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ABsTRACT. Schrédinger operators of the form A — W on L?ad (R3), the space
of radially symmetric square integrable functions are relevant in a variety of
physical contexts. The potential W is taken to be radially symmetric (i.e.
W(z) = W(|z|)) and to decompose into two components with distinct spatial
scales: W = W, = V + Vi .. The second component Vi o(|z|) = €2V (e|z])
represents a scaled potential that becomes increasingly delocalized as € — 0.
We will assume that both potentials Vp(r), V1 (r) exhibit certain decay proper-
ties as r — co. We show how the eigenvalue count on the positive real axis is
built out of the spectra associated with the two reduced eigenvalue problems
on their separate scales. The result is that the total number of eigenvalues
of A — W is the sum of the number of positive eigenvalues of A — Vj and
A — V7. Our analysis combines dynamical systems techniques with a sepa-
ration of scales argument, providing a novel framework for studying spectral
properties of differential operators where multiple spatial scales interact.
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1. INTRODUCTION

1.1. Mathematical framework and setup. The Schrédinger operator A — W
on L?(R?) with certain conditions on the potential function W arises in the clas-
sical study of quantum mechanics and in a variety of other physical contexts. In
particular, the behavior of a quantum particle confined in a well described by the
function W is determined by the spectrum of the Schrédinger operator A — W,
denoted o(—A+W) , where the proper notions of discrete (or point) spectrum and
essential spectrum are as described for instance in Reed-Simon [RS78b]|, Chapter
XIIT and Kato [Kat95]. As the problem is already sufficiently interesting, we work
here in the setting of radially symmetric potentials. I.e., we will restrict ourselves
to the weighted space L2 ,(R®) consisting of radial functions f(z) = f(|z|) with
the norm

1.1 2, =drx - r)|%r?dr.
(1) 12, =4 [ 1500

Following Simon [Sim82] and Agmon [Agm82|, we know the operator A — W is
essentially self-adjoint on C§°(R?), with its closure defining a self-adjoint operator
with domain

(1.2) D={fecLl?,R®:Af-WfecL? (R},

rad rad
where Af is understood in the distributional sense. Given the orientation of
our Schrodinger operator A — W, we see that the essential spectrum, denoted
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Oess(A — W), will consist of the negative real numbers, while the discrete spectrum,
denoted o,(A — W), will consist of positive, isolated eigenvalues with associated
eigenfunctions in L2 (R?). Our focus here will be on quantifying the number of
positive, eigenvalues for Schrédinger operators of a particular form.

We specifically consider the interesting (and challenging) case A—W on L2 (R?),
the space of radial functions, where W = W, = Vy(|z|) + V1..(|z|) is a sum of two
radially symmetric potentials, sufficiently smooth and decaying which interact on
different scales. In particular, we take

Vie(Jzl) = e2Va(elal),

to be a potential acting in the far field (adiabatically in space) with respect the
potential V4. For the radial problem, the operator takes the explicit form:

d? 2d
(13) A—Wazﬁ—&-;%—‘/@—ifm
with eigenvalue equation
2
(1.4) Upy + U = Vo+Vie)u= .

We will assume the following decay condition on the potentials.

(A1) Both Vi and Vi are C* on r > 0 and satisfy the decay condition that there
erists a C7 > 0 such that

d Ch )
|£VZ(’)")| < <r3+7> for some v >0,i=0,1
forallr > 1.
To facilitate our error estimates being sufficiently strong in connecting our two
scales, we will further assume more rapid decay than guaranteed by (Al) on the
near field potential Vj.

(A2) There exists a Cy > 0 such that

C
[Vo(r)| < (MJSA/) for some v > 0
forallr > 1.

The assumption on the potentials (A1) will be used to guarantee the validity
(well-posedness) of the representation of the eigenvalue problem (1.4) as a dynami-
cal system on a compact phase space. Although, for this representation, decay like
1/7277 would suffice, we also perform a blow-up procedure inside the compactified
phase space and this requires an extra degree of decay. The second assumption
(A2) ensures that the interaction between the two potentials is not too strong as
e —0.

We consider each of the operators A — Vg, A — V;, and A — W, on the space:

(1.5) D= {uc H*(R* N L%, (R?) : Au € L*(R?)}.

rad
The Lieb-Thirring inequalities [LT01], and especially the Cwikel-Lieb-Rozenbljum

(CLR) bounds, see for instance [Cwi77, Lie76, Roz76|, guarantee finiteness of the
number of positive eigenvalues. For a potential V' = V(r), let us define

(1.6)  m(V) := # of positive eigenvalues of the Schrodinger operator A — V.
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The Cwikel-Lieb-Rozenbljum bound gives that there exists a constant C's indepen-
dent of V' such that

(1.7) m(V) < Cs V?dx,

R3
where V. =V, — V_ with V; > 0 and V_ > 0 so V_ is the component of the
potential responsible for any trapping effects. For these results, in addition to
V_ € L%, one typically assumes that Vi € L _ to ensure that spectrum is well-
defined, see [HKRV23]. It is clear that the 3 power on the right hand side of (1.7)
then means that

(1.8) /Vé,d:p:/ Vi de.
RS RS

The exact value of the constant in these bounds is in and of itself a topic of great
interest, see the recent result [HKRV23|.

It follows from assumption (A1) that both Vj and V; are in L? and L. We
can thus conclude that both spectral problems have only a finite number of positive
eigenvalues. The scale separation in W, introduces interesting spectral phenomena
for self-adjoint operators, building on classical spectral theory for Schrodinger op-
erators, see [RS78b, Sim82, Kat95]. For eigenfunctions corresponding to discrete
(point) spectrum, the eigenfunctions are "localized", in that they have exponential
decay, however the rate will depend upon the distance to the essential spectrum.

Schrodinger operators also arise in the study of linear stability theory in a variety
of contexts. In particular, Schréodinger operators of this type appear in reaction-
diffusion systems in R? with radially symmetric steady states. Consider the equa-
tion:

(1.9) 9u = DAu + f(u),

ot
where D > 0 is the diffusion coefficient and f(u) represents reaction kinetics. When
seeking steady states and linearizing around them, one obtains eigenvalue problems
involving A — W where W emerges from the linearized reaction terms.

A particular motivation that brought us to this work is a scalar problem related
to the study of nonlinear stability of solitons inside potential wells as considered
in the papers of Nakanishi, [Nak17a, Nak17b]. When considering the nonlinear
Schrodinger (NLS), which is the equation (1.9) with an ¢ in front of the time de-
rivative term on the left hand side, interacting with potentials at different scales,
the operators are non-self-adjoint and consist of a more complicated matrix system
of operators. Nevertheless, scalar spectral considerations turn out to be important
to establish first, see for instance [KS06, NS11]. The study presented here, while
of independent interest and focusing on scalar Schrédinger operators, grew out of
the Ph.D. thesis [Gol21], which was directly motivated by the works of Nakanishi
on NLS dynamics.

1.2. Theorems. It follows from the finiteness of the number of positive eigenvalues
for the spectral problems (for each potential separately) that there is a spectral gap
in each case of the form [0, 2]. It also follows from our assumptions that the essential
spectrum is exactly (—oo,0] for all three operators: A — Vp, A — Vi, and A — W,
(any € > 0).



We adopt the following notation:
(1.10) i :m;{)l{uea(A—Vi)).
“w

This is well-defined by the above considerations. The spectral gaps of interest are
then (0, o) and (0, uq) for A — Vy and A — V; respectively.
We need one further assumption on the spectra of the two individual operators.

(A3) The point = 0 is not an end-point resonance of either A —Vy or A —V;

Another way of stating (A3) would be to say that the kernels of these two operators
are trivial on the space D given in (1.5).

Theorem 1. Under the assumptions (A1-A3), there exists eg > 0 such that for
all € € (0,eq), the operator A — W, on the domain D, given in (1.5), has exactly
m(V7) eigenvalues in the spectral gap (0, o).

Moreover, for all ¢ € (0,g¢), the total number of eigenvalues in o(A — W)
contained in (0,00) is given by

m(W) = m(Vo) + m(V1).

Theorem 1 shows that this structure, with its scale separation through V; ., leads
to rich spectral properties, particularly regarding eigenvalues in the gap between
the essential spectrum (—oo, 0] and the discrete spectrum associated with A — V.
To the best of our knowledge, the precise description of the spectrum generated by
two potentials separated by scales in this manner has not been described before in
the literature.

Remark We actually show that the eigenvalues in the spectral gap (0, 19) inherited
from the far field potential are all of O(£?). The eigenvalues inherited from the near
field potential only perturb a small amount when ¢ is turned on.

Many other results exist to give integrability conditions on W (and hence Vj,
V1) such that no discrete eigenvalues could exist, see [Bar52, Ber82] and Theorem
XII1.9 of [RS78b| for an overview. Interestingly, our results in Theorem 1 then
prove that related conditions on V; make this potential still globally perturbative
to Vy in a natural way.

It is of note that the scalings we consider here that are sharp with respect to the
(CLR) bound make the problem critical. In particular, for a scaling of the form
e"Vi(er), if r > 2 then the problem would be globally perturbative to Vj, while if
r < 2 it would be globally perturbative to V;.

1.3. Comparative analysis of dynamics on two distinct scales - Outline
of the proof. At its heart, the proof uses a version of Sturm-Liouville Theory
expressed through an angular flow. We transform the system so as to realize the
eigenvalue problem as finding a heteroclinic connection in an appropriate phase
space. We then analyze two distinct model dynamical systems; one related to Vj
and the other to V;. The key steps are as follows:

(1) Domain compactification: To study the behavior near spatial infinity
and near the origin within a unified framework, we compactify the radial
domain r € [0,00) by introducing a new dependent variable realted to r,
and then transform it in its role as the independent variable. We perform
this operation in two distinct ways adapted to each scale. To focus on the

near field, we use 0 = 1 € [0,1), while for the outer scaling regime we
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work with p = er, and in its compactified form 7 = - € [0,1). These
allow us to separate and analyze the distinct dynamics induced by the
leading-order potentials Vi and V; on their respective scales.

(2) Matched regime approximation: We identify an intermediate region,
mapped to a small neighborhood in the compactified variables, outside of
which solutions can be compared to model problems.

e Lemma 5 below shows that solutions closely follow the dynamics gov-
erned by V) up to this intermediate region, with an error of size O(e).
e Lemma 8 below shows that solutions re-enter a regime governed by Vi,
with error O(g?), provided u ¢ o,(A — V).
These two Lemmas provide a justification for treating the domain as ap-
proximately partitioned into regions where either V) or V; dominates the
dynamics.

(3) Spectral gluing: In Section 4, we use topological and spectral arguments
to combine the eigenvalue counts obtained in the Vj and Vj-dominated
regimes. This yields the full spectral information and completes the proof
of Theorem 1.

1.4. Outline of the paper. The paper is organized as follows. Section 2 formu-
lates the eigenvalue count through the two key scalings. We introduce the model
systems and define a threshold for the spatial variable at which we match the model
problems. Section 3 develops the necessary machinery for tracking the relevant tra-
jectories, determined by the asymptotic invariant manifolds, in the compactified
phase space. Section 4 completes the proof of Theorem 1 through a gluing ar-
gument at the threshold. Section 5 provides numerical examples validating our
theoretical results across different classes of potentials satisfying our hypotheses.
Finally, Section 6 discusses our findings and future directions.

2. A GEOMETRIC FRAMEWORK FOR THE SPECTRAL PROBLEM

The eigenvalue problem on radial L? functions is a boundary value problem with
a condition of regularity at » = 0 and decay as r — oo. The eigenvalue equation is
thus Lp = Ap with

2
(2.1) Lp = prr+ —pr = (Vo +Vie)p=Ap,

where Vy = Vy(r) and V4 .(r) = €2Vi(er) The full eigenvalue problem for A being
in the point spectrum of L thus becomes:

2
(22) Prr + ;pr — )\p — (V() + V17g)p =0
together with boundary conditions
(2.3) }g%pr(r) =0, and Tlgrolop(r) =0.

We will refer to this as the inner system as the potential in the far field is small, and
it has a well-defined limit when € — 0 where only the inner potential Vj remains.
An analogous system will be derived that focuses on the outer potential, called
the outer system. This system will not have a limit as ¢ — 0, and so we will always
refer back to (2.2) and (2.3) for solving the eigenvalue problem.
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To formulate the outer system, we scale the independent variable r = £, then

(2.4) Lp= 62ppp + 62%1?,7 — (Vo (g) +e2V; (p)) D= \p.

Using Vg -1 (p) = %V (2) and A = €24, we can rewrite (2.4) as

- 2
(2.5) Lp = pp, + P (Vo,e=1 (p) + Vi (p)) p = pp,

where we have introduced the modified Schrédinger operator L. The boundary
conditions are, analogously,
(2.6) lim p,(p) =0 and lim p(p) =0.

p—0 p—r00

If € > 0 then(2.5)-(2.6) is equivalent to (2.2)-(2.3).

2.1. Eigenvalue problem as a dynamical system. Returning to the inner for-
mulation of the eigenvalue problem (2.2), and setting p, = v, we can write (2.2) as
a first-order system

/

p =,
(2.7 . 9
v = ;v+Ap+ (Vo +Vie)p,

where ' = d%.

The system (2.7) is a non-autonomous system on R? with independent variable
r € (0,00). A standard trick in dynamical systems is to make it autonomous
by introducing r as a new dependent variable. We will perform a variant of this
strategy that has the effect of also compactifying the phase space. To that end,
we set 0 = 7, and note that o =(1- 0)2. The phase space of the resulting
equation is R? x (0, 1), with the independent variable still being r. The system is
singular at ¢ = 0 since % =2 (ITTU) To desingularize the system, we introduce a
new independent variable s = r + Inr. In these variables, the augmented version

of (2.7) becomes
p=0v,
(2.8) v=2(c —Dv+o(Mp+(Vo+Vie)p),

o =0(l—-0)?

where * = dis. The eigenvalue condition now becomes one of finding a trajectory
(p(s),v(s),o(s)) of (2.8) for which:

(2.9) Sggloo v(s)=0

and

(2.10) SEIEOOp(s) =0,

where we also require that o(s) # 0 or 1 for any finite s.

This last condition requires some explanation which can also serve to illuminate
this dynamical systems viewpoint. The phase space for (2.8) is R? x [0,1]. With
suitable extensions of the potentials to ¢ = 1 (see (2.13) and (2.14) below for
formal definitions), the planes o = 0 and o = 1 are both invariant, with the former
corresponding to » = 0 and the latter the limit » — co. The great benefit of this
approach is that the asymptotic behavior, both at 0 and oo, is now represented
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within the phase space. The trajectory we want to get that corresponds to the
eigenfunction lives in between these invariant planes. The condition that o # 0
guarantees that we would not get a trajectory in the limit planes.

To recover the eigenfunction, the parameterization needs to be set correctly. This
is achieved by choosing o = % when s = 1. This compactification is an example
of a general construction that is explored in some detail in [WXJ21]. It follows
from [WXJ21] that (2.8) is a C'* system on its phase space because of the assumed
decay of the potentials. In particular, the assumptions (A1)-(A3) ensure that the
vector field extends smoothly to the compactified boundaries and that the number
of positive eigenvalues is finite.

The analogous compactification and desingularization for the outer system in-

volves setting 7 = ﬁ and t = p+ Inp. It reads very similarly to (2.8)
P =Tw,
(2.11) w=2(1 — Dw + 7 (up + (Vo,e. +V1)p),
7 =7(1—-171)2,
where now "= 4. The boundary conditions (2.9) and (2.10) are the same with

s replaced by t and v by w. The variable p is the same in (2.8) and (2.11) and
v = cw.

2.2. The angular system. Because the original eigenvalue equation is linear, sys-
tem (2.7) is linear, as are the first two equations of (2.8) in (p,v). We can then
express (p,v) in polar coordinates and the angular equations will decouple from the
radial part.

Setting the angular variable to be 6 = arctan(%), we obtain the following system

(2.12) 0 =(c—1)sin20 +0 (()‘ +Vo(o) + ‘71,5(0)) cos? f — sin? 0) ,

o=0(1—0)?

where "= chs' The functions f/o and VLS are given by

. Vo (2= if 1
(2.13) =4V (170) if o#1,
0 if o=1,
and
- Vie =2 if 1,
(214) VLE _ 1, (1—0) I o #
0 if o=1.

We can take @ to lie in either R or S!. The latter is achieved by taking 6 €
[—%, %], mod 7, which corresponds to taking a wrapped branch of arctan. The fact
that system (2.1) is C'* on either phase space follows from assumption (A1).

Another way to think of the angular system is for the angle of a subspace as it
evolves under the linear dynamics of the first two equations of (2.8). Since scalar
multiples of solutions are also solutions, subspaces are carried to subspaces under
the dynamics, which is why the angular equation decouples from the radial part.

On o = 0 the system reduces to § = —sin20. On o = 1 the equation is
6 = Acos?0 — sin®6. The boundary conditions for the eigenvalue problem will
be realized as asymptotic conditions to the relevant fixed points in these reduced
equations.



Taking ¢ = arctan(%)7 there is an analogous angular system for the outer equa-
tion:

b =(r = D)sin 26 + 7 (4 Voes (1) + Vi (7)) cos? v — sin? )

(2.15)
7 =7(1—17)3,

where * = % and V075—1 and Vi are extended in a similar fashion to (2.13) and
(2.14). Note that

(2.16) 0 = arctan <U> = arctan <5w> ,
p p

and so

(2.17) tanf = e tan .

2.3. Boundary conditions and invariant manifolds. For (2.12) on S* x [0, 1],
there are two equilibria in each of 0 =0 and ¢ = 1. In 0 = 0, we have

N A T
(2.18) fo._ = (0,0), fo = (0, 5) :
and in o = 1:

(2.19) 0+()) = (1, arctan(:pﬁ)) .

The regularity boundary condition at r = 0 will be satisfied by tending to HAOV_,
as that corresponds to v = p, = 0. For the boundary condition as r — oo,
it helps to see that the equation governing the dynamics in ¢ = 1 is exactly the
angular equation for the eigenvalue problem in one space dimension. The angle
arctan (—ﬁ) is that of the subspace of decaying solutions, and the boundary
condition is to find a trajectory tending to this value.

Within each of their respective invariant planes, i.e., 0 = 0 or 1, the fixed
points with a + superscript are unstable (positive eigenvalue), while those with a
— superscript are stable (negative eigenvalue). Note the reversal of signs from the
argument of the arctan. Also, note the irony that the angle of the space of decaying
solutions is actually unstable inside ¢ = 1 as solutions that do not decay must grow
and hence their angles are pushed away.

Since o = 0 is repelling for (2.12) and o = 1 is attracting, albeit not exponen-
tially, the fixed points fy _ and 6; . are both saddle-like, each with one attracting
direction and one unstable direction. Although for 917_5_ the attracting direction is
a center direction (zero eigenvalue).

We will, on occasion, include or suppress the dependence of # on one or both of
A and . From these considerations, the following proposition easily follows.

Proposition 2. A value A € R is an eigenvalue of L for the space of radial L?
functions iff (2.12) has a heteroclinic orbit (0(X, s),0(s)) connecting from 6y _ to
HAL% i.e.,

90,, as § — —oo,

01..()\) as s— +oo.

(0(A,5),0(s)) = {

This eigenvalue condition can now be expressed in terms of invariant manifolds
associated with these fixed points.



The boundary conditions (2.9) and (2.10) are thus satisfied if and only if

(2.20) 00\ 5),0(s) € W™ (o, ).
and
(2.21) (607 5),0(s) € W* (61,41 ,

respectively. Note that both W™ (éo’,) and W¢ (é1,+) are 1—dimensional and
hence each consists of exactly one trajectory.
While, in general, center manifolds are not uniquely defined, W¢ <é17+) is well-
defined and unique as the complementary direction is (exponentially) unstable.
We will denote the trajectory in W* (éo,,) by

(2.22) 0_(\,s) = (6_(\s),0(s)),
and the one in W¢ (§1’+) by

(2.23) 0. (N s) = (04(\,),0(s)).

1

In both cases, we parameterize o(s) so that o (1) = 5, consistently with o = %

r+1°
Both 6_(),s) and 64 (), s) are (at least) C! in s and X from the unstable and
center manifold theorems.

2.4. Matching condition and proof strategy. The proof proceeds by finding
A so that

(2.24) 0_(\,s)=0,()s),

for some s € R. Note that if (2.24) holds for some s, it does so for all s as both 6_
and é+ are solutions of the same equation.

A key point will be to choose a value of s where the underlying trajectory hits
a o-section that lies between the inner and outer regions. Since the potentials are
originally functions of r, it is most natural to set an r value first. To that end, we
set 7. = € and so p. = e*! where a € (—1,0). We observe later in Remark 16
that we require o > —% to complete the proof.! The corresponding s and ¢ will be
se=c*+alneand t. =e*" '+ (o —1)Ine

The o-section will then be

€
(225) Oz = 1—"—75@’
and, in terms of 7
Ea—l
2.26 .= —.
( ) 7 1 +€Oz71
An eigenvalue A corresponds to a zero of the quantity
(2.27) Y (A e)=0_ (A se,6) — 04 (N se,¢€),

which is the difference between the two quantities in (2.24) where the trajecto-
ries both hit the o.-section. From the Implicit Function Theorem and the second

ILater, we will need to take o > —% sufficiently close to —% such that (4 4+ 7)(—a) > 2+ F
with v as in assumption (A2).
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equation in (2.12) evaluated at o., it follows that X (), ¢) is, at least, C* in its
arguments.

3. ESTIMATES FOR EIGENVALUE PARAMETERS CLOSE TO ZERO

The hardest part is detecting eigenvalues close to zero, and we develop the needed
estimates for this case first. Set A = €2y with p order one. We need to estimate
0_(\,s) from s — —oo up to the threshold s = s.. Similarly, we will obtain an
estimate of 6, (), s) backwards from s — +0o to the threshold s = s..

Each will be estimated by the solution of a model problem. For the inner prob-
lem, the outer potential V; . is omitted. Similarly, for the outer problem, the inner
potential Vp . is omitted.

As will be seen in the proofs below, there is a region around the threshold where
the estimates are harder to establish and we call this the plateau.

3.0.1. Inner problem. The inner model problem we use here is obtained by set-
ting A = 0 in the angular equation, and keeping only the inner potential. In its
compactified and desingularized form, it is

0=(c—1)sin20 + o (%(O‘) cos?  — sin® 9) )

3.1
(31 5=0(1—0)>

The regularity boundary condition at r = 0 leads us to consider

0o (s) = (60(s),0(s)) ,

where 0y(s) — o, as s — —oo. In other words,  (s) is the trajectory in W*(fy,_)
for the system (3.1) with the usual parameterization.
The goal is to estimate

(3.2) 10_(X, s) — 0o (s)] .

The quantity in (3.2) tends to 0 as s — —oo and we want to show that it remains
small, in terms of &, up to s = s.. We will divide the interval (—oo, s;] into two
subintervals. Fix an sg € (0, 1) independently of e. We shall think of sq as close to
1, but it is key that it will stay fixed as € — 0. The first estimate is on (—o0, s¢].

Lemma 3. There is a constant C1 and an €9 > 0 so that

’07(52% s) — 9()(8)’ < &2
when € < gy and s € (—00, o)

Proof. If we append the equation € = 0 to both (2.12) and (3.1), then the union of
W™(0,0,¢) over € small can be viewed as a center-unstable manifold of (0,0,0) in
(6,0,¢) space. Since such a manifold is C' and the perturbation to the vector field
is O(g?), the estimate holds for s near —co. The standard result on continuity in
parameters then implies the estimate holds up to s = sq. (I

Remark The technique in this proof cannot be used to push the estimate to s. as
5. — 0o as € — 0. The strategy will be to estimate ng(e,, s) = 0_(c2u, s) —0y(s) up
to the threshold s = s. through an understanding of the dynamics of the solution
0o(s) of the model inner problem.
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There is only one fixed point of (3.1) in o = 1, namely 6; + = 0. It is degenerate
with two zero eigenvalues, and to analyze the dynamics in a full neighborhood of the
fixed point will require a blow-up procedure. We shall prove the following lemma.

Lemma 4. If0 ¢ 0, (A —V}), then
1
90(7") =0 (72>
asr — +oo

Proof. Set £ = o — 1 in (3.1), which (3.1) then becomes
0 =¢sin20 4 (€ +1 (( (€+1) )COSQQ—SiHZH) ,

€ =6+ 1),

System (3.3) has a fixed point at (0,0) which is easily seen to be doubly degen-
erate (double zero eigenvalue). To blow this point up, we set § = 26 and & = z¢,
where z > 0, and 62 + £2 = 1. Condition (A1) guarantees that this can be done
with a resulting C'! vector field on the blown-up space.

Rather than writing out the equations for § and &, which are unwieldy, it is

common to calculate the equations directly in a local chart (see [Dum93, DR96,
GS09b, GS09a]). The relevant chart is £ = 1 and the equations have the form:

0 =—0-06%+0(?),
2 =22(1-2),

(3.3)

(3.4)

where we have changed independent variable so that {} = z{}’. The set z = 0 is
the blown-up fixed point and carries the flow of

(3.5) 0 =—0— 62

which has fixed points at # = 0 and § = —1. Each corresponds to a different type of
decay of the original p. The former with decay to a constant and, the latter, decay
like 1/7. In the former case, 0 ¢ o, (A — Vi) whereas 0 € o, (A — V}) in the latter
case. Since we are assuming in (A3) that 0 ¢ o, (A — Vp), the lemma follows. O

This phenomenon was first discovered by Sandstede and Scheel [SS04], where it
is discussed in the context of contact defects and extensions of the Evans Function.
Note there is an irony here, as when considered in terms of the angle 6, the more
rapid decay corresponds to not being in the spectrum!

The asymptotics established in these two lemmas will allow us to show that, up
to the threshold o., 6_(g%u,s) is well approximated by 6y(s). Setting n(e,s) =
0_(e%u,s) — 00(0, s), using various trigonometric identities, we can calculate

(3.6) fio = [(a ~ 1) cos 200 — o(Vo(o') + 1) sin 290)} 1o + h(no, €),

where 79 = ‘ili as usual, and h(ng,e) = O(n¢) + O(&?).
Set 7o(r) = no(p,r + Inr), and, with an abuse of notation, we drop the ~ and
recast (3.6) Wlth r as the independent variable

2
(3.7) ny=— [r cos 26y + (Vo(r) + 1) sin 290)] no + h(no, €),

where nj, = di;’ and h(ng,e) = O(n) + O(e?).
11



We recall that the threshold, in terms of r is at r. = €. the following lemma
holds under the standing assumption that 0 ¢ o, (A — Vj).

Lemma 5. There is a constant C > 0, independent of €, so that
(3.8) [no(re)| < Ce.

Proof. Set rg so that sg = rg + Inrg, then we can invoke Lemma 3, to obtain an
even better estimate at 7. The region [rg,7.] is called the inner plateau and we
need to push the estimate across the plateau from rg to r.. This is achieved using
a bootstrapping argument. The bootstrap assumption will be that |ng(r)| < Ce for
all 7 € [ro, 7e].

Set g(r) = 2 cos26p + (Vo(r) + 1) sin 26y, which is the coefficient of 7o in (3.7).
Using an integrating factor

(3.9) T(r) = elro 9%,
we can write
(3.10) no(r) =T~ (r)T(ro)mo(ro) +1“_1(7“)/ L'(2)h(no(2),€)dz.

o
The integrating factor I'(r) can be estimated as follows. Adjusting our choice of

ro sufficiently large if necessary, but still independent of ¢, we can find a small
constant 0 < § < i depending only on rg and Vj such that

) )
1-— 1< cos26p(r) <1+ T

and
g(Vo(r) 4 1)sin200(r))| < g
hold for all r > r¢ from Lemma 4. It follows that
2—90 2446
<g(r)<

(3.11) . .

for all » > rg, and so

(3.12) (;)H <T(r) < (;)Hé,

Plugging into (3.10), we estimate

5—2 r
(3.13) Ino ()] < nolro)] + e () [t ).

T0
for some constant ¢;. Using (3.12) again and integrating, there is a constant co =
¢2(r9,0) so that

(3.14) [10(r)| < [no(ro)| + car ™ (n? + &%)

The second term on the right hand side will be largest on the interval [rg, 7] at
r=r.=¢e% and so

(3.15) [10(r)] < 1o (ro)| + c2e® 20 (1 +€2) .
By the bootstrapping hypothesis, there is a constant c3 and
(3.16) [10(r)| < [no(ro)| + cae®+2+2,

12



We choose —1 < a < 0 so that a(1 4 20) > —1, i.e

(3.17) 2+a(l+20)=1+v,

for some sufficiently small v > 0 so that —1/(1 +20) < a < 0,
(3.18) [10(r)] < [0 (ro)| + e’ ™.

Recalling the bootstrapping assumption that |no(r)| < Ce for all r € [rg, 7], we
could estimate the right-hand side by a constant times . But that is not good
enough, and we need to have a stronger estimate on |ng(r)|. If we set gy small
enough that c3e2” < &, then from (3.18) and choosing o so that [no(ro)| < e for
a constant C, by Lemma 3.2,

(319) o) < 5

which closes the bootstrapping argument. (I

&

3.0.2. QOuter problem. The angular equation for the outer model problem that is
analogous to (3.1) is.

Y=(r—1)sin2¢p + 7 ((u + 171(7')) cos? i) — sin? z/J) ,

7=7(1l— 7)2,

(3.20)

. d
where "= 15

For the outer problem, we consider solutions that satisfy the boundary condition
at 7 = 1. To that end, set ¢y (u,t) = 11 (. 1), 7(t)) to be a solution of (3.20) for
which 1 (p,t) = 11 +(p) as t — 4+00. We will compare ¢ to the solution of the
full (outer) problem (2.15) that satisfies the same boundary condition at 7 = 1. We

denote this by ¢_(p,t) = (¢Y—(p, 1), 7(t)). Set
m(p,,t) = 1 (p,t) — - (p,t,€).

The goal of this section is to obtain an estimate on 7; at t = t. where t. =
e + klne. We will actually need an estimate on the analogous quantity where
is replaced by 6. The relationship between the two is given by (2.17).

The equation satisfied by n; is

(3.21) m = [(7’ —1)cos 2y — 7'(‘71(7') +pu+1)sin 2y | my + 6%‘70(7') + O(n%).

As in the previous section, we will switch to expressing 7; in terms of the inde-
pendent variable, which here will be p. Recall that p = er, and setting xk = o+ 1
makes this match with the thresholds as given in (2.25) and (2.26). We write
(i, &, p) = m(p, €, p + Inp). Dropping the " again and the explicit dependence on
w and €, (3.21) becomes

2 ~ . 1
(322) o = = | cos 20 + (Vi) ot 1)sin 20|+ 5 o(2) + OGR),
where nf = %.
We will need information on the asymptotics of the solution of the model outer
problem (3.20) as p — 0, or, equivalently, as t — —ooc.
13



Lemma 6. If u ¢ o,(A — V1) then
0
for some integer k as t — —oo.

The proof of the lemma follows from considering the dynamics of (3.20) near
7 = 0 and the fact that tending to (2k+1)7 corresponds to the boundary condition
at p = 0 not being satisfied, as it should not be when p is not an eigenvalue.

From assumption (A2) on the decay of Vy(r), we can set a fixed p; so that

()< e
for chosen v > 0 and some C' > 0, and we then have an analog of Lemma 3.

Lemma 7. There is a constant Cy > 0 and an €9 so that
Im(p1)| < Cre®t

when € < g9, and 7y is as determined above.

The proof is similar to that of Lemma 3 with the stable manifold at ¢ = 0
replaced by the center manifold at 7 = 1. Because we are working with 1 and need
to convert back to 6 for the main proof, we need a stronger estimate for the outer
system.

Lemma 8. Assume p ¢ o, (A — Vi), then there is a constant C, independent of ¢,
so that

(3.23) m(pe)| < Ce?,
where € < gy for prescribed ¢ depending (.

Proof. We use the same methodology as for the inner system by expressing 77 as a
solution of an integral equation. The first step is then to obtain estimates on the
integrating factor.

Proceeding as before, we will need estimates on

o(p) = %cos 2 + (TA(7) + o + 1) sin 2051,

which is the parenthetical quantity in (3.22). With u ¢ o, (A — Vi), the base
solution ¢ tends to § +km, as p — 0 for some integer k. It follows that cos 2y —
—1 and sin2¢; — 0 as p — 0. Since this is independent of ¢, for fixed 0 < § < %,
let us take p; = p1(V1) > 0 small enough so that
—2—9 —246

<

g(p) < ,

(3.24) ;

holds for p < p;. By integrating, we obtain

249 P 2—§
In <p1> > / g(z)dz > 1n (pl) ,
p o p

and exponentiating, with I'(p) = exp{f/i g(z)dz} being the integrating factor we

want,
2-4 246
(3) < (2)"
p p

14



Using the integrating factor, we obtain an expression for 7
P
(3.25) m(p) =T~ (p)T(p1)m(p1) +F‘1(p)/ L(2)h(z,m, €)dz,
P1

where h(z,m1,¢€) = £l 5 Vo (2) +O(n?). From the assumption on the decay of Vg, and
recalling that p. = €”, we can estimate

1 P
) . Pyl <« (1—r)(4+~)—2
(3 26) =2 {/O(E)‘ Ce

provided p > p..
We also have

1 o P1
. B <
(3.27) r (p)/p I'(z)dz < T3
for any p < p;. Plugging (3.26) and (3.27) into (3.2 ) and estimating, we obtain
PL_ [ (1-R)(a4y)~ 2
. <
(3.28) m (o)l < (1) + 0725 |2 + (m(p)’]

for some (new) constant C' > 0.

Again, we make a bootstrap argument and assume that |n;(p)| < C1€2, for all
p € [pe, p1]- From Lemma 7, the fact that (44+) > 4, and by choosing & sufficiently
close to 5 (and hence « sufficiently close to —3) such that (4 +7)(1 — ) > 2+ 1,
we can set the parameters so that the right-hand side of (3.28) is dominated by a
constant times e2*1, thus allowing closure of the bootstrap. (Il

For the proof of the main result, we will need an estimate in terms of 6.

Corollary 9. Assume p & o, (A — V1), then there is a constant C, independent of
€, so that

(3.29) 101 (pe) — 01(pe)| < Ce,

where € < gg for prescribed g depending p.

Proof. Noting that 1)_ lies in a neighborhood of 7 in the outer plateau [p., p1], and
that we can write cot 1y = £cot 6, we can find a constant C' > 0 so that

C
0+ =61 < — [y =9l
Combining this estimate with Lemma 8 yields the result. O

4. PROOF FOR SMALL EIGENVALUE PARAMETERS

Throughout this section, we will work with angles 6 in all of R, rather than
S'. and use the notation 6 to distinguish it. If the covering map is denoted by
IT:R — S then, TI(F) = 6.

We introduce new notation for the trajectories of interest in the covering space
R. The lift of fy(s) will be denoted 6(s) if it satisfies lim,_, o 0o(s) = 0, called
the primary lift. Other lifts will be denoted 65 (s) = 6o(s) + kx. The (primary) lift
of O_ (), s), given in (2.22), will be denoted 6_ (s, s), where A\ = £2u. The other lifts
will be denoted 6% (1, s) = 6_ (1, s) + km. Analogously, we use the notation ¢ (1, t)
and 7,/;4_ (s, t) for the primary lifts of the model and full outer problems respectively;
note we are suppressing explicit mention of the dependence of 1)_ on €.

15



We set i so that if u € (A —V;) and g > 0 then p € (0, t). Recall that we
evaluate the angles of the two candidate trajectories at 0 = o.. In terms of the
independent variables, the candidate trajectories intersect the section when s = s,
or t = t.. It then follows from Lemma 6 that there are kg and k1 so that

D(fit) — (2ky + 1), and
2

(4.1) ~ -

¥(0,t) = (2ko + 1)5,

as t — —oo. From Sturm-Liouville theory, we know that ky > k;, and we have

the following lemma, recalling that m(V7) is the number of positive eigenvalues of

A —V;j on Ly radial functions in R3.

Lemma 10. m(V;) = ko — k.
The proof is a shooting argument: there must be kg — k; values of u for which

1 (1, t) — km

for some integer k. Since the eigenvalues are simple, the count is exact.

The remainder of the argument is to show that ky—k; also counts the eigenvalues
of the full problem. First, we need estimates on the evaluation of the solutions of
the two model problems at the threshold.

Lemma 11. Assuming 0 ¢ o(A — Vy), there is an g9 > 0 and C > 0 so that for
e < €0,

(4.2) Oo(s:) —mm| < Ce™2*,

for some integer m, where o € (*%,O) is as chosen consistently with prior condi-
tions.

Proof. From Lemma 4, we know that any lift éo(s) must tend to an integer multiple
of m as s — 4+00. Recalling that r. = &%, and that s. = r. + Inr. we can conclude
that s¢ — oo as € — 0. The lemma then follows from the asymptotic relation in
Lemma 4. U

For the outer problem, we have:
Lemma 12. If u ¢ o(A — Vi) then there is and €9 > 0 and C > 0 so that
(4.3) Gy (i te) — (2k + 1)%‘ < Ot
. ' 1
where k = a+ 1 is chosen appropriately, and so k > 5.

Proof. From Lemma 6, 11 (1, t) tends to an odd multiple of . By linearizing (3.20),
reset in the covering space, at the fixed point ((2k: +1)3, O), and calculating the
unstable eigenvalue we can conclude there is a C' > 0 for which

Dalute) = 2k +1)F| < 0™,

and the statement in the lemma follows by switching to 6.
O

The estimates in Lemmas 11 and 12 pertain to the respective model problems.
We need similar estimates for the two full problems.
16



Lemma 13. There is an g > 0 and C > 0 so that for e < €,

(4.4) G_(s.) — mﬂ‘ < C(ete ),
for some integer m.

Proof. This follows easily from Lemma 11 put together with Lemma 5, using the
triangle inequality. O

The lemma addresses the fate of the primary lift, a straightforward corollary
gives the related estimate for other lifts.

Corollary 14. There is an g9 > 0 and C > 0 so that, if ¢ < &g, then
(4.5) ‘é’z (s.) — (k + m)ﬂ‘ <C(e+e2)

For the outer problem, there are two estimates, one at each end of the interval
[0, 1] which encloses the (positive) point spectrum of A — V;.

Lemma 15. There is an g > 0 and C > 0 so that, if € < g, then

) 84 (3t) = @k + D[ < C e+,
. ’0}(0,@) — (2k0+1)g’ <C(e+e* ),

where ko and ki are given by (4.1).

Proof. The proof follows similarly to that of Lemma 15 and Corollary 14 but ap-
plying Lemma 8 and Lemma 12. ([

Remark 16. Note, we need here that 26 — 1 > 0, which since k = 1 + « s the
condition that o > —%.

We can now complete the proof of the main result for eigenvalue parameter
values of size O(g?). Set

(4.7) SF(ne) = 05 (p, 52) — 04 (1, 1)
If %(p,¢) = 0 for any integer k, then A\ = €24 is an eigenvalue of A — (Vp + Vi )
for that value of €.

The following lemma summarizes the first part of this result.

Lemma 17. If ¢ is sufficiently small, then there are at least m(V1) values of 1 > 0
for which there is an integer k so that

SF(p,e) = 0.

Proof. The proof proceeds in a similar fashion to that of Lemma 10. From Lemma
15, there will be ko—Fk; values of € [0, fi] for which 6, (11, t.) = kx. Using Corollary
14, it follows easily that there will be ko — k; values of p for which X¥(u,e) = 0
for some k, again with e sufficiently small, The number ky — k1 can be replaced by
m(V1) from Lemma 10, thus proving the lemma. O

It remains to prove that there are at most m(V;) such small eigenvalues, i.e.,
that the eigenvalue count is exact.

Lemma 18. If ¢ is sufficiently small and = i is a zero of X, then

o)
—|  2Fu,e)>o0.
7z p=p

17



Proof. We first show that %94_ (,t) < 0 for any g and ¢. It is equivalent to show
that (%Jur(u,t) < 0 for any p and t. As t — 400, by (u,t) — arctan(—,/z). Since
% arctan(—,/u) < 0, %1E+(/¢, t) < 0 for t large. To show that this quantity stays
negative, we calculate from (2.15):

d (0 0
(1) i (5) = Rrwa gl s reost

where R = 2(7—1) cos 2¢)—7 ((u + Voo (1) + Vi(1) + 1) sin 211)). Since 7 cos? 1) > 0,
solving (4.8) using an integrating factor, we can conclude that a%@[q. (u,t) < 0 for
any p and t. R

Similarly, we show that %9, (1,t) < 0 for any p and ¢ by first showing that
(%é_ (u,t) > 0 for large negative t. Using that the unstable manifold of (0,0) in
(2.12) is tangent to the unstable eigenvector, we can expand

0= (p+Vo(0)+e*Vi(0) — 1) o + O(c?),

from which we can conclude that %9: (u,t) > 0if t < 0. A similar argument using
a version of (4.8) in terms of 6 then shows that %5_ (u,t) <0 for any g and ¢t. O

It follows that there is at most one ju for each integer k for which ¥ (u, &) = 0.
The number of eigenvalues of the full problem is therefore exactly ko — k1 and hence
m(V1). This ostensibly still allows for these eigenvalues to have multiplicity greater
than 1. However, from classical Sturm-Liouville theory, see for instance [RS78a],
Theorem XI.53, these eigenvalues must be simple in the class of radial functions.

4.1. The case of O(1) eigenvalues. The eigenvalues that do not tend to 0 with
€ come from the inner potential Vj and it is considerably easier to capture them
as the outer potential manifests as just a small perturbation. We work with the
solution 6_ (A, s,&) of (2.12) on the unstable manifold of (0,0) and compare it with
the analogous solution of with a model problem based on just V5. Whereas the
model problem in the case of O(¢2?) had the eigenvalue parameter evaluated at 0,
we need to include it here for all positive values:

0=(c—1)sin20+ o (X + V(o) cos® 6 — sin? ) ,
W) (7-1) (A+Va(o) )
o =0(1—0)%

Let 6(A, s) denote the solution of (4.9) on W*(0,0), suitably parameterized. Its
asymptotics as s — +o0o are given by the following lemma.

Lemma 19. If A\ ¢ o(A — V) and A > 0, then
(4.10) Oo(\,5) — 0y _ = arctan (\FA) .

The purely perturbative nature of V; . then allows us to prove the lemma com-
paring the model and full problems for A = O(1).
Lemma 20. If A\ ¢ 0(A — V) and A > 0, then there are g and C' > 0 so that
(4.11) [0- (N, s,e) —Oo(N, 8)| < Ce

for all s € R.
18



The new piece here is that the estimate holds as s —+ 4o00. This can be seen
by checking the bootstrapping estimates or looking at the dynamics of (2.12) in a
neighborhood of o = 1 for small e.

It can now be seen that the number of positive eigenvalues of L on Lo radial
functions that are bounded away from zero as e — 0 is exactly m (V) by repeating a
similar argument to that used in the previous section for Lemma 10. The exactness
of the count also follows from a similar argument using %.

Combining these results, we complete the proof of Theorem 1, demonstrating
that the total number of eigenvalues in o,(A — W) contained in (0, 00) is precisely
m(Vp) + m(V1).

5. NUMERICAL EXAMPLES

We present three numerical scenarios that illustrate Theorem 1, demonstrat-
ing how different potential combinations affect the behavior of systems (2.12) and
(2.15). In all cases, we fix u € (0,1), € = 0.1, and use thresholds (2.25) and (2.26)
for 0 and 7 respectively. All numerical simulations were executed on a MacBook
Pro equipped with an Apple M1 chip (8-core CPU at 3.2 GHz) and 8GB of unified
memory. The computations were completed with minimal processing time.?

Each scenario satisfies assumptions (A1-A2). In particular:

e All potentials are C°°(R™) and radially symmetric;

e Each V. satisfies the scaling structure described in assumption (Al);

e FEach Vj satisfies the integrability and decay assumptions required to en-
sure that A — V) has essential spectrum (—oo,0] and a finite number of
eigenvalues in (0, 00).

In all Figures in scenarios 1,2, and 3, left plots are solutions of (2.12), while right
plots are solutions of (2.15). We are plotting the unstable manifolds of 3 different
equilibrium solutions for the o system for scenarios 1 and 3, in particular (0,0),
(0,7) and (0, 27) while varying p € (0, 1). For scenario 2, in addition to the first 3
mentioned, we are also plotting the unstable manifold of (0,37). For the 7 system,
we are plotting the center manifold of (1,arctan,/y — 27) while also varying p
from (0,1). To compute the eigenvalue counts above a given p value, we consider
LMJ in the (o, 6) system and LMJ in the (7,v) system for the given
.

5.1. Scenario 1: Exponential and Gaussian potentials. Consider the poten-
tials

Volz) = —2.8¢7%, Vi(z)=—30e2 (=*)°
The Gaussian profile ensures that Vi . is rapidly decaying and scales appropri-
ately under ¢ — 0. Meanwhile, V;(z) is smooth, integrable on [0, 00), and satisfies
[Vo(x)] < C(1 + x)~® for any a > 0, thus fulfilling the assumptions on the back-
ground potential V. Figure 5.1 shows the corresponding phase portraits.

2The complete MATLAB source code for all three cases is available at https://github.com/
efleurantin2103/AlgoSpace/tree/master/Scalar_Paper_3cases. The computational codes are
subject to usage restrictions described in the repository documentation.
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Scenario 1: Vi (z) = —30e2e~ )", Vj(z) = —2.8¢7"
10 10 110
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FiGURE 5.1. Scenario 1: Unstable manifold W*(fp, ) (left) and center man-
ifold W€ (s1,_) (right) from (2.12) and (2.15). Red/blue points indicate sad-
dle/unstable equilibria at ¢ = 0, while blue points at ¢ = 1 indicate center-
stable equilibria. Black curves show maximum m-jumps as € — 0 for their
respective systems.
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5.2. Scenario 2: Rational and hyperbolic secant potentials. Consider the
potentials
2.6

14 224’
Again, Vi has the correct scaling and decay properties. The rational function
Vo(x) is C*°, and satisfies |Vo(z)| < C(1+ 2)~%, which ensures square-integrability
and decay sufficient to define a compact perturbation of the Laplacian. Figure 5.2
shows the results.

Vo(z) = Vi,(z) = —20e?sech(ex).

5.3. Scenario 3: Hyperbolic cosine and rational potentials. Consider the
potentials
3 30e2
Volw) = cosh?(1.2z)’ Vie(@) = (1+ (ex)?)?’

The potential V; . is smooth and scales as required, with algebraic decay. The
background potential Vj(x) is bounded, smooth, integrable, and satisfies |Vy(x)| <
12e724%  which again meets the necessary integrability and decay assumptions.
Figure 5.3 displays the associated system behavior.

5.4. Verification of spectral assumptions. In all three scenarios, the operator
A —Vp — Vi . satisfies the spectral assumptions required in Theorem 1. Specifically:

e The essential spectrum of A — V4 remains (—oo, 0] since Vj is compactly
supported or decaying and integrable.

e Each Vi has compact support at scale O(1/¢) and contributes a finite-
rank perturbation, preserving the essential spectrum and modifying the
point spectrum.

e The eigenvalue count m(V;) is well-defined and finite for each case.

Numerical results show at most three jumps in the angle variable ¢ from (2.15) in
scenarios 1 and 3, and at most four jumps in scenario 2, corresponding to topological
phase shifts in 6 from (2.12). The eigenvalue analysis in Figure 5.4 demonstrates
that m(Vy) = 1 consistently across all scenarios. The eigenvalue count for the V;
system for each scenario is illustrated in Figure 5.5. We note that for scenario 2,
m(V1) = 3, while in scenarios 1 and 3, m(V;) = 2. Incorporating this information
into the topological relationship m(W) = m(Vy) + m(V1), we obtain m(W) = 3 for
scenarios 1 and 3, and m(W) = 4 for scenario 2. This observation is consistent for
both the ¢ and 7 systems.

Remark 21. The 7 system trajectories in the right panels of Figures 5.1, 5.2
and 5.3 exhibit a characteristic initial transient that requires careful interpreta-
tion. Crucially, these transients contribute to the topological count given by m(W),
which essentially measures the net phase winding of the solution. The rapid ini-
tial transition represents genuine phase accumulation that must be included in this
count.

6. CONCLUSION AND DISCUSSION

In this paper, we have presented a rigorous analysis of the operator A — W,
with scale-separated potential W, = V;, +V; ., where both components are smooth,
radially symmetric, and satisfy assumptions (A1-A3). Our main focus has been
on understanding the spectral properties, particularly the existence and counting
of eigenvalues in the spectral gap. More specifically, we have established that for
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Scenario 2: V;.(z) = —20e%sech(ex), Vo(z) = — 22
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F1cUrRE 5.2. Scenario 2: System behavior under hyperbolic secant and ra-
tional potentials. Panel arrangement, curve colors, and equilibria properties

follow the same convention as Figure 5.1.
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Scenario 3: Vi (z) = —%, Vo(z) =

3
cosh®(1.2z)

F1cure 5.3. Scenario 3: System behavior under rational and hyperbolic po-
tentials. Panel arrangement and equilibria properties follow the same conven-
tion as Figure 5.1.
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Ficure 5.4. Each panel shows the eigenvalue distribution computed using
(4.9) under different scenarios: (a) Case 1, (b) Case 2, and (c) Case 3. All
configurations converge to the same eigenvalue multiplicity, in that m(Vp) = 1.

E I -

Ficure 5.5. Each panel shows the eigenvalue distribution computed using
the V1 model problem under different scenarios: (a) Case 1: V; = —30@’””2,
(b) Case 2: Vi = —20sech(z), and (c) Case 3: V| = For scenario 2,
m(V1) = 3. For scenarios 1 and 3, m(V1) = 2.

—30
(+e7)7"

sufficiently small e, the number of eigenvalues of A — W, in the gap (0, o) is
exactly equal to m(Vy), where m(V;) counts the eigenvalues of A — V; .. This
result provides deep insight into how scale separation affects the spectral properties
of such operators and demonstrates a principle of spectral additivity for scale-
separated potentials.

Our analysis employed a careful decomposition of the problem into two distinct
spatial scale regimes, allowing us to track eigenvalues through a combination of
Sturm-Liouville theory and perturbation methods. This approach demonstrates
broad applicability to spectral problems involving multiple characteristic length
scales.

In addition, we provided a complete characterization of the discrete spectrum by
showing that for sufficiently small €, the total number of eigenvalues of o (A — W)
in the interval (0, c0) is precisely the sum of the contributions from each potential
component: m (V) from the scaled potential V; . and m(V}) from the fixed potential
Vo-

6.1. Future work. Several promising avenues present themselves:
Regularity Requirements. The smoothness assumptions on V; and V; could cer-
tainly be weakened. Recent work by Frank-Simon [FS15] suggests that finite reg-
ularity might suffice. For potentials in LP spaces, the results of Frank-Laptev-
Safronov [FLS16] provide guidance on possible extensions.
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Non-radial Potentials. Perhaps the most challenging extension would be to non-
radially symmetric potentials. While some results exist for such potentials in the
single-scale case, as shown by Agmon [Agm82|, the interaction of different scales
without radial symmetry introduces substantial new difficulties. Recent techniques
developed by Denisov [Den04] for handling non-radial perturbations might prove
useful in this context.

The techniques developed in this paper, particularly our scale separation anal-
ysis, should provide valuable insights for these extensions. Each relaxation of as-
sumptions will require new mathematical tools, likely combining methods from
spectral theory, harmonic analysis, and dynamical systems.

A key challenge will be understanding how the eigenvalue count in the spectral
gap persists under these various generalizations. The work of Simon [Sim82] on
eigenfunction decay and the general framework of Reed-Simon [RS78b|, Chapter
XIII for essential spectra will likely play crucial roles in these investigations.
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