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ABSTRACT. We study non-local exchange and scattering operators arising in domain decomposition
algorithms for solving elliptic problems on domains in R?. Motivated by recent formulations of the
Optimized Schwarz Method introduced by Claeys, we rigorously analyze the behavior of a family of
non-local exchange operators I, defined in terms of boundary integral operators associated to the
fundamental solution for —A 4+ 72, with v > 0. Our first main result establishes precise estimates
comparing Il to its local counterpart IIp as v — 0, providing a quantitative bridge between the
classical and non-local formulations of the Optimized Schwarz Method. In addition, we investigate
the corresponding scattering operators, proving norm estimates that relate them to their classical
analogues through a detailed analysis of the associated Dirichlet-to-Neumann operators. Our results
clarify the relationship between classical and non-local formulations of domain decomposition methods
and yield new insights that are essential for the analysis of these algorithms, particularly in the presence
of cross points and for domains with curvilinear polygonal boundaries.

1. INTRODUCTION

Domain decomposition methods have long been recognized as efficient and effective approaches for
solving elliptic equations. Among these, the Optimized Schwarz Method has emerged as a popular
and versatile technique. Introduced by Lions [27] and further developed by Després [10, 1), 12, 13],
this iterative procedure solves subdomain problems whose solutions converge to the global solution
on the entire domain. The method has been successfully applied in various settings, including the
numerical approximation of the Helmholtz equation. For additional developments and applications,
see [9, [I8, 17] and the references therein.

Suppose one wishes to solve Au = f on a set Q C R2. If we decompose  as the union of two sets
Qo, Q1 such that their intersection I' = Qg N Q4 is a separating curve, then the Optimized Schwarz
Method is an iterative scheme for finding a solution u in € given by u; on €2;, j = 0,1, where

uj = limy, oo u;” and the ug‘ solve the system

Aultt = f in Q, j=0,1,

Fo(ug+1,8yu6‘+1) = Fj(uf,0pul) on T,
Fy(uft o0t = Fyf(ufl, 0uf) on T.

Here, each F} is a linear operator on the Dirichlet and Neumann traces on I', and the method is
initialized by setting, for example, u) = u) = 0. A standard approach is to let F(u,v) = v + S(u),
F*(u,v) = —v+.8*(u), where S is a linear operator. When S(u) = w, this is the Robin-type condition
as originally proposed by Lions, [27]. Other linear operators constructed on the artificial boundary T’
are possible, and the choice of operators F, F* that one uses on the traces can determine the efficacy

of the method and its rate of convergence. See for instance [§], Section 5, for a variety of examples.
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When the domains overlap, unlike in our setup, it is common to choose F'(u,v) = u, F*(u,v) = u as
a Dirichlet matching condition, see [17].

Using interior elliptic regularity of the solution, the solutions should satisfy ug = u; on I', as well
as dyug = —0,u1 on I'. To ensure the latter, many formulations of the Optimized Schwarz Method
hinge upon using an exchange operator, Ily, defined on the shared boundary I', which switches the
Neumann traces on the boundary of the domains. The switching is done up to a sign, coming from the
normal vectors pointing in opposite directions across the shared boundary. Note that this exchange
operator acts locally on the Neumann traces. See for the precise definition in the case where € is
decomposed into two subdomains. For example, such a local exchange operator is used in the original
algorithms of Després, [10], [12], as well as in [20], and the general presentation of non-overlapping
domain decomposition methods from [9].

While the Optimized Schwarz Method is well known to converge numerically for discretized problems
across a wide range of transmission coefficients (see [20, 27, [11]), its rate of convergence is highly
sensitive to the mesh size and structure [3]. In practice, achieving stability becomes particularly
challenging near cross-points, where multiple subdomains intersect, and careful treatment is required
to maintain accuracy [14]. Notably, Gander and Kwok [19] demonstrated that the convergence results
established by Lions at the continuous level [27], specifically in H'(£2;), do not necessarily extend to
the discretized setting, where finite element spaces are employed.

To overcome these difficulties and ensure both stability and convergence in more complex decomposi-
tions, Claeys [4] and Claeys-Parolin [8] proposed a powerful alternative formulation of the Optimized
Schwarz Method for the Helmholtz problem. Their approach is specifically designed to handle de-
compositions with cross-points, where several subdomains meet (see Figure 1 for a two-dimensional
example recreated from [4]). In Section 7 of [4], their method is shown to be strongly coercive at the
continuous level. In Section 11 of [§], they present a numerical implementation that demonstrates
geometric convergence of the discretized method, with rates that are uniform with respect to the mesh
size.

This robust formulation has since been extended to a variety of challenging settings, including non-self-
adjoint impedance operators [5], time-harmonic Maxwell equations [7], and the Helmholtz equation in
bounded cavities [6]. In addition, recent developments have significantly reduced the computational
cost of applying these non-local exchange operators [I], making the method increasingly practical for
large-scale computations. As shown in [§], when the domain partitioning avoids cross-points and an
appropriate impedance operator is chosen, this new formulation reduces to the classical Optimized
Schwarz Method of Després [11], offering a unified framework.

As for the original Optimized Schwarz Method, information needs to be exchanged between subdo-
mains to, in particular, impose the condition d,uy = —d,u; across I'. In [4], Claeys does this via
the introduction of an exchange operator, 11, indexed by a parameter v > 0. See for a precise
definition in the case where €2 is decomposed into two subdomains. Unlike IIp, IL, is an operator
which acts non-locally on the Neumann traces, and is defined in terms of boundary integral operators
that are built by integrating the fundamental solution —A +~~2 on the boundary of each subdomain.
Unlike for the local exchange operator Ily, the operators II, couple the Neumann traces of even those
subdomains that do not have any shared boundary. It is in this manner that we refer to the methods
here as non-local, though we acknowledge that the Neumann traces are themselves non-local in the
more standard sense of the term.
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FicureE 1. Examples from [4] of a sub-domain partition without cross-points (left)
and with cross-points denoted with blue dots (right).

One of the key advantages of Claeys’s formulation is its robustness: the method remains coercive
even in the presence of cross-points in the domain decomposition. However, this benefit comes at
a cost. The non-local nature of the exchange operator 11, introduces significant challenges in ana-
lyzing and implementing the associated iterative scheme. This stands in contrast to the Optimized
Schwarz Method, where, in the absence of cross-points, the iterative scheme based on the simpler,
local exchange operator Il is straightforward to set up and execute.

A primary goal of this work is to rigorously establish that II, converges to Ilp as v — 0, in an appro-
priate functional sense. Our first main result, Theorem below, builds a precise quantitative bridge
between the two operators, offering new insight into their relationship. This asymptotic behavior was
previously conjectured by Claeys in private communication, and we confirm and extend his intuition
through our analysis.

The formulations of the Optimized Schwarz Method using the exchange operator IIp also involve
scattering operators, Sy, which map ingoing to outgoing Robin traces of solutions to a Helmholtz
problem in each subdomain 2;. These operators act locally on the Dirichlet and Neumann traces of
each subdomain. Scattering operators in domain decomposition methods for Helmholtz problems have
for example appeared in [12, 25]. In [4], Claeys introduces a counterpart to these operators, S, again
indexed by the parameter v > 0, and uses it in a crucial manner when reformulating the Helmholtz
scattering problem as a well posed problem on the boundaries of the subdomains. These scattering
operators, defined precisely in @, are expressed in terms of the Dirichlet-to-Neumann operator, T4,
of ;, associated to the operator —A + 2. In particular, unlike S, the S act non-locally on the
Dirichlet and Neumann traces of the subdomains. Our second main result, Theorem provides
estimates on 79 — Id for general curvilinear polygonal domains §2;. These estimates, in addition to
their intrinsic interest in the theory of Dirichlet-to-Neumann operators on non-smooth domains, lead
directly to a norm estimate relating S and S} in the v — 0 limit (see Corollary . This establishes
a quantitative relationship between the classical formulations of the Optimized Schwarz Method and
the new formulation introduced in [4].

In Section 4] we describe in detail the formulation of the method introduced by Claeys in [4]. This
includes the definitions of the non-local exchange and scattering operators for a general multi-domain
decomposition, potentially including cross points. Although Theorems and are stated for the
case of a decomposition into two subdomains, we show in Section 4] how these results extend to the
general multi-domain setting. In particular, our estimates provide quantitative bounds between the
non-local operators and their local counterparts in the v — 0 limit, clarifying the connection between
Claeys’ formulation and the classical Optimized Schwarz Method.
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1.1. The exchange operator. Let (2; be a bounded planar domain, with boundary given by a
smooth, curvilinear polygon, and set 0y = R?\Qy. We let I' = 9Qg = 9§ correspond to the shared
boundary, and for each « > 0 define the function spaces

HS V(D) o= HY2(000) x HyY2(00),  HY(T) := L2(9Q0) x L*(0).
The H, 1/2 (0925) spaces are defined by duality: H%(Q]) is given by H!({;) functions with norm
||FHH%(Q]-) = IVF| 12, +q7? 1l 20, -
The Hi/z(agj) space is then the restriction of F' € H%(Q]) to 012, with norm
1712 00, = EL Ly, * Flao = £

The H;1/2 (0925) space is the dual of H%/z (0€25) and H3 (') is defined by interpolation for —3 <s<0.

Then, for G, a fundamental solution for —A +~72, and ¢ = (¢, ¢1) € H;UQ(F), let

(1) U, (¢)(x) == Gy (x —y)do(y) do(y) + Gy(x —y)p1(y) do(y).

890 891

Note that G,(z) = Ko(|z|/v) where K is the order 0 modified Bessel function of the second kind.
Here do is the line measure on 02y = 0€)4.

The exchange operator, I1,, acts on ¢ = (¢g, 1) € H;UQ(F) X ]HI;UQ(I‘) and is defined by

@ m () = (0) > (Giea)

where W is defined in . Here, n; is the outward pointing normal to d€2;, and the superscript int
refers to these derivatives being evaluated from the interior of €2; for j = 0, 1.

Theorem [I.T] approximates IL, by its local counterpart I,

3) T (ﬁf) _ (j;;) .

As we will show in Section [3| below, IL, and Ily are linked via a single layer potential.

As discussed above, IL, is precisely the non-local exchange operator introduced by Claeys in [4] in
the case of two subdomain decomposition, while Ily is the local exchange operator from classical
formulations of the Optimized Schwarz Method. Our first main theorem gives a relationship between
these non-local and local exchange operators. When I' = 0Qy = 021 is smooth, this estimate will
hold on the whole of H(T'), while if I' contains a vertex, then the estimate will be restricted to
those functions in H3(I") with a bound on their Dirichlet energy on I', coming from the following
definition:

For each v > 0 and 0 < M < !, we define the set
(4) Xy (M) = {f € Hy*(C) N H'T) : |V fllpary < M fll 2y}

Similar spaces and related regularity restrictions appear in the author’s previous work [2] on impedance-
to-impedance bounds for Poincaré-Steklov hierarchical numerical schemes used in solving Helmholtz
problems.
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The set X (M) contains a subspace of Hy 2(F) of dimension comparable to M. Given f € HY(T),
there exists ¢ > 0 such that for all 0 <y < ¢, f will be in X (M) for M sufficiently large.

Theorem 1.1. Let Q be a domain in R?. There exist constants ¢, C' such that the following hold.
1. If Q1 has smooth boundary, then for all 0 < v < c, —% <s<0, and ¢ € H(T),
— <
[I(ILy HO)GbHHg(r) < Cy H¢||Hg(1“) :

2. If Qq is a smooth curvilinear polygon, then for each 0 < a < 1, there exists a constant Cgq > 0
such that for all0 <y < ¢, 0 < M < C; 1y, —% <5 <0, and ¢ = (¢o, ¢1) € H(T) with
b0, ¢1 € Xy (M),

(I = TT0)¢ e (ry < C(1+ MYy 216555y -

Notably, the estimate in item 2 of Theorem cannot be extended to the whole of HZ(T"). We will
show in Sectionthat there exists ¢ > 0, independent of -, such that for each 0 < v < ¢, —% s <0,

there is ¢, € H3(I') with
(5) H(H’y - HO)QS'yHHg(r) >c H‘%HH%(F) .

If T’ contains a vertex, then since Qg = R?\Qy, at least one of y and Q; will have a convex vertex.
It is the presence of this convex vertex that causes this restriction to ¢g, ¢1 € X, (M). We will prove
Theorem in Section [3| by first writing II, in terms of an integral operator and then establishing
bounds for its integral kernel.

1.2. The scattering operator. In this section we study the local and non-local scattering operators
appearing in Optimized Schwarz Methods. In order to do so, we will first establish an estimate
on a shifted Dirichlet-to-Neumann (DtN) operator of a, possibly unbounded, domain  C R?, with
boundary given by a piecewise smooth curvilinear polygon.

For v > 0, we study the DtN operator T : HyQ(aQ) — H;l/Q(aﬁ) associated to —A +~y~2. That
is,
T’Yf = ’yal/F7
where
(-A+~y)F=0 inQ,
F’ag = f on 0f).

As for the analysis of the exchange operator IL,, the Hy Y %(89) space is the dual of Hi/ 2(69),
defined via H(2). The DtN operator, T, can be used to define the H71/2(89) and H7_1/2(8Q) scalar
products

(f7 g)Hi/Q((?Q) = <771T’Yf7 g)aﬂv (p7 Q)H’?l/Q(aQ) = <p77T';1Q>(9Q

with the pairing (f, g)aq = [, fg do. The latter can also be used to define the H;l/Q (0Q2)-norm.

Our main result concerning 77, quantifies how closely T’, approximates the identity operator when
v > 0 is small. However, since T, has a sequence of eigenvalues diverging to infinity for each fixed 7,

such an estimate cannot hold uniformly on the entire space Hi/ 2 (092).
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Moreover, when the boundary 9€) includes convex vertices, we demonstrate that 7', possesses a finite
set of eigenvalues, determined by the corresponding convex angles, which remain uniformly bounded
away from 1. Importantly, we also show that the eigenfunctions associated with these eigenvalues
exhibit large Dirichlet energy.

As a result, and in analogy with Theorem we obtain a precise estimate for T’,, with domain

restricted to those functions in Hy 2 (092) with a bound on their Dirichlet energy on 0f2, coming from
the function space X+ (M) in (@), with I' = 0.

Theorem 1.2. Let Q be a a smooth curvilinear polygon in R%. There exists a constant ¢ > 0 such
that for all v € (0,c¢), the following holds.

1. If Q has no convex vertices, then there exists a constant C' such that for all0 < M < C~'y~1
and h € X, (M)
Ty — Ta)hl 172 < COM + MY ) ] 13 gy
2. If Q has at least one convex vertex, then for each 0 < a < 1 there exists a constant Cy such
that for all 0 < M < C; 'y~ and h € X (M)

1Ty = Td)Al| /20y < Ca(y!? 4+ MY2422) 1] oy

(69) (09)

3. If Q has smooth boundary, then there exists a constant C such that for all0 < M < C~ 1471
and h € X, (M)

(T = Id)hl| < C(y"? + M) |Ihl

1/2 Q) = 1/2 COR

We prove Theorem in Section [2| using estimates on the Robin eigenvalues for large parameters,
and an upper bound on a Steklov Rayleigh quotient for functions in X, (M). In the case of no convex
vertices, these eigenvalue estimates will come from [28], while we will use results from [23] when Q has
convex vertices. These works, for example, extended previous Robin eigenvalue estimates in terms of
the maximum curvature of a smooth boundary, [15], [29].

Next, we explain how to apply Theorem|[I.2]to the study of the non-local scattering operator introduced
by Claeys in [4]. For a function u € Hi (Q), denoting 7 (u) and 7p(u) to be the Neumann and Dirichlet
traces of u on 052, local and non-local ingoing and outgoing Robin traces are defined by

T+0(u) = 75 (u) £ itp(u), T+~ (u) = T (uw) £4T, (Tp(u)).
This then gives the definition of the scattering operators So and S, via
(6) So(r-o(u)) = m0(w),  Sy(T—5(u)) = 74 5(w).

Here, Sy acts locally on the Dirichlet and Neumann traces of u, while S, is the non-local version used
in [4]. Since

So(7—0(w)) = S5(7- 5 (1) = T4 0(u) = 74 5 (u) = itp(u) — iTy(TD(u)),
Theorem [1.2] gives the following immediate relationship between Sy and S,.

Corollary 1.1. Let Q be a smooth curvilinear polygon in R?. There exists a constant ¢ > 0 such that
for all v € (0,¢), the following holds.
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1. If Q has no convex vertices, then there exists a constant C such that for all0 < M < C~1y71,
and all w € H}(Q) such that Tp(u) is in X, (M),

100 (7= 0(w)) = Sy (= (W) =172 5 < O(y'2 + M24172) I (@)l =172 50 -

2. If Q) has at least one convex vertex, then for each 0 < a < 1 there exists a constant Cy such
that for all0 < M < C;7 ™2, and all u € Hi(Q) such that Tp(u) is in X (M),

(S0 0(u)) = S5(7— A (D) 1725y < Caly? + M2 2) [lrp ()| 172,

3. If Q has smooth boundary, then there exists a constant C' such that for all0 < M < C~'y71,
and all u € Hi(Q) such that Tp(u) is in X (M),

(So(7—0()) = STy (W) 125 < OO+ M) 7D (01725 -

Theorem [I.T]and Corollary [I.Iprovide quantitative estimates between the local operators appearing in
classical Optimized Schward Methods and their non-local counterparts, in the case of a decomposition
into two sub-domains. We will see in Section [4] that in fact our estimates can be generalized to domain
decompositions with an arbitrary number of components, including those with cross-points.
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2. ESTIMATES ON THE DTN OPERATOR

In this section, we will prove the estimates on the Dirichlet-to-Neumann operator T, given in Theorem
To begin, we introduce some necessary notation that we will use throughout the proofs in this
section:

We let \; be the eigenvalues of T’,, with corresponding orthogonal eigenfunctions h; € Hy 2 (09Q):
(7) T hj = \jh;, th”L?(aQ) =1
Note that this ensures that the functions h; are also orthogonal in L?(0Q) and H; Y 2(89). In

particular,

_ 1 2 —1/2
thHHl/Q(aQ) 1/2)\ / thHHW_l/Q(OQ) = 71/2)\]» / .

For each h € Hyz(a{l), we write h =37 a;jh;. Then, HhHiz(aQ) =37 la;|?, and

o0 o0
2 _ _
102320y =7 SNl I g = DA
j=1 j=1
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Given h € Hi/ 2 (09), we define the Rayleigh quotient by

, 1F 172 0
(8) R =infd — @ gl
-1 2
Y IR 2200

Then, R[h;] = A;, and for h = 22, a;h;,

Hh”i]i/Q(aQ)

17l Z200)

With these spectral and variational conventions defined, we establish a series of estimates, culminating
in the proof of Theorem The first is an estimate on the Steklov eigenvalues of €, where we split
into two cases depending on whether {2 has at least one convex vertex. To do this, we use estimates
on Robin eigenvalues with large Robin parameter from [23] and [2§].

Proposition 2.1. Let Q be a smooth curvilinear polygon in R%. There exist constants c,C' > 0 such
that the following holds.
o If Q) has no convex vertices and 0 <y < ¢, then A\; > 1 —C~ for j > 1.
e If Q) has at least one convex vertex, then there exists N € Z~q such that for all 0 < v < ¢,
A >1-09Y3, j>N+1.

In addition, there exist A}, ..., Ay € (0,1) such that
N =A< Cy¥3 1<j<N.

If Q has K convex vertices with interior angles {2ak}§:1, the collection {)\;‘ ;VZI s the union
of the discrete Steklov eigenvalues, with respect to the operator —A + 1, of the infinite sectors
U(ay) with interior angles 2.

Finally, let )\;f be a Steklov eigenvalue associated to the sector U(ozkj) and let v;, V; sat-
isfy (A +~72)V; = 0 in Uloy,), V; = vj on OU(aw,), 70, V; = A; on OU(ay;), with v;
L?(8U (o, ))-normalized. Assuming that the vertex of the sector is placed at 0, then

(9) /i mwwwwwdw+/ (Vi (@) + [VVi(0)P)ecl?de < €,
U (k) U(aw,)

Proof of Proposition : For fixed w > 0, we let pr = ug(w) be the Robin eigenvalues of —A, with
Robin parameter w > 0. That is, there exists a function ¢y, = ¢p(w) € H'(Q) such that

(A = pp)pr =0in Q,  Jydr = wey, on AN

There exists a constant C' > 0 such that these Robin eigenvalues have the following properties: Using
Sobolev trace estimates (see Theorem 1.5.1.10 in [22]),

(10) pu(w) > —Cw?
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for all k¥ > 1, and w sufficiently large. Moreover, from Theorem 1.2 in [23], there exists N > 0, such
that, for 1 < k < N, and w sufficiently large,

(11) |k (w) — pw?| < Cuwt?,

where pj < —1 are the Robin eigenvalues with w = 1 of the sectors U(o,,) with interior angle 2a;,
equal to that of a convex vertex of 2. Note that NV = 0 if €2 is smooth, or only has non-convex vertices.
Also, from Proposition 5.1 in [23], for £ > N + 1,

(12) pp(w) > —w? — Cw?/3

for w sufficiently large. If € is smooth or has no convex vertices, then instead using the estimates
from [28], gives

(13) pp(w) = —w’® = Cw

for w sufficiently large.

As a consequence of , pr(w) being strictly monotonically decreasing in w for fixed k, and since
limyy— o0 i (W) = —o00, there exists v9 > 0 such that for each v with 0 < v < 79 and each k > 1, there

exists a unique w = wg(7y) such that

pi(w) = =772,

Moreover, as p(w) < prs1(w), the sequence wy(7y) is increasing in k. Therefore, setting 7, = 7% () :=
~ywi(7y), we have

(-A+7 g =0inQ, 0ydp =7 "7y on 99,

and so 7y, is an eigenvalue of the DtN operator T’,, with corresponding eigenfunction ¢|an € Hi/ 2 (09).
Conversely, if A; = \j(v) is an eigenvalue of T, with eigenfunction h; € H 1/2(9€)), then defining
w; = wj(y) =v71Aj(7), we have

(-A+yH;=0inQ, 9,H; =wh; on 99,
for a function H; € H'(99Q), with Hj|spo = h;j. Therefore, —y~2 is a Robin eigenvalue of —A, with

Robin parameter w, and so must be equal to pu;(w) for some k. As a consequence, for 0 < v < 7,
the sequence {71(7)} coincides with the sequence {\;(7)} of eigenvalues of T.

Using A\e(7) = 76(7) = ywr(y), with v = (—pu(w))~1/2, when Q has convex vertices, the estimates in

and give, for v > 0 sufficiently small,

(14) M () = Ajl < Oy,

for 1 <j <N, with At = ()72 < 1, and

(15) Aj(7) 21— Cy3,

for 5 > N 4 1. If instead 2 is smooth or has only non-convex vertices, the estimate in gives, for
~v > 0 sufficiently small,

(16) Aj(7) > 1= Cr,

for j > 1. The estimates in , and are the bounds on A; in the statement of the
proposition.
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We are left to prove the exponential decay estimates on the Steklov eigenfunctions of the infinite
sectors. Since the infinite sector is dilation invariant, we can rescale to v = 1, and then the required
estimates follow from the decay of the Robin eigenfunctions of infinite sectors from Theorem 5.1 in
[24].

O

For functions h € X, (M), we will use the following estimate on how concentrated h can be near a
vertex of Q. In what follows, D, (v) denotes the disc of radius r centered at v.

Lemma 2.1. Let Q be a smooth curvilinear polygon in R?. There exist constants c¢,C > 0 and for
each0<a<1l,0<y<c, M >0, heX,(M), and every vertex v of Q,

1]l oo a0y < COL+ M) (7] 12 o0 » / h? <min{C(1 + M)y, 1} [|hll72(0) -
8QOD,Y&(U)

Proof of Lemma : The upper bound on the integral follows immediately from the L>°(9f2) estimate
in the statement, and so we just need to prove the first inequality. By dividing by ||h|;2(5q), we assume
that [|A]l 290y = 1. Let L* be the maximum of |h[, attained at z* € Of.. Letting w(t), ¢t € I, be an
arc-length parameterization of 92, with x* = w(0), we write g(¢t) = h(w(t)). Then,

t t 1/2
90~ 901 = | [ ) as| <2 ([ epas) < coar
0 0
where we have used that h € X, (M). Therefore, there exists ¢ > 0 such that
lg(t)| > $L* for 0 <t < ¢ min{1, M~*(L*)*},

and so

1(L*)?e min{1, M~%(L*)*} < /g(t)th <C.
I
Rearranging this inequality gives the desired upper bound ||A|| Lo = L" < C(1 4+ MY?) for an

increased constant C.
O

In the case where ) has at least one convex vertex, we use Lemma to bound the inner product
between a function h € X,(M) and an eigenfunction h; of T, with 1 < j < N, and N as in the
statement of Proposition [2.1

Proposition 2.2. Let Q be a smooth curvilinear polygon in R? with at least one convex vertex. There
exist constants ¢, C' > 0 such that the following holds. If N is as in Proposition[2.1], then for 0 < vy < ¢,
M>0,he X\ (M), and1 < j<N,

/ hh;
o0

Proof of Proposition : We will prove this proposition by first comparing the eigenfunctions h; with
the Steklov eigenfunctions of infinite sectors of a convex angle, and then use the L*(0f2) estimate
from Lemma 211

< C(L+ M2 2|0l 1200

where hj is as in .
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Using the notation of Proposition fix 1 < j < N and let U(ay;) denote the infinite sector that has
Steklov eigenvalue )\;‘f and let v; be the corresponding eigenfunction of T’ in U(akj). If the function
Vj is the extension of v; from OU (ay;) to U(ay; ), satisfying (—A +~72)V; = 0, we have the Rayleigh
quotient

: —7/ [VVil* +972VF =
- = J = A
7 Jovtan) Vi Ulan,) ro

Juia) WVl + 772V

(17) Rlv;] =

We now define a change of variables S; to translate, rotate, and straighten the sides of a neighborhood
of a convex vertex of ) with interior angle 2ay; to coincide with part of U(akj): We fix % <a<l,
and work in a disc centered at this vertex of radius v*. We can rotate and translate so that, without
loss of generality, the vertex is at the origin, (s,¢) = (0,0), and this part of the boundary of 9 can
be written as t = fi(s) for s > 0 and t = f_(s) for s < 0, where fi are two positive functions.
Moreover, the rotation can be chosen to ensure that lim, g+ fi(s)/s = ax, with

(18) c<lax| <C, |fi(s)/s —ax| < Clsl, [fi(s) —ax| < Csl,

for constants ¢, C' > 0. Denoting U(ag,,~*) to be the part of the infinite sector U(ay;) within a
distance of v* from the vertex, we can then define the function

.U Q g s,f;T(i)t s> 0,
o U(og,, 7)) — Q, i(s,t) =
i Ulow;,7") i(5,1) s, =6)4) s <o

> a_s

which is a Lipschitz homeomorphism onto its image (and a diffeomorphism away from s = 0). The
Jacobian of this change of variables is given by the determinant of
[ SIA() — ()
2
J(s,t) = a+5
BO=1 L)
a+s
In particular, since we have |s|, |t| < 4%, by the bounds in we have
(19) |J(s,t) — Id| < C~*.

We now define

wj(z) = x;(2)v; (S; (2)),
with x;(z) a cut-off function to a neighborhood of size v* about the convex vertex of angle 2ay,; of
9. Moreover, x;(z) is chosen so that [[wj]|;>gg) = 1. The function w; can be extended to €2 by

Wi (x) = x;(@)V;(S; ' (x)), so that

fQ IVW; 2 + 7_2Wj2
Y7 foq U’JQ‘

Using the exponential decay properties of v; and V; from @ in Proposition , and the Jacobian
bounds from , thus ensures that

(20) Rlwj] < A\j +Cy*.

R[U}J} <
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To see this we use and that @D and implies that

- / 0j(S74(x))?
QnNsupp(x;)

and the analogous estimate for V; and VV;.

(21) < v,

-
QN{x;(z)=max x; }

The upper bound from together with the estimate on [\; — AJ| from Proposition since
% < a < 1, implies that

(22) Rlwj] = A < Oy,

Moreover, using again the exponential decay properties from @D, the orthogonality of the v;’s, and
the fact that on the support of w; we can write w;(z) = v;(S; ' (z)) + (1 — x;(z))v;(S; (2)), gives

J J
/ Wjwy,
o0

We write w; = > ;2 a;she, so that ijHiQ(aQ) =321 lajel* = 1 and Rlw;] = Y252, Melaje>. We
will show that

(24) Aj+Bj= > gl + D el <0y
C<GN; AN R OM

(23) <Oy

for 1 <k <N,k #j.

For j =1, we have A; = 0, and using we have

A (L= By) + Ay B1 < Rlun] = Z)\ACLLAQ < AL+ Cy3,
=1

where ¢ = k; is the smallest index for which A\j > A]. Rearranging this inequality implies for
7 = 1. The same argument also works for any 7 < ki. In particular, using the almost orthogonality
inequalities from , and since % <a <1, for 1 <j <k, we must have coefficients by ; with
1—Cy3 <37, bej)? <1+ Cy?/3) such that

(25) hj - Z bg’ng < C’yZ/S.

1<OSN:A; =S 12(50)

For j > k1, we first use and the almost orthogonality inequalities from to obtain A; < C~2/3.
Moreover, using the bound on the Rayleigh quotient from gives

Aj(1 = Bj) + A\, B — C7*% < Rlw;] < Aj + C¥*%,

which can be rearranged to give . Therefore, holds for all 1 < j < N, and hence so does .
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We can use , together with the L>°(012) estimate on h from Lemma to complete the proof of
the proposition. We normalize h so that ||| 2(gq) = 1. Then,

hh; g/ h bg~wg+/ hh - by wy
/89 ]‘ a0 Z 7 o0 ! Z 7

ISZSN:/\Z‘Z/\; 1§£§N:)\;:)\]*.
<C(1 +M1/2)/ S bpjwe| +CHHP
O |1<e<NAp=X
1/2 12
< C(l + Ml/Z) / ecminv dist(z,v) /v Z |b€j’2|w€’2 </ efcminv dist(x,'u)/'y) + C")/2/3
’ o0

o0 L<USNA;=A;
< C(l —|—M1/2)’)/1/2,

where to obtain the last inequality, we first used that, from , the by ; coefficients are bounded by
a constant. Recalling that w(z) = x¢(x)ve(S; (x)), we then used (9) from Proposition 2.1/ to bound

the integral. This completes the proof of the proposition.
O

Lemma also allows us to bound the Rayleigh quotient from for functions h € X (M).

Proposition 2.3. Let Q be a smooth curvilinear polygon in R?, and let h € Xy(M), with0 < M <
=L If Q has no convex vertices, there exist constants ¢, C > 0 such that for all 0 < v < c,
R[h) <1+ C(1+ M)y.

If Q has at least one convex vertex, then, for each a € (0,1), there exist constants ¢, C, > 0 such that,
for all0 < vy <eg,

R[h] <1+ C,M~* + Cy.
Finally, if Q@ has smooth boundary, there exist constants ¢, C' > 0 such that for all 0 < v < ¢,
R[h] <1+ Cy+ CM?*4%,
Proof of Proposition : Without loss of generality, we assume that ||| ;2 o) = 1.
Given v > 0 and 0 < a < 1, let Uya be the subset of 92, with a v* neighborhood of each convex

vertex of 0) removed, and a 7 neighborhood of each non-convex vertex removed. We then let wy(s)
be an arc-length parameterization of a connected component £ of Uya for s € Iy 5 4. Then, we define

Fp:lpyax (0,779 = Q, Fy(s,t) = wy(s) + tn,

where, for ease of notation, we have suppressed the dependence of Fy on v and a. Here, n is the unit,
inward pointing, normal to 02 at a point on U,«, and the cut-distance constant 7* > 0, depending
only on the geometry of 9€), ensures that Fy is a diffeomorphism onto its image in €. In particular,
for v > 0 sufficiently small, the image of Fy is contained in 2 even when ¢ is part of a side of 92
connected to a non-convex vertex. The Jacobian, Jy(s,t), of this change of variables satisfies

(26) | Je(s,t) — Id| < Ct,

for a constant C depending on the curvature of the sides of 0f2.
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Next, we define smooth cut-off functions xo(t) and x-,(s) with the following properties. The function
xo(t) is equal to 1 for ¢ < 1, equal to 0 for ¢ > 1, and with bounded derivative. The function X4 (s)
is equal to 1 on Iy 2,4, equal to 0 outside Iy, 4, and its derivative is bounded by Cy~* in an O(y*)
neighborhood of the convex vertices of €2, and bounded by Cy~! in an O(v) neighborhood of the
non-convex vertices, and zero otherwise. Writing g1 ¢(s) = h(w¢(s)), we then extend g1 ¢(5)x~,a(5) to
the image of Fy in Q2 by

(27) Hio(x) = gro(s)xva(s)e™Mxo(t/(T9Y), @ = wi(s) + tn.
Note that when x € £, Hy 4(x) = h(x)X,a(s) as t = 0.

The above functions Hy¢(x) provide an extension of the part of the function h(x) away from the
vertices of 9. Given a vertex v of 012, after a rotation, we can write the part of € in the disc
Dya(v) centered at v of radius 29 as w2 > fy(x1), with f,(z1) having bounded slope. Then, for
x = (21,22) € Daya(v), for each vertex v, with go(21) = h(z1, fuo(z1)) we define

(28) HZ,U(:'U) = 92,0(xl)e_(xQ_fv(xl))/WXO(xQ/'Ya)X%a,U(xl)7

with X,,a0(21) a cut-off function to a neighborhood of v to be defined below. Note that when
x = (1,22) € 00N Daya(v), Hap(x) = h(2)X~,a0(®1) as 2 = fy(x1). Therefore, we can define the
cut-off functions X 4, so that

H(x) := ZHM(:U) + ZHM(:E) = h(z) for all z € 09,
)4 v

which in particular means that the derivative of X, 4, is bounded by Cvy~% in an O(y*) neighborhood
of the convex vertices of 2, and bounded by Cy~! in an O() neighborhood of the non-convex vertices,
and zero otherwise.

We now estimate the Rayleigh quotient

- Jo|VH]? +~y72H?

R[R] < _7/ VH? +~+72H?).
D L [ (va] )

We claim that for each side ¢,

(29) ot /Q(IVHLA2 +y72HY,) <14 C(1+ M)y + CM>y2.

for a constant C'. First, we have

a—1

|10:H o (2)* =772 Hyo(2)?| < Cgre(s)®e™" (g 4m (1),
10 Hyo(@)]> < C(1gh,0(9) + g1,.0(5)° X, a(8)]P)e ™7,
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for constants ¢, C. Using the Jacobian bounds from , and h € X,(M), we therefore have
o
v [(vE ) 2 [ m <or [ [T oo 1 (0 deds
Q Q Ipa JO
+ 07/ / gl,g(s)2|x’7 J(8)2e™ 2/ dt ds
Ipa JO ’

+C"y/ / ]g'l’g(:s)]Qe_Qt/“Y dtds
[g’,ya O

(30) <Ce " 4 C~? / gl7g(s)2|x’%a(s)\2 ds 4+ CM?~2.
I,

e

To bound the integral involving |x/, ,(s)|?, we use Lemma We have [x/ ,(s)]* < Cy™2* in an

O(y*) neighborhood of a convex vertex, while from Lemma the integral of gy ¢(s)? restricted
to such a neighborhood is bounded by C(1+ M)~y®. Also, we have [x/ ,(s)]* < Cy~? in an O(y)
neighborhood of a non-convex vertex, while from Lemma the integral of 9174(8)2 restricted to such
a neighborhood is bounded by C(1 + M)~. Therefore, for v sufficiently small, the right hand side of

is bounded by
(31) C(1+M)y?*+C(1+ M)y +CM?*y% < 20(1 + M)y + CM?~2,
using also that 0 < a < 1.

Using the Jacobian bounds from (26) again also gives

(32) 27—1/HM<27—1/I / gre(s)’e” 2 Jy(s,t) dtds < (1+CY) |k 7290y = 1+ C.
£,y®

Combining (31]) and (32)) yields the claim in , for an increased constant C.
Next, we claim that for each vertex v,

Co(1+ M)y* if v is convex,

33 VH|* +~v7°Hj, <
(33) ’Y/Q V2ol 20 = C(1+ M)y  if v is not convex.

To bound the contribution from Hj ,, note that
|V Ha(2)]* < Cy 2| Hay (o)
+ C (g, (1) [y (@) * + 92,0 (1) 2[R 0.0 (21)[7) €7 2E2 Py (9 14%)2.
Since h € X, (M), we have [ g5 ,(21)%Xy.a,0(21)]* < M, and using Lemmaﬁ gives
/92,0(931)227@,0(:61)2 dry < C(1+ M)y, /gz,v(ﬂfl)Q%@,v(fL‘l)Q dry <C(1+ M)y

if v is a convex vertex, and

/92,11(331)2)27@,1;(331)2 dzy < C(1+ M)y, /92,v($1)2)~<;,w($1)2 dry <C(1+ M)y !

if it is not. The claim in follows from combining these estimates.
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Last, since the support of Hj ¢(x)H2, () is contained in the same neighborhoods of the vertices as
the support of X-q4.v(21), we obtain the same estimates:

_ Co(14+ M)y* if v is convex,
34 VH, ||VHy,| +~ 2Hi Hoy <
34 fy/ﬂ IVELA[V Haol 77" H ez < {C’(l + M)~  if v is not convex.

The estimate in the statement of the proposition follows from combining , , and . Here,
in the case that  has at least one convex vertex, we are using that M2~y < M~® for 0 < a < 1,
M < ~~1. If Q has no convex vertices, then we may fix a specific value of a, and so we get the
improved estimate, also using M?2~% < M~ for M < v~ L.

Finally, if 2 has a smooth boundary, then, for a cut-distance constant 7* > 0, depending on 0f2,
we can instead extend h by the function H(z) = h(w(s))e ¥ 7Vxo(t/7*). Here w(s) an arc-length
parameterization of the whole of 02. Then, following the proof of and above, because it
does not require the cut-off function x4, gives the upper bound of

R[h <1+ Cy+CM?*+?,

as required.
O

We next use this upper bound on the Rayleigh quotient to control the coefficients of a function
h € X,(M) when written in terms of the basis of Steklov eigenfunctions h;.

Proposition 2.4. Let Q be a smooth curvilinear polygon in R%, and let h = Zjo’;l ajhj € X, (M)

with HhH%Z(aQ) =1and 0 < M < ~v~L. Then, if Q has no convex vertices, there exist constants c, C
such that for all 0 < v < ¢ and each k > 0,

Z |aj|2+ Z )\j‘aj‘Q S CQk(l-i-M)’y.
JiA>142k JiNj>142-k

If Q) has at least one convex vertex, then for each 0 < a < 1, there exist constants c, C, such that for
all 0 <~ < ¢ and each k > 0,

SolalP+ YD Nlal < Ca2b(yP 4 My,
jixj>142-F JiAj =142k

Finally, if Q1 has smooth boundary, there exist constants ¢, C' such that for all 0 < v < ¢ and each
k>0,

Yoo dalP+ D Alagl? <02 (v + M.
JiAj>142-k JiA>142k
Proof of Proposition : Define cx = 32\ 5119+ |la;|?. We first write
oo
R[R] = Ajla;*> > > NlailP+ D Al
j=1

J>N:X;j <1427k Jix =142k
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When Q has no convex vertices (including the case of a smooth boundary), we can use the lower
bound on A; from Proposition for j > N + 1, to get the lower bound

RB > (1=Cy)(l—c)+ > Ala?> (1 =Cy)(1 =)+ (1+27F)ex
Jixj>142-k
(35) >1-Cy+27%

If instead €2 has at least one convex vertex, we use the lower bound on A; from Proposition and
the bound on |a;| for j < N from Proposition to get

R > (1=Cy*) (1= =M+ Y Alagl> = (1= Cy*P)(1—ep — M) + (1427 M)y
Gihj>142-k
(36) >1—Cy%3 — My +27F¢,

In each case, combining the estimates in and with the upper bound on R[h] from Proposition
implies the required upper bounds on cy.

From and , we have
Z Njlaj? < R[h] — 14 ¢, + Oy
G >142-k
when €2 has no convex vertices, and
Z Ajla;|? < R[h) — 1+ Cy*3 4+ O My + ¢
GiA 2142k
when it does. Using the upper bound on ¢, and the estimates on R[h] from Proposition then

imply the remaining estimates in the proposition.
O

Before completing the proof of Theorem we finally need an estimate relating the H, 1/2 (0Q2) and
L%(99) norms of functions in X.,(M).

Lemma 2.2. If Q has no convex vertices, there exist constants ¢, C' > 0 such that for all 0 < v < c,
0<M<C 'yt and h € X,(M),

iy > 37" 11 L2ag)

T2 000) =

If Q has at least one convex vertex, then for each 0 < a < 1, there exist constants ¢, Cyq > 0 such that

forall0 <y <e,0<M<Cyly™ and h € X\ (M), this same lower bound on HhHH—l/Q(aQ) holds.
Yy

Proof of Lemma : For h =772, ajh; € Xy (M) with [|h[| 25, = 1, we can write

2
1l 172 0 = ’YZ)\ Nl 2y D0 AP = 5y D eyl

JiA<2 Jir<2
By Proposition u 2.41 for v and M ’y suﬂi(nently small (and M~* also sufficiently small in the case where
Q has a convex vertex), we have 1y <2 laj|> > 1+, and this completes the proof of the lemma.
O

We now prove Theorem
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Proof of Theorem : Let h = 3772 ajh; € Xy (M), with [|h]|;2(5q) = 1. Then,

(e o]

2
2 o0 _
2y = TR 220 = [ 500 = D[ 1 = v = 1Pl
]:
We decompose this sum as
(T — Id)h1?, “1/290) =7 > AT = 1) ayf?
7N <1
(37) 7Y > MG = Dl D0 ATy = 1) ag
k=0 ji142-k—1<);<142-F JAj=2

We now split into three cases:

1. If © has no convex vertices, then we use Proposition to bound the first term in by C~?
and Proposition with & = 0 to bound the third term by Cy?(1 + M). Using Proposition for
all £k > 1, we can bound the second term in by

Cy ) 272"y (14 M) < Cy* (1 + M),
k=0
Thus,

(T = TR, 172 gy < CFP(1+ M),

(09)
and to finish the proof we apply Lemma

2. If instead, © has at least one convex vertex, then we now use Propositions [2.1] and 2.2] to this time
bound the first term in (37) by C(y 73 4 72M) and Proposition [2.4] with k = 0 to bound the thlrd
term by Cyy(y 2/3 4 M~ ) Again, using Proposition E 2.4 for all k > 1 bounds the second term in
by

Cay Z 272k9k (423 1 MA%) < Cury(v?/2 + MA%).
k=0
Thus,

1Ty = LA R} 17250 < Car (7 + M),

0Q) =
and to finish the proof we again apply Lemma [2.2]
3. Finally, if Q has smooth boundary, then we again use Proposition to bound the first term

in by C~? and Proposition with k£ = 0 to bound the third term by Cvy(y + M?+?). Using
Proposition for all £ > 1, we can bound the second term in by

Cy Y 272 (v + MPy?) < Cy(v + M?y?).
k=0
Thus,

(T — )R], < Oy(y + M?H?),

1/2 09)



NON-LOCAL EXCHANGE OPERATOR ESTIMATES 19

and to finish the proof we again apply Lemma

3. ESTIMATES ON THE EXCHANGE OPERATOR

In this section, we will prove Theorem [[.T, We continue to write Q; for a bounded planar domain,
with boundary given by a smooth, curvilinear polygon, and set Qg = R?\Qy. We let I' = 99y = 08
correspond to the shared boundary. We recall that the exchange operator, IL,, acts on ¢ = (¢g, 1) €

H, 1/2 (T") and is defined by . Theorem n approximates IL, by its local counterpart Iy defined in
. To prove Theorem |1.1], we first write I, — Iy in terms of an integral operator, which involves a
Neumann-Poincaré operator for —A +~~2. We will then prove bounds for the kernel of this operator,
which will be used to establish the estimates in Theorem [L.1]

Lemma 3.1. The exchange operator can be written as

b0 %o —A A\ (9o
II =1I
(&) =m (@)= G2 ) ()
where A is the operator acting on H;l/Q(an) for k =0,1 defined by

Mmﬂ/(%MWHW@M%

Qo
with Gy(z) = Ko(|z|/v) and Ko being the modified Bessel function of the second kind of order 0.

Proof of Lemma : By (1)), ¥ (¢)(x) = ¥5(¢o)(x) + ¥l (1) (x) with

(38) W(go)(x) = [ Gylw—y)po(y)do(y),  Wi(p1)(x):= [ Gylz—y)di(y)do(y).

890 85—21

Then, since ng = —ny on 0y = 021, and using int, ext to signify derivatives evaluated from within
the interior, exterior of {1;, we have

oI (9) = WY (00) — OTUL(Br), O (8) = —OL WY (o) + WL (6n).
We now use jump formulas for single layer potentials to write
O (o) = 500 + S0, W (o) = —5d0 + S 0.

Note that the jump formulas are analogous to those for the single layer potential for A, as for instance
described in [I6], Chapter 3.F, because G,(x) has the same logarithmic singularity at z = 0 for any

v > 0. Here, the operator $*? acts on H7_1/2(890) and is defined by

,me/<%Mm~wwww
0Qo

We have the same equations for the subscript 1, and since ng = —np, we have S*9 = — 51,

Therefore,

Ot (¢) = O (do) — DT WL (61) = 360 + 5™V + 561 — S ¢,
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and the analogous expression for 8mt\Il 4(#) (with the 0 and 1 subscripts reversed). In matrix notation,

. yields

®1 o1 — ¢1 — 25%1 1 — o + 25% 0

(0 1\ (o —25%0 92551\ /4,
=1 0 ) lg) Tlago _ag1) g )

Setting A = 25*0 = —28*%1 concludes the proof.

<¢0> _ <¢0 — ¢o — 2500 — ¢1 + 25*’1¢>1>

As shown in Corollary 5.1 of [4], the exchange operator satisfies various mapping properties:

Lemma 3.2 (Corollary 5.1 in [4]). The operator IL, from Deﬁm’tion@ has the following properties:

a) IL, is an isometry on H;1/2(F), with 112 = Id.

f

consists of those elements in H;1/2(F) which are the Neumann traces of functions in H'(R?).

b) The operator Id — IL, has kernel <_f ) for any f € H,Y_I/Q((?Qo). Equivalently, the kernel

0
c) The operator Id + 11, has kernel (?{Z), where h is the restriction of any H'(R?) function
¥

to the common boundary of Qy and 1, and Tvk : Hi/z(a(zk) — H;1/2(8Qk) is the Dirichlet-
to-Neumann (DtN) operator of Qy,, for the operator —A + ~ 72,

From Lemma and the following corollary, we see that the exchange operator II, and the Dirichlet-
to-Neumann operators Tf? are intricately linked.

Corollary 3.1. As a consequence of Lemma c), the operator A from Lemma and DtN operators
TF satisfy
gl

0 1 _ 0 1
ATy +T,)h = (T, — T, )h,
for any h which is the restriction of a H'(R?) function to the common boundary of Qo and €.
Proof of Corollary[3.1} Using the expression for IL, from Lemma [3.1] gives

-A —-1-A
1+44 1+A

and then the corollary follows from Lemma |3.2] c).

[d+11, = (_1

We note that we can use Corollary [3.1] to write
Ah = 3A(h—TOh) + SA(h — T h) + SA(TY + T3k
= $AMh—TIh) + A(h —T)) + L(T9 — T))h

1

+3

ik
= SA(h—TIh) + SA(h — TJh) + $(T2h — h) + $(h — Ty h).
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In particular, using the bound on A coming from Lemma a), and Theorem 2., for h € X\(M),

we can write
Ah = F() + Fl,
. ~1/2 e . . .
with Fy, € Hy /7(0€y) satisfying the smallness estimate on the right hand side of Theorem 2. In

the proof of Theorem below, we will obtain bounds on Ah directly, using the properties of the
kernel of A.

To prove Theorem we will use the integral operator representation of A from Lemma by
obtaining estimates on its kernel.

Proposition 3.1. There exist constants ¢, C' such that the kernel K. (x,y) := 2 (0ny2Gy) (x —y) of
the operator A from Lemma [3.]] satisfies the following bounds.

1. Let Q1 be a smooth domain. Then, for x € 0Qy =0, y € U, k=0,1
Ky (@ 9)| + |V oy (@, )| < Cemelemvil,
2. Let Q1 be a smooth curvilinear polygon. Then, for x,y € 0Qy = 08,
1
min; (dist(x, v;) + dist(y, v;))
where v; are the vertices of 0€);.

Ky (z,y)| < C e~clemyl/,

We will first use these bounds to prove Theorem and then prove the proposition.
Proof of Theorem [1.1]:

Part 1. We first prove the theorem in the case that {2; is a smooth domain. We will use Proposition
to show that there exists a constant C' such that, for k = 0,1,

(39) 149l r200,) < C7 191l L2004
(40> HAfH 1/2 (0Q%) < ny ”f” 1/2 (09%)

Here A is the operator from Lemma with g € L2(8Qk) and f € H;1/2(8(2k). The estimates on
IT, — Iy in Part 1 of Theorem [T.1] then follow from Lemma [3.T] by Sobolev interpolation.

To prove the L?(9€)) estimate (39), we first note that from Part 1 of Proposition there are
constants ¢, C > 0 such that

sup / |Ky(z,y)|do(y) + sup / |Ky(z,y)|do(z) < C’/ e/ dt < Cy.
€0y, J OOy yeON J Oy, —0o0

The constant C will change from line-to-line below. Using Schur’s test,

[ asrare < [ ([ i) ([ 1w llswPa ) o

2
<o [ N ( / 1K ) da(z)) 9|2 do(y)
(41) < Cy? /aQ l9(y)|? do(y).
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This give the desired A : L2(0) — L?(0Q) estimate.

To prove the A : H,Y_l/Q(OQk) — Hy_l/z(@Qk) estimate we proceed as follows. Let the operator
A* 2 L*(0S%) — H (%) be given by

A*h(y) = K(z,y)h(z) do ().
o,
Then, we will show that for h € HJI/Q(GQ;C),
(42) 1A 1 ) < cy'/? 17l 1250, » 1712 (50,) < cy/? ||h||H}//2(agk) :

Assuming these bounds, we have
ALY = 108 A< 1 a2 gy 14" Mo 2 0
<12 gy 14 Al 30
<Cy'? £ =172 a0, Rl 2200y < CYF Nl =120, 1Bl 12 g,
giving the desired A : H7—1/2(an) — H§1/2(89k) estimate.

We are left to prove . The second estimate in can be proved as follows: For €); Lipschitz,
and v € H) (%), by Theorem 1.5.1.10 in [22] we have

/ v2do < Cry (/ |Vv\2+’y_2/ vz) = Cy vl ay -
80, Qp Qp !

Applying this to any ¢, € HL(Q), with ¢4loq, = h, gives 17l 2200, < CH'/2 quhHH%(Qk)' The
second bound in then follows from the definition of the Hy 2 (09) norm.
We are finally left to prove the first bound in . Note from Proposition Part 1, that

sup/ Ky (z,y)|dy < sup [ Ce ¥/ dy < Cv2.
€0, JQy, €0y, JQy,

Therefore, following Schur’s test, analogously to , gives

(43) / A*h(y)2 dy < C? / h(2)? do(z).
Qp oy,
Using the bound on V, K (xz,y) from Proposition 1. instead gives
(44) / VA h(y)]? dy < CrPy / Ih()? do(x).
Qp 0Q

Combining and , using the definition of the H;(Qk)—norm then gives .

Part 2. We now prove Theorem in the case that ; is a smooth curvilinear polygon. We let d(z)
be the minimum distance from = € 0§ to the vertices of Q. We then write the kernel K (z,y) as

Ey(xy)= ) Ki(zy)+ K (),
Ji2i<1/y

K (2,9) = Ljgwye@-io-mp (@) Ky (@), Ky(2,y) = lge)< (2) Ky (2,9),
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where, for example, 1¢4(;)<4}(2) is the indicator function of the set {d(z) < v}. This then breaks the
operator A into the sum y Aj+ A. Using Part 2 of Proposition H, we have

‘K']Y(xa y)| < C2j1{d(m)€(27j72,j+1]}(g;)e_dx_y‘/”Y

for x,y € 0Qk. To handle A;, we apply the L*°(0€;) estimate from Lemma to see that for
g € X’Y(M)7

|Aj9(x)] < / 1K (2, 9)lg(y)| do(y) < Cl{d(z)e(m,2g~+q}(m)/ 2l e=clm/g(y)| do(y)
o 9,
< Cy(1+ M) gl 200, Law)e@-i,2-5+1y ().
This gives the L?(0€),)-estimate
(45) 14591l 206,y < CY(1+ M2 |g]l 1250, )

To handle A, we use the estimate from Part 2 of Proposition and again apply the L%(0€)
estimate from Lemma to see that for g € X, (M),
1

Ag(z S/ K x, do(y) < Clygs x/ E——— e do
|Ag(z)| mk! y(@ y)llg(y)| do(y) {d(z)<y} (@) o, @)+ ) 9(y)| do(y)
< C(1+ M) |lgll 200, Hd(w) <} () Ind(z).
This gives the L?(9€),)-estimate
(46) | 4g]

From and we have

14gll 200, <C D A1+ MY%)272|g]l 290,y + CY* (1L + M) |lgll 1290,
J:29<1/y
(47) < Oy (1+ M) gl 200,

1/2 1/2
. Cy (1 + M%) |9l 12050, -

for all g € X (M). From Lemma to complete the proof of the theorem, we need to show that

continues to hold with the L?(9Q)-norms replaced by H Y 2(8Qk)—norms. Note from Proposition
that the eigenvalues, )\ , of the Dirichlet-to-Neumann operator ka are uniformly bounded below

by a constant depending only on €, and so the H, 1/2 (09 )-norm of Ag is bounded from above by
C~l/2 ||A9||L2(8Qk)' Applying Lemma to g € X, (M) therefore implies that

1Agll < O92 | Agll 2 a0, < CY2(L+ M)y gl 20,

G
<207 2(L+ M) |lgl 12 o, -

and this completes the proof of the theorem.

We are left to prove the bounds on the kernel K (z,y) from Proposition
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Proof of Proposition|3.1: To prove the kernel bounds, we obtain an explicit representation in terms of
a parameterization of the boundary of €y, and then use asymptotics for the modified Bessel function
K.

Since for any fixed constant ¢* > 0 there is C' > 0 such that
|Ko(2)] < Ce™7, z>c,

and likewise for its derivatives, we may assume that the points x, y € 9 satisfy |z — y| < ¢* for
a small constant ¢* which will be specified below. Given x € 0€), after a rotation, we may write
the boundary of 9€ in a neighborhood of x as y2 = f(y1). Then, we have, away from any vertex,

_ 1 /
no = ————s \f/(acl)P(f (1), —1), and so
1

(48) Ky (z,y) = QW(JN(M), —1) - Va (Ko(lz — y[/7)) -

Part 1. In the smooth case, given x = (x1,x2) € 0, after a rotation and translation, we can ensure
that f € C*([x1 — ¢*, 21 + c*]) satisfies,

(49) fx1) = f'(z1) =0, f"(z1) = Kk(x),

in a ball centered at x of radius ¢* > 0. Here, k(x) is the curvature of 9Q at = = (z1,22) = (x1,0).
Then, assuming, without loss of generality, that €y lies above its boundary, the unit outward pointing
normal to g at x is —(0,1). Therefore, we have

(w2 —y2) .y Y2
K (z,y) = 22— Ky(Jx —y|/7) =2—F—
Using ([49), we can write y2 = 3x(z)(y1 — 21)% + O(Jy1 — 21/%), and so

K@)y —2)° + Oy —=*) oy
S P— Ko(lz = yl/7)

(50) =" (k(@)|z =yl + O]z — y[*)) Ko(lz — yl /7).

Here we use the O-notation to denote a bound with a constant depending only on 9€)y. The asymp-
totics of Ko(z) satisfy

Ky(lz = yl/7)-

K’Y(xvy) =

(51) Ko(z) = —In(2) + O(1), K\(2) = —2"' +0(z|In(2)]), K{(z)=2"24+0(1)

as z — 0, and

(52) Ko(2) = (£) e (14 0(2)), Kj(2) =~ (£)?e*(1+0("1),
K(z) = (&) e (1 +0(z72))

as z — oo. Using these asymptotics for K{)(z), since x(z) is bounded, from (50), for those y with
z = |z —y|/v <1, the kernel K, (z,y) is bounded, while for those y with z = |z —y|/y > 1, the kernel
K. (z,y) satisfies

|1 (2, )| < Cry 12|z — y|2e o=/ < Ce—clo—vl/7,

as required. In the same way, we can get the required bounds on V,K,(z,y), by differentiating the
equation in (50), and using the asymptotics of K{(z) and K{/(z).
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Part 2. To handle the polygonal case, we only have to work in a neighborhood of each vertex, v, of
0S), which after a translation we place at the origin. By the work in the smooth case, we may also
assume that x and y lie on different sides of the polygon, and, after a rotation, we assume that x1 > 0,
with y; < 0. Moreover, we can choose this rotation such that, in this neighborhood of the vertex,
there exists a non-zero constant § with f(y1) — Bly1| equal to a smooth function F(y;) satisfying
F(y1) = O(y?) = O(Jz1 — y1|?). Referring back to (48), and following the method in the smooth case
above, we have

2
St P

Therefore, we are left to show that

(B,—1) -V (Ko(lz —yl|/v)) = P P—|

Ky (2,y) ~ (8, =1) - Va (Ko(|lz = y|/7))| < Ce vl

(=B(y1 — x1) + (y2 — 22))) Ky (lz —yl /)

i P— (=2B8y1 + (F(y1) — F(21))) Ko(|lz = yl/7).

satisfies the estimate in Part 2 of the proposition. Note that we have used zo = Sz + F(x1) and
y2 = —By1+ F(y1) as 1 > 0 and y; < 0. Moreover, since x and y are on different sides of the polygon
we have |z — y| > ¢(|z] + |y|). Using the asymptotics of K| from and therefore establishes
the required estimate.

O

3.1. The estimate in Part 2 of Theorem cannot be extended to all of H:(I'). We end
this section by showing, as we stated in , that the estimate in Part 2 of Theorem cannot be
extended to all functions in H5(I"). For simplicity, we show this in the case that 9Qp = 9 is an
exact sector in a neighborhood of a vertex placed at the origin.

Suppose that in a disc of radius 2, centered at 0 (which we write as D3), Qg is given by
{(1'1,1‘2) S Rz Xy > B’JL‘1|}

for a constant 8 # 0. This means that for « satisfying tan(a) = 871, Qg has a vertex of interior angle
2a. Then, for x,y € 0Qy N Do, with 1 > 0,

—cos(a)y1 + sin(a)ys 0 y1 >0,
V(z—vy|) = =9 -
nO(:E) (|1’ y|) |.%' — y| 2|C;i(;i)yl y1 < 0.
Therefore,
0 Y1 > 07

6n0,:cg - — Y —2cos(a)yr /
(o)l =) {W(Kwux—yw y <0,

We will first show that there exists a constant ¢ > 0, independent of v, such that for each 0 <y < ¢,
there exists f, € L?(98p) such that

(53) ”Afvup(ago) >c ”fﬂ/”p(ago) :

We set f,y = 1me890’ for

Uy = {(21,72) € R*: 21 € (—¢*7,0)}.
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Here ¢* > 0 is a small constant to be chosen below. Then, for x € 9Qy N Dy, with 1 > 0, we
have
0

A e [ S 00—yl

Here y = (y1, —By1) and cg is a constant depending only on § (that will change from line-to-line).
Using the asymptotics of K{)(z) as |z| — 0 from (51]), we can write this as

0 0
Y1 Y1
54 Af. x:c/ —dy —i—c/ ——————O(|z — y|In(|z — y|/7)) dy1.
(54) S =es [ pmdnes [ O —ylinie /) du

For x = (x1,Bz1) € 09, with 0 < x1 < c¢*v, the first integral can be bounded from below by
cg |In(x1/(c*y))|, while the second integral can be bounded from above by Cgs(c*)? [In(zy/7)| for a,
possibly large, constant Cz depending only on . Since

* *

cty 9 cy
/ In(z1/(c*y))|" dzy = 2¢™y / () In(z1/7)? der = O((c")*),
0 0

for ¢* sufficiently small, we have
2 * 2
HAf'y||L2(aQO) = cgcy =cp ||f'yHL2(8QO) :
As cg is independent of v, this proves the estimate in .

To complete the construction of , by interpolation, we just need to show that the lower bound
in continues to hold when the L%(9€)-norms are replaced by the H., Y 2((‘990)—norms. Using

the lower bound on the Steklov eigenvalues )\;? from Proposition the Hy Y 2(690)—110m1 of f, is
bounded from above by C~yY/2 || £, || 12(60,)- Tinally, we use the pointwise lower bound on Af, (z) for

x € 0§y with 0 < z; < ¢*y coming from , and the definition of the HA,_I/Q((?Q(])—norm,

12157272 00 = Sup{’/BQO "

This provides a lower bound on [[Af, ||, -1/
Y
bound of

: HUHH}/Q(QQ()) = 1} .

(99%) comparable to v, which gives the required lower

HAfWHH;l/Q(aQO) >c ||f’Y||H’Y71/2(8QO) .

4. APPLICATION TO NON-LOCAL NUMERICAL METHODS

In this section, we will describe in more detail how the estimates from Theorems and [I.2] relate
to the non-local formulation of a Helmholtz scattering problem introduced by Claeys in [4]. This
formulation, which as we discussed in the introduction can be viewed as a variant of an Optimized
Schwarz Method, is defined for dimension d < 3, but here we will focus on 2 dimensions.

Claeys studies the wave propagation problem, for u € H. (R?),

(55) {—div(uVu) — k*u = f in R?

lim, 00 faD,, 10,u — iku|*do, = 0,
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via a non-overlapping domain decomposition approach. Partitioning R? as R? = Ui:oﬁja with Qp
bounded for 1 < k < J, and skeleton I' = u,;{:Oan, the multi-domain Neumann trace space is defined
by

HL, V(D) = Hy V2(0Q0) x - x Hy '2(00).

In [] it is shown that this wave propagation problem can be reformulated in terms of non-local
exchange and scattering operators:

For ¢ = (¢0,...,07) € ]H[;l/g(f’), analogously to , we write

J
V(@) (@) =) (z —y)or(y) do(y),
k=07 9%
and let Ty = (7%,...,7%) be the Neumann traces. In Section 5 of [4], the multi-domain non-local

exchange operator IL, is then given by

IL, = Id— 27y - U,

and is shown to be an isometry on H;l/z(F). Here, 7 - W, (¢) is the element in Hf,l/Q(F) given by
evaluating by taking the Neumann trace of \P7(¢) from the interior of each subdomain €. In the
case that J = 1, with © decomposed into two subdomains, this operator II, is the same as the one

defined in )

Letting Tf be the DtN operator of €, for the operator —A + 42, the ingoing and outgoing Robin
trace operators are then defined on H%(Qk) by

Th () = peri(u) £ iwy T T (7 (w).

Here p, = ploq,, w > 0 is an impedance constant, and le) is the Dirichlet trace on 99Q. In [4] these
traces are used to define a non-local scattering operator Sy = diag—¢ J(S’;), with

SE(TE L (w)) = 7 (w),

which is non-expansive on H, Y/ 2(F ). When J =1, pu = 1 and w = +, these scattering operators Slj
are the same as the one defined in Section These non-local operators 11, and S, are then used in
Section 7 of [4] to reformulate to an equivalent well-posed problem: If u € H (R?) is the unique
solution to (55)), then the tuple of traces p = 7_ - (u) satisfies

p— (I, -Sp=Ff  pecH VD)

Here § = IL, (74 ,(¢f)), where ¢ solves the wave-propagation problem in each €y, with zero ingoing
Robin data, 7— 4(¢f) = 0. As shown in Theorem 7.1 of [4] this is a strongly coercive formulation of
(55)). This formulation is valid for each fixed v > 0, and the operators 11, and S, are non-local for
each ~.

Our estimates from Theorems [1.1] and then give information on the extent that these operators
resemble local operators in the v — 0 limit. If, for example, each piece of the partition €2 is contained
in the interior of €;_1, then we can be in the setting where the boundaries of each subdomain are
smooth. However, if the partition has any cross-points (where three or more of the subdomains meet
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at a point), then necessarily some of the boundaries of the subdomains will be polygonal, with convex
vertices.

As a side remark, we note that the scattering operator Sy bears similarity to the impedance-based
merge operators that arise in the hierarchical Poincaré—Steklov method. In that framework, the
domain is decomposed into a hierarchical tree of subdomains, and a merge operator is employed to
reconstruct the global solution. A version of this method was introduced by Gillman, Barnett, and
Martinsson [2I] to numerically approximate solutions to Helmholtz-type equations in the context
of potential scattering. It has also been applied to obstacle scattering problems [30]. The merge
operator was further studied in [2], where function spaces analogous to the spaces X- (M) introduced
here were defined in terms of the scattering frequency, and were used to prove boundedness of the
merge operator.

We first consider the scattering operator S, = diagy—¢ J(S,lj). Defining the local version of this
operator via

So(tEo(w)) =¥ o(u),  H o(u) = py () £ iy~ (u)
we have
S o)) — SE( () = 75 () — 74, (u) = oy 7y () — oy T (7 ().
Therefore, if the Dirichlet trace 75(u) is in X, (M), then as in Corollary we can bound this
expression. For example, from Theorem for each 0 < @ < 1 there exists a constant C, such that
for M < C 1y,

| s o) = S5 )|

In particular, for an impedance constant w comparable to v, the right hand side is o(1) as v — 0. If
the sub-domains in the partition have smooth boundaries (so that in particular, there are no cross-
points), then one can improve this estimate using the no convex vertex and smooth case estimates
from Theorem [.21

< Cowy M3 4 M 2y0/2) HTg(“)H

Hy 2 (094) Y2 00)

We now turn to the non-local exchange operator II,. Denoting I'y; to be the (possibly empty) shared
boundary between € and €y, we define the operator S;:kj : H;1/2(Fk4) — H;1/2(8Qj) by

S 1) = [ (00,00 = ) ) dot)

Note that using the kernel bounds from Proposition 3.1} as in the proof of Theorem for each
0 < a < 1, there exists a constant C, > 0 such that for all 0 < v < ¢, M < C,'y™% and
f € X’Y(M)a

(56) |

*,7 1/2\,1/2
S ) i,y S COH MY U oarnr -

Again, this estimate can be improved and on the whole of H, Y Q(Fkg) if the boundaries are smooth.
Following the analogous calculation to the proof of Lemma above, for example, for x € I'yy, the
zero-th component of II(¢) is given by

M
—p1(x) 2> > SiPw().

k=0 (£k
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Analogously to , we denote Il to be a local exchange operator, exchanging Neumann data on each
I'ji up to a change in sign. Then, from the estimates in , there exists a constant C, > 0 such

that for all 0 < v < ¢, M < C; 147 and for ¢ = (¢g,...,d)) € H;lm(f‘) with ¢, € X (M), we
have

H(H’Y - HO)(b"H;l/Q(F) < C(l + M1/2)’yl/2 H(bHH,;l/Q(F) .

Again the right hand side is o(1) as v — 0, and if the subdomains have smooth boundaries, then one
obtains an improved estimate on the whole of H, 1/2 ().
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