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AssTrACT. We introduce and study a new inverse problem for antiplane shear in elastic bodies
with strain-gradient interfaces. The setting is a homogeneous isotropic elastic body containing
an inclusion separated by a thin interface endowed with higher-order surface energy. Using dis-
placement—stress measurements on the exterior boundary, expressed through a certain Dirichlet-
to-Neumann map, we show uniqueness in recovering both the shear and interface parameters, as
well as the shape of the inclusion. To address the inverse shape problem, we adapt the factoriza-
tion method to account for the complications introduced by the higher-order boundary operator
and its nontrivial null space. Numerical experiments illustrate the feasibility of the approach,
indicating that the framework potentially provides a practical tool for nondestructive detection
of interior inhomogeneities, including damaged subvolumes.

1. Introduction

In this work, we initiate the study of a novel inverse problem with fundamental applications to
nondestructive testing:

e Problem: Given a three-dimensional homogeneous, isotropic, linear elastic body O with
known material properties that contains an unknown, three-dimensional homogeneous,
isotropic, linear elastic subregion D # &, separated from the surrounding medium by a
thin interface Z, determine the shape of the inclusion D as well as the mechanical proper-
ties of both the inclusion and the interface.

The available data will consist of boundary measurements in the form of displacement-stress
pairs, encoded mathematically by the Dirichlet-to-Neumann map associated with a modification of
the standard equations of linearized elasticity, first derived in this work. This system involves a
new set of governing partial differential equations and boundary conditions that are of independent
mathematical interest.

As in much of classical physics (see, e.g., [7]), the novel governing system of field equations are
derived from a variational perspective wherein we prescribe a Lagrangian action (or total potential
energy) and apply Hamilton’s principle. Thus, the primitives of the theory are the forms of the
stored energy for the domains O\D and D and the interface Z. In this work, we consider the
idealized setting of antiplane shear where the energies simplify considerably in complexity. We now
describe our mathematical framework in more detail including the form that the energies take.

1.1. Stored energy of a three-dimensional body. Let B C R3 be a bounded domain modeling

the reference configuration of a homogeneous, isotropic, linear elastic body. Let u : B — R? be a

displacement field of B. It is well-known (see, e.g., [21]) that the total stored energy associated to
1



the displacement field is given by

Patw) = [ Gleretw)? + ple(uw)dV, (L.1)

where A\, u € R are the Lamé parameters of the body satisfying the strong ellipticity conditions
A+2p >0, > 0 and € is the infinitesimal strain tensor

. 1 _ _ _
e(u) =¢;;(u)e’ ®e’ = 3 [Vu + (Vu)T]7 u=ue’, Vu=0ue ®eée’, (1.2)

3 3
tre(u) =Y ea(u), [e@)]® = |ey(w)* (1.3)
i=1 i,5=1
Here, repeated upper and lower indices implies summation and {e; = e*}3_; is a fixed orthonormal
basis of R3.

We now note the equivalence of the classical equations of linearized elasticity and Hamilton’s
variational principle applied to . Indeed, suppose that a displacement field ug : OB — R? is
given for the boundary of the body. Via integration by parts and the fundamental lemma of the
calculus of variations, it follows that the classical placement problem of linearized elasticity

{diva =0, on B,

(1.4)
u = ug, on JB5,

where o = A(tre(u))I + 2ue(u) is the stress tensor and diveo = Eijzl

following form of Hamilton’s principle: find u : B — R? satisfying u = ug on 0B such that

00i; e’ is equivalent to the

Y € C°(B), iElg(u +d¢p) =0. (1.5)

dé 6=0
1.2. Stored energy of the interface. Returning to the setting of this work, we model the thin
interface separating the inclusion D from the rest of the body O\D by a material surface Z bonded
to the boundary of the inclusion rather than a third three-dimensional domain, i.e., Z and D
form a surface-substrate system. Mathematically, we prescribe a two dimensional stored energy
U depending on infinitesimal geometric strains associated to the surface Z = 9D. The general
theory of surface-substrate systems and interactions has been a source of intensive research over
the past 50 years since the seminal works by Gurtin and Murdoch [22, 23] and Steigmann and
Ogden [43, [44], and a review of the theoretical advances and applications following these works
would not be possible here.

We now describe the form of the stored energy for the interface 0D that we consider in this study.
Let r : U — 0D be a local parameterization of 8D. Here U C R? is an open set with coordinates
(0*). We denote the corresponding natural basis vectors by A, :=r, and the dual basis vectors
by A“ respectively. Here , = 0g~. The components of the metric are given by

Aaﬂ = Aa . AB’ (16)
the determinant of (A,p) is denoted by A, and the dual components are denoted by (A%?), so

Aay AP = §8. The components of surface tensors are raised and lowered using (A%?) and (A,p)
respectively. For a vector field u on 0D we define

Ua|p = Uap — [pU 4, (1.7)
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where (I'},,) are the Christoffel symbols associated to (Aqp). For a scalar valued function ¢ on 0D,
its surface gradient is defined via
Vs = p oA,
and for a vector or tensor field E on 9D, its surface gradient is defined via
V.E:=FE,® A~ (1.8)
For a displacement vector field w on 9D, we define the infinitesimal surface strain tensor

1
es(u) == §(Aa ‘ugtu,Ag)A°® AP, (1.9)

and the infinitesimal relative normal curvature tensor
Ks(u) = N - u A" ® A, (1.10)

where N is the unit outward normal along 0D. We note that both e,(u) and xs(u) are linear in w.
Physically, es(u) is an infinitesimal measure of local stretching of D and k¢(u) is an infinitesimal
measure of the change of curvature for 9D (see, e.g., [42]).

For the interface 0Z = 0D, we prescribe a uniform hemitropicﬂ energy Egp,

As As
Eop(u) :/ [Q(tres(u))2 + psles (W) + | 2 Vatre ) + sl Vee )] (111)
oD
+g(tr ks(u))? + n|ns(u)2} dA, (1.12)
where the surface constants satisfy the strong ellipticity conditions:
As +2us >0,us >0, £,>0, (+2n>0,n7>0. (1.13)

The surface-stored energy provides a versatile framework for modeling interface phenom-
ena. When ¢/, = ( = n = 0, the resulting energy reduces to that of the Gurtin-Murdoch theory
of surface-substrate interactions [22), 23], in which the surface behaves as a membrane-like inter-
face along the bulk’s boundary. Setting £ = 0 and assuming ¢ + 2n > 0 and 1 > 0, we recover
the quadratic Steigmann—Ogden surface energy [43], [44], which models a shell- or plate-like inter-
face similarly bonded to the boundary of D. A more general theory, in which the surface energy
also depends on surface strain gradients, was developed by Rodriguez in [39], where it was shown
that these higher-order effects confer resistance to geodesic distortion, that is, the deformation
of geodesics into non-geodesics. Furthermore, in [39, 40], it was demonstrated that such surface-
substrate models regularize singular behavior that arises in classical linearized elasticity, notably
in the setting of mode-III antiplane shear loading for finite-length cracks, something neither the
Gurtin—Murdoch nor Steigmann—Ogden models achieve. Finally, it was shown in [3] that for infini-
tesimal displacement gradients, arises as the leading cubic order-in-thickness contribution to
the integrated-through-thickness stored energy for certain homogenous, isotropic, three-dimensional
strain-gradient elastic layers. These results support the use of as a well-justified and physi-
cally meaningful model for interfaces in bodies that include failure related mechanisms.

It is worth emphasizing that both the Steigmann—Ogden and Rodriguez surface-substrate mod-
els incorporate energies involving second-order derivatives of the displacement field, distinguishing
them from the classical Gurtin—-Murdoch model and standard practice in classical continuum me-
chanics. The inclusion of such higher-order terms places these models within the broader framework
of second-gradient and generalized continuum theories, a field with a deep and evolving history. The

1For a discussion of hemitropy and the general theory of material symmetry, see, e.g. [35] [36] [44] [39].
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origins trace back to the work of Piola in 1846 [37,[9] and were significantly developed by the Cosserat
brothers [§], who introduced additional rotational degrees of freedom at each material point. The
second half of the 20th century witnessed major advances through the seminal contributions of
Toupin [48, [49], Green and Rivlin |20 19], Mindlin [32] 33], Mindlin and Eshel [34], and Germain
[14], [15]. For modern perspectives and overviews of the field, see, for example, [II, 10} 30, [IT]. These
developments form the foundation for contemporary higher-order theories, including the surface
models used in this work.

1.3. The governing field equations for antiplane shear and the associated inverse prob-
lem. The field equations governing the equilibrium configuration of the body O with inclusion D,
interface 0D, and prescribed boundary displacement ug : 9D — R? are derived via Hamilton’s
principle: find u : @ — R? such that u = ug on 00 and

d
Ve € CX(B), = |Bop(u+0dp) + Ep(u+dp) + Esp(u+3dp)|| _ =0. (1.14)

In this work, we consider the simpler idealized setting of antiplane shear wherein there exist
h > 0, and smooth domains

O =Qx(=h,h), D=Dx(—h,h) (1.15)
and all displacement fields take the form
u = u(z1,x2)es. (1.16)

We assume that 0D is parameterized by arclength, s, with unit outward normal v. Then 0D =
0D x (—h, h) is parameterized by (s,z3) with outward unit normal N = v. It follows that

1 1
e(u) = 5317«6(61 ®e3+es®e)+ 58211(62 ® e3 + e3 ® ez), (1.17)
1
gs(u) = iasu(t ®es+e3Rt). (1.18)
We insert antiplane shear displacements into ([1.14)) to obtain the field equations governing equi-

librium configurations for antiplane shears of O. In particular, Hamilton’s principle for antiplane
shear displacements is given by: find u : Q — R such that u = f on 99 and

d o i
Vo e CR(®), - V %Wu—&—éVgp\del dxg—l—/ %Wuwwﬁdmdm (1.19)
Q\D D

=0. (1.20)

+/(%WW+MMP+
oD =0

2
ESZMS |02u + 602p|?) ds]

Here 1, and p; are the shear moduli of the known material parameterized by Q\D and D, respec-
tively. By an appropriate nondimensionalization, we may set pu, = 1 and we denote p; by u > 0.
In particular, it is important to note the following physical interpretations:

e If 11 > 1, then the shear modulus of the inclusion is larger than that of the bulk and D is
stiffer than O\D. Thus, D is composed of a “stronger” material than O\D.

o If 1 < 1, then the shear modulus of the inclusion is smaller than that of the bulk and D
is more pliable than O\D. Thus, D is composed of a “weaker” material than O\D. For
example, D could model a damaged portion of O.
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For what follows we define [O,u] = O,u™ — ud,u~, where the ‘+’ symbol represents the trace
on 9D from Q\D and ‘—’ represents the trace on 9D from D. Via straightforward integration by
parts and the fundamental lemma of the calculus of variations, we see that ([1.20]) holds if and only
if

-Au=0 in Q\D,
—pAu=0 in D, (1.21)
[0 u] = #(u) on 0D, ’
u=f on 01,
where the boundary operator £ is defined as
B(u) = 92 (1s207u) — 9 (15 0su). (1.22)

We abuse notation slightly and denote the outward unit normal on 99 also by v = vle; + v2es.
Then we have that the stress along 0€) necessary to support the boundary displacement f is given
by

No(tre(u)I + 2e(u)|v = [v'01u + v*Orules = O, ues. (1.23)

Thus, the Dirichlet-to-Neumann map (DtN) A(f) = 0,u maps boundary displacement to the stress
(magnitude) necessary to support it. The problem (1.21]) represents the direct or forward problem:
given a boundary displacement f, determine the resulting displacement of the body containing the
inclusion and interface. The inverse problem we consider in this work can then be stated as:

e Problem: Determine the shape and mechanical parameters u, us, and £5 for D using
boundary displacement-stress information provided by the Dirichlet-to-Neumann map A.

Our shape reconstruction results will focus on the comparison between force measurements when an

inclusion exists versus when it does not, the latter set of measurements considered known a priori.

Hence, we also introduce the standard, unperturbed Dirichlet problem
{—Auo =0 in Q,

(1.24)
ug = f on 01,

and the corresponding DtN operator defined as Ag(f) = Jyuo.
The main contributions are the resolution of the previously stated problem and are summarized
as follows.

Theorem 1.1. Consider the elliptic boundary value problem (1.21)) on a bounded smooth domain
Q C R? with a smooth subdomain (inclusion) D C Q such that 9D N O = &. Then, the following
statements hold.

(1) The DtN map A uniquely determines the coefficients p, s, and Cs.
(2) The difference of the DIN maps, A — Ay, uniquely reconstructs the inclusion D.

The first part of the above theorem shows that the measured shear force on the known boundary
0f) uniquely determines the system parameters; a more detailed version is presented in Theorem
The second part shows that a specific comparison of shear forces on 92 uniquely recovers
the location and shape of the inclusion with a more precise version given in Theorem To this
end, we will derive a qualitative sampling algorithm to determine D without the knowledge of the
system parameters p, ps, and 5.



Remark 1.1. Our assumptions on the smoothness of the boundary of D can likely be relazed.
Our arguments require only the ability to apply Green’s Identities and define Dirichlet-to-Neumann
maps, so the boundaries of both  and D can be taken to be much lower reqularity, but for clarity
of exposition we make this strong assumption.

1.4. Qualitative, shape reconstruction method. To solve the inverse shape problem for ex-
tended inclusions, we consider a qualitative reconstruction method. This family of methods is
advantageous in the sense that they require little a priori knowledge of the unknown regions. In
contrast, iterative methods require “good” initial estimates for the unknown region and/or parame-
ters to insure that the iterative process will converge to the unique solution. The specific qualitative
method that we will derive is a variant of the so called reqularized factorization method. This method
is based on the analysis of linear sampling schemes using measurements involving the Dirichlet-to-
Neumann map as in [6l, 26]. They have been extensively studied for different inverse shape problems
in electrostatics and inverse scattering, see [27) 28] [24] 25] and the references therein. We adapt this
point of view in this problem, which has a similar format though derived via continuum mechanical
considerations rather than electromagnetic ones.

However, the problem considered in this paper has two key differences to the previous models
since the data operator has a nontrivial null space and the surface energy requires control of higher
order derivatives. These considerations further complicate the inversion procedure and require more
elliptic regularity. This is a consequence from the boundary operator Z as defined in having
a null space consisting of constants. For related inverse problems that appeared recently built on a
model of linearized elasticity, see [2] [12].

The regularized factorization method relies on connecting the inclusion to the range of an operator
derived from measured data. This will be accomplished by characterizing the unknown inclusion
D by the spectral decomposition of the compact, data operator A — Ay. This makes the numerical
implementation of these methods computationally simple since one only needs to compute the
singular value decomposition of the discretized operator. From a computational perspective, this
approach is more cost effective compared to deriving an iterative method, which may require solving
one or more adjoint problems at each iteration.

1.5. Outline. We first establish the existence, uniqueness and regularity of solutions to the direct
problem in Section Then, we provide the key factorization results of A — Ag in Section
[Bl This is required to prove the main results. The parameter determination for a given domain
is established in Section [d] The domain determination result given fixed parameters is then given
in Section [f] Some supporting numerics are given in Section [6] and concluding remarks are given
in Section [7] Some of the more technical aspects of Section [3] are given in Appendix [A] and some
technical analysis related to Section [6] are given in Appendix

Acknowledgments. G.G. was supported by NSF RTG DMS-2135998. J.L.M. acknowledges sup-
port from NSF grant DMS-2307384. C. R. acknowledges support provided by NSF DMS-2307562.

2. The Direct Problem

In this section we study the well-posedness of the forward problem . Given a bounded,
smooth domain Q C R? and an smooth interior region D, we assume that dist(9€2, D) > 0 and
denote any coordinate pair as a single variable, e.g. x. Due to the fourth-order boundary operator
on OD, we consider finding the solution u € H to for a given f € H'/?(9Q). Here the
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solution space is the space defined as
H={uecH(Q)|ul|,, € H*0D)},
equipped with the seminorm
2 2 2
lull3 = IVullz2q) + 102ull72 o) +10sull72(ap) -

We note that if v € H N H (), then by the Poincaré inequality, there exists a constant C' > 0 such
that

2
HUH%U(Q) + ||8§“||2L2(6D) +Hasu||L2(6D) < C”“H?—D (2.1)

ie. |||l is a norm on H N HY(Q), turning H N Hg () into a Hilbert space.
To show well-posedness of (L.21)), we rederive its variational formulation in detail here. Note

that
/ —Aucpdx—l—/ —pAupdr =0
Q\D D

for any ¢ € C°(§2), where u satisfies (1.21]). We will use Green’s first identity for integrals defined
on Q\ D and D. In Q\ D,

7/ Aupdr :/ Vu~chdxf/ cp@,,uder/ ©d,u" ds.
Q\D Q\D a0 aD

Since ¢ € H N HY(Q), then we get that
- Aupdr = Vu-Vgodx—i—/ pd,u’ ds.
Q\D Q\D oD

Similarly, in D we have that

7/ uAugod:v:/ uVu~Vg0da:f/ ppdy,u” ds.
D D oD

Recall that —Au =0in Q\ D and —pAwu = 0 in D. Thus, in the entire region 2 we have that

0= Vu-Vapdx—l—/ uVu-Vgadx—i—/ (O, u™ — pd,u )pds
Q\D D aD

:/ VU'VdeIE+/ uVu~Vgada:+/ [0, u]p ds.
Q\D D aD
Using the boundary condition on 9D, we get that

0= Vu-Vgodx—&—/ uVu-Vodz + PB(u)pds
Q\D D aD

= Vu~V<pdx+/ uVu-Vgodx—i—/
D d

MSEQ(‘??U@SQQD ds + / ,U/sasuasw ds,
Q\D

D oD

where we used the fact that 0D is a closed curve in using integration by parts. Thus, the variational
formulation for (1.21)) is: find u € H N Hg () such that

Vu-Vedr + / uVu - Veodr + / HsOsudsp ds + / psl?0?udpds =0 (2.2)
Q\D D oD aD

for all o € H N H(D).



We now consider the extension of f, ug € H'(Q), satisfying the Dirichlet problem (1.24). Thus,
up exists, is unique, and continuously depends on f, i.e. [[uoll g1 () < C|If |l 1/2(50)- Moreover, by
elliptic regularity, we can conclude

lluoll, < C||f||H1/2(aQ) ) (2.3)

where C' > 0 is an absolute constant.
We define v € H N H}(Q) via u = v + ug. Then the variational formulation (2.2) becomes:

Vv - Vedz + / uVou-Vodr + / 1s0sv0sp ds + / psl?0%v0%p ds
Q\D D oD oD

= —/ Vug - Vedz f/ uVug - Vodz —/ 1s0sup0sp ds f/ psl202ugd?pds  (2.4)
Q\D D aD oD

for all ¢ € H N H (). We define A(-,) : (KN H(Q)) x (KN H(Q)) — R as

Av, ) = Vv'vsodx-F/Dqu-Vgodx—l—/a

usasvasapds—k/ psl?0%v0% ¢ ds.
Q\D

D oD

It is clear that A(-,-) is a sesquilinear form. We also define L : H N H}(Q) — R as

L(p) = - Vuo-chd:c—/ Wuo-mpdx—/
D 1]

pedeundupds = [ uPoundie ds
o\D

D oD

where it is clear that L(-) is linear in ¢. Thus, the variational formulation with respect to v €
H N HL(Q) as written in (2.4) can be expressed as

A(v, ) = L(p).
The following lemmas are necessary to use the Lax-Milgram Lemma in order to show the well-

posedness of (2.4).

Lemma 2.1. The sesquilinear form A(-,-) is bounded and coercive.
Proof. For boundedness, consider
|A(v, ¢)| < max(L, p)[|Vl[r2(0) [Vl 120y + #sllOstll 120 py 1050l 2o
+ 1?03l L2 (9 103 ll L2 (9
< (max(l,u)”VngLg(Q) + MS||as<PHL2(aD) JrMsgz||8380||L2(6D))HU”H
< (max(1, 1) + ps + 1156 [0l 0]l -
Thus, A(-,-) is bounded. For coercivity, consider
. 2
[A(e,0)] 2 min(L )| ol 22 gy + sll0501320m) + 1621020 20,
> min ((min(L, 1), prs, p1s6%) |03, -

Therefore, A(-,-) is coercive. O

Lemma 2.2. The linear map L(yp) is bounded, i.e. there exists a constant C > 0 such that
L) < Cllfll 12 o0 llellay -



Proof. Consider
|L(¢)| < max(L, 1) [[Vuoll 2y IVell 2@
+ 11| 9suoll 290y 1050l 2oy + 15?1 02uol| L2 00y 1022l L2 (o)
< (max(1, 1) [|Vuol| 120y + s l10suoll L2 90y + 11?103 uoll L2a0)) @5

< (max(1, 1) + ps + p50?) [[uoll5 ]l -
By [2.3] we have that
[[uolly < C||f||H1/2(aQ) .
Therefore,
IL(o) < Cllf Il 17200y el
where C' > 0 is an absolute constant. O

Since A(, ) is a sesquilinear form that is bounded and coercive and L(-) is linear and bounded,
it follows that by the Lax-Milgram Lemma, there exists a unique v € H N H{(Q) that satisfies
for all ¢ € H N Hy(Q) and [|v]|;, < C|l fllgr1/2 (o) for some absolute constant C' > 0. Thus,
u = v + ug satisfies the weak form of . Furthermore, the previous implies that u depends
continuously on the data.

Lemma 2.3. The solution u of (1.21)) continuously depends on the Dirichlet data f € H'Y/?(0Q)

and s unique.

Proof. Continuity follows from the fact that [|v[l;, < C|f[|g1/2(9q) and (2.3). Thus, there exists

a positive constant C' such that |lul|,, < C||fHH1/2(aQ)- To show uniqueness, suppose u; and us
are solutions to (T.2I). Let w = u; —up € H N H (). Then w also satisfies A(w, ) = 0 for all
o € HNHI(Q). Thus, A(w, w) = 0 which by coercivity of A implies that ||w|| = 0. The Poincaré
inequality and the fact that w € HZ(£2) then imply that w = 0, proving uniqueness. O

Theorem 2.1. The boundary value problem (1.21)) is well-posed.

Proof. We have that (2.2)) is the weak formulation of (1.21]). Lemma and Lemma imply
that there exists u that satisfies (2.2). Lastly, Lemma shows that the solution w continuously

depends on the data and is unique. Therefore, (|1.21)) is well-posed. |

3. Factorization of the Data Operator

In this section, we derive a symmetric factorization of the data operator, A — Ag. The decompo-
sition will set the foundation for the main results of Section [4] on parameter recovery and Section
on shape reconstruction. In our physical system , we assume that a displacement f has
been applied to the boundary 0€2. The measured data is given by the induced, shear force d,u.
We similarly consider the unperturbed system (1.24)), and the resulting shear force d,ug. By the
well-posedness and linearity of the physical systems (|1.21]) and (1.24), we have that the prescribed
boundary- to body-displacement mappings

fru and fr— ug

are bounded linear operators from H'/2 (09Q) to H. Furthermore, by additionally appealing to the
trace theorem, it holds that the DtN mappings
A and Ao : HY2(09Q) — HY/2(8Q)
9



where
Af = 8yu’aﬂ and Agf = 61/“0‘39

are also bounded linear operators. The analysis is based on the factorization of the data operator
A — Ap, where the imaging functional to be derived will use its spectral decomposition (or singular
value decomposition). The theory used here was developed in [25] and will ultimately allow us to
derive an imaging functional for extended regions. We begin by considering the eigensystem of the
fourth-order boundary operator % as defined in . As shown in [29], for smooth 0D, there

exists

{An, ®ntnenugor  such that  — 92¢, = A2¢, for all n € NU {0} (3.1)
where \,, > 0 for all n and ¢,, are C*° functions that form an orthonormal basis of L?(9D). Here,
Mo = 0 is a simple eigenvalue with associated eigenspace spanned by ¢q := [0D|~*/2, and A\, > 1

for all n € N. Moreover, for any p > 0,
g € H(OD) if and only if [q}sop) = laol* + > [Noaul? < o0,
n>1
where ¢, = (¢, $n)r2(sp) for all n € N. For all p > 0, we identify the dual space of H?(9D) with
H~P(9D). That is, for each p > 0, there is a Gelfand triple
HP (D) C L*(0D) Cc H *(dD)

with dense embedding, with L?(9D) being the pivot space. We refer to Chapter 3 and Appendix A
of [31] and/or [45], Chapter 4 for precise discussions. The following regularity result will be useful
in our factorization analysis.

Lemma 3.1. There exists a constant C' > 0 with the following property. If u € H is the unique
solution to (L.21)), then ulsp € H/?(0D) and lull 7200y < Clf 1200 -

Proof. By the wellposedness of (1.21)), we have [[ayu]]‘aD € H-Y/2(9D) with
l90]* + Z lgn?A7 " < C”f”?{lﬂ(ag) where Hayu]HaD = Zgnd’n (3.2)
n>1

By (T.21), Z(u) € H='/2(0D). We write
U — uds = Up¢n on OD.
>
Therefore,
PB(u —][ uds) = Zun(us)\i + 1A p,  on OD.
oD 1

By the boundary condition on 9D, for all n > 1,

_ 9n
T PN N
Thus,
)‘7|gn|2 A8 2, _
‘)\Z/zunf = )\mun|2 = - = n lgn] Ant. (3.3)
7; T; ; (1sl2A% + psAZ)? 7; (12N + psAZ)?
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The identifies (3.3), (3.2), and the fact that

[ duuds| < ulzon) < e < Clllirvacon
complete the proof. O

This result will facilitate a symmetric factorization of the data operator (A — Ag). Influenced by
the difference of these DtN operators, we note that u — ug € Hg () solves

—A(u—ug) =0 in Q\ D,
—uA(u —ug) =0 in D,
[0, (u—uo)] = B(u) — (1 — p)dyug on OD.

Inspired by this, we define w € H}(Q) to be the unique solution of

—Aw=0 in Q\ D,
—pAw =0 in D, (3.4)
[Oow] = B(h) — (1 — w)Aph+ (1 — p)d,w~ on 9D

for a given h € H7/2(9D) where Ap is the interior DtN map defined on dD. One can show that
(3.4) is well-posed by appealing to a variational formulation and using Green’s first identity. From
the well-posedness of this auxiliary problem and Lemma we have the following:

||hH?{7/2(aD) = ||<%7( HH /29Dy T ||[[8ywﬂ ( )ADh ( )an_H?{*l/z(aD)
< O(l[wlZy 0+ IADAIZ -2 o)
< C(Hw”Hl(Q + ||hHH1/2(aD))
< O(JwlZs g + 111 opy):

where the second to last inequality follows from the boundedness of the DtN map on 0D. Therefore,
we can define the bounded linear operator

(3.5)

G:H'/?(0D) — H™'/*(0Q) given by Gh=0d,wl,,,

where w is the unique solution to (3.4). Notice that since (3.4) is well-posed, then d,w|sq =
(A — Ap)f provided that h = u|gp. Thus, we define the solution operator for (1.21)) as

S: H'Y?(0Q) — H/*(0D) given by Sf=ul,,,. (3.6)

From this, one sees that (A — Ag)f = GSf for any f € H'/?(0Q). From this preliminary factoriza-
tion, we will further decompose the operator G to provide a symmetric factorization for (A — Ag).
However, we first provide some useful properties of the solution operator S.

Lemma 3.2. The operator S as defined in (3.6)) is compact and injective.

Proof. The compact embedding of H7/2(9D) into L?(0D) implies that S is compact. To prove

injectivity, we let f € Null(.S), which implies that u = 0 in D. By our boundary condition, we have

that [0,u] = #(u) = 0 on dD. Thus, J,u* ’é)D = 0. By Holmgren’s Theorem, we have that v = 0

in . Then by the trace theorem, it holds that f = 0 on 9, proving that S is injective. O
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Our proposed strategy to derive a symmetric factorization for (A — Ag) is to decompose the
operator GG involving the adjoint operator of S. To proceed, we define the sesqulinear dual-product
on a closed curve I' as

(p, V) = / ppds forall ¢ e HP(T') and v € HP(I) (3.7)
r

between the Hilbert space HP(T') and its dual space H P(T') for p > 0 where L?(T") is the Hilbert
pivot space. We are primarily interested in the cases where I' = 9Q with p = 1/2 and T' = 9D with
p = 7/2, denoted as (-, Yoo and (-, -)sp, respectively. These dual-products will be instrumental in
the rest of our factorization analysis. In particular, they are needed in defining the adjoint of S,
denoted as S* : H=7/2(9D) — H~/2(09). However, in order to do so, we must discuss the elliptic
equation

—Av =0 in Q\ D,

—pAv =0 in D, (3.8)
[0,v] = B(v)+g on OD

v=0 on Of).

The solvability of (3.8) for ¢ € H~7/2(9D) will need to be established. For g € H~2(dD), the
notion of solution is much simpler. In particular, as similarly shown for (L.21)), the solvability of
(3.8)) is understood in the variational sense as described below.

Definition 3.1. If g € H2(0D), then v € H N H}(Q) satisfies (3.8) if
Vv -V dx +/ uVuv -V de —|—/ s0sv0sp ds + / psl20%v0°% ds +/ gpds =0 (3.9)
Q\D D aD aD aD

for all o € HN H ().

In particular, for g given by a constant, there exists a unique solution to in the form
of Definition However, if g € H~7/2(0D)\H~2(0D), then variational methods do not apply
directly to (3.8)). Thus, we will define in what sense an element v € H}((2) satisfies in the case
that g € span{1}* c H~"/2(dD). Note that Null(%) = span{1} on dD. Thus, in what follows, we
define the pseudoinverse operator

%% span{1}*+ C HY(OD) — span{1}* ¢ H™(dD) (3.10)
for any ¢ € (—o0, 00), where for ¢,, as in (3.1)), we have the convention
B po =0, BTP, = (shn + psls)2) "1, for n > 1. (3.11)

We also define A\ p as the exterior DtN map on 9D, i.e. Ag\pf = dywt|sap, where w satisfies
—Aw=0in Q\D with w=0on 92, and w=f on 9D.
Definition 3.2. If g € span{1}* C H-"/2(0D), then v € H}(Q) satisfies (3.8) if
(1) f:=wv|op satisfies

Ao\pfds =0, and (3.12)
oD

HBrg=f— fds — B%(Anp — pAp) f (3.13)
oD
and
12



(2) —Av=0 in Q\D and —pAv=0 in D, with v=0 on 0.

We show that Definition 3.1 and Definition 3.2 are equivalent when g € span{1}+ C H=2(9D).
From Definition we observe that if g € span{1}* C H~2(dD), then $%g € H?(OD) and
B#(Ao\p — pAp)f € H/2(0D). Thus, (3.13) implies that

f=%%g+ fds+ %% (Aoyp — pAp) f € H*(OD)
oD

and that
—9=2%B(f) — (Ao\p — uAp)f on D <= [9,v] = B(v)+g on ID.

Thus, if v satisfies Definition [3.2] then it also satisfies Definition [3:I] Conversely, suppose that v
satisfies Definition [3.1| with g € span{1}* C H~%(dD). By integration by parts and the definition
of % as given in (1.22)), we observe that (3.9) can be written as

—/ (Ag\pv — pApv)pds +/ (B(v) +g)pds =0
oD oD

for all o € H N HE(Q). Thus, it holds that
9= () = (Ao ~ pho)o = Blo—f 0ds) = (hayp — o),
D

where the last equality is given by the fact that Null(%) = span{1}. Given that g € span{1}*+ C
H~2(dD) we have that

/ Ag\pvds = (B(v— ][ vds) + pApv) ds.
oD aD oD

Using integration by parts, one can see that faD (%(v — faD vds)ds = 0. Furthermore, since
g, Apv, and B(v — faD vds) all have mean 0, so does Ag\pv and hence (3.12) holds. Moreover,
considering that v|sp — f,, vds € span{1}~, it follows that

Brg=v— ][ vds — %#(AQ\D — pAp)v,
oD

satisfying (3.13)). Therefore, Definitions andare equivalent for the case where g € span{1}+ C
H=2(0D).

We will address the solvability of (3.8) of solutions for ¢ € H=2(dD) and g € span{l1}+ C
H~"/2(dD) in the Lemmas that follow. However, with Definitions and in place as notions
of solutions for (3.8)), we will first state our main result regarding S*.

Theorem 3.1. The adjoint operator S* : H~"/2(0D) — H~/2(9%) is given by
S*g = (9,,1) ‘QQ 9

where v € HE(Q) is given by the sum v = vy + v1 such that:
e vy € HF () solves (3.8) with mean-zero data

9o =g —][ gds € H/?(0D),
oD

in the sense of Definition[3.2, and
13



o vy € H} () solves (3.8) with constant data

g1 = ][ gds € H 2(dD),
oD
in the sense of Definition[3.1}

Proof. We briefly assume the solvability of (3.8) to demonstrate the derivation of the adjoint S*.
From (3.8]), we apply a similar technique used to derive (3.9)) and invoke Green’s second identity to
obtain

0= / vO,u — fO,vds +/ v(ud,u~ — d,ut)ds +/ u(OvT — pd,v~) ds.
99 oD oD

By the boundary condition on 9D for u, this reduces to

/ fo,vds = / ([0,v] — B(v))uds.
N oD
Thus, we have that
($f.g)op = [ ugds= [ fo,uds = (£,5" g (3.14)
oD [019]
for all f € H'/2(09) and g € H~"/?(9D), which implies that S*g = d,v|sq. O

Note that S*g also agrees with Definition using (3.13) for the case when g € H=2(0D). We
now discuss the solvability of (3.8]) in accordance to Definitions and

Lemma 3.3. There ezists a unique solution v € HN HY(Q) of (3.8) in the sense of Deﬁm’tion
for any g € H=2(0D).

Proof. We note that if ¢ € H=2(9D), then there exists a unique solution to (3.8)) via a simple
variational formulation for v € H N HZ(£2) analogous to the methods employed to prove Theorem

21l O

Hence, using Lemma we can solve for v; € H}(Q) using classical methods so that 9,v1]9q €
H~'/2(0Q) using trace theorems. With this characterization, we move on to show that (3.8) is
solvable with mean zero data in H~7/2(0D).

Lemma 3.4. For all g € span{1}* C H~7/2(dD), there exists a unique solution v € HA(Q)
satisfying (3.8) in the sense of Definition .
Proof. 1f suffices to prove that (3.13)) has a unique solution. We define the Hilbert space

X = {go e HY2(0D) | / Ag\pypds = 0}
oD
and the compact operator K : H/2(dD) — H"/?(dD) as

Kf =1 fds+#* (Ao~ pho)f
D

We claim that Null(/ — K) = {0} and that Range( —K) = X. Indeed, by the Fredholm Alternative,
we have that

dim Null(I — K) = dim Null(I — K*) = dim Range(] — K)*,
and that Range(I — K) is closed. Here, I represents the identity operator on dD. We will show
that dim Null(/ — K') = 0. To this end, suppose (I — K)f = 0. Then,

(Ao\p — pAp)f = B(f).

14



Let v € H}(Q) be the unique extension satisfying

Av=0 in Q\D,
pAv=0 in D,
v=f on 0D.

Then, v € H}(Q2) also satisfies

Av =0 in Q\ D,

pwAv =0 in D,

[0,v] = B(v) on ID,

v=10 on 0f.
By well-posedness of the forward problem 7 since v = 0, then f = 0. Thus, dim Null(l — K) =
0, proving the claim. O

We now provide a useful property of the adjoint S*, which finalizes the argument regarding the
solvability of (3.8).

Lemma 3.5. The adjoint S* is injective.

Proof. Suppose g € Null(S*). Then v satisfies

—Av=0 in Q\D,

v=20 on 09,

dv=0 on 00.
By Holmgren’s Theorem, v = 0 in Q\ D which implies that v|sp = 0 and 9, v ‘BD = 0. Furthermore,
v satisfies the Dirichlet problem

—pAv=0in D with v=0 on 9D.

Thus, v = 0 in D, which implies that d,v~|9p = 0. We thus observe that g = [0,v] — B(v) =0 as
desired. 0

Combining ([3.14)) with the results from Lemmas and we observe that (3.8)) is solvable.

We return to our principal task at hand, which is to derive a symmetric factorization for the data
operator (A—Ag). Thus far, we have introduced and shown some properties of the well-defined maps
S : HY2(0Q) — H/?(0D) and its adjoint S* : H=7/2(9D) — H~/?(98). In order to complete a
symmetric factorization of (A — Ag), we need to define a middle operator T that connects H7/?(0D)
with its dual space. Recall that w € Hg () is the unique solution to equation where

[0.w]|,, = #(h) — (1 = w)Aph + (1 — p)d,w™
= B(w)+ B(h —w) — (1 — w)Aph+ (1 — p)d,w™.
Thus, by the well-posedness of and Definition we have that
ayw|m =Gh as well as 81,111’89 :S*(%’(h—w) — (1—M)Aph+(1—,u)8,,w_).
Motivated by this, we define the operator

T:H"?D)— H /(D) given by Th=%B(h—w)— (1—p)Aph+ (1 —p)d,w™. (3.15)
15



Here, h € H=7/2(0D) and w € H}(Q) are as in (3.4). Notice that if € span{1}, then by (3.4), we
have that w = 0, i.e. if h € span{1}, then Th = 0. By the well-posedness of (3.4)), T is a bounded
linear operator. In fact, for any & € H/2(9D)

&, Thyop = /an[%(h —w) — (1 —p)Aph+ (1 —p)d,w™]ds

— [ camyds— [ eB@w)ds—(1-p) /

aD oD oD
For the first integral, we have that

/8 £0) ds < €l om | BB -0

< |l 7200y 1Pl 772 (8D -

EAphds + (1 — ,u)/ £0,w™ ds.
oD

For the second integral,

/8 &) ds < €00y |#0) | -+72(0)

< |&llarr2opylwll 51200y
< Cléllarr2pylwll 2
< Cligllgr2op)y 11l 7/2 o),
where we used the trace theorem and well-posedness of . For the third integral,

/3 &Aphds < [Elmam 1A phla-2(on)

< Clléllgrr2op) 1Pl zr-5/2 (00
< CliEll grr2op) 1Pl zr772 0Dy 5
where used the boundedness of Ap. Lastly, for the fourth integral,

| e as < elaon) 107 Ins o)

< Clélarz@py lwll (@)
< Cligll grr2op) 1Pl 772 6Dy 5
where we used the Neumann trace theorem and the well-posedness of (3.4). Therefore,

(&, Th)ap < Cl&llarr2op) Pl a7/2(00)

for some positive constant C'. Recall that we had already established that (A—Ay) = G'S. Based on
our results above, we have factorized the operator G as G = S*T. This gives the following result.

Theorem 3.2. The difference of the DtN operators (A — Ag) : HY/2(0D) — H~Y2(dD) has the
following symmetric factorization
(A — Ag) = S*TS. (3.16)

The fact that Null(#) = span{1}, i.e. the fourth-order, boundary operator # defined on 0D
has a non-trivial null space, has direct consequences on the coercivity of T" and the injectivity of
(A—Ag). Namely, T is not coercive on all of H7/2(0D) and Null(A —Ag) # {0}. This greatly differs
from past works (see e.g. [17), I8 24]) that also use the regularized factorization method for shape
reconstruction. As written, the factorization of our data operator is not sufficient to solve
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the inverse shape problem, but it sets the foundation to prove some useful properties. The rest of
this section is dedicated to deriving a more detailed factorization that will ultimately allow us to
reconstruct D from the knowledge of (A — Ag). We proceed by investigating a sufficient condition
in which the operator T is coercive. Consistent with the strategy used to show the solvability of
, we prove the coercivity of the operator T" for mean zero functions.

Theorem 3.3. There exists pg € (0,1) such that for all h € H'/?(OD) with mean zero, we have
(h,Th)ap > C||hllgr/2(apy for all > po, where T' is defined in (3.15).

Proof. From the boundary condition on 0D in (3.4)), we have that

(h, T(h))op = / haB(h) ds — / wB(h) ds — /

(1 —p)hAphds +/ (1 = p)hApwds.
oD oD oD

oD

From the first integral, we have that

h%(h)ds :/ 1sl?102h + ps|Osh|* ds
oD oD

> C|lhll72 0

where the last inequality holds for some positive constant C' > 0 obtained from that fact that h is
mean zero. From the boundary condition on 9D, the second integral gives

—/ wAB(h)ds = / —w[d,w] — (1 — pwAph+ (1 — p)wd,w™ ds
oD oD

= / _w(auw+ - allw_) - (1 - /’L)wADh
oD

— IVulaq ~ [ (1= pwphds
oD

applying Green’s second identity to obtain the last equality. We note that since Ap is self-adjoint,
we obtain that

(h,T(h))op = (h, % — (1 — p)Ap)op + [|Vwli2 (o).

We claim that there exists pg € (0,1) such that the operator Z — (1 — u)Ap is positive for all
> po. To show the existence for such value pg, we proceed as follows. Since 0D is smooth,
there exists an order 0 operator B : L?(0D) — L*(0D) such that the interior DtN map has the
decomposition

Ap =+/-0?+ B. (3.17)

This result is contained in for instance [38], Section 4 or [46], Chapter 12, Proposition C1 for proofs
or [I6, 47] for a nice overview. Since B is a bounded, order 0 operator and /—92 is an order 1
operator that can be simultaneously diagonalized with %, we can see that (8 — (1 — pu)Ap) > 0 for
all p such that

psAt + psls AT — (L= p)v/ A — 1= p|BllL2op)— L2(oD) > O,

where \; is the first non-zero eigenvalue of \/—02 as introduced (3.1) and || - || 225Dy 12(sp) is the
operator norm from L2(0D) — L2%(OD). To see this, consider the function

uy(z) = .USZZ + #35324 —(1=pz—1- ,U|||B||L2(8D)—>L2(6D)~
17



If w,(z) > 0 for all z > /Ay, then ((# — (1 —pu)Ap)dn, dn)ap > 0 for each eigenfunction ¢, n > 1
and hence it is a positive operator using that

(—(1 = p)Bo, ¢)ap > —|1 — pl| Bl 290y L200) 181|725

for any ¢ € L?(0D). That is, we use that B—(1—p)Ap > B—(1—p)\/—02—[1— ||| Bl 2(0p)— L2(8D)
and that all the operators on the right are simultaneously diagonalizable using the basis {¢,,}. We
have that

u/u(z) = 2p57 + dplsz® — (1—p),
uy, (2) = 24, + 12450222 > 0.
So, provided

wu (VA1) >0 and  u,(v/A1) >0, (3.18)

we have that (% — (1 — u)Ap) > 0. Since 2usv/A1 + 4;@&@3 > 0 and pgA; + psls A2 > 0, and
u,,(vA1) and u,(v/A1) are continuous functions in p, we can find 0 < po < 1 such that is
satisfied for all 1 > p > pg. Hence, (Z — (1 — u)Ap) > 0 for all u > py. We note that positivity
for the case where p > 1 follows trivially from the fact that Ap is a non-negative definite operator.
Note, po as described here is sufficient as a lower bound on the values of ¢ but does not describe the
sharpest possible value. The value p is dependent upon the value of A\; as well as the parameters
s, Us, which is to be expected.

We now finalize the coercivity argument. By the above calculations we have that there exist
C4,Cy > 0 such that

(h, T(h))op = ((# — (1 — w)Ap)h, h) + [ Vwl|72(q)
> C1(1Pl3 o) + 1wl )
2 C2Hh||§17/2(ap)
by Poincaré’s inequality and for p such that (# — (1 — p)Ap) > 0. O
For the remainder of this work, we assume that

1> po (3.19)

where 119 is given in Theorem [3.3] Given that the operator T is coercive on mean zero functions,
we define P : H"/2(0D) — H"/?(dD) as

Pp=9¢—1 ¢ds,

oD

i.e. the orthogonal projection onto span{1}+. We may identify span{1} with

Pto=+ ¢ds,
aD

i.e. Pt is the orthogonal projection onto constants defined on D. We note that P and P+ are
self-adjoint. Thus, we have that P*T'P = PTP. Furthermore, recall that if h € span{1}, then
Th = 0. Therefore, T' = PTP. This yields a more detailed factorization for the difference of the
DtN maps:

(A= Ag) = S*PTPS. (3.20)
With this new factorization, we are able to prove the following properties.
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Theorem 3.4. The difference of the DtN mappings (A — Ag) : H/2(Q) — H~1/2(0Q) is compact
and positive. Furthermore, the range of (A—Ag) is dense in span{1}+ and Null(A—Aq) = span{1}.

Proof. Compactness follows from Lemma[3.2] since S is compact and 7" is bounded. Note that from
the factorization given in (3.20) we have that

(f, 8" PTPSf)oq = (PSF,TPSf)op > CIPSf|}er2om): (3.21)

where we have used the coercivity of T' on mean zero functions as shown in Theorem [3.3] Thus,
(A — Ay) is positive. We now simultaneously show that the range of (A — Ag) is dense in span{1}+
and Null(A —Ag) is span{1}. To this end, suppose f € H/?(9Q) is an annihilator for Range(A —Aq)
or f € Null(A — Ag). In either case, implies that

0> 1Pz m
Thus, PSf = Pu|sp = 0. Then there exists o € span{1} such that u|sp = o. Note that u satisfies
—pAu=01in D with w =« on 9D.

Thus, v = « in D. This implies that d,u~|gp = 0. Also, since u|sp = «, then we have that
P(u) =0 on dD. By the boundary condition of (1.21)), d,u™|sp = 0. Note that u must satisfy

~Au=0in Q\ D with u=a on 9D and d,ut =0 on OD.
Therefore, u — « satisfies
~A(u—a)=0in Q\ D with u—a=0on dD and 9,(u—a)t =0 on OD.
By Holmgren’s Theorem, v = « in Q \ D. That is, u = « in Q. Therefore, f € span{1}. Thus,
Range(A — Ag) is dense in span{1}+ and Null(A — Ay) = span{1}. O

The factorizations (3.16) and (3.20)) provide the baseline to study the inverse parameter problem
in Section [f] as well as the inverse shape problem in Section [5] Before proceeding in that direction,
we record a useful result finalizing the mapping properties of S*, which we will need later.

Lemma 3.6. Let S* : H~7/2(OD) — H~/2(99Q) be defined as in Theorem. Then, S*|

D
span{l}. Furthermore, S*1 = |(;Q||

span{1} =

Proof. Let {An, pn}o2, be the eigensystem of (A — AO)E| Recall that we have the factorization
(A —Ap) = S*PTPS. Then for n > 0 we have

S*PTPSp, = A@n, (3.22)
PTPSp, = (S*)il/\n‘ﬁm (3.23)

where the operator (S*)~! : H=1/2(9Q) — H~7/2(9D) is the inverse of S*, which is well-defined
since S* is injective as shown in Lemma Since PT PS¢, € span{1}*, then \,(S*) 1y, €
span{1}+. Therefore, for all n > 0

S, = (PTP)#(S*)flkncpn € span{l}l,

2More details on the spectral decomposition of (A — Ag) are provided in Appendix
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where (PTP)# is the pseudo-inverse of T defined similarly to (3.11]) on the appropriate basis. This
then implies

<90n7 S*1>3Q = <S<)On7 1>8D
= ((PTP)*(8*)" ' Augn, 1)ap =0,

where A\; = 0 and ¢; € span{1}. That is, S*1 € span{1}. So, there exists v € Hj(£2) that satisfies
(3-8) and ¢ € span{1} such that S*1 = (’9,,1}’89 = ¢. Then

|0Qe :/ cds :/ Oyvds :/ (B(v)+1)ds = |0D|.
o9 o9 oD

Note that the third equality is given by Green’s first identity and the boundary condition on 9D

as given in (3.8)), and the last equality is given by the fact that %(v) € span{1}*. Therefore,

S*1 = 19D] O
loql”

4. Uniqueness of the Inverse Parameter Problem

In this section, we study the uniqueness of the inverse parameter problem of determining the
ratio of the shear modulus x4 and the boundary parameters ps and ¢ provided that the boundary
dD is given. Recovery of coefficients have been studied for problems in electrostatics [5] and inverse
scattering [4]. We will establish the uniqueness of the aforementioned parameters from knowledge
of the DtN operator A : H'/2(9Q) — H~'/2(9Q). To this end, we first consider the following
density result.

Lemma 4.1. The set
U= {u’aD e H2(D) | u € H solves forany f € Hl/Q(OQ)}
is dense in H'/?(0D).
The proof of the above Lemma is an immediate consequence of Lemma [3.5] where we proved
that the operator S* is injective. By definition, &/ = Range(S). Hence, U is dense in H"/2(9D).

Theorem 4.1. If 9D is smooth and the parameters u, s, and £ are positive, then the mapping
(1, s, €) — A is injective.

Proof. Given f € H'Y2(99), let u; be the solution to with parameters (uf, u, ¢%) and A;
be the corresponding DtN operator for each i = 1,2. Assume that the DtN operators A; and A,
coincide. Then, d,u; = Jyus and u; = ug on I, which implies that uy = ug in Q\ D from
Holmgren’s Theorem. By the trace theorem, we also have that u; = ug on dD. It follows that
u1 —ug satisfies the Dirichlet problem in D with zero Dirichlet data. Thus, we conclude that u; = us
is D. Consequently, u; = us in all of €. Inspired by the boundary condition on 0D, we proceed by
defining the fourth order operator . : H2(0D) — H~2(dD) as

L6 = (Y — ) Ape + 82 (M e ® — 1P e2@)92¢ — 9, (ulM) — p{?)os¢.

Using that u; = us in 2, we obtain that

0= ful.
For any ¢ € H?(OD), consider the function ¢ € H=2(9D) given by
= L.
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Then,
0= ¢,$u1ds:/ ulf(bds:/ w1t ds.

oD oD oD
Therefore, ¢ € U+ and by Lemma we have that ¢ = 0. That is,

ZLo=0 forall ¢ € H*(OD).

Let us recall the formula in (3.17), Ap = \/—02 + B for B a bounded operator of order 0. We had
previously established in (3.1) that we have the following eigensystem on 0D

{Ans dntnenugoy such that — 02y, = N2, for all n € NU{0},

where \, > 0 for all n € N, \,, — o0 as n — 00, and ¢,, is an orthonormal basis of L?(9D). Thus,
we have that

L = (W =) (V=02 + B) + 0 (nM ) = pD®)07 = 0, () — 1) s

By our orthogonality result from above, the eigensystem on 0D, and the fact that all of these
coefficients are positive, it holds that

0= <¢na $¢n>aD
= (1 = 1)+ (s (8D = 1) BGn) o) + (1D = D EOWNL 4 () — pD)AT
Since \,, > 0 for all n € N, we have that

M _ 4@ (P, (V) — pP)Bg,,) L _ (2
M M ’ L2(8D) 1) 92,(1 2)p2(2) |, HMs Hs
w o 3 + uM D 202?) 2

— pM M @2@ a5 n o oo

0=

using the fact that B is an order zero operator. Thus, u§1)€2’(1) — uf)ﬁ(?) =0, ie. ,ugl)EQ’(l) =
1$2022) . This yields that

0= (ut" = 1)+ (Gn, (1Y = 1P)Bbn) 1oy + (D + (0 — pD)A7
By repeating this limiting argument two more times, we determine that ugl) = uf), which implies
that ¢ = ¢22) and also that p(*) = 4@, which proves the result. O

5. The Inverse Shape Problem

To solve the inverse problem of recovering D from the data operator (A — Ag), we will follow a
similar procedure as shown in Theorem 2.3 from [25]. However, in this case, (A — Ag) has a non-
trivial null space; as shown in Theorem Null(A — Ag) = span{1}. Thus, the initial factorization
from Theorem [3.2]is not sufficient to uniquely recover the region D. However, from the factorization
(3:20), we will be able to characterize the region D by the range of 5*|,an{1}+-

We will reconstruct D via a sampling method from the measured data Af and the computable
Neumann data Agf on the known exterior boundary 0. It has been established that (A — Ag)
is non-negative. Thus, it has a non-negative square root. That is, there exists bounded operator
Q: HY?(09) — L?(09) such that (A — Ag) = Q*Q. Given this new factorization for the difference
of the DtN mappings, we have the following result which describes an important connection between
the two factorizations.
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Theorem 5.1. Let (A — Ag) : H'/2(9Q) — H~Y/2(99) have factorizations (A — Ag) = Q*Q and
(A= Ap) = (PS)*TPS such that
S HY2(0Q) — H/?(8D), T : H"/>(dD) — H~"/2(D), and Q:H'*(@D)— L*(dD)
are bounded operators and P is the orthogonal projection onto span{1}*. If T is coercive on
Range(PS), then
Range(Q*) = Range(S*|span{1}+)-
Proof. Since (A — Ag) = Q*Q and (A — Ag) = (PS)*TPS, then we have that
QN7 200y = (f, (A= Ao)flag = (PSF,TPSf)op forall fe H?0Q).

Since T is coercive on Range(PS) from Theorem there exists constant C' > 0 such that

CIPS 13m0 < 1QF o) < ITNop | PSFI 220

where here ||-||op denotes the operator norm from H'/2(9D) — H~"/2(dD). Therefore, by Theorem
1 in [13], Range(Q*) = Range((PS)*), which proves the claim. O

Sampling methods typically connect the region of interest to an ill-posed equation involving the
data operator. We will use a singular solution to the background problem , i.e. the equation
where the interior of the bulk 2 has a homogeneous shear modulus p > 0. Using the singularity
of the solution to the background problem, one can show that an associated ill-posed problem is
solvable if and only if the singularity is contained in the region of interest. To this end, we define
the Dirichlet Green’s function for the negative Laplacian on the bulk 2 as

—AG(,z) =d(-— %) in Q and (Gy(~,z)‘Q =0. (5.1)
The following is a preliminary, but instrumental result that connects the above Green’s function on
0L to the region of interest.
Theorem 5.2. For every z € €,

a,G(, z)|8Q € Range(S™) if and only if z € D.

Proof. To prove the forward direction, assume z € ©\ D. Suppose by contradiction that there
exists g, € H~7/2(D) such that S*g, = aVG("Z)’aQ' This implies that there exists v, € H}(Q)
such that
—Av, =0 in Q\ D,
—uAv, =0 in D,
[Oyv.] = B(v.)+g. on OD.
Furthermore, d,v, = 9,G(, z)’ 5 Which implies that v, satisfies
—Av, =0 in Q\ D,
v, =0 on 0%,
Oyv, = 0,G(-,z) on ON.
Now define W, = v, — G(+, z) and note that
AW, =0 in Q\ (DU{z}),
W,=0 on 99,

o,W,=0 on 0N.
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By Holmgren’s Theorem, W, = 0 in Q \ (D U {z}), i.e. v, = G(+,2) in Q\ (D U {z}). By interior
elliptic regularity, v, is continuous at z € 2\ D. However, G(+, z) has a singularity at z. This proves
the forward direction given that

lv.(x)] < oo whereas |G(z,z)] > o0 as z — z.

Conversely, we will now suppose that z € D. Let & € H'(D) be the solution to the following
Dirichlet problem in D

=G(-,2) +

—pAE =0 in D  with |lon-

€lon
We define v, as
_JG(,2) in Q\D,
=7 e in D
and we will show that v, satisfies the conditions of Definition By construction, v, € H} ()
such that it is harmonic in Q \ D since z € D. Furthermore, —uAv, = 0 in D. We also have that

8’/UZ’39 = 0,G(- ’89 It remains to show that
9= = [0uv:]|,, — Blv) € HT?(OD).
By the Neumann trace theorem,
[0, “Z]HaD =9,6(: |aQ Vg‘gsz € H "2(0D)

since G(+,2) € HY(Q\ D) and £ € H'(D). Since £ is a fourth-order operator on D and v, |sp €
H'?(9D), then #(v,) € H-"/2(dD). Thus, g. € H~"/?(dD) and by Definition we have that

S*g, = 0,G(- | 89’ which effectively proves the claim. O

Recall that we have established that Range(Q*) = Range((P.S)*). Thus, our above result on its
own is insufficient to uniquely determine or reconstruct the interior region D. This is due to the
fact that dim(Null(A — Ag)) = 1, which is distinct from other factorization methods where the data
operator has zero kernel (see e.g. [I7, 25]). Our following task is to relate the range of (PS)* to
the range of S* via the Dirichlet Green’s function. In fact, we show an equivalence relationship
between the range of S* and the range of (PS)*. More importantly, it shows how Range((P.S)*) is
used to uniquely determine D.

Theorem 5.3. The operator S* as defined in Definition is such that for any z € Q

span{l}L) Zf and OTlly Zf a G ‘BQ S Range(S’*).

&’G("Z)’aa - ][Q 0,G(-,z)ds € Range(5*|

Proof. Suppose that 9,G(- |aQ fo0 0/G(-, 2)ds € Range(S*Lpan{l}L)

function g € H~7/2(0D) Where Jopgds =0 such that S*g = 0,G (-, 2)| 5 — foq O G(:,2)ds. By
Theorem [3.6]

Then there exists a

1
5°(a+ G(-2)ds) = G (.2)
109 Joq oo
which proves the reverse direction. Conversely, assume that 9,G(-, z)‘ o € Range(S*). Then there
exists a function g € H~7/2(dD) where g = Pg + P*g. By Theorem [3.6, we have that
10D,

+2)| a0 = |5Q|
23
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We claim that S*(Pg) € span{1}+. To show this claim, note that there exists v € Hg () satisfying
(3.8) such that S*(Pg) = 8,,1}‘6”. Then

S*(Pg)ds = Buvds:/ (B(v) + Pg)ds =0,
o0 o0 aD

which shows our claim. Note that the second equality is given by Green’s first identity and the

boundary condition on 0D as given in , and the last equality is given by integration by parts

and the fact that Pg € span{1}+. We now have that

0D 1 1
0,G(- }89 |8Q|P g € span{1}—,
1
. . . 1 - . .
which implies that P—g = D] oo 0,G(-,z)ds. Therefore, 9,G(- ‘BQ fo0 00G(-,2)ds €
Range(S*}span{l}L). O

From Theorem and Theorem we have the following regularized variant of the Factoriza-
tion Method to recover an unknown region D from the knowledge of (A—Ag) with a one-dimensional
kernel.

Theorem 5.4. The difference of the DtN mappings (A — Ag) : HY?(9Q) — H~Y/2(0) uniquely
determines D in that for any z € Q

z €D if and only if hmmf(f (A=Ap)fE)oa < oo

for fZ the regularized solution to (A — Ao) fZ = 0,G(- ’69 foq 0G(:, 2) ds

This concludes the shape reconstruction problem for an extended region. In the following section,
we provide some numerical experiments for reconstructing D.

6. NUMERICAL VALIDATION

In this section, we present numerical examples for the regularized factorization method developed
in Section [5] for solving the inverse shape problem. Our numerical experiments are done in MATLAB
2020a. For simplicity, we consider the problem where € is the unit disk in R?. Thus, the trace
spaces H¥1/2(9Q) can be identified with H}i{/ 2[07 27]. To apply Theorem we need the normal
derivative of the Dirichlet Green’s function G(-,z) on the unit disk. It is well known that for this

case, it is given by the Poisson kernel which we express in polar coordinates

1 1—|z|?
6VG Ty = 5 )
(2)lon 27r[|z|2+1—2|z|cos(- —92)]
where 6, is the polar angle of the sampling point z € .

We let the matrix A € CV*¥ represent the discretized operator (A — Ag) and the vector
b. = [0,G(0;,2) — ZaGak,

In our numerical experiments, we add random noise to the discretized operator A such that

A’ = [A;;(140E, ;)] where [E[s=1. (6.1)

7,7=1
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Here, the matrix E is taken to have random entries uniformly distributed between [—1,1] and § is
the relative noise level added to the data in the sense that ||[A% — Al < §||A|2. It is important
to note that the Poisson kernel on the unit disk is harmonic, which implies that it has the mean
value property. Thus, for many of the sampling points z € 2, we have that ||b,|| < 1. To avoid
numerical instabilities, we normalize b, with the L?-norm of 9,G(, z)|sq and define

nor

j— bZ
o [18Go;,
such that the quotient is understood to be component-wise division. We use the ‘norm’ command

in MATLAB to compute the discretization of ||0,G(-, 2)|[z2(90). Thus, to compute the indicator
associated with Theorem we solve

A%f, = b1r, (6.2)

By Theorem the data operator (A — Ag) is compact, which implies that A is ill-conditioned.
Hence, one needs to employ a regularization technique to find an approximate solution to the
discretized equation. In our experiments, we use the Spectral cut-off as the regularization scheme
and follow a similar procedure demonstrated in [24] where fJ represents the regularized solution
to and a > 0 denotes the regularization parameter. To define the imagining functional, we
follow [25] to have the following

5 a O]a nory |2
(£, A°f Z (u;,b2)|".

Here, 0; and u; denote the singular values and left singular vectors of the matrix A‘S, respectively.
Also, ¢(0;; «) corresponds to the filter function defined by the regularization scheme used to solve
(6.2). In our examples, we use the filter function defined by

b(t, a) = {1’ 2o (6.3)

0, ?®<a,
which corresponds to the aforementioned Spectral cut-off regularization scheme. With the above
expressions, we can recover the unknown region D by defining the imaging functional
Wieg(2)
[Wreg(2)]loo

Theorem 5.4 implies that W (z) ~ 1 provided that z € D as well as W (z) ~ 0 provided that z ¢ D.
In the following examples we use the function W (z) to image the interior region D.

Wieg(2) = (f?,A‘ng‘)_l where we plot W (z) =

Numerical reconstruction of a circular region:
In polar coordinates, we assume 0D is given by p(cos(),sin(d)) for some constant p € (0,1). Using
separation of variables, we determine that for all 6 € [0, 27)

1 27

2

K(0,0)f(¢)dp where K(0,¢) = i Fon €09, (6.4)

In|=1

(A —Ao)f(0) =

See Appendix [B] for details on the calculation of the coefficients x,, for all n € Z. In our examples,

we approximate the kernel function K (6, ¢) given above by truncating the series for |n| = 0, ..., 100.

We then discretize the truncated integral operator by a 128 equally spaced grid on [0, 27) using a
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collocation method. The dotted red lines represent the boundary of interest 9D.

Example 1: In our first example we let p = 0.7 for the reconstruction in Figure[I] Presented is a
contour plot of the imaging functional W (z), where we let 6 = 0 which corresponds to 0% relative
random noise added to the data. We fix the boundary parameters at p, = 0.1 and ¢2 = 0.001, as
well as the ratio of the shear modulus p = 2. We vary the regularization parameter for the spectral
cut-off method.
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FIGURE 1. Reconstruction of a circular region with p = 0.7 via the regularized
factorization method. Contour plot of W (z) plotted with o = 10~3 in the top-left,
a = 107% on the top-right, & = 10~!! on the bottom-left, and o = 1076 on the
bottom-right.

Figure [I] illustrates the importance of choosing a small value for regularization parameter . For
the plot on the top-left, we chose o = 1073, whereas for the plot on the bottom-right, we chose
a = 10716, For all plots, the higher values of the imaging functional are concentrated in the center
of the region D. Across the boundary 0D (dotted in red), the values begin to decay to zero. Indeed,
all plots exhibit the binary behavior of W(z) & 1 for z € D and W(z) = 0 for z ¢ D. However,
the plots on the bottom row illustrate how a much smaller value of o causes W (z) to decay to zero
much faster for z ¢ D. This creates a sharper reconstruction for the boundary dD. For most of
our remaining examples, we heuristically choose very small values of a.

Example 2: In our second example we test the effect of including error in our data. We continue

to let p = 0.7 and the shear modulus p = 2 for the reconstruction in Figure 2] The boundary pa-

rameters j; = 0.1 and £2 = 0.001 are also the same from Example 1. The regularization parameter
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for the spectral cut-off method is taken to be o = 10716, Here we vary the relative added noise, §,
to the data as described in (6.1).
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FIGURE 2. Reconstruction of a circular region with p = 0.7 via the regularized
factorization method. Contour plot of W (z) plotted with 0.01% error on the top-
left, 0.1% error on the top-right, 1% error on the bottom-left, and 3% on the
bottom-right.

Example 3: In this example we study the effect of adding relative error § to the data in conjunction
with the regularization parameter a. Here we let p = 0.55, and presented in Figure (3| are contour
plots of the imaging functional W (z). We provide a 2 x 2 array of plots where the rows correspond
to the relative error § = 0.001 and 6 = 0.03, which represent 0.1% error and 3% error, respectively.
The columns in the plot array correspond to the spectral cut-off regularization parameter o = 104
and o = 1078, The boundary parameters remain at pu, = 0.1 and ¢2 = 0.0001, where the ratio of
the shear modulus p = 2.

Example 4: Here we let p = 0.8, and in Figure [ we present contour plots of the imaging
functional W(z). We let 6 = 0.005 which corresponds to 0.5% relative random noise added to the
data. The boundary parameters are smaller from the previous examples where now s = 0.01 and
¢? = 0.00001. Here we vary the ratio of the shear modulus across four values. We begin with the
special case where ratio p = 0.8. This case is meaningful as it is consistent with the hypothesis
of Theorem [3.3] which highlights that our reconstruction algorithm is valid for certain values of
1 less than 1. We then proceed to consider p = 1, which is exactly the case where the shear
27



4=0.001; a = 0.0001 §=0.001; a = 1e-08

1 1 1

0s 08 09

Y 08 06 08

07 04 o7

05 02 05

0s 0 0s

r 04 02 04

r 03 N 03

r 02 08 02
0. 01 08 o1
0 Bl 0

4 08 06 -04 -02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 06 08 1

5= 0.03; a = 0.0001 5=0.03 a =1e-08

1 1 1
08 08 09
08 08 08
o7 04 o7
05 02 05
0s 0 0s
r 04 02 04
r 03 04 03
E 02 08 02
E 01 08 o1
0 ] o

4 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

-1

F1GURE 3. Reconstruction of a circular region with p = 0.55. Contour plot of
W (z) plotted with g = 0.55 on the top-left, x = 1 on the top-right, u = 10 on the
bottom-left, and p = 100 on the bottom-right.

modulus in the regions Q \ D and D are equal. We finish this example by varying u across two
orders of magnitude, specifically ¢ = 10 and p = 100. Consistent with our previous examples, the
regularization parameter for the spectral cut-off method is taken to be o = 10716,

Example 5: In this example, we analyze the case where the interior region is smaller than in
our previous cases. To introduce this case, we do not add error to the data, i.e. § = 0 across all
plots. Presented in Figure [5|is a contour plot of the imaging functional W(z), where the boundary
parameters are fixed at i = 0.001 and £2 = 0.00000001. Like in our previous example, we vary the
interior p across key values. The regularization parameter for the spectral cut-off method is taken
to be a = 10716,

7. CONCLUSION

We have introduced a new form of inverse problem relating to discovering interior inhomogeneities
in materials by measuring antiplane shear stress responses only on the outer boundary. The model
we present here is fully linear, though it would be natural to extend the findings here to nonlinear
models of elasticity and stress. The formulation we have derived bears resemblance to inverse
problems in impedance and optical tomography, but the material forces at play at the interface
between the two materials make the problem distinct and introduce key challenges. However, we
have successfully demonstrated in this linear model that we have uniqueness of measurements based
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FIGURE 4. Reconstruction of a circular region with p = 0.8. Contour plot of W (z)
plotted with p = 0.8 on the top-left, 4 = 1 on the top-right, © = 10 on the bottom-
left, and p = 100 on the bottom-right.

upon material parameters, as well as a mechanism for reconstruction of the interior domain. While
we have focused on developing the machinery here in 2d for the sake of clarity, we expect that
many of the methods we have presented here can be extended to 3d models. Throughout, we
have focused on key ideas for implementation, without attempting to optimize certain assumptions
on say the regularity of 92 and D, which can almost certainly be weakened to assuming only
Lipschitz. Numerically, we demonstrated the results we have here on a simple setting of a disc
material embedded in an outer disc, which is a convenient framework in which the Dirichlet-to-
Neumann maps can be constructed explicitly. It would be interesting to work with various boundary
integral solvers as in [41] to study the problem numerically in a larger set of domains without fixed
symmetries.

APPENDIX A. PROOFS OF MAIN DECOMPOSITION THEOREMS

Here we show the derivation of a spectral decomposition for the positive, compact operator
(A—Ao) : HY?(9Q) — H~/2(09) as similarly done in |25, 27, 28]. The nuance here is that the data
operator has a non-trivial kernel. Namely, Null(A — Ag) = span{1}. By the Riesz Representation
Theorem, there exists a bijective isometry J : H=/2(9Q) — H'/?(9Q) such that

JU=fo where (f,fo)p2o0) = (f,0)oa forall fe HY?(0Q),
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FI1GURE 5. Reconstruction of a circular region with p = 0.25. Contour plot of
W (z) plotted with p = 0.8 on the top-left, x = 1 on the top-right, u = 1.2 on the
bottom-left, and g = 10 on the bottom-right.

where (-,+) 1/2(pq) denotes the inner product in H'/2(0€). Since (-,-)aq is a sesquilinear dual-

product, we have that J is linear. We now consider the compact operator J(A — Ag) : H'/2(0Q) —
H'Y?(99) where

(fs J(A = Ao) ) rirza0) = (f, (A = Ao) flag > 0 for all f € HY?(8Q)\ (Null(A — Ao) U {0})

since (A —Ay) is non-negative. Thus, the composition J(A— Ag) is a self-adjoint, compact operator.
Therefore, by the Hilbert-Schmidt Theorem, it holds that there exists an eigenvalue decomposition

{Mns fulnenugoy € Rzo x H2(09) where  (J(A=A0)f = > Al fa)mrzgony frr (A1)
neNU{0}

where {\,, },>1 is a monotonically non-increasing sequence converging to zero and f,, is an orthonor-
mal basis of H'/2(99). Since Null(A — Ag) = span{1}, we have that A\ = 0 with corresponding
eigenvector fo = span{1}. Thus, for all f € H'/2(0Q)

(J(A = R0))f =Y Aulfs fo) 1rrr2o0) fo-
n=1
We now define ¢, € H~'/2(9) to be the unique solution to J¢, = f, for any n € N U {0}.
Furthermore, it holds that

(fmsln)oa = (fms fn) mrr2(00) = Omn  for any m,n € NU{0}. (A.2)
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Thus, ¢, are the corresponding dual-basis of H~/2(92). We will show that {ln}nenuoy is a
complete orthonormal set for H~/2(9Q) and construct a representation for any ¢ € H~'/2(9Q)
and the operator (A — Ag). Note that H~'/2(9Q) is a Hilbert space whose inner-product is defined
by

(60 1172000y = (fo: Fo)mrz(aqy  for all £, € H™2(0Q),
where J¢ = f, and Jo = f,. From this definition, we have that

(gm,éTL)H*l/z(aQ) = (fm, fn)Hl/Z(aQ) = 6mn for all m,n NU {0}

Thus, {€,},enufoy is an orthonormal set in H~Y2(9€)). To show it is complete, assume that
¢ € H=1/2(9Q) is orthogonal to the set {£,},enuo}- So, for any n € NU {0}, it holds that

0= (4, 4n)g—172000) = (i, fn) 172 (002)

which implies that z; = 0. Furthermore, since .J is an isometry, £ = 0, proving that {£, },enufo} is
complete. Moreover, we now conclude that the sequence {£, },enufoy indeed forms an orthonormal
basis of H~'/2(99Q). We now have the following representation for any £ € H~'/2(9Q)

=" (bl g-1290) where (fn,O)ag = (£,€n)g-1/2(00)-
neNU{0}
Thus, we have that
= > (faoaly, forall (e H'?0Q). (A.3)
neNU{0}
From the injectivity of the isometry J, the operator (A — Ag) has the spectral decomposition
(A=A))f = D Mlfiln)oaln forall fe HY?(0Q). (A.4)
neNU{0}

In the following theorem, we characterize the range of an operator by the spectral decomposition
of the compact operator (A — Ag) given by (A.4).

Theorem A.1. Let P be the orthogonal projection onto span{1}* and (A — Ag) : H'/?(0Q) —
H~Y2(09) be a non-negative operator with factorization (A — Ag) = (PS)*TPS such that S :
HY?(0Q) — H/?(0Q) and T : H/?(dD) — H~7/2(0D) are bounded linear operators. Assume
that S is compact and injective, as well as T coercive on Range(PS). Then we have that

1
¢ € Range((PS)*) if and only if Z r|<fn,€>ag|2 < 00,
n=1""

where {An; frtnenufor € Rxo x H2(09) are given by the spectral decomposition (A4) of (A—Ag).

Proof. By the assumptions on T and S, (A — Ay) is a positive, compact operator. Thus, (A — Ao)
has the spectral decomposition as described in (A.4) where {2y },enu{o} is an orthonormal basis
of HY/2(9€). We proceed by defining the bounded, linear operator Q* : L?(9Q) — HY?(9Q) such
that

Q6= Au(¢ bn)r200)ln for all ¢ € L*(0Q).
n=1

Note that Null(Q*) = span{1}. We define the adjoint Q : H'/?(9Q) — L?*(99) by the following
equality
(QF.D)r200) = ([,Q"d)oq forall ¢ € L*(02) and f € H2(00).

31



Thus, for any n € NU {0}, we have that

(Qfa ¢n)L2(BQ) = <fa Q*¢n>69 =V >\n<f> €n>6ﬂ7
where we used the definition of Q* and the fact that {¢y },enufo} is an orthonormal set in L?(992).
It follows that
Qf = Z VAnfrln)oa ¢n for all fe H'?(09).

Therefore, by (A.2), it holds that Q*bn = VAnly and Qf, = VAo, for any n € NU{0}. Thus,
Q*Qfn = Aty for all n € NU{0}. Notice that by and , we have that

(A=Ao)fn =Ml =Q°Qf, for all n € NU{0},
which implies that (A — Ag) = Q*Q since they agree on a basis. Therefore, by Theorem we
have that Range((PS)*) = Range(Q™).

Now that we have established this equality, suppose that £ € Range((PS)*) = Range(Q*). This

is equivalent to the existence of ¢ € L?(9) such that Q*¢ = . By the definition of Q* and ,
we have that

(fas0)oe = VAn(d,0n)12(090) for all ne NU{0}.
Since {¢n }nenugo} is an orthonormal basis of L?(09), it holds that Q*¢ = ¢ is equivalent to

1
Z 7\<fm£>09|2 <l 72(00) < oo

n>1 n

proving the claim. O

We remark that if £ € Range(A — Ag), then we have that (A — Ag)f = ¢ for some f € H'/2(99Q).
Thus, by (A.3)) and (A.4), we obtain that

f={ft) 8Qf0+z (fns o0 fn-
n>1 An

Since (A — Ap) is positive and compact, we have that A, > 0 for all n > 1 such that {\,}nen — 0
as n — oo. Therefore, we define f, to be the regularized solution of (A — Ag)f = ¢, which is given
to be )

f <f7£0 69x0+z>:1 )\ fn; >Bﬂfn- (A5)
Here, h,, denotes the filter function associated with a specific regularization scheme. Also, we used
the fact that {\n; fu; €n bnenugor € Rsox HY2(9Q) x H~1/2(9Q) is the singular system for (A—Ay).
For all a > 0, the filter functions h : (0,A\1] = R>¢ form a family of functions such that for all
0<t< )\

lin}) ha(t) =1 and ha(t) < Creg forall o >0
a—

where Creg > 0 is a constant. Furthermore, note that Ay corresponds to the largest spectral valued
defined in (A.1). The following result connects Range((PS)*) to the sequence (fq, (A — Ao) fa)sa-

Theorem A.2. Let P be the orthogonal projection onto span{1}* and (A — Ag) : HY/?(9Q) —
H=Y2(09) be a positive operator with the factorization (A — Ag) = (PS)*TPS such that S :
HY2(0Q) — H2(0Q) and T : H"/2(dD) — H~"/2(0D) are bounded linear operators. Assume
that S is compact and injective as well as T being coercive on Range(PS). Then we have that
¢ € Range((PS)*) if and only if limigﬂfm (A —Ag)fa)aa < o0
a—
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where f, is the reqularized solution to (A — Ag)f = L.

Proof. (A — Ag) is positive and compact such that Null(A — Ag) = span{l}. Then, (A — Ag) has
the spectral decomposition (A.4]), where (A — Ag) fr, = Anly, for all n € NU {0}. Suppose f, is the
regularized solution to (A — Ag)f = £. From (A.4) and we have that

A A() Zh f'ru QQEn

n>1

where we also used the fact that Null(A — Ag) = span{1}. Thus, we have that

(fan (A Ao)fa>39*<<f,fo>aafo+; ) sty 01 3 o) 10 )
<n>1 e Lt ann,mZ>1h M fms D02 )
;j ™ (0 anZNh ) fs aQ<fn,zm>aQ}
= 3 P2 sl

by the sesquilinear definition of the dual-product (-,-)sq, as well as the duality of bases specified
in (A.2). From the above equality, we now provide limiting bounds to (f., (A — Ag)fa))oq, which
will allow us to invoke Theorem To this end, recall that {hqs }o>0 is a family of filter functions
which is uniformly bounded by 1. Thus we obtain the upper bound

(Fas (= M) fa))or < Chog Y- 5 (o Dol

n>1 n

For a lower bound, note that for any N € N; it holds that

h2>\)

fna >89|2

(far (A= Ao)fa)) Q>Z

Note that for any 1 < n < N, the filter functions satisfy hs(\,) — 1 as @ — 0. Therefore, we
obtain the lower bound

N
1
hmlnf(fa,(A Ao)fa))o Z)T (fn:Doal*.

By taking N — oo, we obtain the inequalities

S U Bonl? < minf{fa, (A~ Bo) fad)on < Chag 3 510 o0l

n>1"" n>1""

The above inequalities and Theorem [A-T] proves the claim. O
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APPENDIX B. KERNEL FUNCTION ON A CIRCULAR REGION

Here we provide the details on the calculation for the kernel function defined in . In polar
coordinates, 0D is given by p(cos(f), sin(#)) for some constant p € (0,1). As similarly demonstrated
in [I7], since € is taken to be the unit disk in R?, we make the ansatz that u(r, ) has the following
series representation

u(r,0) =ao+bolnr+ Z [anrln| + bnr_lnq ™ in Q\D (B.1)

Inl=1
whereas
o0
u(r,0) = co + g cor™e™ in D,
[n|=1

Note that u(r, ) is harmonic in both the annular and circular regions which are separated by the
interior boundary 0D. Given that the coeflicients p, ps, and £ are constant, we are able to determine
the Fourier coefficients a,, and b,, by using the boundary conditions at r = 1 and r = p given by

u(1,0) = £(9), u*(p,6) =u(p.0)

_ Is 02 84 82
and  O,u™(p,0) — pdru(p,0) = 2 (p2894 902 u(p,0).

We let f, for n € Z denote the Fourier coefficients for the prescribed body displacement f. Note,
that the Dirichlet boundary condition at » = 1 above gives that

ag = fo and ay,+b, = f, forall n#£0.
From the first boundary condition at r = p, we have that

bO:Co—fo

T and b, = p2|"‘(cn —ap)-

From this, we conclude that by = 0, which implies that ¢y = fy. For n # 0, by defining

ap = Gnfn, bn="0bnfn, and c,=¢,fn

we can set up a system of equations for a,, b,, and ¢, as follows:

i + by = 1, (B.2)
p?™a, + b, — p?"e, =0, (B.3)
ni—1x —In|—17% n|l— n|l— ]- ~
Inlp™ta, — |n|p~ 1" 1b, — [u|n|p| =1 4 plni=2 (us|n|2 + p2u362|n|4)] én = 0. (B.4)
We define

Op = ay — by, for n # 0.

Interchanging summation with integration gives us that

2m oo
(A= Ao)f =5 | K(0.9)/(¢)d¢ where K(6,6) = ) |nl(on = 1)e™ 7.
In|=1
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Thus, in (6.4), ko = 0 and &, = |n|(o, — 1) for all n € Z\ {0}. From solving the system (B.2)—(B.4),

we
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[11]
[12]
[13]
[14]
[15]
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[20]
21]
22]

23]
24]

[25]

determine the coefficients of the DtN kernel operator to be given by
K = ‘Tl| 2p2|n\(p3(’u B 1)|’I’L| + ,02,U,S|TL|2 + :LLS£2|n|4) (B 5)
n - B P . .
PPInl(p + 1) + p?ps|nf? + ps?|nf* — pIml (p3(n — D|n| + p2ps|nl? + psl?|n|*)
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