions (on both the domain

and the deformation) we refer the reader to [37-39].

4.1. Interior variations

Let Diff*(N) denote the set of C* diffeomorphisms on N. For an open set Q C N we let WhH2(Q)
be the set of L? functions with distributional gradient in L2(£2). Following [44], we have that
HY(Q) = {U’Q : U € WEH2(N)} is a subset of WH2(Q). If  has Lipschitz boundary these spaces

coincide, but in general the inclusion can be proper.

Remark 4.1. For our study of spectral mininal partitions, we only consider the Dirichlet problem
on piecewise smooth domains. However, in Proposition 4.3, we allow €2 to be an arbitrary open set
and consider more general boundary conditions, as we expect this result to be useful elsewhere, for
instance in the study of Neumann domains [0].

For any closed subspace V C W12(Q) that contains VVO1 2(Q), we let —AY denote the self-adjoint
operator on L?({2) generated by the closed bilinear form (u,v) + [, (Vu,Vv)dV on V. The
Dirichlet and Neumann Laplacians correspond to V = I/VO1 2(Q) and V = Wh2(Q), respectively.
Given a diffeomorphism ¢ € Diff'(V), we define p(V) = {uo ™t :u e V} € Wh2(p(2)) and let
—A¥() denote the corresponding operator on L? (()).

Lemma 4.2. Let (N,g) be a closed Riemannian manifold, Q@ C N an open, bounded set, and \
a simple eigenvalue of —AY with normalized eigenfunction 1. There exists an open neighborhood
U C Diff!(N) containing the identity and a smooth function U > ¢ (tp, Ap) €V x R such that

Yia =, Mia = A, and X\, is an eigenvalue of —APW) with normalized eigenfunction Yy 0 oL
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We omit the proof, which is a standard application of the implicit function theorem; see, for
instance, [35, §5.7]. We now give explicit formulas for the first and second derivative of A,,, where
¢ is a one-parameter family of diffeomorphisms.

Proposition 4.3. Assume the hypotheses of Lemma 4.2 and let ¢, be a family of diffeomorphisms
with po = id, so that ¢i(x) = Xi(pi(x)) for some vector field X;. Writing Ay = Ay, we let N
denote N, evaluated at t =0, and similarly for X, X' and \.

(1) If o1 € C1((—€,€),Diff (N)), then

N = [ divYdV, 4.1
| aiv (4.1)
where
Y = (|[Vy]> = W)X — 2(Vx1)) V. (4.2)
(2) If o1 € C?((—€,¢€),Diff'(N)), X € C%(N) and ¢ € W>2(), then
N = / div [X(divY) + Y +2Z — Ny X] dV, (4.3)
Q
with Y defined in (4.2) and
Y = (IVY]? = 3?) X' = 2(V X)) Ve, (4.4)
Z = ((V), Va) = \pw) X — (Vx0h) Voo — (Vxw) Vi), (4.5)
where w € WH2(Q) is the unique solution to
/ oy
Aw+ Aw + XN =0, w’agz—(X~u)£, /wde:(). (4.6)
Q

Remark 4.4. Note that (4.1) only requires ¢ € WH2(Q2). While Y depends on V1), its divergence
does not contain second derivatives, due to a cancellation of Hessian terms and the fact that
—Ay = M; see (4.15). (The cancellation of Hessians is valid for the weak divergence, since
P € C*(Q) by interior regularity.) The same is true of the integrand in (4.3), and in fact this
result is valid for any 1 € W2(Q); see Remark 4.8. We have imposed the extra assumption
Y € W22(Q) here, as it greatly simplifies the proof and is sufficient for the purposes of this paper.

Before giving the proof (in Section 4.3) we describe some consequences of (4.1) and (4.3) for domains
with sufficiently regular boundary. These will be used in the proofs of Theorems 1.8 and 1.10.

4.2. Hadamard’s formula

From Proposition 4.3 we obtain a version of Hadamard’s formula for the Dirichlet problem.

Theorem 4.5. If Q has Lipschitz boundary and 1 € H*(Q) N HE(Q), then

N = —/m (%)2 (X -v)dp. (4.7)

In particular, (4.7) holds in any dimension if 92 is C2, and in two dimensions if 99 is piecewise
C? with convex corners, by [31, Remark 3.2.4.6].
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Before starting the proof, we recall that the divergence theorem
/ divY dV = (Y -v)du (4.8)
Q o0

holds for any vector field Y € W'1(Q) on a Lipschitz domain Q. For such Y we have Y -v € L!(99),
i.e., the normal component of Y is a function, rather than a distribution, as would be the case if Y’
were less regular; cf. [29, Theorem 2.2].

Proof of Theorem /.5. The assumption ¢ € H?(2) implies the vector field Y defined in (4.2) is in

WH1(Q), therefore
/\’—/ dideV—/ (Y -v)du.
oN oN

Since v vanishes on 912, its gradient is purely normal, i.e., qu’ a0 = %V. This implies

Ve () a2 (2 o (2 o

and (4.7) follows. O

4.3. Proof of Proposition 4.3

In the proof we will refer to the “inverse” metric tensor g#. This is a symmetric (2, 0) tensor given
by gf(a1,an) = g(a&,ag) on one-forms oy, ap, where ag denotes the vector field dual to «;. We
then write @}g* for the pushforward by ;' i.e. ((pfgﬁ)(oz,ﬁ) = gﬁ((got_l)*a, (o7 1)*B). Finally,
we denote by g; = (¢ig!)’ the corresponding (0,2) tensor. This is a one-parameter family of

Riemannian metrics, which in general is not the same as ¢} g.

We will use [35, Corollaire 5.2.5], which says how to differentiate functions on a moving domain.

Lemma 4.6. Suppose ¢;: (—¢,€) — Diff}(N) is differentiable at 0, with pg = id and wg‘t:(] = X.
Define Q = () and suppose f; € L'(Qy) for each t. If fo € WHH(Q) and the function Fy :=
fr o € LY(Q) is differentiable at t = 0, then I(t) = th fidV is differentiable at t = 0, with

I'(0) = /Q {5+ aiv(foX) } av, (4.9)
where the function f{ satisfies

) d
il =5 i) | (4.10)

for any compact K C Q.

The hypothesis fo € WH1(Q) is the reason for our assumption ¢ € W22(Q) in Proposition 4.3.

Remark 4.7. The equation (4.9) is easily obtained by a formal calculation, but one has to be careful
when differentiating f;, since the domains are changing. The content of Lemma 4.6 is that it suffices
to differentiate ft‘ - for compact K. (This is well defined because K C 2 implies K C (2 for small
enough t.) That is, there exists a function f{ satisfying (4.10) for each K such that (4.9) holds.
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Proof of Proposition J.3. For convenience we set 1y = 1, and \; = \,. Since ¥; o ¢ Lis L2(y)-

normalized, we have
At :/Q g(V(Wro o), V(o h))dv. (4.11)
By the chain rule, the integrand on ‘Ehe right-hand side is
g(V(row ), Vtoph) = g (A oy ), d(th o o))
= (o) dv, (o) diy)
= (ig") (dupn, diy).
so we can rewrite (4.11) as

/\t_/ﬂgt(thath)ﬁdva (4.12)

with g; = (¢g?)’ as above. Differentiating and using the identity®
0 * * T
g, dV = ¢;(Lx,dV) = ¢} (div X; dV),

we get,
X = /Q {d/(V0,99) +29(V9, V) + (Y9, V) div X } V. (4.13)
To eliminate the 1)’ term we observe that
Q/Qg(vw,w’)dV:Q)\/wa/dV: —)\/QdeideV,

where the first equality holds because 1 is an eigenfunction of —AY and 9’ € V, and the second
equality comes from differentiating the normalization condition fQ ¥? pfdV = 1. Substituting this
in (4.13) and using ¢’ = —Lxg gives

N = / {(V6 = x?) div X — 29(Vwy X, Vo) } av. (4.14)
Q
To complete the proof of (4.1) we recall the definition of ¥ in (4.2) and compute
divY = 2Hess (Vep, X) — 220V x ¢ + (|VY|* — Ay?) div X 415)
4.15
— 2Hess (X, V) — 29(Vgy X, Vi) — 2(Vx1h) Arh.
Cancelling the Hessians and using Ay 4+ A\p = 0, we see that this equals the integrand in (4.14).

For the second variation, we observe that (4.1) is valid for any open, bounded domain, so we can
apply it on €; to get
A\ = / divY; dV, (4.16)
Q
where Y; = (\Vut]2 — )\tuf)Xt — 2(Vxu)Vu, and we have set uy = 9 o <pt_1 for convenience. We

will use Lemma 4.6 to differentiate (4.16).

We first compute
divY; = (|Vu|? — \?) div Xy — 29(Vva, Xe, V). (4.17)

3This is not just the definition of the Lie derivative, since ¢ need not be a one-parameter group; see [28, Appendix B].
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The assumption ¢, € C?((—¢,e€), Diff'(N)) implies X; € C((—€,€),C1(N)). From this and the
fact that ¢y € C*((—¢,€), WH2(Q)), we see that (div Y;)oyy is differentiable in L' (£2). Moreover, the
assumptions X € C%(N) and ¢ € W22(Q) together guarantee divY € W1(Q), so the hypotheses
of Lemma 4.6 are satisfied and we conclude that

N = /Q {(div V)|, + div [X (divY)] } dv.
We claim that
(divYy)|,_, = div [V + 22 — N¢*X], (4.18)
from which (4.3) immediately follows.

To prove (4.18), we first appeal to [35, Théoréme 5.7.4], which says u’ is the unique solution to
(4.6), and hence v’ = w. Differentiating (4.17) at t = 0, we obtain

(divYy)'|,_, = (29(Vp, V) — 2Xpw — XN'9?) div X

+ (V> = M%) div X' — 2¢(Vgy X', Vi)

—29(VeypX, Vw) — 2¢(Vvu X, Vi).
To see that this equals div [}7 +27Z — /\’@ZJQX], we compute

div [?X] = 2¢Vx¢ + ¢? div X,
divY = (V]2 — Mp?) div X' — 2¢(Vyy X', V),
and
divZ = (g(Vw, Vw) — /\ww) div X — g(VyyX, Vw) — g(Vi), VyuX) + NV x1p,

which completes the proof. O

Remark 4.8. It is possible to write (div Y};) o ¢y explicitly in terms of the metric ¢g; and differentiate
N = Jol(divYy) o] prdV directly, as was done for the first variation. After a lengthy computation
this yields (4.3) without assuming ¢ € W?22(Q). The assumption ¢ € W?22(Q) allows us to use
Lemma 4.6 and as a result simplifies the proof considerably; see Remark 4.4.

4.4. The second variation of a simple eigenvalue on a C® domain

Assuming more regularity of 90, we get the following analogue of Hadamard’s formula for the

second variation.

Theorem 4.9. If Q has C3 boundary, then
dw ()
// _— —_ PR J— / . [e— . . . 2
A _/BQ {ch‘)y + (au> (= (X" 0) = g(TuX,0)(X - 0) + V(X ) + H(X ) )}du,
where T := X — (X - v)v is the tangential part of X.

This result is well known; see, for instance, [30, eq. (150)] or [35, p. 226]. While we do not use it in
this paper (since we are interested in domains with corners), some of the intermediate calculations
will be useful in Section 5.3, when we prove Theorem 1.10. Moreover, the derivation of \” via the

method of interior variations may be of independent interest.
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Remark 4.10. The deformed domain ¢;(€2) depends on both the normal and tangential parts of X,
but the tangential contribution only shows up at second order; cf. (4.7) where it is absent. In [30],

the deformation is chosen to be purely normal, so T does not appear.

Proof of Theorem 4.9. Since € has C2 boundary, we have ¢ € H3(Q). It follows from (4.6) that
w‘aﬂ € H??(09) and hence w € H?(Q). This means the vector field X (divY) 4+ Y + 27 — N2 X
is in WH1(Q). Denoting this by W, we can apply the divergence theorem to (4.3) to obtain
N = [oq(W -v)dp.

Using the fact that v vanishes on the boundary, as in the proof of Theorem 4.5, we find

2
divY|,, = <§f> (divX —2¢(V,X,v)),

2
Y/'V:—<g:f> (X' -v)

where for the Z term we have decomposed Vxw = Vyw + (X - V)%‘j and used the fact that

w‘aﬂ =—(X- I/)%. We thus have the boundary term
L Ow Oy AN, : .
Wy = 2w$+2$w <(X : ”)ay> + <ay) (—(X v)+ (div X —2¢(V, X, y))(X-y)). (4.19)

Along 92 we can decompose the divergence of X into tangential and normal components, obtaining
divX =divga X +9(V, X,v) =divgo T+ H(X -v) + 9(V, X, v),

and so (4.19) becomes

o, w0y oY
W.v= 2w5 + QEVT ((X . V)8V>

(4.20)

+ @ff (— (X" -v) + (diVaQT—g(vVXw)(X-v)+H(X-v)2).

Finally, we observe that

2203, ((X : u)aw> + (MY (X - v)divae T = divag [(aw)Q (X )T

o\ 2
ov ov ov ov * <1/> Vr(X-v)

and hence

2
Wy = 2w%’ @15) ( (X ) — g(Vu X, ) (X v) + V(X - v) + H(X - u)2) + divaa(*).

Integrating over 9 completes the proof, since |, a0 divaa(x) du = 0. O

5. COMPUTING THE HESSIAN AT A CRITICAL PARTITION

We are now ready to characterize the critical points of A, and compute its Hessian, thus proving
Theorems 1.7, 1.8 and 1.10.
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5.1. Equipartitions: proof of Theorem 1.7

Assuming P = {;}¥ | is an equipartition with corners, we now show that £%(N) C D3, (N) is
a smooth submanifold, thus proving Theorem 1.7. The proof is almost identical to that of [15,
Proposition 8], so we just give a summary.

Consider the smooth map

E: Dy (N) — R, E(p) = (M(@(Ql))> C A (@(Qk)))a (5.1)

defined so that £5(N) C D3,(N) is the preimage of the diagonal in R*. The subdomains §; are
regular enough for the “standard” boundary version of Hadamard’s formula to apply, as was shown
in Theorem 4.5. Therefore, one can use this formula, exactly as in [15], to prove that = is transversal
to the diagonal in R* and hence its preimage is a smooth submanifold of codimension k — 1.

It follows that Ap(¢) = A(p(P)) is a smooth function on £5(N), since each A1(¢(€2;)) depends
smoothly on ¢. Since Ay (@(QZ)) does not depend on ¢, the same is true of its derivative, so we can

use Hadamard’s formula to conclude that
0y ) 2 / (31/% ) 2
X v — ) dy=---= X -y — ] d 5.2
[ e (52 an [ (G) an (5.2)
for all X € TigER(N).

Remark 5.1. Given X € TigDj,(N), if each of the integrals in (5.2) vanishes, then X € Ti4EL(N).
Conversely, if P is critical, then each of the integrals in (5.2) vanishes for all X € TigE3 (V).

5.2. Critical partitions: proof of Theorem 1.8

Similar to the proof of Theorem 1.7 in Section 5.1, this proof only depends on Hadamard’s formula
and hence is identical to the proof of [15, Theorem 9]. That is, one uses Lagrange multipliers to
show that the identity is a critical point of Ap if and only if it is a critical point of the functional

k
Ae: Dy(N) — R, Aelp) = > eida (%))
i=1
for some choice of non-negative numbers cy,...,c; with ¢y + -+ + ¢ = 1. An application of

Hadamard’s formula, from Theorem 4.5, then shows that the identity is a critical point of A if and
only if (1.10) holds with a? = ¢;.

5.3. The Hessian: proof of Theorem 1.10

Next, we compute the Hessian at a critical partition. By the polarization identity, it suffices to
compute the diagonal entries.

Proposition 5.2. If P is a critical partition and X € TigEH(N), then

k
Hess Ap(id) (X, X) = 22/ (IVui|® — Mi?) av, (5.3)
i=1 7S
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where u; € HY(S;) is the unique solution to

Au; + Au; =0, u2-|an = p(X . Vi), / u;p; dV = 0, (5.4)

i

with p defined by (1.11).

Proof of Proposition 5.2. Fix X € Tl&EH(N) and let ¢ be a C? curve in £5(N) with ¢¢ = id and
¢ = X. Since ¢, is a family in E3(N), we have A\p(pr) = A1(¢(€)) for each 4, so Proposition 4.3

gives

2
M = div W; dV. (5.5)
dt? t=0 Q;

Here W; = X(divY;) + Y; +27; with Y;, Y; and Z; defined as in (4.2), (4.4) and (4.5), with t; in
place of ¥ and with w; € H'(€;) denoting the unique solution to

Hess A\p(id)(X, X) =

i
Aw; + Aw; =0, wi‘aﬂi = —(X . Vz') 90 , /Ql wi; dV = 0. (5.6)
Choosing {a;} as in Theorem 1.8, we can rewrite (5.5) as
k
Hess \p(id) (X, X) Z / div W; dV. (5.7)
Q;

We next use the fact that div(w;Vw;) = |Vw;|? — Aw? to write

div W; = 2(|Vw;|* — Aw?) + div [X(divY;) + Y; + 2(Z; — w; V)] -

-1
Depending on the signs of a; and v, either a;w; or —a;w; will be the unique solution to (5.4), and

so either way we have
k k .
Hess Ap(id)(X, X) = 2 Z/ (IVul® = ) av + ) af/ div W; dV. (5.8)
i=1 7 i1 Q;

To complete the proof we need to show that > a? sz div W; dV = 0. We use Lemma 6.6 to choose
a sequence of functions {¢,} in C*° (M), each vanishing near the corner points of 992, with ¢, — 1
in H'(M?). Since each 0%; is piecewise smooth, we get that ; and w; are H> and H? up to the
boundary, except near the corners. It follows that ¢, W; € WH1(Q;), so we can apply the divergence
theorem to obtain

| (@ndiv i+ 950,) av = /a u v du = /E ou(W; - 3) d. (5.9)

Evaluating the boundary terms (cf. the proof of Theorem 4.9), we get

Wi v = (?ﬁf (— (X" v3) + (div X — 2VX (i, 1)) (X - yi)) ng Vo (( yi)gi’;) (5.10)
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away from the corners, where 7' = X — (X - v)v is the tangential part of X. Since P is a critical

2 2
a2 (%) _ 2 (9%
' aI/i J 8Vj
on each ;N Y;. Using v; = —v; for i # j, we conclude from (5.10) that a?(W; - v;) = —a?(Wj “Vj),

partition, Theorem 1.8 gives

so from (5.9) we get
k
> af / (6n div Wi + V. ¢n) dV =0
i=1 Q;

because the boundary terms cancel in pairs. Finally, we observe that ¢; € C'(Q;), by [4, Theorem 1].
This and the fact that w; € H'(€2;) together imply W; and div W; are both in L2(€;). Since ¢, — 1
in H1(Q;), we get

k k
Zaf/ div W; dV = lim Zaf/ (¢ div W; + Vi, 6) dV = 0, (5.11)
=1 S TS '
as was to be shown. O

We are now ready to prove our main formula for the Hessian of Ap.

Proof of Theorem 1.10. Fix i and let u; € H'(€;) denote the unique solution to (5.4). Since
v; = xiv and X - V|80\2- =0 for X € Tiq€H(N), we conclude that

u’i‘zi = XZP(X : V)a ui|aﬂi\2i =0, (512)

therefore u; is the unique solution to (2.5), with f = p(X -v), for which [, u;1;dV = 0. From the
definition of a,,, in (2.6) we then have

k
0 (o 0o (X ) = 3 [ (9 = xad) av. (5.13)

which is half of the right-hand side of (5.3). O

6. COMPARING INDICES

Our main result, Theorem 1.5, is an immediate consequence of Theorem 1.11 (which was proved
in [11]) and Theorem 1.12, which we prove in this section. The proof relies on a technical approxi-
mation result. Letting F' denote the corner points of P and recalling that M denotes the interior
of M, we define

To° = {X € Tia€p(N) : X € X(N) and supp X C M°\F}, (6.1)

that is, the set of smooth vector fields that vanish near M and all of the corner points of P.

Theorem 6.1. Let P be a critical partition and fiz a unit normal vector field v along its boundary
set, as in Theorem 1.10. Then {p(X -v): X € Ty*} is a dense subset of dom(a,,,, ).
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Theorem 1.12 is a consequence of the weaker (but still nontrivial) result that {p(X -v) : X €
TEH(N)} is dense in dom(a,,, ). The full strength of Theorem 6.1 is needed, however, to prove
Theorem 1.4. See Section 7.2, in particular the proof of Proposition 7.2.

Remark 6.2. Letting F = {p(X - v) : X € Ti4E}(N)}, we note the following.

(1) F is a proper subset of dom(a,,,) even when X is smooth. This is because functions in F
are of class H*~'/2 for some fixed s > 3, whereas functions in dom(a,,) are only H'Y?,

(2) When ¥ is smooth, F is large enough to contain all of the eigenfunctions of Ap,. This was
used in [12, Theorem 6] to prove Theorem 1.12 for smooth partitions.

(3) When P has corners, every function in F vanishes at the corner points (because p does).
As a result, the eigenfunctions of Ap, are not necessarily contained in F, but they can be
approximated by functions in F, using Theorem 6.1.

The argument is rather delicate, since we are approximating functions in dom(a, ) with functions
that vanish near the corner points. This is possible because dom(a, ) is equipped with the H 1/2
norm; no such approximation exists in HY2*€ for e > 0.

In Section 6.1 we explain how Theorem 6.1 implies Theorem 1.12. In Section 6.2 we establish some

approximation results and in Section 6.3 we use them to prove Theorem 6.1.

6.1. Equality of Morse indices: proof of Theorem 1.12

In the proof we will not refer to Ap, directly, but instead work with the bilinear form a,, , that was
defined in (2.6). Recall the formula

Hess A\p(id) (X1, X2) = 2a,,, (p(X1 - v), p(X2 - v)), X1, X2 € TigEp(N), (6.2)

from Theorem 1.10. If Hess Ap(id) is negative on span{Xy,---, Xy} C TEp(N), then a,, is
negative on span{p(X;-v),..., p(Xm -v)}. We claim that this space is m dimensional. If not, there
would exist a nontrivial linear combination X = ¢; X1 + - -+ + ¢, X, for which p(X - v) = 0, but
then (6.2) would imply Hess Ap(id)(X, X) = 0, contradicting the fact that Hess Ap(id) is negative
on span{ Xy, -+, X, }. It follows that n_(Hess A\p) < n_(Ap,).

The reverse inequality, n_(Ap,) < n_(Hess Ap), is proved using a density argument. Suppose a,,
is negative on span{f1,..., fm}, so the m x m matrix with entries a, ,(f;, f;) is negative definite.
We use Theorem 6.1 to approximate each f; by h; = p(X; - v) for some X; € TigEp(N). By
choosing each h; sufficiently close to f;, we can ensure that hj,..., h, (and hence Xi,...,X,,)
are linearly independent and the matrix a,,, (hi, hj) is negative definite, since (2.7) says that a,,
is continuous on HY2(X). It follows from (6.2) that Hess Ap(id)(Xi, X;) = 2a,, (hi, hy), therefore
Hess A\p(id) is negative on the span of Xj,..., X,,. Since the X; are linearly independent, this
implies n_(Ap,) < n_(Hess A\p) and completes the proof of Theorem 1.12.

Remark 6.3. In fact, we get even more from Theorem 6.1. Not only is the Morse index of Ap,
equal to the Morse index of the Hessian, it is equal to the Morse index of the Hessian restricted to
the subspace T5° C TigEH(N); cf. Proposition 7.2.
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6.2. Approximation results

Recall the Hilbert space Hg(M;0P) from (2.11), with the norm | - ||, defined in (2.12). For
convenience we set ¥ = 0P, so we denote this space by H&(M ;2). Our goal in this section is the

following density result.

Theorem 6.4. Let FF C M denote the corner points of P. The set
CP(M\F;Y) = {¢ € H}(M;%) : supp ¢ C M°\F and ¢; € C*°(S;) for each i} (6.3)
is dense in HY(M;Y).

That is, we can approximate any u € H&(M ;2) by a function that is smooth up to the boundary
of each ();, satisfies anti-continuity conditions along all pairwise intersections XJ; N X;, and vanishes
near the boundary of M and the corner points of P.

An easy consequence of this theorem is that we can approximate functions in HY 2(¥) by smooth
functions supported away from the singular part of the nodal set. This will be used below in the
proof of Theorem 6.1.

Corollary 6.5. CS°(S\F) is dense in H/2(X).

Proof. Given f € f[l/Q(E), there exists u € H}(M;X) with ui’Ei = xifi for each i; cf. [11,
Lemma 2.1]. Using Theorem 6.4, we approximate u by ¢ € C§°(M\F;X). The fact that ¢ satisfies
anti-continuity conditions along ¥ guarantees that f ‘Ei = Xi‘bi‘zi gives a well defined function
f € C°(X\F). Since each trace map H'(Q;) — H'/?(9;) is bounded, we have

Ixifi = xifill 200, < Clldi = will oy

for each i, and so || f — f~||ﬁ1/2(2) < C|lu — ¢||, can be made arbitrarily small. O

The first step in the proof of Theorem 6.4 is to show that H' functions can be approximated by
smooth functions that vanish near a finite set of points.

Lemma 6.6. If U C M is a bounded, Lipschitz domain and F C U is finite, then
{¢ € C*(U) : ¢ vanishes in a neighborhood of F'}
is dense in HY(U).

Proof. Using a partition of unity and local coordinates, it suffices to prove the result when U C R?
is a bounded, Lipschitz domain and F = {z0} C U.

We first claim that C°°(R?\{zo}) is dense in H'(R?). By [I, Theorem 3.28], it suffices to prove
that the only distribution ¢ € H~(R?) with supp/ C {xo} is £ = 0. If £ is a distribution with
suppl C {zo}, it must be of the form £ = 3 aa0%6s, for some finite m, where {aq} are
constants and 0, is the Dirac delta distribution at xo; see, for instance, [11, Theorem 3.9]. Recalling
that ¢ € H~'(R?) if and only if its Fourier transform satisfies (1 + |€|2)712[0(¢)| € L2(R?), we
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FIGURE 6.1. The slit disk D\I" (left) and half disk D, (right) from Lemma 6.7.

compute

0(¢) = 20 N " g, (2mil)”.

laj<m

It follows that ¢ € H~1(R?) if and only if all a, = 0, in which case £ = 0.

Since U C R? is Lipschitz, there is an extension operator E: H*(Q) — H'(R?); see, for instance, [11,
Appendix A]. Given u € HY(U) and € > 0, we use the above claim to find @ € C*°(R?\{x¢}) with
|% — Eull g1 (m2y < €, and hence |||y — ul g1y < |G — Eul|gi(gey < €. Thus ¢ = @y is the desired

approximation. ]

The next lemma will help us analyze H&(M ; 2) functions near points where nodal lines intersect.

Lemma 6.7. Let D = {(z,y) € R? : 22 +4y? < 1}, Dy = {(z,y) € D: 2 > 0} and T’ = [~1,0] x {0}.
The function D\I' — D given in polar coordinates by (r,8) — (r,0/2) induces a bounded linear
map T: H'(D\I') — HY(D,) with bounded inverse.

This is useful because D is a Lipschitz domain whereas D\T is not; see Figure 6.1. We omit the
proof, which follows from an explicit computation of the H' norms in D\I" and D

We are now ready to prove our main approximation theorem.

Proof of Theorem 6./. Since P is a partition with corners, we can cover M by a finite number of
open sets {U,} in N for which there exist coordinate charts ¢,: U, — D each satisfying one of the

following;:

(1) DNpa(X) = 2;
(2) DN¢a(¥) = (=1,1) x {0};
(3) DN1y(X) is a finite number of line segments meeting at the origin.

(Cf. Figure 3.1, which shows a covering of OM U X by sets of type (2) and (3).)

Let {n.} be a partition of unity subordinate to this cover. Given u € H}(M;¥) and € > 0,
it suffices to approximate each n,u by a function ¢, € C§°(M\F;X) having supp ¢, C U, and
[nau — ¢allp < e

Case 1: If U, does not intersect ¥, then n,u € H&(Ua), and the existence of ¢, follows from the
density of C$°(U,) in H}(U,).
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Case 2: In this case, U, intersects two subdomains, say €2; and €2;, and 7,u is anti-continuous across
their common boundary, 3; N ¥; N U,. Consider the function 4, that equals n,u on U, N €2; and
—nqu on U, N ;. By construction, 4, € Hj(U,), so we can approximate it in the Hj(U,) norm by
some ¢Sa € C5°(U,). It follows that the function ¢, that equals an on U, NQ); and _an on Ug N§Y;
is contained in H}(M;Y) and approximates n,u in the || - ||, norm.

Case 3: In this case, we can find local coordinates in which U, corresponds to the unit disk and X
is a finite number of line segments intersecting at the origin. If the number of line segments is even,
then we can change the sign of 7,u on every other subdomain (as in Case 2) to obtain a function
in H'(U,), and then apply Lemma 6.6.

If the number of line segments is odd, then we can reduce to the situation where an anti-continuity
condition is satisfied on just one segment of ¥, which we take to be [~1,0] x {0}. Applying the
“unfolding” transformation of Lemma 6.7 to n,u, we get a function @ € H'(D,) that satisfies
(0, —y) = —u(0,y) (in the trace sense) on the y-axis. Moreover, 4 vanishes on the rest of the
boundary, since suppn,u C D.

Noting that 7(z,y) = (x, —y) induces an isomorphism on H'(D, ), we decompose % into even and
odd parts,
(W+doT)+5(i—doT).

/ /

N[ —

11:

Ue Uo
By the antisymmetry condition, . vanishes on the y-axis, and hence is in H} (D), so there exists
o € C§°(Dy) with |[Ge — || g1(p,) < €. On the other hand, by Lemma 6.6 there exists ¢ € C*°(Dy)
vanishing in a neighborhood of the origin with || — ¢||z1(p,) < € and hence [T, — @oll g1 (p,) < €.
It follows that || — (9 + ¢o) || g1 (p,) < 2€, 80 U + ¢, is the desired approximation. O

6.3. Proof of Theorem 6.1

Since P is a critical partition, the tangent space T3¢ (V) consists of vector fields X € X*(N) that
are tangent to the smooth part of 0M and satisfy

/am (X w) <g:f>2 i =10 (6.4)

The following lemma is our main tool in the proof of Theorem 6.1.

for 1 <14 < k; see Remark 5.1.

Lemma 6.8. Let P be a critical partition with boundary set ¥. Given f € ﬁl/Q(Z) and € > 0,
there exists h € C3°(X\F) such that ||f — hHﬁl/Q(E) <€ and

oY; 0Y;
f du = / h d 6.5
/Eimzj ov; a 2N, Ov; a (6:5)

Proof. Using Corollary 6.5, we can find fo € C§°(X\F) with || f — fngl/g(z) < €. To complete the
proof we modify fy so that (6.5) holds. We do this by adding a small bump function supported in

foralli #j.

the interior of each nodal segment 3; N X;.
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Fix i < j and choose a function n € C§°(X; NX;) that is nonnegative but not identically zero. Since

?;51 only vanishes at the corners, this guarantees fz s, 7781#1

du # 0. Therefore we can choose a

i O
- d 6.6
/Emj fau, f /ij(fo + s1) a0, (6.6)

oY;

fz n; (f - fO) w
i

meZj 778V1' d,LL

It follows that |s| < C||f — fOHﬁl/Q(E) for some constant C' not depending on f or fy. Then the
function fy 4 sn satisfies (6.6) on ¥X; N X5, and

Hf — (fo +577)Hf11/2(2) < (1 +C||77||g1/2(2)) Hf - fOHﬁUZ(Z)

real number s so that

namely

Repeating for all nodal segments, we obtain a function h € C§°(X\F') such that ||f — hHﬁl/Q(E) <e
and (6.5) holds for all i < j. To complete the proof we must show that this also holds for ¢ > j.

Since P is a critical partition, we get from Theorem 1.8 that

O |ai| 9y
81/j N a; 814 (6.7)

on ;N3 (assuming each 1); is positive, and hence has negative normal derivative). It follows that

o; a; i ai , Vi L

[ [ s [ du= [ WGP (69
2N, 3’/] aj | Jx,nz; v; aj | Jyn%; 81/1 ¥iN%; 57/3

and so (6.5) holds for all 7 # j, as was to be shown. O

We are now ready to prove Theorem 6.1, and hence complete the proof of Theorem 1.12.

Proof of Theorem 6.1. Let f € dom(a,,) and choose h as in Lemma 6.8. Since h vanishes in a
neighborhood of each corner point (where p is zero), X = p~'hv defines a smooth vector field on %,
which can be extended to a vector field on N with support in M°\F. By construction this satisfies
p(X -v) = h. For each i we calculate

/ Z/ xz w’du Z/mj 8% M=/Zixifgfzdu=0,

using (6.5) and the fact that x; is constant on 3;NY; for ¢ # j. The last integral vanishes because f

is contained in dom(a,,, ). Therefore X satisfies (6.4) for each 7 and hence is contained in 75°. [

6.4. The nullity

Recall the submanifold
D (N) = {p € D}/ (N) : p(P) = P} (6.9)
of diffeomorphisms that leave P invariant, as described in Section 3.2. Its tangent space at the

identity is the set of vector fields that are tangent to the smooth part of M U 3. Since every such
vector field has X - v = 0, we see from (1.15) that Hess Ap(X1, X2) = 0 for any X; € TiqDp(NN) and
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Xy € T}q€H(N). This means the nullspace’ of Hess A\p contains T}qD5(N), and hence is infinite

dimensional.
The nullity becomes finite when we restrict the Hessian to the normal bundle of D} (IV), viewed as
a submanifold of £5(N). To make this precise, we let (T,¢D§ (N ))L denote the H*-orthogonal com-
plement in T}4€3(N), and denote by ng (Hess Ap) the nullity of Hess A, restricted to (T.aD5 (N ))J'
Theorem 6.9. Under the conditions of Theorem 1.5, we have

ny (Hess A\p) < no(Ap,) = no (Aap + A(P)) — 1. (6.10)
Proof. The proof is similar to the first half of the proof of Theorem 1.12 in Section 6.1. Suppose

the nullspace of the restricted Hessian contains linearly independent vector fields { X1, -+, X} C
(T.D5(N))™. This means

2a,,, (p(X;i - v), p(Y - v)) = Hess Ap(id)(X;,Y) =0

for all Y € (TideD(N))J' and hence for all Y € TigEp(N). It follows from Theorem 6.1 that
ap, (p(Xi-v),f) =0for all f € dom(a,,), therefore the nullspace of a,, contains span{p(X -

V)y...,p(Xm - v)}. This latter space is m dimensional because the map

(T:Dp(N))" 3 X = p(X -v) € dom(a,,,) (6.11)
is injective, therefore ng (Hess Ap) < ng(Ap,). On the other hand, from [ 1, Theorem 1.7] we have
no(Ap,) = no (A + A(P)) — 1, and the result follows. O

If A(P) is a simple eigenvalue of —A" it follows from Theorem 6.9 that ng(Hess Ap) = 0, thus
the restriction of the Hessian to the normal bundle is nondegenerate and (6.10) is an equality. If
A(P) is not simple, however, the inequality (6.10) can be strict: If there is a function in ker Ap,
that does not vanish at a corner point, it will not be in the range of the map in (6.11), in which
case ng (Hess A\p) < no(Ap,).

A simple example is the 4-partition of the rectangle (0, am) x (0,7) generated by the eigenfunction

P 2(z,y) = sin(2x/a)sin(2y), with a = /5/3 chosen so that 3 1(x,y) = sin(3z/«)sin(y) is an

eigenfunction for the same eigenvalue. The restriction of 13 1 to the nodal set of 13 2 is in the kernel
am T

of Ap,. Since it is nonzero at the corner point (7, 5), we have 0 = no(Hess A\p) < no(Ap,) = 1.

7. LOCAL VS GLOBAL MINIMA
7.1. The bipartite case: proof of Theorem 1.2

Referring to the statement of the theorem, we will prove that (1) = (2) = (3) = (1).

The implication (1) = (2) was shown in [32, Corollary 5.6]; see also [13, Theorem 1.6]. On the other
hand, (2) = (3) is trivial because a minimal partition is necessarily a local minimum. To prove
(3) = (1), we observe that if P is a local minimum, then it is a critical partition for which Hess \p

4The nullspace of a bilinear form b is the set of € dom(b) such that b(z,y) = 0 for all y € dom(b), and the nullity
is the dimension of its nullspace.
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is nonnegative. It then follows from Theorem 1.3 that P is the nodal partition of a Laplacian
eigenfunction with 0(P) = n_(Hess A\p) = 0, therefore the eigenfunction is Courant sharp.

7.2. The general case: proof of Theorem 1.4

As in the bipartite case, we will prove that (1) = (2) = (3) = (1). The implication (1) = (2)
is exactly [13, Theorem 1.6] and (3) = (1) follows from Theorem 1.5 as in the bipartite case.
Therefore it remains to prove (2) = (3).

As noted in the introduction, this proof is somewhat delicate in the non-bipartite case, since Py (P)
only contains partition with the same corner points as P. As a result, the set {¢ € Dj,(N) :
©(P) € Pr(P)} does not contain a neighborhood of the identity, so it is not immediately clear that
P is a critical partition.

As noted in Section 2.3, however, a small perturbation of P will have boundary set homologous to
OP if the perturbation does not move any of the corner points in the interior of M. To make this
precise, recall the function ® defined in (3.2), which maps a neighborhood U C X3,(IV) of the zero
section onto a neighborhood of the identity in D%,(N), by Lemma 3.3.

Lemma 7.1. Let P be a partition with corners. If U € U vanishes at all of the corner points in
M?, then ®(U)(P) € Pr(P).

Proof. Let I' be a smooth segment of 9P. Since U vanishes at the corner points, the one-parameter
family of diffeomorphisms ¢; = ®(tU) provides a fixed-endpoint homotopy between I" and ®(U)(T"),
so they are homologous 1-chains, as defined in [13]. This holds for every smooth curve in P,
therefore the boundary sets of P and ®(U)(P) are homologous. O

Using this and the approximation result in Theorem 6.1, we obtain the following result, which
completes the proof of (2) = (3) in Theorem 1.4.

Proposition 7.2. If P minimizes A in Py (P), then P is a critical partition with Hess Ap(id) (X, X) >
0 for all X € TqELH(N).

Proof. Since P is minimizing in P (P), it is minimizing with respect to all diffeomorphisms that
are sufficiently close to the identity and fix all of the corner points of P, by Lemma 7.1. Recalling
the definition of 75 in (6.1), it follows that DAp(id)(X) = 0 for all X € 7. It follows from
Theorem 6.1 that DAp(id)(X) = 0 for all X € Tiq€H(N), thus P is a critical partition.

It similarly follows that Hess Ap(id)(X, X) > 0 for all X € 7. For arbitrary X € Tiq€5(N) we can
use Theorem 6.1 to find a sequence {X,,} in 75 such that p(X,, -v) = p(X - v) in H'Y/2(%). Since
Hess Ap(id)(Xp, X;,) > 0 for each n and a,,, is continuous in H'/2(%), we can apply Theorem 1.10
twice to obtain

Hess Ap(id) (X, X) = 2a,, (p(X - v), p(X - v))
= nlingo 2a,, (p(Xn - v), p(Xn - v))
= li_)m Hess A\p(id) (X, X7)
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>0

)

which completes the proof. ]

8. EXAMPLES

We conclude the paper by showing how our techniques can be used to study non-bipartite minimal
partitions. Starting with nodal partitions of the rectangle and disk that are not Courant sharp,
we use Theorem 1.10 to explicitly compute negative directions for the Hessian. Sketching the
resulting deformations, then gives insight into the structure of nearby minimal (or locally minimal)
partitions, which we then investigate numerically.

8.1. The (2,2) mode on the rectangle

Consider the rectangle (0, am) x (0, ), which has eigenfunctions and eigenvalues
Ymn(x,y) =sin (%) sin(ny), A = (%)2 +n?, m,n € N. (8.1)

In this section we apply our machinery to the 4-partition generated by t22. It is easily verified
that 19 2 is Courant sharp, and hence the resulting partition is minimal, if and only if % <a’< %

For % < o? < 4 we have
)\171 < )‘2,1 < /\1,2 < )\371 < )\2’2 < -

so Ao 2 is simple and is the fifth eigenvalue of the Laplacian. The corresponding nodal partition
thus has deficiency 6(P) = 1, so it follows from Theorem 1.11 that n_(Ap,) = 1. For « in
this range we will identify the eigenfunction corresponding to the negative eigenvalue of Ap, and
then use Theorem 1.10 to sketch the resulting energy-decreasing deformation. We use this sketch
to conjecture a minimal 4-partition for the rectangle, which is then investigated numerically. A
similar analysis was carried out in [12] for the (3,1) mode on the square; the present example is

more involved on account of the intersecting nodal lines.

We choose the unit normal v to point outwards along the bottom-left and top-right subdomains, as
shown on the left of Figure 8.1. For this choice Ap, coincides with the regular two-sided Dirichlet-

to-Neumann map.

Theorem 8.1. For g < a? < 4, the operator Ap, has a single negative eigenvalue, and the
corresponding eigenfunction is given by the even reflection of

sin(yix)sin (%), 0<z<ef y=7I,
fla,y) =9 M,(” ° ’ (8:2)
sin (1g7) sin(ey), = =%, 0<y <%

aT

about the lines x = ¢ and y = 5. Here 71 € (3/a,4/c) and v2 € (1,2) are numbers satisfying

7+ = Ao (8.3)
and
1 cot (71205ﬂ) = 79 cot (’Y277T) . (8.4)
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————————————————————

F1GUuRE 8.1. The (2,2) partition of the rectangle (left), a qualitative illustration of
an energy decreasing deformation (center), and the conjectured topology of a locally
minimal 4-partition (right).

Proof. We determine the eigenfunction using the spectral flow method from [14]; see also [7] for
a detailed analysis of the one-dimensional case. It follows from [I4, Theorem 1] that there are
smooth, strictly increasing functions 71,72 [0,00) — R with
3 4
nO) ==, mlee)=—-,  7(0)=1, () =2

such that the even reflection of

Uy (z,y) = sin (v1(0)z)) sin (12(0)y)) (8.5)
satisfies the two-sided boundary condition
Oui 8uj .

on X for each o > 0.
By assumption we have
7(0)% +72(0)* < Aoz < 71(00)? + 72(00)?
so there exists a unique ¢ € (0, 00) for which
Y1(7)? +12(5)% = A0

It follows from (8.6) that the restriction of uz to the nodal set, which is precisely (8.2), is an
eigenfunction of Ap,, with eigenvalue —a. Substituting (8.5) into (8.6) gives

0
Qa—u <%—, y) = 21 cos(yam/2) sin(yey) = —a sin(y1an/2) sin(y2y), 0<y<73,
x
and
ou 7r . _ . .
28— (33, 5—) = 29y sin(y1x) cos(yem/2) = —a sin(yy2) sin(ya7/2), 0<uxz< 9.
Y
Solving both equations for ¢ and equating the resulting expressions gives (8.4). O

We now sketch the resulting deformation for a@ = % To obtain a valid deformation, we must
approximate the eigenfunction f in (8.2) by a function f that vanishes away from the corner points,
then construct a vector field X such that f = p(X - v), as in Theorem 6.1. (This approximation
is necessary —since f does not vanish at the center of the rectangle, there is no vector field X for



36 G. BERKOLAIKO, Y. CANZANI, G. COX, P. KUCHMENT, AND J.L. MARZUOLA

FIGURE 8.2. A candidate locally minimal 4-partition of the rectangle with o = 3/2
(right), corresponding to a Courant sharp eigenfunction of the operator with anti-
continuity conditions imposed on the dotted red line segments (left).

which f = p(X -v).) However, we can understand the qualitative properties of the deformation, in
particular, the direction in which it moves the nodal set, just by examining the sign of f.

For a = 3 we have’ v, € (2,8/3) and 42 € (1,2), therefore sin(yom/2) > 0 and sin(y;am/2) < 0.
It follows that f(z,y) is negative for z = & and 0 < y < §. On the other hand, on the segment
0<xz<SF, y=7, f(x,y) is positively proportional to sin(yix), and hence is positive near z = 0
and negative near x = an/2, with a unique zero in between. Recalling the choice of v, we can

sketch this deformation, as in the center of Figure 8.1.

This suggests that the energy will be decreased by pushing the nodal lines together in pairs, resulting
in a non-bipartite partition with the topology shown on the right of Figure 8.1. Motivated by this,
we look for critical partitions of this form.

To do so, we consider the partition Laplacian with anti-continuity conditions on the two dotted red
segments shown on the left of Figure 8.2. For ease of computing we divide the domain into three
subrectangles, imposing continuity conditions on the solid black vertical segments, which are not
part of the cut set. Using separable coordinates, we discretize using Chebychev methods on the
three rectangles. We then vary the endpoints of the dashed blue segments and examine the nodal
partitions of the resulting eigenfunctions. For the cut shown in the figure, the fourth eigenfunction
has nodal set shown on the right of Figure 8.2.

8.2. Radial partitions of the disk

Consider the partition P, of the disk into k equal sectors, as in Figure 8.3. This is the nodal
partition of an eigenfunction for the corresponding partition Laplacian, with eigenvalue A\, = jg 2,10
where j,,, denotes the nth positive zero of the Bessel function J,. The eigenfunction satisfies

(1 0)] o, = (=1 o (jhgaar) sin (£), (8.7)

where we have rotated the partition so that the segment [0,1] x {0} is contained in its nodal set.
It follows from Theorem 1.5 that Py is a critical partition. However, it is only Courant sharp for
1 < k <5, thus for £ > 6 the Hessian has nonzero Morse index, so P is a saddle point of the
partition energy functional, Ap.

SWe can solve (8.3) and (8.4) numerically to find 71 ~ 2.08 and ~2 & 1.20, but the exact values are not important.
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FiGURE 8.3. The radial 3- and 4-partitions of the unit disk, with unit normal v
chosen as in (8.8).

Using Theorem 1.10, we can construct a negative direction for Hess A\p. We start with a convenient
choice of unit normal v along ¥. Labeling the subdomains €21,...,€; in the counterclockwise
direction, we choose v so that

v

o = (1), 1<i<k-1 (8.8)

This determines v. If k is even, then V}Zk = —u;, while if k£ is odd, then V’Ek will equal —v on
one segment of ¥; and vy on the other segment; see Figure 8.3.

We next observe the following.

Lemma 8.2. For each integer k > 6, there is a unique « € (%, g) such that jo,2 = ji/2,1-
Proof. Since o + ja 2 is a continuous, increasing function, we need ji 29 < jrs21 < Ji2,2- The

second inequality holds for all k, and the first inequality, ji/22 < ji/2,1, holds for k¥ = 6 and hence
for all kK > 6 by monotonicity. O

We can now construct negative directions for the two-sided Dirichlet-to-Neumann map.

Theorem 8.3. Consider the radial k-partition for some k > 6 and choose a as in Lemma 8.2. For
the unit normal v defined in (8.8), the function

Ja(jk/llr)a k even,
Ja (jk/er) sin (g) , Kk odd,

is contained in dom(a,,) and satisfies a, ,(f, f) <O0.

f(r,0) = (8.9)

In the even case f is the same on every segment of . This is not the case for odd k, though f does
have the same sign on every segment except 0 = 0, where it vanishes. In either case, the direction
of the resulting deformation depends on the sign of f and the direction of v. This will be illustrated
for k = 6 after the proof.

Proof. We start with the bipartite case, where k is even. Here we have y; = (—1)"*! for 1 <i < k.
To evaluate the bilinear form a,,, in (2.6) we thus need to solve the boundary value problem

Au; + Mu; =0, uily, = (=1)"', 0 (8.10)

Ui ‘aQi\zi =
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on each Q;, where Ay = (j21)% On Q1 ={(r,0) :r <1, 0<0 < 21} a solution is given by
cos (a0 — m/k))

cos(ar/k)
A routine calculation shows this satisfies the equation Auq + Asu1 = 0. It has boundary values
u(r,0) = uy(r, 2F) = f(r) on ¥y, and it vanishes on 9\ because Ja(rs21) = Jalja2) = 0.

uy(r,0) = Jo(jr217) (8.11)

We then calculate the outward normal derivatives

ouq _ Ou 2r\ o« .
A (r,0) = £ <7", k> = ;Ja (Jk/2,7) tan(am/k),

which we use to obtain

1
/ (|Vu1\2 — /\*u%) dVv = / u1% dp = —2atan(amn/k) / T_I(Ja(jk/mr))g dr. (8.12)
97] o1 4! 0

For each i the solution to (8.10) is the same as uj, up to a sign and rotation. More precisely,
u;(r,0) = (—1)"u(r,0 + 2m(i — 1)/k). As a result, each u; has the same contribution to the sum
in (2.6), namely (8.12), so we obtain

1
apyu(f, f) = —2ka tan(om/k‘)/o ! (Ja(jk/Q,l?"))QdT, (8.13)

which is negative because a < %

The construction in the odd case is slightly more involved, due to the angular dependence of f in
(8.9). Here we make use of the spectral flow argument in [14]. This guarantees the existence of
a unique ¢ > 0 for which the problem —7"(f) = aT(#) has a nontrivial solution on the interval
(0, 2m), subject to Dirichlet boundary conditions at the endpoints and jump conditions

T(0;7)=T1(6"), T (0F) =T (6;) = oT (6;) (8.14)

at the interior points 6; = 2mi/k for 1 < i < k — 1. By [7, Corollary 1.1], the solution will satisfy
T(0;) = C'sin(6;/2) for some constant C, so we can rescale to obtain 7'(6;) = sin(6;/2).
It follows that

ui(r,0) = (=1)"1Jo (g 217) T(0) (8.15)
satisfies the differential equation Au; + Ayu; = 0 on §;, with u;(1,0) = 0 on the outer boundary.
On ¥;, where 6 € {0;,_1,0;}, we have

ui(r,0) = (=1)* o (frjoar) sin(0/2) = (=1) f(r,0),
thus u‘z = xif. (From the choice of v in (8.8) we have x; = (—1)**! for 1 <4 < k — 1; on the kth
subdomain we have Xk} g—o = —1 but this is irrelevant because f vanishes when 0 = 0.)
Calculating as in (8.12), we find
1
/ (IVu|? = Aug) dV = {T(Gi)T’(Hi_) — T(ei_l)T’(ej_l)}/ r Y (Jalikjaar)) 2 dr  (8.16)
Q 0

i
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FIGURE 8.4. The 6-partition of the disk (left), a qualitative illustration of an energy
decreasing deformation (center), and the conjectured topology of a locally minimal
6-partition (right).

for 2 <1i < k — 1. Recalling that f vanishes when § = 0, for ¢ = 1 and ¢ = k we calculate

1
/Q (IVur|* = i) dV = T(01)T’(91_)/0 ril(Ja(jk/gylr))Z dr (8.17)
and .
/Q (IVug® — Au) dV = —T(ekl)T’(e,j_l)/O r Y (Jalikjaar))? dr. (8.18)
k

Summing these and using the jump condition (8.14), we find that

i k—1 1 )
UAQ_ *u2 — i / -\ _ / + 7»71 A . . -
Z;/Q (Vi = Auf) av {;T(H)[T (0;) —T'(6; )]}/0 (Ja(rjzar)* d

is negative, which completes the proof. ]

We now show how the theorem can be used to study 6-partitions of the disk. In this case we have
flr)=Jy (j3,17‘), where o = 0.5657 is the unique solution to j, 2 = j3,1. To get a qualitative picture
of the deformation, it only matters that f is positive near r = 0 and negative near r = 1, with a
single zero in between. Recalling the choice of v, we see that the deformation will act on the nodal
segments in pairs, with each being the mirror image of its neighbor, as illustrated in Figure 8.4.

This suggests that we look for a minimal partition with the topology shown on the right of Fig-
ure 8.4, so we seek an eigenfunction of a partition Laplacian whose nodal set has this structure. To
do this, we fix a number a € (0, 1) and consider the Laplacian on the sector {(r,0) : r <1, 0 < 0 <
21} with Dirichlet conditions on the outer boundary and the segment (0, a) x {0} of the z-axis, and
Neumann conditions on the remainder of the z-axis and on the segment § = 7 /3; see Figure 8.5. We
then vary a until we find an eigenfunction whose nodal set intersects the point (a,0). Numerically
we find that this happens for a =~ 0.1.

Extending this eigenfunction to the rest of the disk by taking even reflections, we obtain an eigen-
function for the partition Laplacian whose nodal set has the desired topology, as shown in Figure 8.6.
Analyzing this partition Laplacian, as was done for the rectangle in Figure 8.2, one can verify nu-
merically that this corresponds to the sixth eigenvalue for the partition Laplacian, so it is Courant
sharp and hence a candidate for a minimal partition. Its energy is ~ 40.7062, whereas the radial
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02 ! 02 02
0.1 g 01 0.1

FIGURE 8.5. A mixed boundary value problem on a sector of angle /3, with Dirich-
let conditions on the solid black line and Neumann conditions on the dashed blue
line. The transition point (on the z-axis) is varied until it intersects the nodal line.
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FIGURE 8.6. A candidate locally minimal 6-partition of the disc (right), correspond-
ing to a Courant-sharp eigenfunction of the operator with anti-continuity conditions
imposed on the dotted red line segments (left).

6-partition has A(Ps) = (js.1)? ~ 40.7065. However, [16, Figure 12] shows an alternate candidate
for the minimal 6-partition, which is found numerically to have energy =~ 39.02, suggesting that
the partition we have found minimizes the energy locally but not globally.
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