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Abstract. We introduce and study a new inverse problem for antiplane shear in elastic bodies
with strain-gradient interfaces. The setting is a homogeneous isotropic elastic body containing
an inclusion separated by a thin interface endowed with higher-order surface energy. Using dis-
placement–stress measurements on the exterior boundary, expressed through a certain Dirichlet-
to-Neumann map, we show uniqueness in recovering both the shear and interface parameters, as
well as the shape of the inclusion. To address the inverse shape problem, we adapt the factoriza-
tion method to account for the complications introduced by the higher-order boundary operator
and its nontrivial null space. Numerical experiments illustrate the feasibility of the approach,
indicating that the framework potentially provides a practical tool for nondestructive detection
of interior inhomogeneities, including damaged subvolumes.

1. Introduction

In this work, we initiate the study of a novel inverse problem with fundamental applications to
nondestructive testing:

• Problem: Given a three-dimensional homogeneous, isotropic, linear elastic body O with
known material properties that contains an unknown, three-dimensional homogeneous,
isotropic, linear elastic subregion D ≠ ∅, separated from the surrounding medium by a
thin interface I, determine the shape of the inclusion D as well as the mechanical proper-
ties of both the inclusion and the interface.

The available data will consist of boundary measurements in the form of displacement-stress
pairs, encoded mathematically by the Dirichlet-to-Neumann map associated with a modification of
the standard equations of linearized elasticity, first derived in this work. This system involves a
new set of governing partial differential equations and boundary conditions that are of independent
mathematical interest.

As in much of classical physics (see, e.g., [7]), the novel governing system of field equations are
derived from a variational perspective wherein we prescribe a Lagrangian action (or total potential
energy) and apply Hamilton’s principle. Thus, the primitives of the theory are the forms of the
stored energy for the domains O\D and D and the interface I. In this work, we consider the
idealized setting of antiplane shear where the energies simplify considerably in complexity. We now
describe our mathematical framework in more detail including the form that the energies take.

1.1. Stored energy of a three-dimensional body. Let B ⊆ R3 be a bounded domain modeling
the reference configuration of a homogeneous, isotropic, linear elastic body. Let u : B → R3 be a
displacement field of B. It is well-known (see, e.g., [21]) that the total stored energy associated to
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the displacement field is given by

EB(u) =

ˆ
B

λ

2
(tr ε(u))2 + µ|ε(u)|2 dV, (1.1)

where λ, µ ∈ R are the Lamé parameters of the body satisfying the strong ellipticity conditions
λ+ 2µ > 0, µ > 0 and ε is the infinitesimal strain tensor

ε(u) = εij(u)e
i ⊗ ej =

1

2

[
∇u+ (∇u)T

]
, u = uie

i, ∇u = ∂juie
i ⊗ ej , (1.2)

tr ε(u) =

3∑
i=1

εii(u), |ε(u)|2 =

3∑
i,j=1

|εij(u)|2. (1.3)

Here, repeated upper and lower indices implies summation and {ei = ei}3i=1 is a fixed orthonormal
basis of R3.

We now note the equivalence of the classical equations of linearized elasticity and Hamilton’s
variational principle applied to (1.1). Indeed, suppose that a displacement field u0 : ∂B → R3 is
given for the boundary of the body. Via integration by parts and the fundamental lemma of the
calculus of variations, it follows that the classical placement problem of linearized elasticity{

divσ = 0, on B,
u = u0, on ∂B,

(1.4)

where σ = λ(tr ε(u))I +2µε(u) is the stress tensor and divσ =
∑3

i,j=1 ∂jσije
i is equivalent to the

following form of Hamilton’s principle: find u : B → R3 satisfying u = u0 on ∂B such that

∀φ ∈ C∞
c (B), d

dδ
EB(u+ δφ)

∣∣∣
δ=0

= 0. (1.5)

1.2. Stored energy of the interface. Returning to the setting of this work, we model the thin
interface separating the inclusion D from the rest of the body O\D by a material surface I bonded
to the boundary of the inclusion rather than a third three-dimensional domain, i.e., I and D
form a surface-substrate system. Mathematically, we prescribe a two dimensional stored energy
U depending on infinitesimal geometric strains associated to the surface I = ∂D. The general
theory of surface-substrate systems and interactions has been a source of intensive research over
the past 50 years since the seminal works by Gurtin and Murdoch [22, 23] and Steigmann and
Ogden [43, 44], and a review of the theoretical advances and applications following these works
would not be possible here.

We now describe the form of the stored energy for the interface ∂D that we consider in this study.
Let r : U → ∂D be a local parameterization of ∂D. Here U ⊆ R2 is an open set with coordinates
(θα). We denote the corresponding natural basis vectors by Aα := r,α and the dual basis vectors
by Aα respectively. Here ,α = ∂θα . The components of the metric are given by

Aαβ := Aα ·Aβ , (1.6)

the determinant of (Aαβ) is denoted by A, and the dual components are denoted by (Aαβ), so
AαγA

γβ = δβα. The components of surface tensors are raised and lowered using (Aαβ) and (Aαβ)
respectively. For a vector field u on ∂D we define

uα|β := u,αβ − Γγ
αβu,γ , (1.7)
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where (Γγ
βα) are the Christoffel symbols associated to (Aαβ). For a scalar valued function φ on ∂D,

its surface gradient is defined via
∇sφ = φ,αA

α,

and for a vector or tensor field E on ∂D, its surface gradient is defined via

∇sE := E,α ⊗Aα. (1.8)

For a displacement vector field u on ∂D, we define the infinitesimal surface strain tensor

εs(u) :=
1

2

(
Aα · u,β + u,α ·A,β

)
Aα ⊗Aβ , (1.9)

and the infinitesimal relative normal curvature tensor

κs(u) := N · u,α|βA
α ⊗Aβ , (1.10)

where N is the unit outward normal along ∂D. We note that both εs(u) and κs(u) are linear in u.
Physically, εs(u) is an infinitesimal measure of local stretching of ∂D and κs(u) is an infinitesimal
measure of the change of curvature for ∂D (see, e.g., [42]).

For the interface ∂I = ∂D, we prescribe a uniform hemitropic1 energy E∂D,

E∂D(u) =

ˆ
∂D

[
λs
2
(tr εs(u))

2 + µs|εs(u)|2 + ℓ2s

[λs
2
|∇str εs(u)|2 + µs|∇sεs(u)|2

]
(1.11)

+
ζ

2
(trκs(u))

2 + η|κs(u)|2
]
dA, (1.12)

where the surface constants satisfy the strong ellipticity conditions:

λs + 2µs > 0, µs > 0, ℓs > 0, ζ + 2η > 0, η > 0. (1.13)

The surface-stored energy (1.12) provides a versatile framework for modeling interface phenom-
ena. When ℓs = ζ = η = 0, the resulting energy reduces to that of the Gurtin–Murdoch theory
of surface-substrate interactions [22, 23], in which the surface behaves as a membrane-like inter-
face along the bulk’s boundary. Setting ℓs = 0 and assuming ζ + 2η > 0 and η > 0, we recover
the quadratic Steigmann–Ogden surface energy [43, 44], which models a shell- or plate-like inter-
face similarly bonded to the boundary of D. A more general theory, in which the surface energy
also depends on surface strain gradients, was developed by Rodriguez in [39], where it was shown
that these higher-order effects confer resistance to geodesic distortion, that is, the deformation
of geodesics into non-geodesics. Furthermore, in [39, 40], it was demonstrated that such surface-
substrate models regularize singular behavior that arises in classical linearized elasticity, notably
in the setting of mode-III antiplane shear loading for finite-length cracks, something neither the
Gurtin–Murdoch nor Steigmann–Ogden models achieve. Finally, it was shown in [3] that for infini-
tesimal displacement gradients, (1.12) arises as the leading cubic order-in-thickness contribution to
the integrated-through-thickness stored energy for certain homogenous, isotropic, three-dimensional
strain-gradient elastic layers. These results support the use of (1.12) as a well-justified and physi-
cally meaningful model for interfaces in bodies that include failure related mechanisms.

It is worth emphasizing that both the Steigmann–Ogden and Rodriguez surface-substrate mod-
els incorporate energies involving second-order derivatives of the displacement field, distinguishing
them from the classical Gurtin–Murdoch model and standard practice in classical continuum me-
chanics. The inclusion of such higher-order terms places these models within the broader framework
of second-gradient and generalized continuum theories, a field with a deep and evolving history. The

1For a discussion of hemitropy and the general theory of material symmetry, see, e.g. [35, 36, 44, 39].
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origins trace back to the work of Piola in 1846 [37, 9] and were significantly developed by the Cosserat
brothers [8], who introduced additional rotational degrees of freedom at each material point. The
second half of the 20th century witnessed major advances through the seminal contributions of
Toupin [48, 49], Green and Rivlin [20, 19], Mindlin [32, 33], Mindlin and Eshel [34], and Germain
[14, 15]. For modern perspectives and overviews of the field, see, for example, [1, 10, 30, 11]. These
developments form the foundation for contemporary higher-order theories, including the surface
models used in this work.

1.3. The governing field equations for antiplane shear and the associated inverse prob-
lem. The field equations governing the equilibrium configuration of the body O with inclusion D,
interface ∂D, and prescribed boundary displacement u0 : ∂D → R3 are derived via Hamilton’s
principle: find u : O → R3 such that u = u0 on ∂O and

∀φ ∈ C∞
c (B), d

dδ

[
EO\D(u+ δφ) + ED(u+ δφ) + E∂D(u+ δφ)

]∣∣∣
δ=0

= 0. (1.14)

In this work, we consider the simpler idealized setting of antiplane shear wherein there exist
h > 0, and smooth domains

O = Ω× (−h, h), D = D × (−h, h) (1.15)

and all displacement fields take the form

u = u(x1, x2)e3. (1.16)

We assume that ∂D is parameterized by arclength, s, with unit outward normal ν. Then ∂D =
∂D × (−h, h) is parameterized by (s, x3) with outward unit normal N = ν. It follows that

ε(u) =
1

2
∂1u(e1 ⊗ e3 + e3 ⊗ e1) +

1

2
∂2u(e2 ⊗ e3 + e3 ⊗ e2), (1.17)

εs(u) =
1

2
∂su(t⊗ e3 + e3 ⊗ t). (1.18)

We insert antiplane shear displacements into (1.14) to obtain the field equations governing equi-
librium configurations for antiplane shears of O. In particular, Hamilton’s principle for antiplane
shear displacements is given by: find u : Ω → R such that u = f on ∂Ω and

∀φ ∈ C∞
c (Ω),

d

dδ

[ˆ
Ω\D

µo

2
|∇u+ δ∇φ|2 dx1 dx2 +

ˆ
D

µi

2
|∇u+ δ∇φ|2 dx1dx2 (1.19)

+

ˆ
∂D

(µs

2
|∂su+ δ∂sφ|2 +

ℓ2sµs

2
|∂2su+ δ∂2sφ|2

)
ds

] ∣∣∣∣
δ=0

= 0. (1.20)

Here µo and µi are the shear moduli of the known material parameterized by Ω\D and D, respec-
tively. By an appropriate nondimensionalization, we may set µo = 1 and we denote µi by µ > 0.
In particular, it is important to note the following physical interpretations:

• If µ > 1, then the shear modulus of the inclusion is larger than that of the bulk and D is
stiffer than O\D. Thus, D is composed of a “stronger” material than O\D.

• If µ < 1, then the shear modulus of the inclusion is smaller than that of the bulk and D
is more pliable than O\D. Thus, D is composed of a “weaker” material than O\D. For
example, D could model a damaged portion of O.
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For what follows we define [[∂νu]] := ∂νu
+ − µ∂νu

−, where the ‘+’ symbol represents the trace
on ∂D from Ω\D and ‘−’ represents the trace on ∂D from D. Via straightforward integration by
parts and the fundamental lemma of the calculus of variations, we see that (1.20) holds if and only
if 

−∆u = 0 in Ω\D,
−µ∆u = 0 in D,

[[∂νu]] = B(u) on ∂D,

u = f on ∂Ω,

(1.21)

where the boundary operator B is defined as

B(u) = ∂2s (µsℓ
2∂2su)− ∂s(µs∂su). (1.22)

We abuse notation slightly and denote the outward unit normal on ∂Ω also by ν = ν1e1 + ν2e2.
Then we have that the stress along ∂Ω necessary to support the boundary displacement f is given
by [

λo(tr ε(u))I + 2ε(u)
]
ν = [ν1∂1u+ ν2∂2u]e3 = ∂νue3. (1.23)

Thus, the Dirichlet-to-Neumann map (DtN) Λ(f) = ∂νu maps boundary displacement to the stress
(magnitude) necessary to support it. The problem (1.21) represents the direct or forward problem:
given a boundary displacement f , determine the resulting displacement of the body containing the
inclusion and interface. The inverse problem we consider in this work can then be stated as:

• Problem: Determine the shape and mechanical parameters µ, µs, and ℓs for D using
boundary displacement-stress information provided by the Dirichlet-to-Neumann map Λ.

Our shape reconstruction results will focus on the comparison between force measurements when an
inclusion exists versus when it does not, the latter set of measurements considered known a priori.
Hence, we also introduce the standard, unperturbed Dirichlet problem{

−∆u0 = 0 in Ω,

u0 = f on ∂Ω,
(1.24)

and the corresponding DtN operator defined as Λ0(f) = ∂νu0.
The main contributions are the resolution of the previously stated problem and are summarized

as follows.

Theorem 1.1. Consider the elliptic boundary value problem (1.21) on a bounded smooth domain
Ω ⊂ R2 with a smooth subdomain (inclusion) D ⊂ Ω such that ∂D ∩ ∂Ω = ∅. Then, the following
statements hold.

(1) The DtN map Λ uniquely determines the coefficients µ, µs, and ℓs.
(2) The difference of the DtN maps, Λ− Λ0, uniquely reconstructs the inclusion D.

The first part of the above theorem shows that the measured shear force on the known boundary
∂Ω uniquely determines the system parameters; a more detailed version is presented in Theorem
4.1. The second part shows that a specific comparison of shear forces on ∂Ω uniquely recovers
the location and shape of the inclusion with a more precise version given in Theorem 5.4. To this
end, we will derive a qualitative sampling algorithm to determine D without the knowledge of the
system parameters µ, µs, and ℓs.
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Remark 1.1. Our assumptions on the smoothness of the boundary of D can likely be relaxed.
Our arguments require only the ability to apply Green’s Identities and define Dirichlet-to-Neumann
maps, so the boundaries of both Ω and D can be taken to be much lower regularity, but for clarity
of exposition we make this strong assumption.

1.4. Qualitative, shape reconstruction method. To solve the inverse shape problem for ex-
tended inclusions, we consider a qualitative reconstruction method. This family of methods is
advantageous in the sense that they require little a priori knowledge of the unknown regions. In
contrast, iterative methods require “good” initial estimates for the unknown region and/or parame-
ters to insure that the iterative process will converge to the unique solution. The specific qualitative
method that we will derive is a variant of the so called regularized factorization method. This method
is based on the analysis of linear sampling schemes using measurements involving the Dirichlet-to-
Neumann map as in [6, 26]. They have been extensively studied for different inverse shape problems
in electrostatics and inverse scattering, see [27, 28, 24, 25] and the references therein. We adapt this
point of view in this problem, which has a similar format though derived via continuum mechanical
considerations rather than electromagnetic ones.

However, the problem considered in this paper has two key differences to the previous models
since the data operator has a nontrivial null space and the surface energy requires control of higher
order derivatives. These considerations further complicate the inversion procedure and require more
elliptic regularity. This is a consequence from the boundary operator B as defined in (1.22) having
a null space consisting of constants. For related inverse problems that appeared recently built on a
model of linearized elasticity, see [2, 12].

The regularized factorization method relies on connecting the inclusion to the range of an operator
derived from measured data. This will be accomplished by characterizing the unknown inclusion
D by the spectral decomposition of the compact, data operator Λ−Λ0. This makes the numerical
implementation of these methods computationally simple since one only needs to compute the
singular value decomposition of the discretized operator. From a computational perspective, this
approach is more cost effective compared to deriving an iterative method, which may require solving
one or more adjoint problems at each iteration.

1.5. Outline. We first establish the existence, uniqueness and regularity of solutions to the direct
problem (1.21) in Section 2. Then, we provide the key factorization results of Λ − Λ0 in Section
3. This is required to prove the main results. The parameter determination for a given domain
is established in Section 4. The domain determination result given fixed parameters is then given
in Section 5. Some supporting numerics are given in Section 6, and concluding remarks are given
in Section 7. Some of the more technical aspects of Section 3 are given in Appendix A, and some
technical analysis related to Section 6 are given in Appendix B.

Acknowledgments. G.G. was supported by NSF RTG DMS-2135998. J.L.M. acknowledges sup-
port from NSF grant DMS-2307384. C. R. acknowledges support provided by NSF DMS-2307562.

2. The Direct Problem

In this section we study the well-posedness of the forward problem (1.21). Given a bounded,
smooth domain Ω ⊂ R2 and an smooth interior region D, we assume that dist(∂Ω, D) > 0 and
denote any coordinate pair as a single variable, e.g. x. Due to the fourth-order boundary operator
(1.22) on ∂D, we consider finding the solution u ∈ H to (1.21) for a given f ∈ H1/2(∂Ω). Here the
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solution space is the space defined as

H = {u ∈ H1(Ω) | u
∣∣
∂D

∈ H2(∂D)},

equipped with the seminorm

∥u∥2H :=∥∇u∥2L2(Ω) + ∥∂2su∥2L2(∂D) +∥∂su∥2L2(∂D) .

We note that if v ∈ H∩H1
0 (Ω), then by the Poincaré inequality, there exists a constant C > 0 such

that

∥v∥2H1(Ω) + ∥∂2su∥2L2(∂D) +∥∂su∥2L2(∂D) ≤ C∥v∥2H, (2.1)

i.e. ∥ · ∥H is a norm on H ∩H1
0 (Ω), turning H ∩H1

0 (Ω) into a Hilbert space.
To show well-posedness of (1.21), we rederive its variational formulation in detail here. Note

that ˆ
Ω\D

−∆uφdx+

ˆ
D

−µ∆uφdx = 0

for any φ ∈ C∞
c (Ω), where u satisfies (1.21). We will use Green’s first identity for integrals defined

on Ω \D and D. In Ω \D,

−
ˆ
Ω\D

∆uφdx =

ˆ
Ω\D

∇u · ∇φ dx−
ˆ
∂Ω

φ∂νuds+
ˆ
∂D

φ∂νu
+ ds.

Since φ ∈ H ∩H1
0 (Ω), then we get that

−
ˆ
Ω\D

∆uφdx =

ˆ
Ω\D

∇u · ∇φ dx+

ˆ
∂D

φ∂νu
+ ds.

Similarly, in D we have that

−
ˆ
D

µ∆uφdx =

ˆ
D

µ∇u · ∇φ dx−
ˆ
∂D

φµ∂νu
− ds.

Recall that −∆u = 0 in Ω \D and −µ∆u = 0 in D. Thus, in the entire region Ω we have that

0 =

ˆ
Ω\D

∇u · ∇φdx+

ˆ
D

µ∇u · ∇φdx+

ˆ
∂D

(∂νu
+ − µ∂νu

−)φ ds

=

ˆ
Ω\D

∇u · ∇φdx+

ˆ
D

µ∇u · ∇φdx+

ˆ
∂D

[[∂νu]]φds.

Using the boundary condition on ∂D, we get that

0 =

ˆ
Ω\D

∇u · ∇φ dx+

ˆ
D

µ∇u · ∇φ dx+

ˆ
∂D

B(u)φds

=

ˆ
Ω\D

∇u · ∇φ dx+

ˆ
D

µ∇u · ∇φ dx+

ˆ
∂D

µsℓ
2∂2su∂

2
sφ ds+

ˆ
∂D

µs∂su∂sφ ds,

where we used the fact that ∂D is a closed curve in using integration by parts. Thus, the variational
formulation for (1.21) is: find u ∈ H ∩H1

0 (Ω) such thatˆ
Ω\D

∇u · ∇φ dx+

ˆ
D

µ∇u · ∇φ dx+

ˆ
∂D

µs∂su∂sφ ds+
ˆ
∂D

µsℓ
2∂2su∂

2
sφ ds = 0 (2.2)

for all φ ∈ H ∩H1
0 (Ω).
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We now consider the extension of f , u0 ∈ H1(Ω), satisfying the Dirichlet problem (1.24). Thus,
u0 exists, is unique, and continuously depends on f , i.e. ∥u0∥H1(Ω) ≤ C∥f∥H1/2(∂Ω). Moreover, by
elliptic regularity, we can conclude

∥u0∥H ≤ C∥f∥H1/2(∂Ω) , (2.3)

where C > 0 is an absolute constant.
We define v ∈ H ∩H1

0 (Ω) via u = v + u0. Then the variational formulation (2.2) becomes:
ˆ
Ω\D

∇v · ∇φ dx+

ˆ
D

µ∇v · ∇φdx+

ˆ
∂D

µs∂sv∂sφds+
ˆ
∂D

µsℓ
2∂2sv∂

2
sφds

= −
ˆ
Ω\D

∇u0 · ∇φ dx−
ˆ
D

µ∇u0 · ∇φdx−
ˆ
∂D

µs∂su0∂sφ ds−
ˆ
∂D

µsℓ
2∂2su0∂

2
sφds (2.4)

for all φ ∈ H ∩H1
0 (Ω). We define A(·, ·) :

(
H ∩H1

0 (Ω)
)
×

(
H ∩H1

0 (Ω)
)
→ R as

A(v, φ) =

ˆ
Ω\D

∇v · ∇φ dx+

ˆ
D

µ∇v · ∇φ dx+

ˆ
∂D

µs∂sv∂sφds+
ˆ
∂D

µsℓ
2∂2sv∂

2
sφ ds.

It is clear that A(·, ·) is a sesquilinear form. We also define L : H ∩H1
0 (Ω) → R as

L(φ) = −
ˆ
Ω\D

∇u0 · ∇φ dx−
ˆ
D

µ∇u0 · ∇φ dx−
ˆ
∂D

µs∂su0∂sφ ds−
ˆ
∂D

µsℓ
2∂2su0∂

2
sφds,

where it is clear that L(·) is linear in φ. Thus, the variational formulation with respect to v ∈
H ∩H1

0 (Ω) as written in (2.4) can be expressed as

A(v, φ) = L(φ).

The following lemmas are necessary to use the Lax-Milgram Lemma in order to show the well-
posedness of (2.4).

Lemma 2.1. The sesquilinear form A(·, ·) is bounded and coercive.

Proof. For boundedness, consider

|A(v, φ)| ≤ max(1, µ)∥∇v∥L2(Ω)∥∇φ∥L2(Ω) + µs∥∂sv∥L2(∂D)∥∂sφ∥L2(∂D)

+ µsℓ
2∥∂2sv∥L2(∂D)∥∂2sφ∥L2(∂D)

≤
(
max(1, µ)∥∇φ∥L2(Ω) + µs∥∂sφ∥L2(∂D) + µsℓ

2∥∂2sφ∥L2(∂D)

)
∥v∥H

≤
(
max(1, µ) + µs + µsℓ

2
)
∥v∥H∥φ∥H .

Thus, A(·, ·) is bounded. For coercivity, consider

|A(v, v)| ≥ min(1, µ)∥∇v∥2L2(Ω) + µs∥∂sv∥2L2(∂D) + µsℓ
2∥∂2sv∥2L2(∂D)

≥ min
(
(min(1, µ), µs, µsℓ

2
)
∥v∥2H .

Therefore, A(·, ·) is coercive. □

Lemma 2.2. The linear map L(φ) is bounded, i.e. there exists a constant C > 0 such that
|L(φ)| ≤ C∥f∥H1/2(∂Ω)∥φ∥H.
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Proof. Consider

|L(φ)| ≤ max(1, µ)∥∇u0∥L2(Ω)∥∇φ∥L2(Ω)

+ µs∥∂su0∥L2(∂D)∥∂sφ∥L2(∂D) + µsℓ
2∥∂2su0∥L2(∂D)∥∂2sφ∥L2(∂D)

≤
(
max(1, µ)∥∇u0∥L2(Ω) + µs∥∂su0∥L2(∂D) + µsℓ

2∥∂2su0∥L2(∂D)

)
∥φ∥H

≤
(
max(1, µ) + µs + µsℓ

2
)
∥u0∥H∥φ∥H .

By 2.3, we have that
∥u0∥H ≤ C∥f∥H1/2(∂Ω) .

Therefore,
|L(φ)| ≤ C∥f∥H1/2(∂Ω)∥φ∥H

where C > 0 is an absolute constant. □

Since A(·, ·) is a sesquilinear form that is bounded and coercive and L(·) is linear and bounded,
it follows that by the Lax-Milgram Lemma, there exists a unique v ∈ H ∩ H1

0 (Ω) that satisfies
(2.4) for all φ ∈ H ∩ H1

0 (Ω) and ∥v∥H ≤ C∥f∥H1/2(∂Ω) for some absolute constant C > 0. Thus,
u = v + u0 satisfies the weak form of (1.21). Furthermore, the previous implies that u depends
continuously on the data.

Lemma 2.3. The solution u of (1.21) continuously depends on the Dirichlet data f ∈ H1/2(∂Ω)
and is unique.

Proof. Continuity follows from the fact that ∥v∥H ≤ C∥f∥H1/2(∂Ω) and (2.3). Thus, there exists
a positive constant C such that ∥u∥H ≤ C∥f∥H1/2(∂Ω). To show uniqueness, suppose u1 and u2
are solutions to (1.21). Let w = u1 − u2 ∈ H ∩ H1

0 (Ω). Then w also satisfies A(w,φ) = 0 for all
φ ∈ H∩H1

0 (Ω). Thus, A(w,w) = 0 which by coercivity of A implies that ∥w∥H = 0. The Poincaré
inequality and the fact that w ∈ H1

0 (Ω) then imply that w = 0, proving uniqueness. □

Theorem 2.1. The boundary value problem (1.21) is well-posed.

Proof. We have that (2.2) is the weak formulation of (1.21). Lemma 2.1 and Lemma 2.2 imply
that there exists u that satisfies (2.2). Lastly, Lemma 2.3 shows that the solution u continuously
depends on the data and is unique. Therefore, (1.21) is well-posed. □

3. Factorization of the Data Operator

In this section, we derive a symmetric factorization of the data operator, Λ−Λ0. The decompo-
sition will set the foundation for the main results of Section 4 on parameter recovery and Section
5 on shape reconstruction. In our physical system (1.21), we assume that a displacement f has
been applied to the boundary ∂Ω. The measured data is given by the induced, shear force ∂νu.
We similarly consider the unperturbed system (1.24), and the resulting shear force ∂νu0. By the
well-posedness and linearity of the physical systems (1.21) and (1.24), we have that the prescribed
boundary- to body-displacement mappings

f 7→ u and f 7→ u0

are bounded linear operators from H1/2(∂Ω) to H. Furthermore, by additionally appealing to the
trace theorem, it holds that the DtN mappings

Λ and Λ0 : H1/2(∂Ω) −→ H−1/2(∂Ω)
9



where
Λf = ∂νu

∣∣
∂Ω

and Λ0f = ∂νu0
∣∣
∂Ω

are also bounded linear operators. The analysis is based on the factorization of the data operator
Λ−Λ0, where the imaging functional to be derived will use its spectral decomposition (or singular
value decomposition). The theory used here was developed in [25] and will ultimately allow us to
derive an imaging functional for extended regions. We begin by considering the eigensystem of the
fourth-order boundary operator B as defined in (1.22). As shown in [29], for smooth ∂D, there
exists

{λn, ϕn}n∈N∪{0} such that − ∂2sϕn = λ2nϕn for all n ∈ N ∪ {0} (3.1)

where λn ≥ 0 for all n and ϕn are C∞ functions that form an orthonormal basis of L2(∂D). Here,
λ0 = 0 is a simple eigenvalue with associated eigenspace spanned by ϕ0 := |∂D|−1/2, and λn > 1
for all n ∈ N. Moreover, for any p ≥ 0,

q ∈ Hp(∂D) if and only if ∥q∥2Hp(∂D) := |q0|2 +
∑
n≥1

|λpnqn|2 <∞,

where qn = (q, ϕn)L2(∂D) for all n ∈ N. For all p ≥ 0, we identify the dual space of Hp(∂D) with
H−p(∂D). That is, for each p ≥ 0, there is a Gelfand triple

Hp(∂D) ⊂ L2(∂D) ⊂ H−p(∂D)

with dense embedding, with L2(∂D) being the pivot space. We refer to Chapter 3 and Appendix A
of [31] and/or [45], Chapter 4 for precise discussions. The following regularity result will be useful
in our factorization analysis.

Lemma 3.1. There exists a constant C > 0 with the following property. If u ∈ H is the unique
solution to (1.21), then u|∂D ∈ H7/2(∂D) and ∥u∥H7/2(∂D) ≤ C∥f∥H1/2(∂Ω).

Proof. By the wellposedness of (1.21), we have [[∂νu]]
∣∣
∂D

∈ H−1/2(∂D) with

|g0|2 +
∑
n≥1

|gn|2λ−1
n ≤ C∥f∥2H1/2(∂Ω) where [[∂νu]]

∣∣
∂D

=
∑

gnϕn. (3.2)

By (1.21), B(u) ∈ H−1/2(∂D). We write

u−
 
∂D

uds =
∑
n≥1

unϕn on ∂D.

Therefore,

B(u−
 
∂D

u ds) =
∑
n≥1

un(µsλ
2
n + µsℓ

2λ4n)ϕn on ∂D.

By the boundary condition on ∂D, for all n ≥ 1,

un =
gn

µsℓ2λ4n + µsλ2n
.

Thus,∑
n≥1

∣∣λ7/2n un
∣∣2 =

∑
n≥1

λ7n
∣∣un∣∣2 =

∑
n≥1

λ7n
∣∣gn∣∣2

(µsℓ2λ4n + µsλ2n)
2
=

∑
n≥1

λ8n
(µsℓ2λ4n + µsλ2n)

2

∣∣gn∣∣2λ−1
n . (3.3)

10



The identifies (3.3), (3.2), and the fact that∣∣∣ˆ
∂D

ϕ0uds
∣∣∣ ≤ ∥u∥L2(∂D) ≤ ∥u∥H ≤ C∥f∥H1/2(∂Ω)

complete the proof. □

This result will facilitate a symmetric factorization of the data operator (Λ−Λ0). Influenced by
the difference of these DtN operators, we note that u− u0 ∈ H1

0 (Ω) solves
−∆(u− u0) = 0 in Ω \D,
−µ∆(u− u0) = 0 in D,

[[∂ν(u− u0)]] = B(u)− (1− µ)∂νu0 on ∂D.

Inspired by this, we define w ∈ H1
0 (Ω) to be the unique solution of

−∆w = 0 in Ω \D,
−µ∆w = 0 in D,

[[∂νw]] = B(h)− (1− µ)ΛDh+ (1− µ)∂νw
− on ∂D

(3.4)

for a given h ∈ H7/2(∂D) where ΛD is the interior DtN map defined on ∂D. One can show that
(3.4) is well-posed by appealing to a variational formulation and using Green’s first identity. From
the well-posedness of this auxiliary problem and Lemma 3.1, we have the following:

∥h∥2
H7/2(∂D)

= ∥B(h)∥2
H−1/2(∂D)

= ∥[[∂νw]] + (1− µ)ΛDh− (1− µ)∂νw
−∥2

H−1/2(∂D)

≤ C
(
∥w∥2

H1
0 (Ω)

+ ∥ΛDh∥2H−1/2(∂D)

)
≤ C

(
∥w∥2

H1
0 (Ω)

+ ∥h∥2
H1/2(∂D)

)
≤ C

(
∥w∥2

H1
0 (Ω)

+ ∥h∥2H2(∂D)

)
,

(3.5)

where the second to last inequality follows from the boundedness of the DtN map on ∂D. Therefore,
we can define the bounded linear operator

G : H7/2(∂D) → H−1/2(∂Ω) given by Gh = ∂νw
∣∣
∂Ω

where w is the unique solution to (3.4). Notice that since (3.4) is well-posed, then ∂νw|∂Ω =
(Λ− Λ0)f provided that h = u|∂D. Thus, we define the solution operator for (1.21) as

S : H1/2(∂Ω) → H7/2(∂D) given by Sf = u
∣∣
∂D
. (3.6)

From this, one sees that (Λ−Λ0)f = GSf for any f ∈ H1/2(∂Ω). From this preliminary factoriza-
tion, we will further decompose the operator G to provide a symmetric factorization for (Λ− Λ0).
However, we first provide some useful properties of the solution operator S.

Lemma 3.2. The operator S as defined in (3.6) is compact and injective.

Proof. The compact embedding of H7/2(∂D) into L2(∂D) implies that S is compact. To prove
injectivity, we let f ∈ Null(S), which implies that u = 0 in D. By our boundary condition, we have
that [[∂νu]] = B(u) = 0 on ∂D. Thus, ∂νu+

∣∣
∂D

= 0. By Holmgren’s Theorem, we have that u = 0
in Ω. Then by the trace theorem, it holds that f = 0 on ∂Ω, proving that S is injective. □
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Our proposed strategy to derive a symmetric factorization for (Λ − Λ0) is to decompose the
operator G involving the adjoint operator of S. To proceed, we define the sesqulinear dual-product
on a closed curve Γ as

⟨φ,ψ⟩Γ =

ˆ
Γ

φψ ds for all φ ∈ Hp(Γ) and ψ ∈ H−p(Γ) (3.7)

between the Hilbert space Hp(Γ) and its dual space H−p(Γ) for p > 0 where L2(Γ) is the Hilbert
pivot space. We are primarily interested in the cases where Γ = ∂Ω with p = 1/2 and Γ = ∂D with
p = 7/2, denoted as ⟨·, ·⟩∂Ω and ⟨·, ·⟩∂D, respectively. These dual-products will be instrumental in
the rest of our factorization analysis. In particular, they are needed in defining the adjoint of S,
denoted as S∗ : H−7/2(∂D) → H−1/2(∂Ω). However, in order to do so, we must discuss the elliptic
equation 

−∆v = 0 in Ω \D,
−µ∆v = 0 in D,

[[∂νv]] = B(v) + g on ∂D

v = 0 on ∂Ω.

(3.8)

The solvability of (3.8) for g ∈ H−7/2(∂D) will need to be established. For g ∈ H−2(∂D), the
notion of solution is much simpler. In particular, as similarly shown for (1.21), the solvability of
(3.8) is understood in the variational sense as described below.

Definition 3.1. If g ∈ H−2(∂D), then v ∈ H ∩H1
0 (Ω) satisfies (3.8) ifˆ

Ω\D
∇v · ∇φ dx+

ˆ
D

µ∇v · ∇φ dx+
ˆ
∂D

µs∂sv∂sφ ds+
ˆ
∂D

µsℓ
2∂2sv∂

2
sφ ds+

ˆ
∂D

gφ ds = 0 (3.9)

for all φ ∈ H ∩H1
0 (Ω).

In particular, for g given by a constant, there exists a unique solution to (3.8) in the form
of Definition 3.1. However, if g ∈ H−7/2(∂D)\H−2(∂D), then variational methods do not apply
directly to (3.8). Thus, we will define in what sense an element v ∈ H1

0 (Ω) satisfies (3.8) in the case
that g ∈ span{1}⊥ ⊂ H−7/2(∂D). Note that Null(B) = span{1} on ∂D. Thus, in what follows, we
define the pseudoinverse operator

B# : span{1}⊥ ⊂ Hq(∂D) → span{1}⊥ ⊂ Hq+4(∂D) (3.10)

for any q ∈ (−∞,∞), where for ϕn as in (3.1), we have the convention

B#ϕ0 = 0, B#ϕn = (µsλn + µsℓsλ
2
n)

−1ϕn for n ≥ 1. (3.11)

We also define ΛΩ\D as the exterior DtN map on ∂D, i.e. ΛΩ\Df = ∂νω
+|∂D, where ω satisfies

−∆ω = 0 in Ω \D with ω = 0 on ∂Ω, and ω = f on ∂D.

Definition 3.2. If g ∈ span{1}⊥ ⊂ H−7/2(∂D), then v ∈ H1
0 (Ω) satisfies (3.8) if

(1) f := v|∂D satisfies ˆ
∂D

ΛΩ\Df ds = 0, and (3.12)

B#g = f −
 
∂D

f ds− B#(ΛΩ\D − µΛD)f (3.13)

and
12



(2) −∆v = 0 in Ω \D and − µ∆v = 0 in D, with v = 0 on ∂Ω.

We show that Definition 3.1 and Definition 3.2 are equivalent when g ∈ span{1}⊥ ⊂ H−2(∂D).
From Definition 3.2, we observe that if g ∈ span{1}⊥ ⊂ H−2(∂D), then B#g ∈ H2(∂D) and
B#(ΛΩ\D − µΛD)f ∈ H7/2(∂D). Thus, (3.13) implies that

f = B#g +

 
∂D

f ds+ B#(ΛΩ\D − µΛD)f ∈ H2(∂D)

and that

−g = B(f)− (ΛΩ\D − µΛD)f on ∂D ⇐⇒ [[∂νv]] = B(v) + g on ∂D.

Thus, if v satisfies Definition 3.2, then it also satisfies Definition 3.1. Conversely, suppose that v
satisfies Definition 3.1 with g ∈ span{1}⊥ ⊂ H−2(∂D). By integration by parts and the definition
of B as given in (1.22), we observe that (3.9) can be written as

−
ˆ
∂D

(ΛΩ\Dv − µΛDv)φds+
ˆ
∂D

(
B(v) + g

)
φ ds = 0

for all φ ∈ H ∩H1
0 (Ω). Thus, it holds that

g = B(v)− (ΛΩ\D − µΛD)v = B(v −
 
∂D

v ds)− (ΛΩ\D − µΛD)v,

where the last equality is given by the fact that Null(B) = span{1}. Given that g ∈ span{1}⊥ ⊂
H−2(∂D) we have thatˆ

∂D

ΛΩ\Dv ds =
ˆ
∂D

(
B(v −

 
∂D

v ds) + µΛDv
)
ds.

Using integration by parts, one can see that
´
∂D

(
B(v −

ffl
∂D

v ds) ds = 0. Furthermore, since
g,ΛDv, and B(v −

ffl
∂D

v ds) all have mean 0, so does ΛΩ\Dv and hence (3.12) holds. Moreover,
considering that v|∂D −

ffl
∂D

v ds ∈ span{1}⊥, it follows that

B#g = v −
 
∂D

v ds− B#(ΛΩ\D − µΛD)v,

satisfying (3.13). Therefore, Definitions 3.2 and 3.1 are equivalent for the case where g ∈ span{1}⊥ ⊂
H−2(∂D).

We will address the solvability of (3.8) of solutions for g ∈ H−2(∂D) and g ∈ span{1}⊥ ⊂
H−7/2(∂D) in the Lemmas that follow. However, with Definitions 3.1 and 3.2 in place as notions
of solutions for (3.8), we will first state our main result regarding S∗.

Theorem 3.1. The adjoint operator S∗ : H−7/2(∂D) → H−1/2(∂Ω) is given by

S∗g = ∂νv |∂Ω ,

where v ∈ H1
0 (Ω) is given by the sum v = v0 + v1 such that:

• v0 ∈ H1
0 (Ω) solves (3.8) with mean-zero data

g0 := g −
 
∂D

g ds ∈ H−7/2(∂D),

in the sense of Definition 3.2, and
13



• v1 ∈ H1
0 (Ω) solves (3.8) with constant data

g1 :=

 
∂D

g ds ∈ H−2(∂D),

in the sense of Definition 3.1.

Proof. We briefly assume the solvability of (3.8) to demonstrate the derivation of the adjoint S∗.
From (3.8), we apply a similar technique used to derive (3.9) and invoke Green’s second identity to
obtain

0 =

ˆ
∂Ω

v∂νu− f∂νv ds+
ˆ
∂D

v(µ∂νu
− − ∂νu

+) ds+
ˆ
∂D

u(∂νv
+ − µ∂νv

−) ds.

By the boundary condition on ∂D for u, this reduces toˆ
∂Ω

f∂νv ds =
ˆ
∂D

(
[[∂νv]]− B(v)

)
u ds.

Thus, we have that

⟨Sf, g⟩∂D =

ˆ
∂D

ug ds =
ˆ
∂Ω

f∂νv ds = ⟨f, S∗g⟩∂Ω (3.14)

for all f ∈ H1/2(∂Ω) and g ∈ H−7/2(∂D), which implies that S∗g = ∂νv|∂Ω. □

Note that S∗g also agrees with Definition 3.2 using (3.13) for the case when g ∈ H−2(∂D). We
now discuss the solvability of (3.8) in accordance to Definitions 3.1 and 3.2.

Lemma 3.3. There exists a unique solution v ∈ H∩H1
0 (Ω) of (3.8) in the sense of Definition 3.1

for any g ∈ H−2(∂D).

Proof. We note that if g ∈ H−2(∂D), then there exists a unique solution to (3.8) via a simple
variational formulation for v ∈ H ∩H1

0 (Ω) analogous to the methods employed to prove Theorem
2.1. □

Hence, using Lemma 3.3, we can solve for v1 ∈ H1
0 (Ω) using classical methods so that ∂νv1|∂Ω ∈

H−1/2(∂Ω) using trace theorems. With this characterization, we move on to show that (3.8) is
solvable with mean zero data in H−7/2(∂D).

Lemma 3.4. For all g ∈ span{1}⊥ ⊂ H−7/2(∂D), there exists a unique solution v ∈ H1
0 (Ω)

satisfying (3.8) in the sense of Definition 3.2.

Proof. If suffices to prove that (3.13) has a unique solution. We define the Hilbert space

X :=
{
φ ∈ H1/2(∂D) |

ˆ
∂D

ΛΩ\Dφds = 0
}

and the compact operator K : H1/2(∂D) → H7/2(∂D) as

Kf :=

 
∂D

f ds+ B#(ΛΩ\D − µΛD)f.

We claim that Null(I−K) = {0} and that Range(I−K) = X. Indeed, by the Fredholm Alternative,
we have that

dimNull(I −K) = dimNull(I −K∗) = dimRange(I −K)⊥,

and that Range(I − K) is closed. Here, I represents the identity operator on ∂D. We will show
that dimNull(I −K) = 0. To this end, suppose (I −K)f = 0. Then,

(ΛΩ\D − µΛD)f = B(f).
14



Let v ∈ H1
0 (Ω) be the unique extension satisfying

∆v = 0 in Ω \D,
µ∆v = 0 in D,

v = f on ∂D.

Then, v ∈ H1
0 (Ω) also satisfies 

∆v = 0 in Ω \D,
µ∆v = 0 in D,

[[∂νv]] = B(v) on ∂D,

v = 0 on ∂Ω.

By well-posedness of the forward problem (1.21), since v = 0, then f = 0. Thus, dimNull(I−K) =
0, proving the claim. □

We now provide a useful property of the adjoint S∗, which finalizes the argument regarding the
solvability of (3.8).

Lemma 3.5. The adjoint S∗ is injective.

Proof. Suppose g ∈ Null(S∗). Then v satisfies
−∆v = 0 in Ω \D,
v = 0 on ∂Ω,

∂νv = 0 on ∂Ω.

By Holmgren’s Theorem, v = 0 in Ω\D which implies that v|∂D = 0 and ∂νv+
∣∣
∂D

= 0. Furthermore,
v satisfies the Dirichlet problem

−µ∆v = 0 in D with v = 0 on ∂D.

Thus, v = 0 in D, which implies that ∂νv−|∂D = 0. We thus observe that g = [[∂νv]]−B(v) = 0 as
desired. □

Combining (3.14) with the results from Lemmas 3.3, 3.4 and 3.5, we observe that (3.8) is solvable.
We return to our principal task at hand, which is to derive a symmetric factorization for the data
operator (Λ−Λ0). Thus far, we have introduced and shown some properties of the well-defined maps
S : H1/2(∂Ω) → H7/2(∂D) and its adjoint S∗ : H−7/2(∂D) → H−1/2(∂Ω). In order to complete a
symmetric factorization of (Λ−Λ0), we need to define a middle operator T that connects H7/2(∂D)
with its dual space. Recall that w ∈ H1

0 (Ω) is the unique solution to equation (3.4) where

[[∂νw]]
∣∣
∂D

= B(h)− (1− µ)ΛDh+ (1− µ)∂νw
−

= B(w) + B(h− w)− (1− µ)ΛDh+ (1− µ)∂νw
−.

Thus, by the well-posedness of (3.8) and Definition 3.1, we have that

∂νw
∣∣
∂Ω

= Gh as well as ∂νw
∣∣
∂Ω

= S∗(B(h− w)− (1− µ)ΛDh+ (1− µ)∂νw
−).

Motivated by this, we define the operator

T : H7/2(∂D) → H−7/2(∂D) given by Th = B(h− w)− (1− µ)ΛDh+ (1− µ)∂νw
−. (3.15)
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Here, h ∈ H−7/2(∂D) and w ∈ H1
0 (Ω) are as in (3.4). Notice that if h ∈ span{1}, then by (3.4), we

have that w = 0, i.e. if h ∈ span{1}, then Th = 0. By the well-posedness of (3.4), T is a bounded
linear operator. In fact, for any ξ ∈ H7/2(∂D)

⟨ξ, Th⟩∂D =

ˆ
∂D

ξ
[
B(h− w)− (1− µ)ΛDh+ (1− µ)∂νw

−]ds

=

ˆ
∂D

ξB(h) ds−
ˆ
∂D

ξB(w) ds− (1− µ)

ˆ
∂D

ξΛDh ds+ (1− µ)

ˆ
∂D

ξ∂νw
− ds.

For the first integral, we have thatˆ
∂D

ξB(h)ds ≤ ∥ξ∥H1/2(∂D)∥B(h)∥H−1/2(∂D)

≤ ∥ξ∥H7/2(∂D)∥h∥H7/2(∂D).

For the second integral, ˆ
∂D

ξB(w)ds ≤ ∥ξ∥H7/2(∂D)∥B(w)∥H−7/2(∂D)

≤ ∥ξ∥H7/2(∂D)∥w∥H1/2(∂D)

≤ C∥ξ∥H7/2(∂D)∥w∥H1
0 (Ω)

≤ C∥ξ∥H7/2(∂D)∥h∥H7/2(∂D),

where we used the trace theorem and well-posedness of (3.4). For the third integral,ˆ
∂D

ξΛDh ds ≤ ∥ξ∥H7/2(∂D)∥ΛDh∥H−7/2(∂D)

≤ C∥ξ∥H7/2(∂D)∥h∥H−5/2(∂D)

≤ C∥ξ∥H7/2(∂D)∥h∥H7/2(∂D),

where used the boundedness of ΛD. Lastly, for the fourth integral,ˆ
∂D

ξ∂νw
− ds ≤ ∥ξ∥H1/2(∂D)∥∂νw−∥H−1/2(∂D)

≤ C∥ξ∥H7/2(∂D)∥w∥H1(Ω)

≤ C∥ξ∥H7/2(∂D)∥h∥H7/2(∂D),

where we used the Neumann trace theorem and the well-posedness of (3.4). Therefore,

⟨ξ, Th⟩∂D ≤ C∥ξ∥H7/2(∂D)∥h∥H7/2(∂D)

for some positive constant C. Recall that we had already established that (Λ−Λ0) = GS. Based on
our results above, we have factorized the operator G as G = S∗T . This gives the following result.

Theorem 3.2. The difference of the DtN operators (Λ − Λ0) : H
1/2(∂D) → H−1/2(∂D) has the

following symmetric factorization
(Λ− Λ0) = S∗TS. (3.16)

The fact that Null(B) = span{1}, i.e. the fourth-order, boundary operator B defined on ∂D
has a non-trivial null space, has direct consequences on the coercivity of T and the injectivity of
(Λ−Λ0). Namely, T is not coercive on all of H7/2(∂D) and Null(Λ−Λ0) ̸= {0}. This greatly differs
from past works (see e.g. [17, 18, 24]) that also use the regularized factorization method for shape
reconstruction. As written, the factorization of our data operator (3.16) is not sufficient to solve
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the inverse shape problem, but it sets the foundation to prove some useful properties. The rest of
this section is dedicated to deriving a more detailed factorization that will ultimately allow us to
reconstruct D from the knowledge of (Λ− Λ0). We proceed by investigating a sufficient condition
in which the operator T is coercive. Consistent with the strategy used to show the solvability of
(3.8), we prove the coercivity of the operator T for mean zero functions.

Theorem 3.3. There exists µ0 ∈ (0, 1) such that for all h ∈ H7/2(∂D) with mean zero, we have
⟨h, Th⟩∂D ≥ C∥h∥H7/2(∂D) for all µ > µ0, where T is defined in (3.15).

Proof. From the boundary condition on ∂D in (3.4), we have that

⟨h, T (h)⟩∂D =

ˆ
∂D

hB(h) ds−
ˆ
∂D

wB(h) ds−
ˆ
∂D

(1− µ)hΛDhds+
ˆ
∂D

(1− µ)hΛDw ds.

From the first integral, we have thatˆ
∂D

hB(h) ds =
ˆ
∂D

µsℓ
2|∂2sh|2 + µs|∂sh|2 ds

≥ C∥h∥2H2(∂D),

where the last inequality holds for some positive constant C > 0 obtained from that fact that h is
mean zero. From the boundary condition on ∂D, the second integral gives

−
ˆ
∂D

wB(h) ds =
ˆ
∂D

−w[[∂νw]]− (1− µ)wΛDh+ (1− µ)w∂νw
− ds

=

ˆ
∂D

−w(∂νw+ − ∂νw
−)− (1− µ)wΛDh

= ∥∇w∥2L2(Ω) −
ˆ
∂D

(1− µ)wΛDhds

applying Green’s second identity to obtain the last equality. We note that since ΛD is self-adjoint,
we obtain that

⟨h, T (h)⟩∂D = ⟨h,B − (1− µ)ΛD⟩∂D + ∥∇w∥2L2(Ω).

We claim that there exists µ0 ∈ (0, 1) such that the operator B − (1 − µ)ΛD is positive for all
µ > µ0. To show the existence for such value µ0, we proceed as follows. Since ∂D is smooth,
there exists an order 0 operator B : L2(∂D) → L2(∂D) such that the interior DtN map has the
decomposition

ΛD =
√
−∂2s +B. (3.17)

This result is contained in for instance [38], Section 4 or [46], Chapter 12, Proposition C1 for proofs
or [16, 47] for a nice overview. Since B is a bounded, order 0 operator and

√
−∂2s is an order 1

operator that can be simultaneously diagonalized with B, we can see that (B− (1−µ)ΛD) > 0 for
all µ such that

µsλ1 + µsℓsλ
2
1 − (1− µ)

√
λ1 − |1− µ|∥B∥L2(∂D)→L2(∂D) > 0,

where λ1 is the first non-zero eigenvalue of
√
−∂2s as introduced (3.1) and ∥ · ∥L2(∂D)→L2(∂D) is the

operator norm from L2(∂D) → L2(∂D). To see this, consider the function

uµ(z) = µsz
2 + µsℓsz

4 − (1− µ)z − |1− µ|∥B∥L2(∂D)→L2(∂D).
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If uµ(z) > 0 for all z ≥
√
λ1, then ⟨(B− (1−µ)ΛD)ϕn, ϕn⟩∂D > 0 for each eigenfunction ϕn, n ≥ 1

and hence it is a positive operator using that

⟨−(1− µ)Bϕ, ϕ⟩∂D > −|1− µ|∥B∥L2(∂D)→L2(∂D)∥∥ϕ∥2L2(∂D)

for any ϕ ∈ L2(∂D). That is, we use that B−(1−µ)ΛD > B−(1−µ)
√
−∂2s−|1−µ|∥B∥L2(∂D)→L2(∂D)

and that all the operators on the right are simultaneously diagonalizable using the basis {ϕn}. We
have that

u′µ(z) = 2µsz + 4µsℓsz
3 − (1− µ),

u′′µ(z) = 2µs + 12µsℓ2z
2 > 0.

So, provided
uµ(

√
λ1) > 0 and u′µ(

√
λ1) > 0, (3.18)

we have that (B − (1 − µ)ΛD) > 0. Since 2µs

√
λ1 + 4µsℓs

√
λ1

3
> 0 and µsλ1 + µsℓsλ

2
1 > 0, and

uµ(
√
λ1) and u′µ(

√
λ1) are continuous functions in µ, we can find 0 < µ0 < 1 such that (3.18) is

satisfied for all 1 ≥ µ > µ0. Hence, (B − (1 − µ)ΛD) > 0 for all µ > µ0. We note that positivity
for the case where µ ≥ 1 follows trivially from the fact that ΛD is a non-negative definite operator.
Note, µ0 as described here is sufficient as a lower bound on the values of µ but does not describe the
sharpest possible value. The value µ0 is dependent upon the value of λ1 as well as the parameters
µs, ℓs, which is to be expected.

We now finalize the coercivity argument. By the above calculations we have that there exist
C1, C2 > 0 such that

⟨h, T (h)⟩∂D = ⟨(B − (1− µ)ΛD)h, h⟩+ ∥∇w∥2L2(Ω)

≥ C1

(
∥h∥2H2(∂D) + ∥w∥2H1

0 (Ω)

)
≥ C2∥h∥2H7/2(∂D)

by Poincaré’s inequality and (3.5) for µ such that (B − (1− µ)ΛD) > 0. □

For the remainder of this work, we assume that

µ > µ0 (3.19)

where µ0 is given in Theorem 3.3. Given that the operator T is coercive on mean zero functions,
we define P : H7/2(∂D) → H7/2(∂D) as

Pϕ = ϕ−
 
∂D

ϕ ds,

i.e. the orthogonal projection onto span{1}⊥. We may identify span{1} with

P⊥ϕ =

 
∂D

ϕ ds,

i.e. P⊥ is the orthogonal projection onto constants defined on ∂D. We note that P and P⊥ are
self–adjoint. Thus, we have that P ∗TP = PTP . Furthermore, recall that if h ∈ span{1}, then
Th = 0. Therefore, T = PTP . This yields a more detailed factorization for the difference of the
DtN maps:

(Λ− Λ0) = S∗PTPS. (3.20)
With this new factorization, we are able to prove the following properties.
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Theorem 3.4. The difference of the DtN mappings (Λ− Λ0) : H
1/2(Ω) → H−1/2(∂Ω) is compact

and positive. Furthermore, the range of (Λ−Λ0) is dense in span{1}⊥ and Null(Λ−Λ0) = span{1}.

Proof. Compactness follows from Lemma 3.2, since S is compact and T is bounded. Note that from
the factorization given in (3.20) we have that

⟨f, S∗PTPSf⟩∂Ω = ⟨PSf, TPSf⟩∂D ≥ C∥PSf∥2H7/2(∂D), (3.21)

where we have used the coercivity of T on mean zero functions as shown in Theorem 3.3. Thus,
(Λ−Λ0) is positive. We now simultaneously show that the range of (Λ−Λ0) is dense in span{1}⊥
and Null(Λ−Λ0) is span{1}. To this end, suppose f ∈ H1/2(∂Ω) is an annihilator for Range(Λ−Λ0)
or f ∈ Null(Λ− Λ0). In either case, (3.21) implies that

0 ≥ C∥PSf∥2H7/2(∂D).

Thus, PSf = Pu|∂D = 0. Then there exists α ∈ span{1} such that u|∂D = α. Note that u satisfies

−µ∆u = 0 in D with u = α on ∂D.

Thus, u = α in D. This implies that ∂νu−|∂D = 0. Also, since u|∂D = α, then we have that
B(u) = 0 on ∂D. By the boundary condition of (1.21), ∂νu+|∂D = 0. Note that u must satisfy

−∆u = 0 in Ω \D with u = α on ∂D and ∂νu
+ = 0 on ∂D.

Therefore, u− α satisfies

−∆(u− α) = 0 in Ω \D with u− α = 0 on ∂D and ∂ν(u− α)+ = 0 on ∂D.

By Holmgren’s Theorem, u = α in Ω \ D. That is, u = α in Ω. Therefore, f ∈ span{1}. Thus,
Range(Λ− Λ0) is dense in span{1}⊥ and Null(Λ− Λ0) = span{1}. □

The factorizations (3.16) and (3.20) provide the baseline to study the inverse parameter problem
in Section 4 as well as the inverse shape problem in Section 5. Before proceeding in that direction,
we record a useful result finalizing the mapping properties of S∗, which we will need later.

Lemma 3.6. Let S∗ : H−7/2(∂D) → H−1/2(∂Ω) be defined as in Theorem 3.1. Then, S∗
∣∣
span{1} =

span{1}. Furthermore, S∗1 =
|∂D|
|∂Ω|

.

Proof. Let {λn, φn}∞n=0 be the eigensystem of (Λ − Λ0).2 Recall that we have the factorization
(Λ− Λ0) = S∗PTPS. Then for n ≥ 0 we have

S∗PTPSφn = λnφn, (3.22)

PTPSφn = (S∗)−1λnφn, (3.23)

where the operator (S∗)−1 : H−1/2(∂Ω) → H−7/2(∂D) is the inverse of S∗, which is well-defined
since S∗ is injective as shown in Lemma 3.5. Since PTPSφn ∈ span{1}⊥, then λn(S

∗)−1φn ∈
span{1}⊥. Therefore, for all n ≥ 0

Sφn = (PTP )#(S∗)−1λnφn ∈ span{1}⊥,

2More details on the spectral decomposition of (Λ− Λ0) are provided in Appendix A.
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where (PTP )# is the pseudo-inverse of T defined similarly to (3.11) on the appropriate basis. This
then implies

⟨φn, S
∗1⟩∂Ω = ⟨Sφn, 1⟩∂D

= ⟨(PTP )#(S∗)−1λnφn, 1⟩∂D = 0,

where λ1 = 0 and φ1 ∈ span{1}. That is, S∗1 ∈ span{1}. So, there exists v ∈ H1
0 (Ω) that satisfies

(3.8) and c ∈ span{1} such that S∗1 = ∂νv
∣∣
∂Ω

= c. Then

|∂Ω|c =
ˆ
∂Ω

c ds =
ˆ
∂Ω

∂νv ds =
ˆ
∂D

(
B(v) + 1

)
ds = |∂D|.

Note that the third equality is given by Green’s first identity and the boundary condition on ∂D
as given in (3.8), and the last equality is given by the fact that B(v) ∈ span{1}⊥. Therefore,

S∗1 =
|∂D|
|∂Ω|

. □

4. Uniqueness of the Inverse Parameter Problem

In this section, we study the uniqueness of the inverse parameter problem of determining the
ratio of the shear modulus µ and the boundary parameters µs and ℓ provided that the boundary
∂D is given. Recovery of coefficients have been studied for problems in electrostatics [5] and inverse
scattering [4]. We will establish the uniqueness of the aforementioned parameters from knowledge
of the DtN operator Λ : H1/2(∂Ω) → H−1/2(∂Ω). To this end, we first consider the following
density result.

Lemma 4.1. The set

U =
{
u
∣∣
∂D

∈ H7/2(∂D) | u ∈ H solves (1.21) for any f ∈ H1/2(∂Ω)
}

is dense in H7/2(∂D).

The proof of the above Lemma is an immediate consequence of Lemma 3.5, where we proved
that the operator S∗ is injective. By definition, U = Range(S). Hence, U is dense in H7/2(∂D).

Theorem 4.1. If ∂D is smooth and the parameters µ, µs, and ℓ are positive, then the mapping
(µ, µs, ℓ) 7−→ Λ is injective.

Proof. Given f ∈ H1/2(∂Ω), let ui be the solution to (1.21) with parameters (µi, µi
s, ℓ

i) and Λi

be the corresponding DtN operator for each i = 1, 2. Assume that the DtN operators Λ1 and Λ2

coincide. Then, ∂νu1 = ∂νu2 and u1 = u2 on ∂Ω, which implies that u1 = u2 in Ω \ D from
Holmgren’s Theorem. By the trace theorem, we also have that u1 = u2 on ∂D. It follows that
u1−u2 satisfies the Dirichlet problem in D with zero Dirichlet data. Thus, we conclude that u1 = u2
is D. Consequently, u1 = u2 in all of Ω. Inspired by the boundary condition on ∂D, we proceed by
defining the fourth order operator L : H2(∂D) → H−2(∂D) as

L ξ = (µ(1) − µ(2))ΛDξ + ∂2s (µ
(1)
s ℓ2,(1) − µ(2)

s ℓ2,(2))∂2sξ − ∂s(µ
(1)
s − µ(2)

s )∂sξ.

Using that u1 = u2 in Ω, we obtain that

0 = L u1.

For any ϕ ∈ H2(∂D), consider the function ψ ∈ H−2(∂D) given by

ψ := L ϕ.
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Then,

0 =

ˆ
∂D

ϕL u1 ds =
ˆ
∂D

u1L ϕ ds =
ˆ
∂D

u1ψ ds.

Therefore, ψ ∈ U⊥ and by Lemma 4.1, we have that ψ = 0. That is,

L ϕ = 0 for all ϕ ∈ H2(∂D).

Let us recall the formula in (3.17), ΛD =
√
−∂2s +B for B a bounded operator of order 0. We had

previously established in (3.1) that we have the following eigensystem on ∂D

{λn, ϕn}n∈N∪{0} such that − ∂2sϕn = λ2nϕn for all n ∈ N ∪ {0},

where λn > 0 for all n ∈ N, λn → ∞ as n→ ∞, and ϕn is an orthonormal basis of L2(∂D). Thus,
we have that

L = (µ(1) − µ(2))
(√

−∂2s +B
)
+ ∂2s

(
µ(1)
s ℓ2,(1) − µ(2)

s ℓ2(2)
)
∂2s − ∂s

(
µ(1)
s − µ(2)

s

)
∂s.

By our orthogonality result from above, the eigensystem on ∂D, and the fact that all of these
coefficients are positive, it holds that

0 = ⟨ϕn,L ϕn⟩∂D
= (µ(1) − µ(2))λn + (ϕn,

(
µ(1) − µ(2))Bϕn

)
L2(∂D)

+ (µ(1)
s ℓ2,(1) − µ(2)

s ℓ2(2))λ4n + (µ(1)
s − µ(2)

s )λ2n.

Since λn > 0 for all n ∈ N, we have that

0 =
µ(1) − µ(2)

λ3n
+

(ϕn,
(
µ(1) − µ(2))Bϕn

)
L2(∂D)

λ4n
+ µ(1)

s ℓ2,(1) − µ(2)
s ℓ2(2) +

µ
(1)
s − µ

(2)
s

λ2n

→ µ(1)
s ℓ2,(1) − µ(2)

s ℓ2(2) as n→ ∞

using the fact that B is an order zero operator. Thus, µ(1)
s ℓ2,(1) − µ

(2)
s ℓ2(2) = 0, i.e. µ

(1)
s ℓ2,(1) =

µ
(2)
s ℓ2(2). This yields that

0 = (µ(1) − µ(2))λn + (ϕn,
(
µ(1) − µ(2))Bϕn

)
L2(∂D)

+ (µ(1)
s ℓ2,(1) + (µ(1)

s − µ(2)
s )λ2n.

By repeating this limiting argument two more times, we determine that µ(1)
s = µ

(2)
s , which implies

that ℓ2,(1) = ℓ2,(2), and also that µ(1) = µ(2), which proves the result. □

5. The Inverse Shape Problem

To solve the inverse problem of recovering D from the data operator (Λ− Λ0), we will follow a
similar procedure as shown in Theorem 2.3 from [25]. However, in this case, (Λ − Λ0) has a non-
trivial null space; as shown in Theorem 3.4, Null(Λ−Λ0) = span{1}. Thus, the initial factorization
from Theorem 3.2 is not sufficient to uniquely recover the region D. However, from the factorization
(3.20), we will be able to characterize the region D by the range of S∗|span{1}⊥ .

We will reconstruct D via a sampling method from the measured data Λf and the computable
Neumann data Λ0f on the known exterior boundary ∂Ω. It has been established that (Λ − Λ0)
is non-negative. Thus, it has a non-negative square root. That is, there exists bounded operator
Q : H1/2(∂Ω) → L2(∂Ω) such that (Λ−Λ0) = Q∗Q. Given this new factorization for the difference
of the DtN mappings, we have the following result which describes an important connection between
the two factorizations.
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Theorem 5.1. Let (Λ − Λ0) : H
1/2(∂Ω) → H−1/2(∂Ω) have factorizations (Λ − Λ0) = Q∗Q and

(Λ− Λ0) = (PS)∗TPS such that

S : H1/2(∂Ω) → H7/2(∂D), T : H7/2(∂D) → H−7/2(∂D), and Q : H1/2(∂D) → L2(∂D)

are bounded operators and P is the orthogonal projection onto span{1}⊥. If T is coercive on
Range(PS), then

Range(Q∗) = Range
(
S∗|span{1}⊥

)
.

Proof. Since (Λ− Λ0) = Q∗Q and (Λ− Λ0) = (PS)∗TPS, then we have that

∥Qf∥2L2(∂Ω) = ⟨f, (Λ− Λ0)f⟩∂Ω = ⟨PSf, TPSf⟩∂D for all f ∈ H1/2(∂Ω).

Since T is coercive on Range(PS) from Theorem 3.3, there exists constant C > 0 such that

C∥PSf∥2H7/2(∂D) ≤ ∥Qf∥2L2(∂Ω) ≤ ∥T∥op∥PSf∥2H7/2(∂D),

where here ∥·∥op denotes the operator norm from H7/2(∂D) → H−7/2(∂D). Therefore, by Theorem
1 in [13], Range(Q∗) = Range((PS)∗), which proves the claim. □

Sampling methods typically connect the region of interest to an ill-posed equation involving the
data operator. We will use a singular solution to the background problem (1.24), i.e. the equation
where the interior of the bulk Ω has a homogeneous shear modulus µ > 0. Using the singularity
of the solution to the background problem, one can show that an associated ill-posed problem is
solvable if and only if the singularity is contained in the region of interest. To this end, we define
the Dirichlet Green’s function for the negative Laplacian on the bulk Ω as

−∆G(·, z) = δ(· − z) in Ω and G(·, z)
∣∣
Ω
= 0. (5.1)

The following is a preliminary, but instrumental result that connects the above Green’s function on
∂Ω to the region of interest.

Theorem 5.2. For every z ∈ Ω,

∂νG(·, z)
∣∣
∂Ω

∈ Range(S∗) if and only if z ∈ D.

Proof. To prove the forward direction, assume z ∈ Ω \ D. Suppose by contradiction that there
exists gz ∈ H−7/2(∂D) such that S∗gz = ∂νG(·, z)

∣∣
∂Ω

. This implies that there exists vz ∈ H1
0 (Ω)

such that 
−∆vz = 0 in Ω \D,
−µ∆vz = 0 in D,

[[∂νvz]] = B(vz) + gz on ∂D.

Furthermore, ∂νvz = ∂νG(·, z)
∣∣
∂Ω

, which implies that vz satisfies
−∆vz = 0 in Ω \D,
vz = 0 on ∂Ω,

∂νvz = ∂νG(·, z) on ∂Ω.

Now define Wz = vz −G(·, z) and note that
−∆Wz = 0 in Ω \ (D ∪ {z}),
Wz = 0 on ∂Ω,

∂νWz = 0 on ∂Ω.
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By Holmgren’s Theorem, Wz = 0 in Ω \ (D ∪ {z}), i.e. vz = G(·, z) in Ω \ (D ∪ {z}). By interior
elliptic regularity, vz is continuous at z ∈ Ω\D. However, G(·, z) has a singularity at z. This proves
the forward direction given that

|vz(x)| <∞ whereas |G(x, z)| → ∞ as x→ z.

Conversely, we will now suppose that z ∈ D. Let ξ ∈ H1(D) be the solution to the following
Dirichlet problem in D

−µ∆ξ = 0 in D with ξ
∣∣−
∂D

= G(·, z)
∣∣+
∂D
.

We define vz as

vz =

{
G(·, z) in Ω \D,
ξ in D

and we will show that vz satisfies the conditions of Definition 3.1. By construction, vz ∈ H1
0 (Ω)

such that it is harmonic in Ω \D since z ∈ D. Furthermore, −µ∆vz = 0 in D. We also have that
∂νvz

∣∣
∂Ω

= ∂νG(·, z)
∣∣
∂Ω

. It remains to show that

gz := [[∂νvz]]
∣∣
∂D

− B(vz) ∈ H−7/2(∂D).

By the Neumann trace theorem,

[[∂νvz]]
∣∣
∂D

= ∂νG(·, z)
∣∣+
∂Ω

− ∂νξ
∣∣−
∂Ω

∈ H−7/2(∂D)

since G(·, z) ∈ H1(Ω \D) and ξ ∈ H1(D). Since B is a fourth-order operator on ∂D and vz|∂D ∈
H1/2(∂D), then B(vz) ∈ H−7/2(∂D). Thus, gz ∈ H−7/2(∂D) and by Definition 3.1 we have that
S∗gz = ∂νG(·, z)

∣∣
∂Ω

, which effectively proves the claim. □

Recall that we have established that Range(Q∗) = Range((PS)∗). Thus, our above result on its
own is insufficient to uniquely determine or reconstruct the interior region D. This is due to the
fact that dim(Null(Λ−Λ0)) = 1, which is distinct from other factorization methods where the data
operator has zero kernel (see e.g. [17, 25]). Our following task is to relate the range of (PS)∗ to
the range of S∗ via the Dirichlet Green’s function. In fact, we show an equivalence relationship
between the range of S∗ and the range of (PS)∗. More importantly, it shows how Range((PS)∗) is
used to uniquely determine D.

Theorem 5.3. The operator S∗ as defined in Definition 3.1 is such that for any z ∈ Ω

∂νG(·, z)
∣∣
∂Ω

−
 
∂Ω

∂νG(·, z) ds ∈ Range
(
S∗∣∣

span{1}⊥

)
if and only if ∂νG(·, z)

∣∣
∂Ω

∈ Range(S∗).

Proof. Suppose that ∂νG(·, z)
∣∣
∂Ω

−
ffl
∂Ω
∂νG(·, z)ds ∈ Range

(
S∗

∣∣
span{1}⊥

)
. Then there exists a

function g ∈ H−7/2(∂D) where
´
∂D

g ds = 0 such that S∗g = ∂νG(·, z)
∣∣
∂Ω

−
ffl
∂Ω
∂νG(·, z) ds. By

Theorem 3.6,

S∗
(
g +

1

|∂Ω|

ˆ
∂Ω

G(·, z) ds
)

= ∂νG(·, z)
∣∣
∂Ω
,

which proves the reverse direction. Conversely, assume that ∂νG(·, z)
∣∣
∂Ω

∈ Range(S∗). Then there
exists a function g ∈ H−7/2(∂D) where g = Pg + P⊥g. By Theorem 3.6, we have that

∂νG(·, z)
∣∣
∂Ω

− |∂D|
|∂Ω|

P⊥g = S∗(Pg).

23



We claim that S∗(Pg) ∈ span{1}⊥. To show this claim, note that there exists v ∈ H1
0 (Ω) satisfying

(3.8) such that S∗(Pg) = ∂νv
∣∣
∂Ω

. Thenˆ
∂Ω

S∗(Pg) ds =
ˆ
∂Ω

∂νv ds =
ˆ
∂D

(
B(v) + Pg

)
ds = 0,

which shows our claim. Note that the second equality is given by Green’s first identity and the
boundary condition on ∂D as given in (3.8), and the last equality is given by integration by parts
and the fact that Pg ∈ span{1}⊥. We now have that

∂νG(·, z)
∣∣
∂Ω

− |∂D|
|∂Ω|

P⊥g ∈ span{1}⊥,

which implies that P⊥g =
1

|∂D|

ˆ
∂Ω

∂νG(·, z) ds. Therefore, ∂νG(·, z)
∣∣
∂Ω

−
ffl
∂Ω
∂νG(·, z) ds ∈

Range
(
S∗

∣∣
span{1}⊥

)
. □

From Theorem 5.1 and Theorem 5.3, we have the following regularized variant of the Factoriza-
tion Method to recover an unknown region D from the knowledge of (Λ−Λ0) with a one-dimensional
kernel.

Theorem 5.4. The difference of the DtN mappings (Λ − Λ0) : H
1/2(∂Ω) → H−1/2(∂Ω) uniquely

determines D in that for any z ∈ Ω

z ∈ D if and only if lim inf
α→0

⟨fzα, (Λ− Λ0)f
z
α⟩∂Ω <∞

for fzα the regularized solution to (Λ− Λ0)f
z
α = ∂νG(·, z)

∣∣
∂Ω

−
ffl
∂Ω
∂νG(·, z) ds.

This concludes the shape reconstruction problem for an extended region. In the following section,
we provide some numerical experiments for reconstructing D.

6. Numerical validation

In this section, we present numerical examples for the regularized factorization method developed
in Section 5 for solving the inverse shape problem. Our numerical experiments are done in MATLAB
2020a. For simplicity, we consider the problem where Ω is the unit disk in R2. Thus, the trace
spaces H±1/2(∂Ω) can be identified with H±1/2

per [0, 2π]. To apply Theorem 5.4, we need the normal
derivative of the Dirichlet Green’s function G(·, z) on the unit disk. It is well known that for this
case, it is given by the Poisson kernel which we express in polar coordinates

∂νG
(
· , z

)∣∣
∂Ω

=
1

2π

[
1− |z|2

|z|2 + 1− 2|z|cos(· − θz)

]
,

where θz is the polar angle of the sampling point z ∈ Ω.

We let the matrix A ∈ CN×N represent the discretized operator (Λ− Λ0) and the vector

bz =
[
∂νG

(
θj , z

)
− 1

N

N∑
k=1

∂νG
(
θk, z

)]N
j=1

.

In our numerical experiments, we add random noise to the discretized operator A such that

Aδ =
[
Ai,j

(
1 + δEi,j

)]N
i,j=1

where ∥E∥2 = 1. (6.1)
24



Here, the matrix E is taken to have random entries uniformly distributed between [−1, 1] and δ is
the relative noise level added to the data in the sense that ∥Aδ − A∥2 ≤ δ∥A∥2. It is important
to note that the Poisson kernel on the unit disk is harmonic, which implies that it has the mean
value property. Thus, for many of the sampling points z ∈ Ω, we have that ∥bz∥ ≪ 1. To avoid
numerical instabilities, we normalize bz with the L2-norm of ∂νG(·, z)|∂Ω and define

bnor
z =

bz∥∥[∂νG(θj , z)]Nj=1

∥∥
2

,

such that the quotient is understood to be component-wise division. We use the ‘norm’ command
in MATLAB to compute the discretization of ∥∂νG(·, z)∥L2(∂Ω). Thus, to compute the indicator
associated with Theorem 5.4, we solve

Aδfz = bnor
z . (6.2)

By Theorem 3.4, the data operator (Λ − Λ0) is compact, which implies that A is ill-conditioned.
Hence, one needs to employ a regularization technique to find an approximate solution to the
discretized equation. In our experiments, we use the Spectral cut-off as the regularization scheme
and follow a similar procedure demonstrated in [24] where fαz represents the regularized solution
to (6.2) and α > 0 denotes the regularization parameter. To define the imagining functional, we
follow [25] to have the following

(fαz ,A
δfz) =

N∑
j=1

ϕ2(σj ;α)

σj

∣∣(uj ,bnor
z )

∣∣2.
Here, σj and uj denote the singular values and left singular vectors of the matrix Aδ, respectively.
Also, ϕ(σj ;α) corresponds to the filter function defined by the regularization scheme used to solve
(6.2). In our examples, we use the filter function defined by

ϕ(t, α) =

{
1, t2 ≥ α,

0, t2 < α,
(6.3)

which corresponds to the aforementioned Spectral cut-off regularization scheme. With the above
expressions, we can recover the unknown region D by defining the imaging functional

Wreg(z) =
(
fαz ,A

δfαz
)−1 where we plot W (z) =

Wreg(z)

∥Wreg(z)∥∞
.

Theorem 5.4 implies that W (z) ≈ 1 provided that z ∈ D as well as W (z) ≈ 0 provided that z /∈ D.
In the following examples we use the function W (z) to image the interior region D.

Numerical reconstruction of a circular region:
In polar coordinates, we assume ∂D is given by ρ(cos(θ), sin(θ)) for some constant ρ ∈ (0, 1). Using
separation of variables, we determine that for all θ ∈ [0, 2π)

(Λ− Λ0)f(θ) =
1

2π

ˆ 2π

0

K(θ, ϕ)f(ϕ)dϕ where K(θ, ϕ) =

∞∑
|n|=1

κne
in(θ−ϕ). (6.4)

See Appendix B for details on the calculation of the coefficients κn for all n ∈ Z. In our examples,
we approximate the kernel function K(θ, ϕ) given above by truncating the series for |n| = 0, . . . , 100.
We then discretize the truncated integral operator by a 128 equally spaced grid on [0, 2π) using a
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collocation method. The dotted red lines represent the boundary of interest ∂D.

Example 1: In our first example we let ρ = 0.7 for the reconstruction in Figure 1. Presented is a
contour plot of the imaging functional W (z), where we let δ = 0 which corresponds to 0% relative
random noise added to the data. We fix the boundary parameters at µs = 0.1 and ℓ2 = 0.001, as
well as the ratio of the shear modulus µ = 2. We vary the regularization parameter for the spectral
cut-off method.

Figure 1. Reconstruction of a circular region with ρ = 0.7 via the regularized
factorization method. Contour plot of W (z) plotted with α = 10−3 in the top-left,
α = 10−6 on the top-right, α = 10−11 on the bottom-left, and α = 10−16 on the
bottom-right.

Figure 1 illustrates the importance of choosing a small value for regularization parameter α. For
the plot on the top-left, we chose α = 10−3, whereas for the plot on the bottom-right, we chose
α = 10−16. For all plots, the higher values of the imaging functional are concentrated in the center
of the region D. Across the boundary ∂D (dotted in red), the values begin to decay to zero. Indeed,
all plots exhibit the binary behavior of W (z) ≈ 1 for z ∈ D and W (z) ≈ 0 for z /∈ D. However,
the plots on the bottom row illustrate how a much smaller value of α causes W (z) to decay to zero
much faster for z /∈ D. This creates a sharper reconstruction for the boundary ∂D. For most of
our remaining examples, we heuristically choose very small values of α.

Example 2: In our second example we test the effect of including error in our data. We continue
to let ρ = 0.7 and the shear modulus µ = 2 for the reconstruction in Figure 2. The boundary pa-
rameters µs = 0.1 and ℓ2 = 0.001 are also the same from Example 1. The regularization parameter
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for the spectral cut-off method is taken to be α = 10−16. Here we vary the relative added noise, δ,
to the data as described in (6.1).

Figure 2. Reconstruction of a circular region with ρ = 0.7 via the regularized
factorization method. Contour plot of W (z) plotted with 0.01% error on the top-
left, 0.1% error on the top-right, 1% error on the bottom-left, and 3% on the
bottom-right.

Example 3: In this example we study the effect of adding relative error δ to the data in conjunction
with the regularization parameter α. Here we let ρ = 0.55, and presented in Figure 3 are contour
plots of the imaging functional W (z). We provide a 2× 2 array of plots where the rows correspond
to the relative error δ = 0.001 and δ = 0.03, which represent 0.1% error and 3% error, respectively.
The columns in the plot array correspond to the spectral cut-off regularization parameter α = 10−4

and α = 10−8. The boundary parameters remain at µs = 0.1 and ℓ2 = 0.0001, where the ratio of
the shear modulus µ = 2.

Example 4: Here we let ρ = 0.8, and in Figure 4 we present contour plots of the imaging
functional W (z). We let δ = 0.005 which corresponds to 0.5% relative random noise added to the
data. The boundary parameters are smaller from the previous examples where now µs = 0.01 and
ℓ2 = 0.00001. Here we vary the ratio of the shear modulus across four values. We begin with the
special case where ratio µ = 0.8. This case is meaningful as it is consistent with the hypothesis
of Theorem 3.3, which highlights that our reconstruction algorithm is valid for certain values of
µ less than 1. We then proceed to consider µ = 1, which is exactly the case where the shear
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Figure 3. Reconstruction of a circular region with ρ = 0.55. Contour plot of
W (z) plotted with µ = 0.55 on the top-left, µ = 1 on the top-right, µ = 10 on the
bottom-left, and µ = 100 on the bottom-right.

modulus in the regions Ω \ D and D are equal. We finish this example by varying µ across two
orders of magnitude, specifically µ = 10 and µ = 100. Consistent with our previous examples, the
regularization parameter for the spectral cut-off method is taken to be α = 10−16.

Example 5: In this example, we analyze the case where the interior region is smaller than in
our previous cases. To introduce this case, we do not add error to the data, i.e. δ = 0 across all
plots. Presented in Figure 5 is a contour plot of the imaging functional W (z), where the boundary
parameters are fixed at µs = 0.001 and ℓ2 = 0.00000001. Like in our previous example, we vary the
interior µ across key values. The regularization parameter for the spectral cut-off method is taken
to be α = 10−16.

7. Conclusion

We have introduced a new form of inverse problem relating to discovering interior inhomogeneities
in materials by measuring antiplane shear stress responses only on the outer boundary. The model
we present here is fully linear, though it would be natural to extend the findings here to nonlinear
models of elasticity and stress. The formulation we have derived bears resemblance to inverse
problems in impedance and optical tomography, but the material forces at play at the interface
between the two materials make the problem distinct and introduce key challenges. However, we
have successfully demonstrated in this linear model that we have uniqueness of measurements based
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Figure 4. Reconstruction of a circular region with ρ = 0.8. Contour plot of W (z)
plotted with µ = 0.8 on the top-left, µ = 1 on the top-right, µ = 10 on the bottom-
left, and µ = 100 on the bottom-right.

upon material parameters, as well as a mechanism for reconstruction of the interior domain. While
we have focused on developing the machinery here in 2d for the sake of clarity, we expect that
many of the methods we have presented here can be extended to 3d models. Throughout, we
have focused on key ideas for implementation, without attempting to optimize certain assumptions
on say the regularity of ∂Ω and ∂D, which can almost certainly be weakened to assuming only
Lipschitz. Numerically, we demonstrated the results we have here on a simple setting of a disc
material embedded in an outer disc, which is a convenient framework in which the Dirichlet-to-
Neumann maps can be constructed explicitly. It would be interesting to work with various boundary
integral solvers as in [41] to study the problem numerically in a larger set of domains without fixed
symmetries.

Appendix A. Proofs of main decomposition theorems

Here we show the derivation of a spectral decomposition for the positive, compact operator
(Λ−Λ0) : H

1/2(∂Ω) → H−1/2(∂Ω) as similarly done in [25, 27, 28]. The nuance here is that the data
operator has a non-trivial kernel. Namely, Null(Λ − Λ0) = span{1}. By the Riesz Representation
Theorem, there exists a bijective isometry J : H−1/2(∂Ω) → H1/2(∂Ω) such that

Jℓ = fℓ where (f, fℓ)H1/2(∂Ω) = ⟨f, ℓ⟩∂Ω for all f ∈ H1/2(∂Ω),
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Figure 5. Reconstruction of a circular region with ρ = 0.25. Contour plot of
W (z) plotted with µ = 0.8 on the top-left, µ = 1 on the top-right, µ = 1.2 on the
bottom-left, and µ = 10 on the bottom-right.

where (·, ·)H1/2(∂Ω) denotes the inner product in H1/2(∂Ω). Since ⟨·, ·⟩∂Ω is a sesquilinear dual-
product, we have that J is linear. We now consider the compact operator J(Λ−Λ0) : H

1/2(∂Ω) →
H1/2(∂Ω) where

(f, J(Λ− Λ0)f)H1/2(∂Ω) = ⟨f, (Λ− Λ0)f⟩∂Ω > 0 for all f ∈ H1/2(∂Ω) \
(
Null(Λ− Λ0) ∪ {0}

)
since (Λ−Λ0) is non-negative. Thus, the composition J(Λ−Λ0) is a self-adjoint, compact operator.
Therefore, by the Hilbert-Schmidt Theorem, it holds that there exists an eigenvalue decomposition

{λn; fn}n∈N∪{0} ∈ R≥0 ×H1/2(∂Ω) where (J(Λ− Λ0))f =
∑

n∈N∪{0}

λn(f, fn)H1/2(∂Ω)fn, (A.1)

where {λn}n≥1 is a monotonically non-increasing sequence converging to zero and fn is an orthonor-
mal basis of H1/2(∂Ω). Since Null(Λ − Λ0) = span{1}, we have that λ0 = 0 with corresponding
eigenvector f0 = span{1}. Thus, for all f ∈ H1/2(∂Ω)

(J(Λ− Λ0))f =
∑
n=1

λn(f, fn)H1/2(∂Ω)fn.

We now define ℓn ∈ H−1/2(∂Ω) to be the unique solution to Jℓn = fn for any n ∈ N ∪ {0}.
Furthermore, it holds that

⟨fm, ℓn⟩∂Ω = (fm, fn)H1/2(∂Ω) = δmn for any m,n ∈ N ∪ {0}. (A.2)
30



Thus, ℓn are the corresponding dual-basis of H−1/2(∂Ω). We will show that {ℓn}n∈N∪{0} is a
complete orthonormal set for H−1/2(∂Ω) and construct a representation for any ℓ ∈ H−1/2(∂Ω)
and the operator (Λ−Λ0). Note that H−1/2(∂Ω) is a Hilbert space whose inner-product is defined
by

(ℓ, φ)H−1/2(∂Ω) = (fℓ, fφ)H1/2(∂Ω) for all ℓ, φ ∈ H−1/2(∂Ω),

where Jℓ = fℓ and Jφ = fφ. From this definition, we have that

(ℓm, ℓn)H−1/2(∂Ω) = (fm, fn)H1/2(∂Ω) = δmn for all m,n ∈ N ∪ {0}.

Thus, {ℓn}n∈N∪{0} is an orthonormal set in H−1/2(∂Ω). To show it is complete, assume that
ℓ ∈ H−1/2(∂Ω) is orthogonal to the set {ℓn}n∈N∪{0}. So, for any n ∈ N ∪ {0}, it holds that

0 = (ℓ, ℓn)H−1/2(∂Ω) = (fl, fn)H1/2(∂Ω),

which implies that xl = 0. Furthermore, since J is an isometry, ℓ = 0, proving that {ℓn}n∈N∪{0} is
complete. Moreover, we now conclude that the sequence {ℓn}n∈N∪{0} indeed forms an orthonormal
basis of H−1/2(∂Ω). We now have the following representation for any ℓ ∈ H−1/2(∂Ω)

ℓ =
∑

n∈N∪{0}

(ℓ, ℓn)H−1/2(∂Ω) where ⟨fn, ℓ⟩∂Ω = (ℓ, ℓn)H−1/2(∂Ω).

Thus, we have that
ℓ =

∑
n∈N∪{0}

⟨fn, ℓ⟩∂Ω ℓn for all ℓ ∈ H−1/2(∂Ω). (A.3)

From the injectivity of the isometry J , the operator (Λ− Λ0) has the spectral decomposition

(Λ− Λ0)f =
∑

n∈N∪{0}

λn⟨f, ℓn⟩∂Ω ℓn for all f ∈ H1/2(∂Ω). (A.4)

In the following theorem, we characterize the range of an operator by the spectral decomposition
of the compact operator (Λ− Λ0) given by (A.4).

Theorem A.1. Let P be the orthogonal projection onto span{1}⊥ and (Λ − Λ0) : H1/2(∂Ω) →
H−1/2(∂Ω) be a non-negative operator with factorization (Λ − Λ0) = (PS)∗TPS such that S :

H1/2(∂Ω) → H7/2(∂Ω) and T : H7/2(∂D) → H−7/2(∂D) are bounded linear operators. Assume
that S is compact and injective, as well as T coercive on Range(PS). Then we have that

ℓ ∈ Range((PS)∗) if and only if
∑
n=1

1

λn

∣∣⟨fn, ℓ⟩∂Ω∣∣2 <∞,

where {λn; fn}n∈N∪{0} ∈ R≥0×H1/2(∂Ω) are given by the spectral decomposition (A.4) of (Λ−Λ0).

Proof. By the assumptions on T and S, (Λ− Λ0) is a positive, compact operator. Thus, (Λ− Λ0)
has the spectral decomposition as described in (A.4) where {xn}n∈N∪{0} is an orthonormal basis
of H1/2(∂Ω). We proceed by defining the bounded, linear operator Q∗ : L2(∂Ω) → H1/2(∂Ω) such
that

Q∗ϕ =
∑
n=1

√
λn(ϕ, ϕn)L2(∂Ω)ℓn for all ϕ ∈ L2(∂Ω).

Note that Null(Q∗) = span{1}. We define the adjoint Q : H1/2(∂Ω) → L2(∂Ω) by the following
equality

(Qf, ϕ)L2(∂Ω) = ⟨f,Q∗ϕ⟩∂Ω for all ϕ ∈ L2(∂Ω) and f ∈ H1/2(∂Ω).
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Thus, for any n ∈ N ∪ {0}, we have that

(Qf, ϕn)L2(∂Ω) = ⟨f,Q∗ϕn⟩∂Ω =
√
λn⟨f, ℓn⟩∂Ω,

where we used the definition of Q∗ and the fact that {ϕn}n∈N∪{0} is an orthonormal set in L2(∂Ω).
It follows that

Qf =
∑
n=1

√
λn⟨f, ℓn⟩∂Ω ϕn for all f ∈ H1/2(∂Ω).

Therefore, by (A.2), it holds that Q∗ϕn =
√
λnℓn and Qfn =

√
λnϕn for any n ∈ N ∪ {0}. Thus,

Q∗Qfn = λnℓn for all n ∈ N ∪ {0}. Notice that by (A.2) and (A.4), we have that

(Λ− Λ0)fn = λnℓn = Q∗Qfn for all n ∈ N ∪ {0},
which implies that (Λ − Λ0) = Q∗Q since they agree on a basis. Therefore, by Theorem 5.1, we
have that Range((PS)∗) = Range(Q∗).

Now that we have established this equality, suppose that ℓ ∈ Range((PS)∗) = Range(Q∗). This
is equivalent to the existence of ϕ ∈ L2(∂Ω) such that Q∗ϕ = ℓ. By the definition of Q∗ and (A.3),
we have that

⟨fn, ℓ⟩∂Ω =
√
λn(ϕ, ϕn)L2(∂Ω) for all n ∈ N ∪ {0}.

Since {ϕn}n∈N∪{0} is an orthonormal basis of L2(∂Ω), it holds that Q∗ϕ = ℓ is equivalent to∑
n≥1

1

λn
|⟨fn, ℓ⟩∂Ω|2 ≤ ∥ϕ∥2L2(∂Ω) <∞,

proving the claim. □

We remark that if ℓ ∈ Range(Λ−Λ0), then we have that (Λ−Λ0)f = ℓ for some f ∈ H1/2(∂Ω).
Thus, by (A.3) and (A.4), we obtain that

f = ⟨f, ℓ0⟩∂Ω f0 +
∑
n≥1

1

λn
⟨fn, ℓ⟩∂Ω fn.

Since (Λ− Λ0) is positive and compact, we have that λn > 0 for all n ≥ 1 such that {λn}n∈N → 0
as n→ ∞. Therefore, we define fα to be the regularized solution of (Λ− Λ0)f = ℓ, which is given
to be

fα = ⟨f, ℓ0⟩∂Ω x0 +
∑
n≥1

hα(λn)

λn
⟨fn, ℓ⟩∂Ω fn. (A.5)

Here, hα denotes the filter function associated with a specific regularization scheme. Also, we used
the fact that {λn; fn; ℓn}n∈N∪{0} ∈ R≥0×H1/2(∂Ω)×H−1/2(∂Ω) is the singular system for (Λ−Λ0).
For all α > 0, the filter functions hα : (0, λ1] → R≥0 form a family of functions such that for all
0 < t ≤ λ1

lim
α→0

hα(t) = 1 and hα(t) ≤ CReg for all α > 0

where CReg > 0 is a constant. Furthermore, note that λ1 corresponds to the largest spectral valued
defined in (A.1). The following result connects Range((PS)∗) to the sequence ⟨fα, (Λ− Λ0)fα⟩∂Ω.

Theorem A.2. Let P be the orthogonal projection onto span{1}⊥ and (Λ − Λ0) : H1/2(∂Ω) →
H−1/2(∂Ω) be a positive operator with the factorization (Λ − Λ0) = (PS)∗TPS such that S :

H1/2(∂Ω) → H7/2(∂Ω) and T : H7/2(∂D) → H−7/2(∂D) are bounded linear operators. Assume
that S is compact and injective as well as T being coercive on Range(PS). Then we have that

ℓ ∈ Range((PS)∗) if and only if lim inf
α→0

⟨fα, (Λ− Λ0)fα⟩∂Ω <∞
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where fα is the regularized solution to (Λ− Λ0)f = ℓ.

Proof. (Λ − Λ0) is positive and compact such that Null(Λ − Λ0) = span{1}. Then, (Λ − Λ0) has
the spectral decomposition (A.4), where (Λ− Λ0)fn = λnℓn for all n ∈ N ∪ {0}. Suppose fα is the
regularized solution to (Λ− Λ0)f = ℓ. From (A.4) and A.5, we have that

(Λ− Λ0)fα =
∑
n≥1

hα(λn)⟨fn, ℓ⟩∂Ω ℓn

where we also used the fact that Null(Λ− Λ0) = span{1}. Thus, we have that

⟨fα, (Λ− Λ0)fα⟩∂Ω =
〈
⟨f, ℓ0⟩∂Ω f0 +

∑
n≥1

hα(λn)

λn
⟨fn, ℓ⟩∂Ω fn,

∑
m≥1

hα(λm)⟨fm, ℓ⟩∂Ω ℓm
〉
∂Ω

=
〈∑

n≥1

hα(λn)

λn
⟨fn, ℓ⟩∂Ω fn,

∑
m≥1

hα(λm)⟨fm, ℓ⟩∂Ω ℓm
〉
∂Ω

=
∑
n≥1

[
hα(λn)

λn
⟨fn, ℓ⟩∂Ω

∑
m≥1

hα(λm)⟨fn, ℓ⟩∂Ω⟨fn, ℓm⟩∂Ω
]

=
∑
n≥1

h2α(λn)

λn
|⟨fn, ℓ⟩∂Ω|2

by the sesquilinear definition of the dual-product ⟨·, ·⟩∂Ω, as well as the duality of bases specified
in (A.2). From the above equality, we now provide limiting bounds to ⟨fα, (Λ − Λ0)fα)⟩∂Ω, which
will allow us to invoke Theorem A.1. To this end, recall that {hα}α>0 is a family of filter functions
which is uniformly bounded by 1. Thus we obtain the upper bound

⟨fα, (Λ− Λ0)fα)⟩∂Ω ≤ C2
Reg

∑
n≥1

1

λn
|⟨fn, ℓ⟩∂Ω|2.

For a lower bound, note that for any N ∈ N, it holds that

⟨fα, (Λ− Λ0)fα)⟩∂Ω ≥
N∑

n=1

h2α(λn)

λn
|⟨fn, ℓ⟩∂Ω|2.

Note that for any 1 ≤ n ≤ N , the filter functions satisfy hα(λn) → 1 as α → 0. Therefore, we
obtain the lower bound

lim inf
α→0

⟨fα, (Λ− Λ0)fα)⟩∂Ω ≥
N∑

n=1

1

λn
|⟨fn, ℓ⟩∂Ω|2.

By taking N → ∞, we obtain the inequalities∑
n≥1

1

λn
|⟨fn, ℓ⟩∂Ω|2 ≤ lim inf

α→0
⟨fα, (Λ− Λ0)fα)⟩∂Ω ≤ C2

Reg

∑
n≥1

1

λn
|⟨fn, ℓ⟩∂Ω|2.

The above inequalities and Theorem A.1 proves the claim. □
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Appendix B. Kernel function on a circular region

Here we provide the details on the calculation for the kernel function defined in (6.4). In polar
coordinates, ∂D is given by ρ(cos(θ), sin(θ)) for some constant ρ ∈ (0, 1). As similarly demonstrated
in [17], since Ω is taken to be the unit disk in R2, we make the ansatz that u(r, θ) has the following
series representation

u(r, θ) = a0 + b0 ln r +
∞∑

|n|=1

[
anr

|n| + bnr
−|n|

]
einθ in Ω\D (B.1)

whereas

u(r, θ) = c0 +

∞∑
|n|=1

cnr
|n|einθ in D.

Note that u(r, θ) is harmonic in both the annular and circular regions which are separated by the
interior boundary ∂D. Given that the coefficients µ, µs, and ℓ are constant, we are able to determine
the Fourier coefficients an and bn by using the boundary conditions at r = 1 and r = ρ given by

u(1, θ) = f(θ), u+(ρ, θ) = u−(ρ, θ)

and ∂ru
+(ρ, θ)− µ∂ru

−(ρ, θ) =
µs

ρ2

(
ℓ2

ρ2
∂4

∂θ4
− ∂2

∂θ2

)
u(ρ, θ).

We let fn for n ∈ Z denote the Fourier coefficients for the prescribed body displacement f . Note,
that the Dirichlet boundary condition at r = 1 above gives that

a0 = f0 and an + bn = fn for all n ̸= 0.

From the first boundary condition at r = ρ, we have that

b0 =
c0 − f0

ln r
and bn = ρ2|n|(cn − an).

From this, we conclude that b0 = 0, which implies that c0 = f0. For n ̸= 0, by defining

an = ãnfn, bn = b̃nfn, and cn = c̃nfn

we can set up a system of equations for an, bn, and cn as follows:

ãn + b̃n = 1, (B.2)

ρ2|n|ãn + b̃n − ρ2|n|c̃n = 0, (B.3)

|n|ρ|n|−1ãn − |n|ρ−|n|−1b̃n −

[
µ|n|ρ|n|−1 + ρ|n|−2

(
µs|n|2 +

1

ρ2
µsℓ

2|n|4
)]

c̃n = 0. (B.4)

We define
σn = ãn − b̃n for n ̸= 0.

Interchanging summation with integration gives us that

(Λ− Λ0)f =
1

2π

ˆ 2π

0

K(θ, ϕ)f(ϕ) dϕ where K(θ, ϕ) =

∞∑
|n|=1

|n|(σn − 1)ein(θ−ϕ).
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Thus, in (6.4), κ0 = 0 and κn = |n|(σn−1) for all n ∈ Z\{0}. From solving the system (B.2)–(B.4),
we determine the coefficients of the DtN kernel operator to be given by

κn = |n| 2ρ2|n|(ρ3(µ− 1)|n|+ ρ2µs|n|2 + µsℓ
2|n|4)

ρ3|n|(µ+ 1) + ρ2µs|n|2 + µsℓ2|n|4 − ρ2|n|
(
ρ3(µ− 1)|n|+ ρ2µs|n|2 + µsℓ2|n|4

) . (B.5)
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