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Abstract. We study non-local exchange and scattering operators arising in domain decomposition
algorithms for solving elliptic problems on domains in R2. Motivated by recent formulations of the
Optimized Schwarz Method introduced by Claeys, we rigorously analyze the behavior of a family of
non-local exchange operators Πγ , defined in terms of boundary integral operators associated to the
fundamental solution for −∆ + γ−2, with γ > 0. Our first main result establishes precise estimates
comparing Πγ to its local counterpart Π0 as γ → 0, providing a quantitative bridge between the
classical and non-local formulations of the Optimized Schwarz Method. In addition, we investigate
the corresponding scattering operators, proving norm estimates that relate them to their classical
analogues through a detailed analysis of the associated Dirichlet-to-Neumann operators. Our results
clarify the relationship between classical and non-local formulations of domain decomposition methods
and yield new insights that are essential for the analysis of these algorithms, particularly in the presence
of cross points and for domains with curvilinear polygonal boundaries.

1. Introduction

Domain decomposition methods have long been recognized as efficient and effective approaches for
solving elliptic equations. Among these, the Optimized Schwarz Method has emerged as a popular
and versatile technique. Introduced by Lions [27] and further developed by Després [10, 11, 12, 13],
this iterative procedure solves subdomain problems whose solutions converge to the global solution
on the entire domain. The method has been successfully applied in various settings, including the
numerical approximation of the Helmholtz equation. For additional developments and applications,
see [9, 18, 17] and the references therein.

Suppose one wishes to solve ∆u = f on a set Ω ⊂ R2. If we decompose Ω as the union of two sets
Ω0,Ω1 such that their intersection Γ = Ω0 ∩ Ω1 is a separating curve, then the Optimized Schwarz
Method is an iterative scheme for finding a solution u in Ω given by uj on Ωj , j = 0, 1, where
uj = limn→∞ unj and the unj solve the system

∆un+1
j = f in Ωj , j = 0, 1,

F0(u
n+1
0 , ∂νu

n+1
0 ) = F ∗

0 (u
n
1 , ∂νu

n
1 ) on Γ,

F1(u
n+1
1 , ∂νu

n+1
1 ) = F ∗

1 (u
n
0 , ∂νu

n
0 ) on Γ.

Here, each Fj is a linear operator on the Dirichlet and Neumann traces on Γ, and the method is
initialized by setting, for example, u00 = u01 = 0. A standard approach is to let F (u, v) = v + S(u),
F ∗(u, v) = −v+S∗(u), where S is a linear operator. When S(u) = u, this is the Robin-type condition
as originally proposed by Lions, [27]. Other linear operators constructed on the artificial boundary Γ
are possible, and the choice of operators F, F ∗ that one uses on the traces can determine the efficacy
of the method and its rate of convergence. See for instance [8], Section 5, for a variety of examples.
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When the domains overlap, unlike in our setup, it is common to choose F (u, v) = u, F ∗(u, v) = u as
a Dirichlet matching condition, see [17].

Using interior elliptic regularity of the solution, the solutions should satisfy u0 = u1 on Γ, as well
as ∂νu0 = −∂νu1 on Γ. To ensure the latter, many formulations of the Optimized Schwarz Method
hinge upon using an exchange operator, Π0, defined on the shared boundary Γ, which switches the
Neumann traces on the boundary of the domains. The switching is done up to a sign, coming from the
normal vectors pointing in opposite directions across the shared boundary. Note that this exchange
operator acts locally on the Neumann traces. See (3) for the precise definition in the case where Ω is
decomposed into two subdomains. For example, such a local exchange operator is used in the original
algorithms of Després, [10], [12], as well as in [20], and the general presentation of non-overlapping
domain decomposition methods from [9].

While the Optimized Schwarz Method is well known to converge numerically for discretized problems
across a wide range of transmission coefficients (see [26, 27, 11]), its rate of convergence is highly
sensitive to the mesh size and structure [3]. In practice, achieving stability becomes particularly
challenging near cross-points, where multiple subdomains intersect, and careful treatment is required
to maintain accuracy [14]. Notably, Gander and Kwok [19] demonstrated that the convergence results
established by Lions at the continuous level [27], specifically in H1(Ωj), do not necessarily extend to
the discretized setting, where finite element spaces are employed.

To overcome these difficulties and ensure both stability and convergence in more complex decomposi-
tions, Claeys [4] and Claeys-Parolin [8] proposed a powerful alternative formulation of the Optimized
Schwarz Method for the Helmholtz problem. Their approach is specifically designed to handle de-
compositions with cross-points, where several subdomains meet (see Figure 1 for a two-dimensional
example recreated from [4]). In Section 7 of [4], their method is shown to be strongly coercive at the
continuous level. In Section 11 of [8], they present a numerical implementation that demonstrates
geometric convergence of the discretized method, with rates that are uniform with respect to the mesh
size.

This robust formulation has since been extended to a variety of challenging settings, including non-self-
adjoint impedance operators [5], time-harmonic Maxwell equations [7], and the Helmholtz equation in
bounded cavities [6]. In addition, recent developments have significantly reduced the computational
cost of applying these non-local exchange operators [1], making the method increasingly practical for
large-scale computations. As shown in [8], when the domain partitioning avoids cross-points and an
appropriate impedance operator is chosen, this new formulation reduces to the classical Optimized
Schwarz Method of Després [11], offering a unified framework.

As for the original Optimized Schwarz Method, information needs to be exchanged between subdo-
mains to, in particular, impose the condition ∂νu0 = −∂νu1 across Γ. In [4], Claeys does this via
the introduction of an exchange operator, Πγ , indexed by a parameter γ > 0. See (2) for a precise
definition in the case where Ω is decomposed into two subdomains. Unlike Π0, Πγ is an operator
which acts non-locally on the Neumann traces, and is defined in terms of boundary integral operators
that are built by integrating the fundamental solution −∆+γ−2 on the boundary of each subdomain.
Unlike for the local exchange operator Π0, the operators Πγ couple the Neumann traces of even those
subdomains that do not have any shared boundary. It is in this manner that we refer to the methods
here as non-local, though we acknowledge that the Neumann traces are themselves non-local in the
more standard sense of the term.
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Figure 1. Examples from [4] of a sub-domain partition without cross-points (left)
and with cross-points denoted with blue dots (right).

One of the key advantages of Claeys’s formulation is its robustness: the method remains coercive
even in the presence of cross-points in the domain decomposition. However, this benefit comes at
a cost. The non-local nature of the exchange operator Πγ introduces significant challenges in ana-
lyzing and implementing the associated iterative scheme. This stands in contrast to the Optimized
Schwarz Method, where, in the absence of cross-points, the iterative scheme based on the simpler,
local exchange operator Π0 is straightforward to set up and execute.

A primary goal of this work is to rigorously establish that Πγ converges to Π0 as γ → 0, in an appro-
priate functional sense. Our first main result, Theorem 1.1 below, builds a precise quantitative bridge
between the two operators, offering new insight into their relationship. This asymptotic behavior was
previously conjectured by Claeys in private communication, and we confirm and extend his intuition
through our analysis.

The formulations of the Optimized Schwarz Method using the exchange operator Π0 also involve

scattering operators, Sj
0, which map ingoing to outgoing Robin traces of solutions to a Helmholtz

problem in each subdomain Ωj . These operators act locally on the Dirichlet and Neumann traces of
each subdomain. Scattering operators in domain decomposition methods for Helmholtz problems have

for example appeared in [12, 25]. In [4], Claeys introduces a counterpart to these operators, Sj
γ , again

indexed by the parameter γ > 0, and uses it in a crucial manner when reformulating the Helmholtz
scattering problem as a well posed problem on the boundaries of the subdomains. These scattering

operators, defined precisely in (6), are expressed in terms of the Dirichlet-to-Neumann operator, T j
γ ,

of Ωj , associated to the operator −∆ + γ−2. In particular, unlike Sj
0, the Sj

γ act non-locally on the
Dirichlet and Neumann traces of the subdomains. Our second main result, Theorem 1.2, provides

estimates on T j
γ − Id for general curvilinear polygonal domains Ωj . These estimates, in addition to

their intrinsic interest in the theory of Dirichlet-to-Neumann operators on non-smooth domains, lead

directly to a norm estimate relating Sj
γ and Sj

0 in the γ → 0 limit (see Corollary 1.1). This establishes
a quantitative relationship between the classical formulations of the Optimized Schwarz Method and
the new formulation introduced in [4].

In Section 4, we describe in detail the formulation of the method introduced by Claeys in [4]. This
includes the definitions of the non-local exchange and scattering operators for a general multi-domain
decomposition, potentially including cross points. Although Theorems 1.1 and 1.2 are stated for the
case of a decomposition into two subdomains, we show in Section 4 how these results extend to the
general multi-domain setting. In particular, our estimates provide quantitative bounds between the
non-local operators and their local counterparts in the γ → 0 limit, clarifying the connection between
Claeys’ formulation and the classical Optimized Schwarz Method.
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1.1. The exchange operator. Let Ω1 be a bounded planar domain, with boundary given by a
smooth, curvilinear polygon, and set Ω0 = R2\Ω̄1. We let Γ = ∂Ω0 = ∂Ω1 correspond to the shared
boundary, and for each γ > 0 define the function spaces

H−1/2
γ (Γ) := H−1/2

γ (∂Ω0)×H−1/2
γ (∂Ω1), H0

γ(Γ) := L2(∂Ω0)× L2(∂Ω1).

The H
−1/2
γ (∂Ωj) spaces are defined by duality: H1

γ(Ωj) is given by H1(Ωj) functions with norm

∥F∥H1
γ(Ωj)

:= ∥∇F∥L2(Ωj)
+ γ−2 ∥F∥L2(Ωj)

.

The H
1/2
γ (∂Ωj) space is then the restriction of F ∈ H1

γ(Ωj) to ∂Ωj , with norm

∥f∥
H

1/2
γ (∂Ωj)

:= inf{∥F∥H1
γ(Ωj)

: F |∂Ω = f}.

The H
−1/2
γ (∂Ωj) space is the dual of H

1/2
γ (∂Ωj) and Hs

γ(Γ) is defined by interpolation for −1
2 < s < 0.

Then, for Gγ a fundamental solution for −∆+ γ−2, and ϕ = (ϕ0, ϕ1) ∈ H−1/2
γ (Γ), let

Ψγ(ϕ)(x) :=

∫
∂Ω0

Gγ(x− y)ϕ0(y) dσ(y) +

∫
∂Ω1

Gγ(x− y)ϕ1(y) dσ(y).(1)

Note that Gγ(x) = K0(|x|/γ) where K0 is the order 0 modified Bessel function of the second kind.
Here dσ is the line measure on ∂Ω0 = ∂Ω1.

The exchange operator, Πγ , acts on ϕ = (ϕ0, ϕ1) ∈ H−1/2
γ (Γ)×H−1/2

γ (Γ) and is defined by

(2) Πγ

(
ϕ0

ϕ1

)
:=

(
ϕ0

ϕ1

)
− 2

(
∂int
n0

Ψγ(ϕ)
∂int
n1

Ψγ(ϕ)

)
,

where Ψγ is defined in (1). Here, nj is the outward pointing normal to ∂Ωj , and the superscript int
refers to these derivatives being evaluated from the interior of Ωj for j = 0, 1.

Theorem 1.1 approximates Πγ by its local counterpart Π0,

Π0

(
ϕ0

ϕ1

)
= −

(
ϕ1

ϕ0

)
.(3)

As we will show in Section 3 below, Πγ and Π0 are linked via a single layer potential.

As discussed above, Πγ is precisely the non-local exchange operator introduced by Claeys in [4] in
the case of two subdomain decomposition, while Π0 is the local exchange operator from classical
formulations of the Optimized Schwarz Method. Our first main theorem gives a relationship between
these non-local and local exchange operators. When Γ = ∂Ω0 = ∂Ω1 is smooth, this estimate will
hold on the whole of Hs

γ(Γ), while if Γ contains a vertex, then the estimate will be restricted to
those functions in Hs

γ(Γ) with a bound on their Dirichlet energy on Γ, coming from the following
definition:

For each γ > 0 and 0 < M ≤ γ−1, we define the set

Xγ(M) := {f ∈ H1/2
γ (Γ) ∩H1(Γ) : ∥∇f∥L2(Γ) ≤ M ∥f∥L2(Γ)}.(4)

Similar spaces and related regularity restrictions appear in the author’s previous work [2] on impedance-
to-impedance bounds for Poincaré-Steklov hierarchical numerical schemes used in solving Helmholtz
problems.
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The set Xγ(M) contains a subspace of H
1/2
γ (Γ) of dimension comparable to M . Given f ∈ H1(Γ),

there exists c > 0 such that for all 0 < γ < c, f will be in Xγ(M) for M sufficiently large.

Theorem 1.1. Let Ω1 be a domain in R2. There exist constants c, C such that the following hold.

1. If Ω1 has smooth boundary, then for all 0 < γ < c, −1
2 ≤ s ≤ 0, and ϕ ∈ Hs

γ(Γ),

∥(Πγ −Π0)ϕ∥Hs
γ(Γ)

≤ Cγ ∥ϕ∥Hs
γ(Γ)

.

2. If Ω1 is a smooth curvilinear polygon, then for each 0 < a < 1, there exists a constant Ca > 0
such that for all 0 < γ < c, 0 < M < C−1

a γ−a, −1
2 ≤ s ≤ 0, and ϕ = (ϕ0, ϕ1) ∈ Hs

γ(Γ) with
ϕ0, ϕ1 ∈ Xγ(M),

∥(Πγ −Π0)ϕ∥Hs
γ(Γ)

≤ C(1 +M1/2)γ1/2 ∥ϕ∥Hs
γ(Γ)

.

Notably, the estimate in item 2 of Theorem 1.1 cannot be extended to the whole of Hs
γ(Γ). We will

show in Section 3 that there exists c > 0, independent of γ, such that for each 0 < γ < c, −1
2 ≤ s ≤ 0,

there is ϕγ ∈ Hs
γ(Γ) with

∥(Πγ −Π0)ϕγ∥Hs
γ(Γ)

≥ c ∥ϕγ∥Hs
γ(Γ)

.(5)

If Γ contains a vertex, then since Ω0 = R2\Ω̄1, at least one of Ω0 and Ω1 will have a convex vertex.
It is the presence of this convex vertex that causes this restriction to ϕ0, ϕ1 ∈ Xγ(M). We will prove
Theorem 1.1 in Section 3 by first writing Πγ in terms of an integral operator and then establishing
bounds for its integral kernel.

1.2. The scattering operator. In this section we study the local and non-local scattering operators
appearing in Optimized Schwarz Methods. In order to do so, we will first establish an estimate
on a shifted Dirichlet-to-Neumann (DtN) operator of a, possibly unbounded, domain Ω ⊂ R2, with
boundary given by a piecewise smooth curvilinear polygon.

For γ > 0, we study the DtN operator Tγ : H
1/2
γ (∂Ω) → H

−1/2
γ (∂Ω) associated to −∆ + γ−2. That

is,
Tγf = γ∂νF,

where {
(−∆+ γ−2)F = 0 in Ω,

F |∂Ω = f on ∂Ω.

As for the analysis of the exchange operator Πγ , the H
−1/2
γ (∂Ω) space is the dual of H

1/2
γ (∂Ω),

defined via H1
γ(Ω). The DtN operator, Tγ , can be used to define the H

1/2
γ (∂Ω) and H

−1/2
γ (∂Ω) scalar

products

(f, g)
H

1/2
γ (∂Ω)

= ⟨γ−1Tγf, ḡ⟩∂Ω, (p, q)
H

−1/2
γ (∂Ω)

= ⟨p, γT−1
γ q̄⟩∂Ω

with the pairing ⟨f, g⟩∂Ω =
∫
∂Ω fg dσ. The latter can also be used to define theH

−1/2
γ (∂Ω)-norm.

Our main result concerning Tγ , quantifies how closely Tγ approximates the identity operator when
γ > 0 is small. However, since Tγ has a sequence of eigenvalues diverging to infinity for each fixed γ,

such an estimate cannot hold uniformly on the entire space H
1/2
γ (∂Ω).
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Moreover, when the boundary ∂Ω includes convex vertices, we demonstrate that Tγ possesses a finite
set of eigenvalues, determined by the corresponding convex angles, which remain uniformly bounded
away from 1. Importantly, we also show that the eigenfunctions associated with these eigenvalues
exhibit large Dirichlet energy.

As a result, and in analogy with Theorem 1.1, we obtain a precise estimate for Tγ , with domain

restricted to those functions in H
1/2
γ (∂Ω) with a bound on their Dirichlet energy on ∂Ω, coming from

the function space Xγ(M) in (4), with Γ = ∂Ω.

Theorem 1.2. Let Ω be a a smooth curvilinear polygon in R2. There exists a constant c > 0 such
that for all γ ∈ (0, c), the following holds.

1. If Ω has no convex vertices, then there exists a constant C such that for all 0 < M < C−1γ−1

and h ∈ Xγ(M)

∥(Tγ − Id)h∥
H

−1/2
γ (∂Ω)

≤ C(γ1/2 +M1/2γ1/2) ∥h∥
H

−1/2
γ (∂Ω)

.

2. If Ω has at least one convex vertex, then for each 0 < a < 1 there exists a constant Ca such
that for all 0 < M < C−1

a γ−a and h ∈ Xγ(M)

∥(Tγ − Id)h∥
H

−1/2
γ (∂Ω)

≤ Ca(γ
1/3 +M1/2γa/2) ∥h∥

H
−1/2
γ (∂Ω)

.

3. If Ω has smooth boundary, then there exists a constant C such that for all 0 < M < C−1γ−1

and h ∈ Xγ(M)

∥(Tγ − Id)h∥
H

−1/2
γ (∂Ω)

≤ C(γ1/2 +Mγ) ∥h∥
H

−1/2
γ (∂Ω)

.

We prove Theorem 1.2 in Section 2, using estimates on the Robin eigenvalues for large parameters,
and an upper bound on a Steklov Rayleigh quotient for functions in Xγ(M). In the case of no convex
vertices, these eigenvalue estimates will come from [28], while we will use results from [23] when Ω has
convex vertices. These works, for example, extended previous Robin eigenvalue estimates in terms of
the maximum curvature of a smooth boundary, [15], [29].

Next, we explain how to apply Theorem 1.2 to the study of the non-local scattering operator introduced
by Claeys in [4]. For a function u ∈ H1

γ(Ω), denoting τN (u) and τD(u) to be the Neumann and Dirichlet
traces of u on ∂Ω, local and non-local ingoing and outgoing Robin traces are defined by

τ±,0(u) = τN (u)± iτD(u), τ±,γ(u) = τN (u)± iTγ(τD(u)).

This then gives the definition of the scattering operators S0 and Sγ via

S0(τ−,0(u)) = τ+,0(u), Sγ(τ−,γ(u)) = τ+,γ(u).(6)

Here, S0 acts locally on the Dirichlet and Neumann traces of u, while Sγ is the non-local version used
in [4]. Since

S0(τ−,0(u))− Sγ(τ−,γ(u)) = τ+,0(u)− τ+,γ(u) = iτD(u)− iTγ(τD(u)),

Theorem 1.2 gives the following immediate relationship between S0 and Sγ .

Corollary 1.1. Let Ω be a smooth curvilinear polygon in R2. There exists a constant c > 0 such that
for all γ ∈ (0, c), the following holds.
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1. If Ω has no convex vertices, then there exists a constant C such that for all 0 < M < C−1γ−1,
and all u ∈ H1

γ(Ω) such that τD(u) is in Xγ(M),

∥(S0(τ−,0(u))− Sγ(τ−,γ(u))∥H−1/2
γ (∂Ω)

≤ C(γ1/2 +M1/2γ1/2) ∥τD(u)∥H−1/2
γ (∂Ω)

.

2. If Ω has at least one convex vertex, then for each 0 < a < 1 there exists a constant Ca such
that for all 0 < M < C−1

a γ−a, and all u ∈ H1
γ(Ω) such that τD(u) is in Xγ(M),

∥(S0(τ−,0(u))− Sγ(τ−,γ(u))∥H−1/2
γ (∂Ω)

≤ Ca(γ
1/3 +M1/2γa/2) ∥τD(u)∥H−1/2

γ (∂Ω)
.

3. If Ω has smooth boundary, then there exists a constant C such that for all 0 < M < C−1γ−1,
and all u ∈ H1

γ(Ω) such that τD(u) is in Xγ(M),

∥(S0(τ−,0(u))− Sγ(τ−,γ(u))∥H−1/2
γ (∂Ω)

≤ C(γ1/2 +Mγ) ∥τD(u)∥H−1/2
γ (∂Ω)

.

Theorem 1.1 and Corollary 1.1 provide quantitative estimates between the local operators appearing in
classical Optimized Schward Methods and their non-local counterparts, in the case of a decomposition
into two sub-domains. We will see in Section 4 that in fact our estimates can be generalized to domain
decompositions with an arbitrary number of components, including those with cross-points.
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2. Estimates on the DtN operator

In this section, we will prove the estimates on the Dirichlet-to-Neumann operator Tγ given in Theorem
1.2. To begin, we introduce some necessary notation that we will use throughout the proofs in this
section:

We let λj be the eigenvalues of Tγ , with corresponding orthogonal eigenfunctions hj ∈ H
1/2
γ (∂Ω):

(7) Tγhj = λjhj , ∥hj∥L2(∂Ω) = 1.

Note that this ensures that the functions hj are also orthogonal in L2(∂Ω) and H
−1/2
γ (∂Ω). In

particular,

∥hj∥H1/2
γ (∂Ω)

= γ−1/2λ
1/2
j , ∥hj∥H−1/2

γ (∂Ω)
= γ1/2λ

−1/2
j .

For each h ∈ H
1/2
γ (∂Ω), we write h =

∑∞
j=1 ajhj . Then, ∥h∥

2
L2(∂Ω) =

∑∞
j=1 |aj |2, and

∥h∥2
H

1/2
γ (∂Ω)

= γ−1
∞∑
j=1

λj |aj |2, ∥h∥2
H

−1/2
γ (∂Ω)

= γ

∞∑
j=1

λ−1
j |aj |2.
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Given h ∈ H
1/2
γ (∂Ω), we define the Rayleigh quotient by

R[h] = inf

{
∥F∥2H1

γ(Ω)

γ−1 ∥h∥2L2(∂Ω)

: F |∂Ω = h

}
.(8)

Then, R[hj ] = λj , and for h =
∑∞

j=1 ajhj ,

R[h] = γ
∥h∥2

H
1/2
γ (∂Ω)

∥h∥2L2(∂Ω)

.

With these spectral and variational conventions defined, we establish a series of estimates, culminating
in the proof of Theorem 1.2. The first is an estimate on the Steklov eigenvalues of Ω, where we split
into two cases depending on whether Ω has at least one convex vertex. To do this, we use estimates
on Robin eigenvalues with large Robin parameter from [23] and [28].

Proposition 2.1. Let Ω be a smooth curvilinear polygon in R2. There exist constants c, C > 0 such
that the following holds.

• If Ω has no convex vertices and 0 < γ < c, then λj ≥ 1− Cγ for j ≥ 1.

• If Ω has at least one convex vertex, then there exists N ∈ Z>0 such that for all 0 < γ < c,

λj ≥ 1− Cγ2/3, j ≥ N + 1.

In addition, there exist λ∗
1, . . . , λ

∗
N ∈ (0, 1) such that

|λj − λ∗
j | ≤ Cγ2/3, 1 ≤ j ≤ N.

If Ω has K convex vertices with interior angles {2αk}Kk=1, the collection {λ∗
j}Nj=1 is the union

of the discrete Steklov eigenvalues, with respect to the operator −∆+1, of the infinite sectors
U(αk) with interior angles 2αk.

Finally, let λ∗
j be a Steklov eigenvalue associated to the sector U(αkj ) and let vj, Vj sat-

isfy (−∆ + γ−2)Vj = 0 in U(αkj ), Vj = vj on ∂U(αkj ), γ∂νVj = λ∗
j on ∂U(αkj ), with vj

L2(∂U(αkj ))-normalized. Assuming that the vertex of the sector is placed at 0, then∫
∂U(αkj

)
|vj(y)|2ec|y|/γdσ(y) +

∫
U(αkj

)
(|Vj(x)|2 + |∇Vj(x)|2)ec|x|/γdx < C.(9)

Proof of Proposition 2.1: For fixed w > 0, we let µk = µk(w) be the Robin eigenvalues of −∆, with
Robin parameter w > 0. That is, there exists a function ϕk = ϕk(w) ∈ H1(Ω) such that

(−∆− µk)ϕk = 0 in Ω, ∂νϕk = wϕk on ∂Ω.

There exists a constant C > 0 such that these Robin eigenvalues have the following properties: Using
Sobolev trace estimates (see Theorem 1.5.1.10 in [22]),

µk(w) ≥ −Cw2(10)
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for all k ≥ 1, and w sufficiently large. Moreover, from Theorem 1.2 in [23], there exists N ≥ 0, such
that, for 1 ≤ k ≤ N , and w sufficiently large,

|µk(w)− µ∗
kw

2| ≤ Cw4/3,(11)

where µ∗
k < −1 are the Robin eigenvalues with w = 1 of the sectors U(αm) with interior angle 2αm

equal to that of a convex vertex of Ω. Note that N = 0 if Ω is smooth, or only has non-convex vertices.
Also, from Proposition 5.1 in [23], for k ≥ N + 1,

µk(w) ≥ −w2 − Cw4/3(12)

for w sufficiently large. If Ω is smooth or has no convex vertices, then instead using the estimates
from [28], gives

µk(w) ≥ −w2 − Cw(13)

for w sufficiently large.

As a consequence of (10), µk(w) being strictly monotonically decreasing in w for fixed k, and since
limw→∞ µk(w) = −∞, there exists γ0 > 0 such that for each γ with 0 < γ < γ0 and each k ≥ 1, there
exists a unique w = wk(γ) such that

µk(w) = −γ−2.

Moreover, as µk(w) ≤ µk+1(w), the sequence wk(γ) is increasing in k. Therefore, setting τk = τk(γ) :=
γwk(γ), we have

(−∆+ γ−2)ϕk = 0 in Ω, ∂νϕk = γ−1τkϕk on ∂Ω,

and so τk is an eigenvalue of the DtN operator Tγ , with corresponding eigenfunction ϕk|∂Ω ∈ H
1/2
γ (∂Ω).

Conversely, if λj = λj(γ) is an eigenvalue of Tγ with eigenfunction hj ∈ H1/2(∂Ω), then defining
wj = wj(γ) = γ−1λj(γ), we have

(−∆+ γ−2)Hj = 0 in Ω, ∂νHj = whj on ∂Ω,

for a function Hj ∈ H1(∂Ω), with Hj |∂Ω = hj . Therefore, −γ−2 is a Robin eigenvalue of −∆, with
Robin parameter w, and so must be equal to µk(w) for some k. As a consequence, for 0 < γ < γ0,
the sequence {τk(γ)} coincides with the sequence {λj(γ)} of eigenvalues of Tγ .

Using λk(γ) = τk(γ) = γwk(γ), with γ = (−µk(w))
−1/2, when Ω has convex vertices, the estimates in

(11) and (12) give, for γ > 0 sufficiently small,

|λj(γ)− λ∗
j | ≤ Cγ2/3,(14)

for 1 ≤ j ≤ N , with λ∗
j = (−µ∗

j )
−1/2 < 1, and

λj(γ) ≥ 1− Cγ2/3,(15)

for j ≥ N + 1. If instead Ω is smooth or has only non-convex vertices, the estimate in (13) gives, for
γ > 0 sufficiently small,

λj(γ) ≥ 1− Cγ,(16)

for j ≥ 1. The estimates in (14), (15) and (16) are the bounds on λj in the statement of the
proposition.
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We are left to prove the exponential decay estimates on the Steklov eigenfunctions of the infinite
sectors. Since the infinite sector is dilation invariant, we can rescale to γ = 1, and then the required
estimates follow from the decay of the Robin eigenfunctions of infinite sectors from Theorem 5.1 in
[24].
. □

For functions h ∈ Xγ(M), we will use the following estimate on how concentrated h can be near a
vertex of Ω. In what follows, Dr(v) denotes the disc of radius r centered at v.

Lemma 2.1. Let Ω be a smooth curvilinear polygon in R2. There exist constants c, C > 0 and for
each 0 < a < 1, 0 < γ < c, M > 0, h ∈ Xγ(M), and every vertex v of Ω,

∥h∥L∞(∂Ω) ≤ C(1 +M1/2) ∥h∥L2(∂Ω) ,

∫
∂Ω∩Dγa (v)

h2 ≤ min{C(1 +M)γa, 1} ∥h∥2L2(∂Ω) .

Proof of Lemma 2.1: The upper bound on the integral follows immediately from the L∞(∂Ω) estimate
in the statement, and so we just need to prove the first inequality. By dividing by ∥h∥L2(∂Ω), we assume

that ∥h∥L2(∂Ω) = 1. Let L∗ be the maximum of |h|, attained at x∗ ∈ ∂Ω. Letting w(t), t ∈ I, be an

arc-length parameterization of ∂Ω, with x∗ = w(0), we write g(t) = h(w(t)). Then,

|g(t)− g(0)| =
∣∣∣∣∫ t

0
g′(s) ds

∣∣∣∣ ≤ t1/2
(∫ t

0
|g′(s)|2 ds

)1/2

≤ Ct1/2M,

where we have used that h ∈ Xγ(M). Therefore, there exists c > 0 such that

|g(t)| ≥ 1
2L

∗ for 0 ≤ t ≤ c min{1,M−2(L∗)2},
and so

1
4(L

∗)2c min{1,M−2(L∗)2} ≤
∫
I
g(t)2 dt ≤ C.

Rearranging this inequality gives the desired upper bound ∥h∥L∞(∂Ω) = L∗ ≤ C(1 + M1/2) for an

increased constant C.
. □

In the case where Ω has at least one convex vertex, we use Lemma 2.1 to bound the inner product
between a function h ∈ Xγ(M) and an eigenfunction hj of Tγ , with 1 ≤ j ≤ N , and N as in the
statement of Proposition 2.1.

Proposition 2.2. Let Ω be a smooth curvilinear polygon in R2 with at least one convex vertex. There
exist constants c, C > 0 such that the following holds. If N is as in Proposition 2.1, then for 0 < γ < c,
M > 0, h ∈ Xγ(M), and 1 ≤ j ≤ N ,∣∣∣∣∫

∂Ω
hhj

∣∣∣∣ ≤ C(1 +M1/2)γ1/2 ∥h∥L2(∂Ω) ,

where hj is as in (7).

Proof of Proposition 2.2: We will prove this proposition by first comparing the eigenfunctions hj with
the Steklov eigenfunctions of infinite sectors of a convex angle, and then use the L∞(∂Ω) estimate
from Lemma 2.1.
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Using the notation of Proposition 2.1, fix 1 ≤ j ≤ N and let U(αkj ) denote the infinite sector that has
Steklov eigenvalue λ∗

j and let vj be the corresponding eigenfunction of Tγ in U(αkj ). If the function

Vj is the extension of vj from ∂U(αkj ) to U(αkj ), satisfying (−∆+ γ−2)Vj = 0, we have the Rayleigh
quotient

R[vj ] =

∫
U(αkj

) |∇Vj |2 + γ−2V 2
j

γ−1
∫
∂U(αkj

) v
2
j

= γ

∫
U(αkj

)
|∇Vj |2 + γ−2V 2

j = λ∗
j .(17)

We now define a change of variables Sj to translate, rotate, and straighten the sides of a neighborhood
of a convex vertex of Ω with interior angle 2αkj to coincide with part of U(αkj ): We fix 2

3 < a < 1,
and work in a disc centered at this vertex of radius γa. We can rotate and translate so that, without
loss of generality, the vertex is at the origin, (s, t) = (0, 0), and this part of the boundary of ∂Ω can
be written as t = f+(s) for s > 0 and t = f−(s) for s < 0, where f± are two positive functions.
Moreover, the rotation can be chosen to ensure that lims→0± f±(s)/s = a±, with

c ≤ |a±| ≤ C, |f±(s)/s− a±| ≤ C|s|, |f ′
±(s)− a±| ≤ C|s|,(18)

for constants c, C > 0. Denoting U(αkj , γ
a) to be the part of the infinite sector U(αkj ) within a

distance of γa from the vertex, we can then define the function

Sj : U(αkj , γ
a) → Ω, Sj(s, t) =


(
s, f+(s)

a+s t
)

s > 0,(
s, f−(s)

a−s t
)

s < 0.

which is a Lipschitz homeomorphism onto its image (and a diffeomorphism away from s = 0). The
Jacobian of this change of variables is given by the determinant of

J(s, t) =

1 t
sf ′

±(s)− f±(s)

a±s2

0
f±(s)

a±s

 .

In particular, since we have |s|, |t| ≤ γa, by the bounds in (18) we have

|J(s, t)− Id| ≤ Cγa.(19)

We now define

wj(x) = χj(x)vj(S
−1
j (x)),

with χj(x) a cut-off function to a neighborhood of size γa about the convex vertex of angle 2αkj of
∂Ω. Moreover, χj(x) is chosen so that ∥wj∥L2(∂Ω) = 1. The function wj can be extended to Ω by

Wj(x) = χj(x)Vj(S
−1
j (x)), so that

R[wj ] ≤
∫
Ω |∇Wj |2 + γ−2W 2

j

γ−1
∫
∂Ωw2

j

.

Using the exponential decay properties of vj and Vj from (9) in Proposition 2.1, (17), and the Jacobian
bounds from (19), thus ensures that

R[wj ] ≤ λ∗
j + Cγa.(20)
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To see this we use (17) and that (9) and (19) implies that∣∣∣∣∣1−
∫
Ω∩supp(χj)

vj(S
−1
j (x))2

∣∣∣∣∣ ≤ Cγa,

∣∣∣∣∣1−
∫
Ω∩{χj(x)=maxχj}

vj(S
−1
j (x))2

∣∣∣∣∣ ≤ Cγa,(21)

and the analogous estimate for Vj and ∇Vj .

The upper bound from (20) together with the estimate on |λj − λ∗
j | from Proposition 2.1, since

2
3 < a < 1, implies that

R[wj ]− λj ≤ Cγ2/3.(22)

Moreover, using again the exponential decay properties from (9), the orthogonality of the vj ’s, and

the fact that on the support of wj we can write wj(x) = vj(S
−1
j (x)) + (1− χj(x))vj(S

−1
j (x)), gives∣∣∣∣∫

∂Ω
wjwk

∣∣∣∣ ≤ Cγa(23)

for 1 ≤ k ≤ N , k ̸= j.

We write wj =
∑∞

ℓ=1 aj,ℓhℓ, so that ∥wj∥2L2(∂Ω) =
∑∞

ℓ=1 |aj,ℓ|2 = 1 and R[wj ] =
∑∞

ℓ=1 λℓ|aj,ℓ|2. We

will show that

Aj +Bj :=
∑

ℓ<j:λ∗
ℓ ̸=λ∗

j

|aj,ℓ|2 +
∑

ℓ>j:λ∗
ℓ ̸=λ∗

j

|aj,ℓ|2 ≤ Cγ2/3.(24)

For j = 1, we have A1 = 0, and using (22) we have

λ1(1−B1) + λk1B1 ≤ R[w1] =

∞∑
ℓ=1

λℓ|a1,ℓ|2 ≤ λ1 + Cγ2/3,

where ℓ = k1 is the smallest index for which λ∗
ℓ > λ∗

1. Rearranging this inequality implies (24) for
j = 1. The same argument also works for any j < k1. In particular, using the almost orthogonality
inequalities from (23), and since 2

3 < a < 1, for 1 ≤ j < k1, we must have coefficients bℓ,j with

1− Cγ2/3 ≤
∑

ℓ |bℓ,j |2 ≤ 1 + Cγ2/3, such that∥∥∥∥∥∥hj −
∑

1≤ℓ≤N :λ∗
ℓ=λ∗

j

bℓ,jwℓ

∥∥∥∥∥∥
L2(∂Ω)

≤ Cγ2/3.(25)

For j ≥ k1, we first use (25) and the almost orthogonality inequalities from (23) to obtain Aj ≤ Cγ2/3.
Moreover, using the bound on the Rayleigh quotient from (22) gives

λj(1−Bj) + λkjBj − Cγ2/3 ≤ R[wj ] ≤ λj + Cγ2/3,

which can be rearranged to give (24). Therefore, (24) holds for all 1 ≤ j ≤ N , and hence so does (25).
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We can use (25), together with the L∞(∂Ω) estimate on h from Lemma 2.1, to complete the proof of
the proposition. We normalize h so that ∥h∥L2(∂Ω) = 1. Then,∣∣∣∣∫

∂Ω
hhj

∣∣∣∣ ≤
∣∣∣∣∣∣
∫
∂Ω

h
∑

1≤ℓ≤N :λ∗
ℓ=λ∗

j

bℓ,jwℓ

∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
∂Ω

h

hj −
∑

1≤ℓ≤N :λ∗
ℓ=λ∗

j

bℓ,jwℓ

∣∣∣∣∣∣
≤ C(1 +M1/2)

∫
∂Ω

∣∣∣∣∣∣
∑

1≤ℓ≤N :λ∗
ℓ=λ∗

j

bℓ,jwℓ

∣∣∣∣∣∣+ Cγ2/3

≤ C(1 +M1/2)

∫
∂Ω

ecminv dist(x,v)/γ
∑

1≤ℓ≤N :λ∗
ℓ=λ∗

j

|bℓ,j |2|wℓ|2
1/2(∫

∂Ω
e−cminv dist(x,v)/γ

)1/2

+ Cγ2/3

≤ C(1 +M1/2)γ1/2,

where to obtain the last inequality, we first used that, from (25), the bℓ,j coefficients are bounded by

a constant. Recalling that wℓ(x) = χℓ(x)vℓ(S
−1
ℓ (x)), we then used (9) from Proposition 2.1 to bound

the integral. This completes the proof of the proposition.
. □

Lemma 2.1 also allows us to bound the Rayleigh quotient from (8) for functions h ∈ Xγ(M).

Proposition 2.3. Let Ω be a smooth curvilinear polygon in R2, and let h ∈ Xγ(M), with 0 < M ≤
γ−1. If Ω has no convex vertices, there exist constants c, C > 0 such that for all 0 < γ < c,

R[h] ≤ 1 + C(1 +M)γ.

If Ω has at least one convex vertex, then, for each a ∈ (0, 1), there exist constants c, Ca > 0 such that,
for all 0 < γ < c,

R[h] ≤ 1 + CaMγa + Cγ.

Finally, if Ω has smooth boundary, there exist constants c, C > 0 such that for all 0 < γ < c,

R[h] ≤ 1 + Cγ + CM2γ2.

Proof of Proposition 2.3: Without loss of generality, we assume that ∥h∥L2(∂Ω) = 1.

Given γ > 0 and 0 < a < 1, let Uγa be the subset of ∂Ω, with a γa neighborhood of each convex
vertex of ∂Ω removed, and a γ neighborhood of each non-convex vertex removed. We then let wℓ(s)
be an arc-length parameterization of a connected component ℓ of Uγa for s ∈ Iℓ,γ,a. Then, we define

Fℓ : Iℓ,γ,a × (0, τ∗γa] → Ω, Fℓ(s, t) = wℓ(s) + tn,

where, for ease of notation, we have suppressed the dependence of Fℓ on γ and a. Here, n is the unit,
inward pointing, normal to ∂Ω at a point on Uγa , and the cut-distance constant τ∗ > 0, depending
only on the geometry of ∂Ω, ensures that Fℓ is a diffeomorphism onto its image in Ω. In particular,
for γ > 0 sufficiently small, the image of Fℓ is contained in Ω even when ℓ is part of a side of ∂Ω
connected to a non-convex vertex. The Jacobian, Jℓ(s, t), of this change of variables satisfies

|Jℓ(s, t)− Id| ≤ Ct,(26)

for a constant C depending on the curvature of the sides of ∂Ω.
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Next, we define smooth cut-off functions χ0(t) and χγ,a(s) with the following properties. The function
χ0(t) is equal to 1 for t ≤ 1

2 , equal to 0 for t ≥ 1, and with bounded derivative. The function χγ,a(s)
is equal to 1 on Iℓ,2γ,a, equal to 0 outside Iℓ,γ,a, and its derivative is bounded by Cγ−a in an O(γa)
neighborhood of the convex vertices of Ω, and bounded by Cγ−1 in an O(γ) neighborhood of the
non-convex vertices, and zero otherwise. Writing g1,ℓ(s) = h(wℓ(s)), we then extend g1,ℓ(s)χγ,a(s) to
the image of Fℓ in Ω by

H1,ℓ(x) = g1,ℓ(s)χγ,a(s)e
−t/γχ0(t/(τ

∗γa)), x = wℓ(s) + tn.(27)

Note that when x ∈ ℓ, H1,ℓ(x) = h(x)χγ,a(s) as t = 0.

The above functions H1,ℓ(x) provide an extension of the part of the function h(x) away from the
vertices of ∂Ω. Given a vertex v of ∂Ω, after a rotation, we can write the part of Ω in the disc
D2γa(v) centered at v of radius 2γa as x2 > fv(x1), with fv(x1) having bounded slope. Then, for
x = (x1, x2) ∈ D2γa(v), for each vertex v, with g2,v(x1) = h(x1, fv(x1)) we define

H2,v(x) = g2,v(x1)e
−(x2−fv(x1))/γχ0(x2/γ

a)χ̃γ,a,v(x1),(28)

with χ̃γ,a,v(x1) a cut-off function to a neighborhood of v to be defined below. Note that when
x = (x1, x2) ∈ ∂Ω ∩D2γa(v), H2,v(x) = h(x)χ̃γ,a,v(x1) as x2 = fv(x1). Therefore, we can define the
cut-off functions χ̃γ,a,v so that

H(x) :=
∑
ℓ

H1,ℓ(x) +
∑
v

H2,v(x) = h(x) for all x ∈ ∂Ω,

which in particular means that the derivative of χ̃γ,a,v is bounded by Cγ−a in an O(γa) neighborhood
of the convex vertices of Ω, and bounded by Cγ−1 in an O(γ) neighborhood of the non-convex vertices,
and zero otherwise.

We now estimate the Rayleigh quotient

R[h] ≤
∫
Ω |∇H|2 + γ−2H2

γ−1
∫
∂Ω h2

= γ

∫
Ω
(|∇H|2 + γ−2H2).

We claim that for each side ℓ,

(29) γ

∫
Ω
(|∇H1,ℓ|2 + γ−2H2

1,ℓ) ≤ 1 + C(1 +M)γ + CM2γ2.

for a constant C. First, we have∣∣|∂tH1,ℓ(x)|2 − γ−2H1,ℓ(x)
2
∣∣ ≤ Cg1,ℓ(s)

2e−cγa−1
1(0,γa)(t),

|∂sH1,ℓ(x)|2 ≤ C(|g′1,ℓ(s)|2 + g1,ℓ(s)
2|χ′

γ,a(s)|2)e−2t/γ ,
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for constants c, C. Using the Jacobian bounds from (26), and h ∈ Xγ(M), we therefore have∣∣∣∣γ ∫
Ω
(|∇H1,ℓ|2 + γ−2H2

1,ℓ)− 2γ−1

∫
Ω
H2

1,ℓ

∣∣∣∣ ≤ Cγ

∫
Iℓ,γa

∫ ∞

0
g1,ℓ(s)

2e−cγa−1
1(0,γa)(t) dt ds

+ Cγ

∫
Iℓ,γa

∫ ∞

0
g1,ℓ(s)

2|χ′
γ,a(s)|2e−2t/γ dt ds

+ Cγ

∫
Iℓ,γa

∫ ∞

0
|g′1,ℓ(s)|2e−2t/γ dt ds

≤ Ce−cγa−1
+ Cγ2

∫
Iℓ,γa

g1,ℓ(s)
2|χ′

γ,a(s)|2 ds+ CM2γ2.(30)

To bound the integral involving |χ′
γ,a(s)|2, we use Lemma 2.1: We have |χ′

γ,a(s)|2 ≤ Cγ−2a in an

O(γa) neighborhood of a convex vertex, while from Lemma 2.1, the integral of g1,ℓ(s)
2 restricted

to such a neighborhood is bounded by C(1 +M)γa. Also, we have |χ′
γ,a(s)|2 ≤ Cγ−2 in an O(γ)

neighborhood of a non-convex vertex, while from Lemma 2.1, the integral of g1,ℓ(s)
2 restricted to such

a neighborhood is bounded by C(1 +M)γ. Therefore, for γ sufficiently small, the right hand side of
(30) is bounded by

C(1 +M)γ2−a + C(1 +M)γ + CM2γ2 ≤ 2C(1 +M)γ + CM2γ2,(31)

using also that 0 < a < 1.

Using the Jacobian bounds from (26) again also gives

2γ−1

∫
Ω
H2

1,ℓ ≤ 2γ−1

∫
Iℓ,γa

∫ ∞

0
g1,ℓ(s)

2e−2t/γJℓ(s, t) dt ds ≤ (1 + Cγ) ∥h∥2L2(∂Ω) = 1 + Cγ.(32)

Combining (31) and (32) yields the claim in (29), for an increased constant C.

Next, we claim that for each vertex v,

(33) γ

∫
Ω
|∇H2,v|2 + γ−2H2

2,v ≤

{
Ca(1 +M)γa if v is convex,

C(1 +M)γ if v is not convex.

To bound the contribution from H2,v, note that

|∇H2,v(x)|2 ≤ Cγ−2|H2,v(x)|2

+ C
(
g′2,v(x1)

2|χ̃γ,a,v(x1)|2 + g2,v(x1)
2|χ̃′

γ,a,v(x1)|2
)
e−2(x2−fv(x1))/γχ0(x2/γ

a)2.

Since h ∈ Xγ(M), we have
∫
g′2,v(x1)

2|χ̃γ,a,v(x1)|2 ≤ M , and using Lemma 2.1 gives∫
g2,v(x1)

2χ̃γ,a,v(x1)
2 dx1 ≤ C(1 +M)γa,

∫
g2,v(x1)

2χ̃′
γ,a,v(x1)

2 dx1 ≤ C(1 +M)γ−a

if v is a convex vertex, and∫
g2,v(x1)

2χ̃γ,a,v(x1)
2 dx1 ≤ C(1 +M)γ,

∫
g2,v(x1)

2χ̃′
γ,a,v(x1)

2 dx1 ≤ C(1 +M)γ−1

if it is not. The claim in (33) follows from combining these estimates.
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Last, since the support of H1,ℓ(x)H2,v(x) is contained in the same neighborhoods of the vertices as
the support of χ̃γ,a,v(x1), we obtain the same estimates:

γ

∫
Ω
|∇H1,ℓ||∇H2,v|+ γ−2H1,ℓH2,v ≤

{
Ca(1 +M)γa if v is convex,

C(1 +M)γ if v is not convex.
(34)

The estimate in the statement of the proposition follows from combining (29), (33), and (34). Here,
in the case that Ω has at least one convex vertex, we are using that M2γ2 < Mγa for 0 < a < 1,
M ≤ γ−1. If Ω has no convex vertices, then we may fix a specific value of a, and so we get the
improved estimate, also using M2γ2 ≤ Mγ for M ≤ γ−1.

Finally, if Ω has a smooth boundary, then, for a cut-distance constant τ∗ > 0, depending on ∂Ω,
we can instead extend h by the function H(x) = h(w(s))e−t/γχ0(t/τ

∗). Here w(s) an arc-length
parameterization of the whole of ∂Ω. Then, following the proof of (31) and (32) above, because it
does not require the cut-off function χγ,a, gives the upper bound of

R[h] ≤ 1 + Cγ + CM2γ2,

as required.
. □

We next use this upper bound on the Rayleigh quotient to control the coefficients of a function
h ∈ Xγ(M) when written in terms of the basis of Steklov eigenfunctions hj .

Proposition 2.4. Let Ω be a smooth curvilinear polygon in R2, and let h =
∑∞

j=1 ajhj ∈ Xγ(M)

with ∥h∥2L2(∂Ω) = 1 and 0 < M ≤ γ−1. Then, if Ω has no convex vertices, there exist constants c, C

such that for all 0 < γ < c and each k ≥ 0,∑
j:λj≥1+2−k

|aj |2 +
∑

j:λj≥1+2−k

λj |aj |2 ≤ C2k(1 +M)γ.

If Ω has at least one convex vertex, then for each 0 < a < 1, there exist constants c, Ca such that for
all 0 < γ < c and each k ≥ 0,∑

j:λj≥1+2−k

|aj |2 +
∑

j:λj≥1+2−k

λj |aj |2 ≤ Ca2
k(γ2/3 +Mγa).

Finally, if Ω has smooth boundary, there exist constants c, C such that for all 0 < γ < c and each
k ≥ 0, ∑

j:λj≥1+2−k

|aj |2 +
∑

j:λj≥1+2−k

λj |aj |2 ≤ C2k(γ +M2γ2).

Proof of Proposition 2.4: Define ck =
∑

j:λj≥1+2−k |aj |2. We first write

R[h] =
∞∑
j=1

λj |aj |2 ≥
∑

j>N :λj<1+2−k

λj |aj |2 +
∑

j:λj≥1+2−k

λj |aj |2.
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When Ω has no convex vertices (including the case of a smooth boundary), we can use the lower
bound on λj from Proposition 2.1 for j ≥ N + 1, to get the lower bound

R[h] ≥ (1− Cγ)(1− ck) +
∑

j:λj≥1+2−k

λj |aj |2 ≥ (1− Cγ)(1− ck) + (1 + 2−k)ck

≥ 1− Cγ + 2−kck.(35)

If instead Ω has at least one convex vertex, we use the lower bound on λj from Proposition 2.1 and
the bound on |aj | for j ≤ N from Proposition 2.2 to get

R[h] ≥ (1− Cγ2/3)(1− ck −Mγ) +
∑

j:λj≥1+2−k

λj |aj |2 ≥ (1− Cγ2/3)(1− ck −Mγ) + (1 + 2−k)ck

≥ 1− Cγ2/3 −Mγ + 2−kck.(36)

In each case, combining the estimates in (35) and (36) with the upper bound on R[h] from Proposition
2.3, implies the required upper bounds on ck.

From (35) and (36), we have ∑
j:λj≥1+2−k

λj |aj |2 ≤ R[h]− 1 + ck + Cγ

when Ω has no convex vertices, and∑
j:λj≥1+2−k

λj |aj |2 ≤ R[h]− 1 + Cγ2/3 + CMγ + ck

when it does. Using the upper bound on ck, and the estimates on R[h] from Proposition 2.3 then
imply the remaining estimates in the proposition.
. □

Before completing the proof of Theorem 1.2, we finally need an estimate relating the H
−1/2
γ (∂Ω) and

L2(∂Ω) norms of functions in Xγ(M).

Lemma 2.2. If Ω has no convex vertices, there exist constants c, C > 0 such that for all 0 < γ < c,
0 < M < C−1γ−1, and h ∈ Xγ(M),

∥h∥
H

−1/2
γ (∂Ω)

≥ 1
2γ

1/2 ∥h∥L2(∂Ω) .

If Ω has at least one convex vertex, then for each 0 < a < 1, there exist constants c, Ca > 0 such that
for all 0 < γ < c, 0 < M < C−1

a γ−a, and h ∈ Xγ(M), this same lower bound on ∥h∥
H

−1/2
γ (∂Ω)

holds.

Proof of Lemma 2.2: For h =
∑∞

j=1 ajhj ∈ Xγ(M) with ∥h∥L2(∂Ω) = 1, we can write

∥h∥2
H

−1/2
γ (∂Ω)

= γ

∞∑
j=1

λ−1
j |aj |2 ≥ γ

∑
j:λj≤2

λ−1
j |aj |2 ≥ 1

2γ
∑

j:λj≤2

|aj |2.

By Proposition 2.4, for γ and Mγ sufficiently small (and Mγa also sufficiently small in the case where
Ω has a convex vertex), we have 1

2γ
∑

j:λj≤2 |aj |2 ≥
1
4γ, and this completes the proof of the lemma.

. □

We now prove Theorem 1.2.
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Proof of Theorem 1.2: Let h =
∑∞

j=1 ajhj ∈ Xγ(M), with ∥h∥L2(∂Ω) = 1. Then,

∥(Tγ − Id)h∥2
H

−1/2
γ (∂Ω)

=
∥∥∥∑∞

j=1(λj − 1)aj

∥∥∥2
H

−1/2
γ (∂Ω)

= γ
∞∑
j=1

λ−1
j (λj − 1)2|aj |2.

We decompose this sum as

∥(Tγ − Id)h∥2
H

−1/2
γ (∂Ω)

= γ
∑

j:λj≤1

λ−1
j (λj − 1)2|aj |2

+ γ

∞∑
k=0

∑
j:1+2−k−1≤λj<1+2−k

λ−1
j (λj − 1)2|aj |2 + γ

∑
j:λj≥2

λ−1
j (λj − 1)2|aj |2.(37)

We now split into three cases:

1. If Ω has no convex vertices, then we use Proposition 2.1 to bound the first term in (37) by Cγ3

and Proposition 2.4 with k = 0 to bound the third term by Cγ2(1 +M). Using Proposition 2.4 for
all k ≥ 1, we can bound the second term in (37) by

Cγ

∞∑
k=0

2−2k2kγ(1 +M) ≤ Cγ2(1 +M).

Thus,

∥(Tγ − Id)h∥2
H

−1/2
γ (∂Ω)

≤ Cγ2(1 +M),

and to finish the proof we apply Lemma 2.2.

2. If instead, Ω has at least one convex vertex, then we now use Propositions 2.1 and 2.2 to this time
bound the first term in (37) by C(γ7/3 + γ2M) and Proposition 2.4 with k = 0 to bound the third

term by Caγ(γ
2/3+Mγa). Again, using Proposition 2.4 for all k ≥ 1, bounds the second term in (37)

by

Caγ

∞∑
k=0

2−2k2k(γ2/3 +Mγa) ≤ Caγ(γ
2/3 +Mγa).

Thus,

∥(Tγ − Id)h∥2
H

−1/2
γ (∂Ω)

≤ Caγ(γ
2/3 +Mγa),

and to finish the proof we again apply Lemma 2.2.

3. Finally, if Ω has smooth boundary, then we again use Proposition 2.1 to bound the first term
in (37) by Cγ3 and Proposition 2.4 with k = 0 to bound the third term by Cγ(γ + M2γ2). Using
Proposition 2.4 for all k ≥ 1, we can bound the second term in (37) by

Cγ

∞∑
k=0

2−2k2k(γ +M2γ2) ≤ Cγ(γ +M2γ2).

Thus,

∥(Tγ − Id)h∥2
H

−1/2
γ (∂Ω)

≤ Cγ(γ +M2γ2),
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and to finish the proof we again apply Lemma 2.2.
. □

3. Estimates on the exchange operator

In this section, we will prove Theorem 1.1. We continue to write Ω1 for a bounded planar domain,
with boundary given by a smooth, curvilinear polygon, and set Ω0 = R2\Ω̄1. We let Γ = ∂Ω0 = ∂Ω1

correspond to the shared boundary. We recall that the exchange operator, Πγ , acts on ϕ = (ϕ0, ϕ1) ∈
H−1/2

γ (Γ) and is defined by (2). Theorem 1.1 approximates Πγ by its local counterpart Π0 defined in
(3). To prove Theorem 1.1, we first write Πγ − Π0 in terms of an integral operator, which involves a
Neumann-Poincaré operator for −∆+γ−2. We will then prove bounds for the kernel of this operator,
which will be used to establish the estimates in Theorem 1.1.

Lemma 3.1. The exchange operator can be written as

Π

(
ϕ0

ϕ1

)
= Π0

(
ϕ0

ϕ1

)
+

(
−A −A
A A

)(
ϕ0

ϕ1

)
,

where A is the operator acting on H
−1/2
γ (∂Ωk) for k = 0, 1 defined by

Af(x) = 2

∫
∂Ω0

(∂n0,xGγ) (x− y)f(y) dσ(y),

with Gγ(x) = K0(|x|/γ) and K0 being the modified Bessel function of the second kind of order 0.

Proof of Lemma 3.1: By (1), Ψγ(ϕ)(x) = Ψ0
γ(ϕ0)(x) + Ψ1

γ(ϕ1)(x) with

Ψ0
γ(ϕ0)(x) :=

∫
∂Ω0

Gγ(x− y)ϕ0(y) dσ(y), Ψ1
γ(ϕ1)(x) :=

∫
∂Ω1

Gγ(x− y)ϕ1(y) dσ(y).(38)

Then, since n0 = −n1 on ∂Ω0 = ∂Ω1, and using int, ext to signify derivatives evaluated from within
the interior, exterior of Ωj , we have

∂int
n0

Ψγ(ϕ) = ∂int
n0

Ψ0
γ(ϕ0)− ∂ext

n1
Ψ1

γ(ϕ1), ∂int
n1

Ψγ(ϕ) = −∂ext
n0

Ψ0
γ(ϕ0) + ∂int

n1
Ψ1

γ(ϕ1).

We now use jump formulas for single layer potentials to write

∂int
n0

Ψ0
γ(ϕ0) =

1
2ϕ0 + S∗,0ϕ0, ∂ext

n0
Ψ0

γ(ϕ0) = −1
2ϕ0 + S∗,0ϕ0.

Note that the jump formulas are analogous to those for the single layer potential for ∆, as for instance
described in [16], Chapter 3.E, because Gγ(x) has the same logarithmic singularity at x = 0 for any

γ > 0. Here, the operator S∗,0 acts on H
−1/2
γ (∂Ω0) and is defined by

S∗,0f(x) =

∫
∂Ω0

(∂n0,xGγ) (x− y)f(y) dσ(y).

We have the same equations for the subscript 1, and since n0 = −n1, we have S∗,0 = −S∗,1.

Therefore,

∂int
n0

Ψγ(ϕ) = ∂int
n0

Ψ0
γ(ϕ0)− ∂ext

n1
Ψ1

γ(ϕ1) =
1
2ϕ0 + S∗,0ϕ0 +

1
2ϕ1 − S∗,1ϕ1,
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and the analogous expression for ∂int
n1

Ψγ(ϕ) (with the 0 and 1 subscripts reversed). In matrix notation,
(2) yields

Π

(
ϕ0

ϕ1

)
=

(
ϕ0 − ϕ0 − 2S∗,0ϕ0 − ϕ1 + 2S∗,1ϕ1

ϕ1 − ϕ1 − 2S∗,1ϕ1 − ϕ0 + 2S∗,0ϕ0

)
=

(
0 −1
−1 0

)(
ϕ0

ϕ1

)
+

(
−2S∗,0 2S∗,1

2S∗,0 −2S∗,1

)(
ϕ0

ϕ1

)
.

Setting A = 2S∗,0 = −2S∗,1, concludes the proof.
. □

As shown in Corollary 5.1 of [4], the exchange operator satisfies various mapping properties:

Lemma 3.2 (Corollary 5.1 in [4]). The operator Πγ from Definition 2 has the following properties:

a) Πγ is an isometry on H−1/2
γ (Γ), with Π2

γ = Id.

b) The operator Id − Πγ has kernel

(
f
−f

)
for any f ∈ H

−1/2
γ (∂Ω0). Equivalently, the kernel

consists of those elements in H−1/2
γ (Γ) which are the Neumann traces of functions in H1(R2).

c) The operator Id + Πγ has kernel

(
T 0
γh

T 1
γh

)
, where h is the restriction of any H1(R2) function

to the common boundary of Ω0 and Ω1, and T k
γ : H

1/2
γ (∂Ωk) → H

−1/2
γ (∂Ωk) is the Dirichlet-

to-Neumann (DtN) operator of Ωk, for the operator −∆+ γ−2.

From Lemma 3.1 and the following corollary, we see that the exchange operator Πγ and the Dirichlet-

to-Neumann operators T k
γ are intricately linked.

Corollary 3.1. As a consequence of Lemma 3.2 c), the operator A from Lemma 3.1 and DtN operators
T k
γ satisfy

A(T 0
γ + T 1

γ )h = (T 0
γ − T 1

γ )h,

for any h which is the restriction of a H1(R2) function to the common boundary of Ω0 and Ω1.

Proof of Corollary 3.1: Using the expression for Πγ from Lemma 3.1 gives

Id+Πγ =

(
1−A −1−A
−1 +A 1 +A

)
,

and then the corollary follows from Lemma 3.2 c).
. □

We note that we can use Corollary 3.1 to write

Ah = 1
2A(h− T 0

γ h) +
1
2A(h− T 1

γh) +
1
2A(T

0
γ + T 1

γ )h

= 1
2A(h− T 0

γ h) +
1
2A(h− T 1

γ ) +
1
2(T

0
γ − T 1

γ )h

= 1
2A(h− T 0

γ h) +
1
2A(h− T 1

γh) +
1
2(T

0
γ h− h) + 1

2(h− T 1
γ h).
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In particular, using the bound on A coming from Lemma 3.2 a), and Theorem 1.2 2., for h ∈ Xγ(M),
we can write

Ah = F0 + F1,

with Fk ∈ H
−1/2
γ (∂Ωk) satisfying the smallness estimate on the right hand side of Theorem 1.2 2. In

the proof of Theorem 1.1 below, we will obtain bounds on Ah directly, using the properties of the
kernel of A.

To prove Theorem 1.1, we will use the integral operator representation of A from Lemma 3.1 by
obtaining estimates on its kernel.

Proposition 3.1. There exist constants c, C such that the kernel Kγ(x, y) := 2 (∂n0,xGγ) (x − y) of
the operator A from Lemma 3.1 satisfies the following bounds.

1. Let Ω1 be a smooth domain. Then, for x ∈ ∂Ω0 = ∂Ω1, y ∈ Ω̄k, k = 0, 1

|Kγ(x, y)|+ γ|∇yKγ(x, y)| ≤ Ce−c|x−y|/γ .

2. Let Ω1 be a smooth curvilinear polygon. Then, for x, y ∈ ∂Ω0 = ∂Ω1,

|Kγ(x, y)| ≤ C
1

mini (dist(x, vi) + dist(y, vi))
e−c|x−y|/γ ,

where vi are the vertices of ∂Ω1.

We will first use these bounds to prove Theorem 1.1, and then prove the proposition.

Proof of Theorem 1.1:

Part 1. We first prove the theorem in the case that Ω1 is a smooth domain. We will use Proposition
3.1 to show that there exists a constant C such that, for k = 0, 1,

∥Ag∥L2(∂Ωk)
≤ Cγ ∥g∥L2(∂Ωk)

,(39)

∥Af∥
H

−1/2
γ (∂Ωk)

≤ Cγ ∥f∥
H

−1/2
γ (∂Ωk)

.(40)

Here A is the operator from Lemma 3.1, with g ∈ L2(∂Ωk) and f ∈ H
−1/2
γ (∂Ωk). The estimates on

Πγ −Π0 in Part 1 of Theorem 1.1 then follow from Lemma 3.1 by Sobolev interpolation.

To prove the L2(∂Ωk) estimate (39), we first note that from Part 1 of Proposition 3.1, there are
constants c, C > 0 such that

sup
x∈∂Ωk

∫
∂Ωk

|Kγ(x, y)| dσ(y) + sup
y∈∂Ωk

∫
∂Ωk

|Kγ(x, y)| dσ(x) ≤ C

∫ ∞

−∞
e−c|t|/γ dt ≤ Cγ.

The constant C will change from line-to-line below. Using Schur’s test,∫
∂Ωk

|Ag(x)|2 dσ(x) ≤
∫
∂Ωk

(∫
∂Ωk

|Kγ(x, y)| dσ(y)
)(∫

∂Ωk

|Kγ(x, y)||g(y)|2 dσ(y)
)

dσ(x)

≤ Cγ

∫
∂Ωk

(∫
∂Ωk

|Kγ(x, y)| dσ(x)
)
|g(y)|2 dσ(y)

≤ Cγ2
∫
∂Ωk

|g(y)|2 dσ(y).(41)
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This give the desired A : L2(∂Ωk) → L2(∂Ωk) estimate.

To prove the A : H
−1/2
γ (∂Ωk) → H

−1/2
γ (∂Ωk) estimate we proceed as follows. Let the operator

A∗ : L2(∂Ωk) → H1
γ(Ωk) be given by

A∗h(y) =

∫
∂Ωk

K(x, y)h(x) dσ(x).

Then, we will show that for h ∈ H
−1/2
γ (∂Ωk),

∥A∗h∥H1
γ(Ωk)

≤ Cγ1/2 ∥h∥L2(∂Ωk)
, ∥h∥L2(∂Ωk)

≤ Cγ1/2 ∥h∥
H

1/2
γ (∂Ωk)

.(42)

Assuming these bounds, we have

|⟨Af, h⟩| = |⟨f,A∗h⟩| ≤ ∥f∥
H

−1/2
γ (∂Ωk)

∥A∗h|∂Ωk
∥
H

1/2
γ (∂Ωk)

≤ ∥f∥
H

−1/2
γ (∂Ωk)

∥A∗h∥H1
γ(Ωk)

≤ Cγ1/2 ∥f∥
H

−1/2
γ (∂Ωk)

∥h∥L2(∂Ωk)
≤ Cγ ∥f∥

H
−1/2
γ (∂Ωk)

∥h∥
H

1/2
γ (∂Ωk)

,

giving the desired A : H
−1/2
γ (∂Ωk) → H

−1/2
γ (∂Ωk) estimate.

We are left to prove (42). The second estimate in (42) can be proved as follows: For Ωk Lipschitz,
and v ∈ H1

γ(Ωk), by Theorem 1.5.1.10 in [22] we have∫
∂Ωk

v2 dσ ≤ Cγ

(∫
Ωk

|∇v|2 + γ−2

∫
Ωk

v2
)

= Cγ ∥v∥2H1
γ(Ωk)

.

Applying this to any ϕh ∈ H1
γ(Ωk), with ϕh|∂Ωk

= h, gives ∥h∥L2(∂Ωk)
≤ Cγ1/2 ∥ϕh∥H1

γ(Ωk)
. The

second bound in (42) then follows from the definition of the H
1/2
γ (∂Ωk) norm.

We are finally left to prove the first bound in (42). Note from Proposition 3.1, Part 1, that

sup
x∈∂Ωk

∫
Ωk

|Kγ(x, y)| dy ≤ sup
x∈∂Ωk

∫
Ωk

Ce−c|x−y|/γ dy ≤ Cγ2.

Therefore, following Schur’s test, analogously to (41), gives∫
Ωk

|A∗h(y)|2 dy ≤ Cγ3
∫
∂Ωk

|h(x)|2 dσ(x).(43)

Using the bound on ∇yK(x, y) from Proposition 3.1 1. instead gives∫
Ωk

|∇A∗h(y)|2 dy ≤ Cγ3γ−2

∫
∂Ωk

|h(x)|2 dσ(x).(44)

Combining (43) and (44), using the definition of the H1
γ(Ωk)-norm then gives (42).

Part 2. We now prove Theorem 1.1 in the case that Ω1 is a smooth curvilinear polygon. We let d(x)
be the minimum distance from x ∈ ∂Ω1 to the vertices of Ω1. We then write the kernel Kγ(x, y) as

Kγ(x, y) =
∑

j:2j<1/γ

Kj
γ(x, y) + K̃γ(x, y),

Kj
γ(x, y) := 1{d(x)∈(2−j ,2−j+1]}(x)Kγ(x, y), K̃γ(x, y) = 1{d(x)≤γ}(x)Kγ(x, y),
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where, for example, 1{d(x)≤γ}(x) is the indicator function of the set {d(x) ≤ γ}. This then breaks the

operator A into the sum
∑

j Aj + Ã. Using Part 2 of Proposition 3.1, we have

|Kj
γ(x, y)| ≤ C2j1{d(x)∈(2−j ,2−j+1]}(x)e

−c|x−y|/γ

for x, y ∈ ∂Ωk. To handle Aj , we apply the L∞(∂Ωk) estimate from Lemma 2.1, to see that for
g ∈ Xγ(M),

|Ajg(x)| ≤
∫
∂Ωk

|Kj
γ(x, y)||g(y)| dσ(y) ≤ C1{d(x)∈(2−j ,2−j+1]}(x)

∫
∂Ωk

2je−c|x−y|/γ |g(y)| dσ(y)

≤ Cγ(1 +M1/2)2j ∥g∥L2(∂Ωk)
1{d(x)∈(2−j ,2−j+1]}(x).

This gives the L2(∂Ωk)-estimate

∥Ajg∥L2(∂Ωk)
≤ Cγ(1 +M1/2)2j/2 ∥g∥L2(∂Ωk)

.(45)

To handle Ã, we use the estimate from Part 2 of Proposition 3.1, and again apply the L∞(∂Ωk)
estimate from Lemma 2.1, to see that for g ∈ Xγ(M),

|Ãg(x)| ≤
∫
∂Ωk

|K̃γ(x, y)||g(y)| dσ(y) ≤ C1{d(x)≤γ}(x)

∫
∂Ωk

1

d(x) + d(y)
γ−1e−c|x−y|/γ |g(y)| dσ(y)

≤ C(1 +M1/2) ∥g∥L2(∂Ωk)
1{d(x)≤γ}(x) ln d(x).

This gives the L2(∂Ωk)-estimate∥∥∥Ãg∥∥∥
L2(∂Ωk)

≤ Cγ1/2(1 +M1/2) ∥g∥L2(∂Ωk)
.(46)

From (45) and (46) we have

∥Ag∥L2(∂Ωk)
≤ C

∑
j:2j<1/γ

γ(1 +M1/2)2j/2 ∥g∥L2(∂Ωk)
+ Cγ1/2(1 +M1/2) ∥g∥L2(∂Ωk)

≤ Cγ1/2(1 +M1/2) ∥g∥L2(∂Ωk)
(47)

for all g ∈ Xγ(M). From Lemma 3.1, to complete the proof of the theorem, we need to show that (47)

continues to hold with the L2(∂Ωk)-norms replaced by H
−1/2
γ (∂Ωk)-norms. Note from Proposition

2.1 that the eigenvalues, λk
j , of the Dirichlet-to-Neumann operator T k

γ are uniformly bounded below

by a constant depending only on Ωk, and so the H
−1/2
γ (∂Ωk)-norm of Ag is bounded from above by

Cγ1/2 ∥Ag∥L2(∂Ωk)
. Applying Lemma 2.2 to g ∈ Xγ(M) therefore implies that

∥Ag∥
H

−1/2
γ (∂Ωk)

≤ Cγ1/2 ∥Ag∥L2(∂Ωk)
≤ Cγ1/2(1 +M1/2)γ1/2 ∥g∥L2(∂Ωk)

≤ 2Cγ1/2(1 +M1/2) ∥g∥
H

−1/2
γ (∂Ωk)

,

and this completes the proof of the theorem.
. □

We are left to prove the bounds on the kernel Kγ(x, y) from Proposition 3.1.



24 THOMAS BECK, YAIZA CANZANI, AND JEREMY L. MARZUOLA

Proof of Proposition 3.1: To prove the kernel bounds, we obtain an explicit representation in terms of
a parameterization of the boundary of Ω0, and then use asymptotics for the modified Bessel function
K0.

Since for any fixed constant c∗ > 0 there is C > 0 such that

|K0(z)| ≤ Ce−z, z ≥ c∗,

and likewise for its derivatives, we may assume that the points x, y ∈ ∂Ω0 satisfy |x − y| ≤ c∗ for
a small constant c∗ which will be specified below. Given x ∈ ∂Ω0, after a rotation, we may write
the boundary of ∂Ω0 in a neighborhood of x as y2 = f(y1). Then, we have, away from any vertex,
n0 =

1√
1+|f ′(x1)|2

(f ′(x1),−1), and so

Kγ(x, y) = 2
1√

1 + |f ′(x1)|2
(f ′(x1),−1) · ∇x (K0(|x− y|/γ)) .(48)

Part 1. In the smooth case, given x = (x1, x2) ∈ ∂Ω0, after a rotation and translation, we can ensure
that f ∈ C4([x1 − c∗, x1 + c∗]) satisfies,

f(x1) = f ′(x1) = 0, f ′′(x1) = κ(x),(49)

in a ball centered at x of radius c∗ > 0. Here, κ(x) is the curvature of ∂Ω0 at x = (x1, x2) = (x1, 0).
Then, assuming, without loss of generality, that Ω0 lies above its boundary, the unit outward pointing
normal to Ω0 at x is −(0, 1). Therefore, we have

Kγ(x, y) = −2
(x2 − y2)

γ|x− y|
K ′

0(|x− y|/γ) = 2
y2

γ|x− y|
K ′

0(|x− y|/γ).

Using (49), we can write y2 =
1
2κ(x)(y1 − x1)

2 +O(|y1 − x1|3), and so

Kγ(x, y) =
κ(x)(y1 − x1)

2 +O(|y1 − x1|3)
γ|x− y|

K ′
0(|x− y|/γ)

= γ−1
(
κ(x)|x− y|+O(|x− y|2)

)
K ′

0(|x− y|/γ).(50)

Here we use the O-notation to denote a bound with a constant depending only on ∂Ω0. The asymp-
totics of K0(z) satisfy

K0(z) = − ln(z) +O(1), K ′
0(z) = −z−1 +O(z| ln(z)|), K ′′

0 (z) = z−2 +O(1)(51)

as z → 0, and

K0(z) =
(
π
2z

)1/2
e−z(1 +O(z)), K ′

0(z) = −
(
π
2z

)1/2
e−z(1 +O(z−1)),(52)

K ′′
0 (z) =

(
π
2z

)1/2
e−z(1 +O(z−2))

as z → ∞. Using these asymptotics for K ′
0(z), since κ(x) is bounded, from (50), for those y with

z = |x− y|/γ ≤ 1, the kernel Kγ(x, y) is bounded, while for those y with z = |x− y|/γ > 1, the kernel
Kγ(x, y) satisfies

|Kγ(x, y)| ≤ Cγ−1/2|x− y|1/2e−|x−y|/γ ≤ Ce−c|x−y|/γ ,

as required. In the same way, we can get the required bounds on ∇yKγ(x, y), by differentiating the
equation in (50), and using the asymptotics of K ′

0(z) and K ′′
0 (z).
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Part 2. To handle the polygonal case, we only have to work in a neighborhood of each vertex, v, of
∂Ω0, which after a translation we place at the origin. By the work in the smooth case, we may also
assume that x and y lie on different sides of the polygon, and, after a rotation, we assume that x1 > 0,
with y1 < 0. Moreover, we can choose this rotation such that, in this neighborhood of the vertex,
there exists a non-zero constant β with f(y1) − β|y1| equal to a smooth function F (y1) satisfying
F (y1) = O(y21) = O(|x1 − y1|2). Referring back to (48), and following the method in the smooth case
above, we have ∣∣∣∣∣Kγ(x, y)−

2√
1 + β2

(β,−1) · ∇x (K0(|x− y|/γ))

∣∣∣∣∣ ≤ Ce−c|x−y|/γ .

Therefore, we are left to show that

(β,−1) · ∇x (K0(|x− y|/γ)) = 1

γ|x− y|
(−β(y1 − x1) + (y2 − x2)))K

′
0(|x− y|/γ)

=
1

γ|x− y|
(−2βy1 + (F (y1)− F (x1)))K

′
0(|x− y|/γ).

satisfies the estimate in Part 2 of the proposition. Note that we have used x2 = βx1 + F (x1) and
y2 = −βy1+F (y1) as x1 > 0 and y1 < 0. Moreover, since x and y are on different sides of the polygon
we have |x − y| ≥ c(|x| + |y|). Using the asymptotics of K ′

0 from (51) and (52) therefore establishes
the required estimate.
. □

3.1. The estimate in Part 2 of Theorem 1.1 cannot be extended to all of Hs
γ(Γ). We end

this section by showing, as we stated in (5), that the estimate in Part 2 of Theorem 1.1 cannot be
extended to all functions in Hs

γ(Γ). For simplicity, we show this in the case that ∂Ω0 = ∂Ω1 is an
exact sector in a neighborhood of a vertex placed at the origin.

Suppose that in a disc of radius 2, centered at 0 (which we write as D2), Ω0 is given by

{(x1, x2) ∈ R2 : x2 > β|x1|}

for a constant β ̸= 0. This means that for α satisfying tan(α) = β−1, Ω0 has a vertex of interior angle
2α. Then, for x, y ∈ ∂Ω0 ∩D2, with x1 > 0,

n0(x) · ∇(|x− y|) = − cos(α)y1 + sin(α)y2
|x− y|

=

{
0 y1 > 0,
−2 cos(α)y1

|x−y| y1 < 0.

Therefore,

(∂n0,xG)(x− y) =

{
0 y1 > 0,
−2 cos(α)y1

γ|x−y| (K ′
0) (|x− y|/γ) y1 < 0.

We will first show that there exists a constant c > 0, independent of γ, such that for each 0 < γ < c,
there exists fγ ∈ L2(∂Ω0) such that

∥Afγ∥L2(∂Ω0)
≥ c ∥fγ∥L2(∂Ω0)

.(53)

We set fγ = 1Uγ∩∂Ω0 , for

Uγ = {(x1, x2) ∈ R2 : x1 ∈ (−c∗γ, 0)}.
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Here c∗ > 0 is a small constant to be chosen below. Then, for x ∈ ∂Ω0 ∩ D2, with x1 > 0, we
have

Afγ(x) = cβ

∫ 0

−c∗γ

y1
γ|x− y|

(K ′
0)(|x− y|/γ) dy1.

Here y = (y1,−βy1) and cβ is a constant depending only on β (that will change from line-to-line).
Using the asymptotics of K ′

0(z) as |z| → 0 from (51), we can write this as

Afγ(x) = cβ

∫ 0

−c∗γ

y1
|x− y|2

dy1 + cβ

∫ 0

−c∗γ

y1
γ2|x− y|

O(|x− y| ln(|x− y|/γ)) dy1.(54)

For x = (x1, βx1) ∈ ∂Ω0, with 0 < x1 < c∗γ, the first integral can be bounded from below by
cβ |ln(x1/(c∗γ))|, while the second integral can be bounded from above by Cβ(c

∗)2 |ln(x1/γ)| for a,
possibly large, constant Cβ depending only on β. Since∫ c∗γ

0
|ln(x1/(c∗γ))|2 dx1 = 2c∗γ

∫ c∗γ

0
(c∗)4| ln(x1/γ)|2 dx1 = O((c∗)5γ),

for c∗ sufficiently small, we have

∥Afγ∥2L2(∂Ω0)
≥ cβc

∗γ = cβ ∥fγ∥2L2(∂Ω0)
.

As cβ is independent of γ, this proves the estimate in (53).

To complete the construction of (5), by interpolation, we just need to show that the lower bound

in (53) continues to hold when the L2(∂Ω0)-norms are replaced by the H
−1/2
γ (∂Ω0)-norms. Using

the lower bound on the Steklov eigenvalues λk
j from Proposition 2.1, the H

−1/2
γ (∂Ω0)-norm of fγ is

bounded from above by Cγ1/2 ∥fγ∥L2(∂Ω0)
. Finally, we use the pointwise lower bound on Afγ(x) for

x ∈ ∂Ω0 with 0 < x1 < c∗γ coming from (54), and the definition of the H
−1/2
γ (∂Ω0)-norm,

∥p∥
H

−1/2
γ (∂Ω0)

= sup

{∣∣∣∣∫
∂Ω0

pv

∣∣∣∣ : ∥v∥
H

1/2
γ (∂Ω0)

= 1

}
.

This provides a lower bound on ∥Afγ∥H−1/2
γ (∂Ω0)

comparable to γ, which gives the required lower

bound of

∥Afγ∥H−1/2
γ (∂Ω0)

≥ c ∥fγ∥H−1/2
γ (∂Ω0)

.

4. Application to non-local numerical methods

In this section, we will describe in more detail how the estimates from Theorems 1.1 and 1.2 relate
to the non-local formulation of a Helmholtz scattering problem introduced by Claeys in [4]. This
formulation, which as we discussed in the introduction can be viewed as a variant of an Optimized
Schwarz Method, is defined for dimension d ≤ 3, but here we will focus on 2 dimensions.

Claeys studies the wave propagation problem, for u ∈ H1
loc(R2),

(55)

{
−div(µ∇u)− κ2u = f in R2,

limρ→∞
∫
∂Dρ

|∂ρu− iκu|2 dσρ = 0,
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via a non-overlapping domain decomposition approach. Partitioning R2 as R2 = ∪J
k=0Ω̄j , with Ωk

bounded for 1 ≤ k ≤ J , and skeleton Γ = ∪J
k=0∂Ωj , the multi-domain Neumann trace space is defined

by

H−1/2
γ (Γ) = H−1/2

γ (∂Ω0)× · · · ×H−1/2
γ (∂ΩJ).

In [4] it is shown that this wave propagation problem can be reformulated in terms of non-local
exchange and scattering operators:

For ϕ = (ϕ0, . . . , ϕJ) ∈ H−1/2
γ (Γ), analogously to (1), we write

Ψγ(ϕ)(x) =
J∑

k=0

∫
∂Ωk

G(x− y)ϕk(y) dσ(y),

and let τN = (τ0N , . . . , τJN ) be the Neumann traces. In Section 5 of [4], the multi-domain non-local
exchange operator Πγ is then given by

Πγ = Id− 2τN ·Ψγ

and is shown to be an isometry on H−1/2
γ (Γ). Here, τN · Ψγ(ϕ) is the element in H−1/2

γ (Γ) given by
evaluating by taking the Neumann trace of Ψγ(ϕ) from the interior of each subdomain Ωk. In the
case that J = 1, with Ω decomposed into two subdomains, this operator Πγ is the same as the one
defined in (2).

Letting T k
γ be the DtN operator of Ωk, for the operator −∆+ γ−2, the ingoing and outgoing Robin

trace operators are then defined on H1
γ(Ωk) by

τk±,γ(u) = µkτ
k
N (u)± iωγ−1T k

γ (τ
k
D(u)).

Here µk = µ|∂Ωk
, ω > 0 is an impedance constant, and τkD is the Dirichlet trace on ∂Ωk. In [4] these

traces are used to define a non-local scattering operator Sγ = diagk=0,...,J(S
k
γ ), with

Sk
γ (τ

k
−,γ(u)) = τk+,γ(u),

which is non-expansive on H−1/2
γ (Γ). When J = 1, µk = 1 and ω = γ, these scattering operators Sk

γ

are the same as the one defined in Section 1.2. These non-local operators Πγ and Sγ are then used in
Section 7 of [4] to reformulate (55) to an equivalent well-posed problem: If u ∈ H1

loc(R2) is the unique
solution to (55), then the tuple of traces p = τ−,γ(u) satisfies

p− (Πγ · Sγ)p = f, p ∈ H−1/2
γ (Γ).

Here f = Πγ(τ+,γ(ϕf )), where ϕf solves the wave-propagation problem in each Ωk, with zero ingoing
Robin data, τ−,γ(ϕf ) = 0. As shown in Theorem 7.1 of [4] this is a strongly coercive formulation of
(55). This formulation is valid for each fixed γ > 0, and the operators Πγ and Sγ are non-local for
each γ.

Our estimates from Theorems 1.1 and 1.2 then give information on the extent that these operators
resemble local operators in the γ → 0 limit. If, for example, each piece of the partition Ωk is contained
in the interior of Ωk−1, then we can be in the setting where the boundaries of each subdomain are
smooth. However, if the partition has any cross-points (where three or more of the subdomains meet
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at a point), then necessarily some of the boundaries of the subdomains will be polygonal, with convex
vertices.

As a side remark, we note that the scattering operator S0 bears similarity to the impedance-based
merge operators that arise in the hierarchical Poincaré–Steklov method. In that framework, the
domain is decomposed into a hierarchical tree of subdomains, and a merge operator is employed to
reconstruct the global solution. A version of this method was introduced by Gillman, Barnett, and
Martinsson [21] to numerically approximate solutions to Helmholtz-type equations in the context
of potential scattering. It has also been applied to obstacle scattering problems [30]. The merge
operator was further studied in [2], where function spaces analogous to the spaces Xγ(M) introduced
here were defined in terms of the scattering frequency, and were used to prove boundedness of the
merge operator.

We first consider the scattering operator Sγ = diagk=0,...,J(S
k
γ ). Defining the local version of this

operator via

Sk
0 (τ

k
−,0(u)) = τk+,0(u), τk±,0(u) = µkτ

k
N (u)± iωγ−1τkD(u)

we have

Sk
0 (τ

k
−,0(u))− Sk

γ (τ
k
−,γ(u)) = τk+,0(u)− τk+,γ(u) = iωγ−1τkD(u)− iωγ−1T k

γ (τ
k
D(u)).

Therefore, if the Dirichlet trace τkD(u) is in Xγ(M), then as in Corollary 1.1, we can bound this
expression. For example, from Theorem 1.2, for each 0 < a < 1 there exists a constant Ca such that
for M < C−1

a γ−a,∥∥∥Sk
0 (τ

k
−,0(u))− Sk

γ (τ
k
−,γ(u))

∥∥∥
H

−1/2
γ (∂Ωk)

≤ Caωγ
−1(γ1/3 +M1/2γa/2)

∥∥∥τkD(u)∥∥∥
H

−1/2
γ (∂Ωk)

.

In particular, for an impedance constant ω comparable to γ, the right hand side is o(1) as γ → 0. If
the sub-domains in the partition have smooth boundaries (so that in particular, there are no cross-
points), then one can improve this estimate using the no convex vertex and smooth case estimates
from Theorem 1.2.

We now turn to the non-local exchange operator Πγ . Denoting Γkℓ to be the (possibly empty) shared

boundary between Ωk and Ωℓ, we define the operator S∗,j
kℓ : H

−1/2
γ (Γkℓ) → H

−1/2
γ (∂Ωj) by

S∗,j
kℓ f(x) =

∫
Γkℓ

(∂nj ,xG)(x− y)f(y) dσ(y).

Note that using the kernel bounds from Proposition 3.1, as in the proof of Theorem 1.1, for each
0 < a < 1, there exists a constant Ca > 0 such that for all 0 < γ < c, M < C−1

a γ−a, and
f ∈ Xγ(M), ∥∥∥S∗,j

kℓ f
∥∥∥
H

−1/2
γ (∂Ωj)

≤ C(1 +M1/2)γ1/2 ∥f∥
H

−1/2
γ (Γkℓ)

.(56)

Again, this estimate can be improved and on the whole of H
−1/2
γ (Γkℓ) if the boundaries are smooth.

Following the analogous calculation to the proof of Lemma 3.1 above, for example, for x ∈ Γ01, the
zero-th component of Π(ϕ) is given by

−ϕ1(x)− 2
M∑
k=0

∑
ℓ̸=k

S∗,0
kℓ ϕk(x).
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Analogously to (3), we denote Π0 to be a local exchange operator, exchanging Neumann data on each
Γjk up to a change in sign. Then, from the estimates in (56), there exists a constant Ca > 0 such

that for all 0 < γ < c, M < C−1
a γ−a, and for ϕ = (ϕ0, . . . , ϕJ) ∈ H−1/2

γ (Γ) with ϕk ∈ Xγ(M), we
have

∥(Πγ −Π0)ϕ∥H−1/2
γ (Γ)

≤ C(1 +M1/2)γ1/2 ∥ϕ∥H−1/2
γ (Γ)

.

Again the right hand side is o(1) as γ → 0, and if the subdomains have smooth boundaries, then one

obtains an improved estimate on the whole of H−1/2
γ (Γ).
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