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Abstract. Motivated by numerically modeling surface waves for inviscid Euler equa-
tions, we analyze linear models for damped water waves and establish decay properties
for the energy for sufficiently regular initial configurations. Our findings give the ex-
plicit decay rates for the energy, but do not address reflection/transmission of waves
at the interface of the damping. Still for a subset of the models considered, this
represents the first result proving the decay of the energy of the surface wave models.

Résumé. Motivés par la modélisation numérique de l’équation d’Euler à surface libre,
nous analysons des modèles linéaires d’équations avec termes d’amortissement et éta-
blissons plusieurs propriétés de décroissance de l’énergie pour des données initiales
suffisamment régulières. Nos résultats fournissent les taux de décroissance explicites
de l’énergie, mais ne traitent pas de la réflexion et de la transmission des ondes à l’in-
terface de la zone d’amortissement. Cependant, pour un sous-ensemble des modèles
considérés, il s’agit du premier résultat prouvant la convergence de l’énergie vers zéro.

1. Introduction

Motivated by highly successful numerical methods for damping the surface water
wave equations proposed in the work [CFGK05], we wish to establish a theory of ab-
sorbing boundary conditions/perfectly matched layers as an approach to a damped
linear water wave models. Such methods are essential to ensure that one can nu-
merically simulate long-time behaviors of wave-trains without boundary interference.
While nonlinear damping mechanisms have been proposed using nonlinear properties
of the water wave models in the work [Ala17, Ala18, ABHK18], implementation of such
methods can be numerically very stiff since the nonlinear damping mechanisms involve
many spatial derivatives of the underlying models. However, the proposed methods in
the work [CFGK05] are extremely non-stiff, which we argue is strongly related to them
arising due to linear mechanisms for damping. Such connections should be explored
further to fully understand the efficacy of these existing methods. The connection
between damped waves and absorbing boundary conditions has long been understood
for models with local differential operators, see for instance [Joh21, Nat13] and refer-
ences therein, so we endeavor here to extend our understanding of damping effects the
inherently non-local models that arise the water wave problem.
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Let us very briefly recall a Hamiltonian formulation of the evolution of a fluid inter-
face in the gravity-capillary water wave system subject to an external pressure. This
equations can be written in terms of the surface height, denoted η(x, t), and the veloc-
ity potential of the fluid restricted to the surface, denoted ϕ(x, t). In [ACM+22], the
authors derive a robust method for numerically solving the Euler equations in a very
general geometric setting using the coordinate equations

ηt = G(η)ϕ,

ϕt =
∂ϕ

∂x
s−1V + (∂ϕ/∂n)U − 1

2
|∇ϕ|2 − g η(x, t) + τ

∂θ

∂x
s−1 − Pext.

(1.1)

Here G(η) is Dirichlet-to-Neumann map operator, θ is the tangent angle of the sur-
face, s is an arc-length parameter describing the surface η, U, V are the normal and
tangential derivatives at the surface and Pext is an external pressure term in which we
can introduce damping or forcing on the equations (see Appendix A). We will con-
sider especially a form of damping introduced by Clamond–Fructus–Frue–Kristiansen
in [CFGK05].

In the case of non-zero surface tension (τ > 0) one can use a prescribed Pext to
stabilize small waves similar to the work of Alazard et al, see [ABHK18]. When τ = 0,
we can think of these conditions as numerical boundary conditions that absorb energy
and allow for as little reflection as possible. Generically, one numerically solves the
water waves problem on a periodic domain of length 2π and take ω ⊂ [0, 2π) a connected
interval on which we will damp the fluid with corresponding indicator function χω. We
will consider here the damping properties of the numerically effective damping term,

Pext = −∂−1
x (χωϕx),

as proposed in [CFGK05], which we will denote as Linear H1/2 Damping (see Appen-
dix A for an explanation of this terminology) of the water wave problem related to the
order of regularity required to establish the model equation (1.2).

Using the paradifferential formulation of the water waves developed in for instance
[ABZ11], one observes the following leading order linear model for damped gravity
water waves

∂2t u+ |D|u+ χ∂tu = 0. (1.2)

Such simplifications in the undamped problem are well layed out in the recent lecture
notes [Ala21, §1.2.4] and for linearized versions of damped water wave models with
surface tension, see for instance [Ala18]. The model we consider here can be studied
from the classical point of view of scattering theory and perfectly matched layers,
though the non-local nature of the operator |D| means that many known techniques fail
and more refined tools are required. To that end, we study (1.2) here using propagation
estimates in the study of semiclassical scattering operators, which have been developed
quite thoroughly in the recent book [DZ19] for operators of the form −∆+V . However,
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the non-locality of operators of the form |D|+V results in some important modifications
that we illuminate here. Much of our analysis should be extendable to other non-
local wave equation models with appropriate modifications. The well-posedness of a
nonlinear model related to (1.2) in the setting of the water waves with surface-tension
was established in the recent work of [Moo22], but the strength and speed of damping
that arises from such a method is not clear. Here, we are able to prove the polynomial
decay of the energy for the linear model.

As discussed in [Ala17], there is a long-standing connection between damped wave
equations, absorbing boundary conditions in numerical analysis and the notions of so-
called control and observability estimates for a given equation on the support of the
damping function – see for instance [Ala17] or [BZ19] for careful definitions of con-
trol/observability estimates. While our approach here does not use such an estimates
directly, some important surveys and results in this direction for a variety of models
that have similar proof strategies include [ABBG+12, BLR92, BZ19, BZ04, Mac21,
Phu07, RT75, Zua05, Zua07]. We also highlight a 1D specific version of absorbing
boundary condition was introduced in [JKR14], though we point out that the model
we consider here can be easily generalized to higher dimensional water wave models.

A related damping model is of the form

∂2t u+ |D|u+ |D|
1
2 (χ|D|

1
2∂tu) = 0. (1.3)

This results from a similar paradifferential diagonalization of a damping that is guar-
anteed to lead to nonlinear damping by consideration of the Hamiltonian energy for
the water wave equations, see [Ala18]. The techniques we apply here can likely be
applied to study damping of this form with appropriate modifications, in particular
with respect to the required regularity of the initial data. However, for the sake of
smoothness of exposition, we focus only on equation (1.2) in our analysis below.

1.1. Main results. Here, we study a linear model for the damped water wave equation
explicitly framed on a periodic domain, where we are able to give quantitative estimates
on the damping rates of (1.2). To be precise, let T := R/2πZ be the circle and
χ ∈ L∞(T) satisfy χ ≥ 0. For s > 0, we define the fractional Laplacian operator as
follows

|D|s : Hs(T) → L2(T), |D|su(x) :=
∑
n∈Z

|n|sû(n)einx,

for u ∈ Hs(T), û(n) :=
1

2π

∫ 2π

0

e−inxu(x)dx.

(1.4)

For (u0, u1) ∈ H
1
2 (T)× L2(T), we consider the damped fractional wave equation

(∂2t + χ∂t + |D|)u(t, x) = 0, u(0, x) = u0(x), ∂tu(0, x) = u1(x). (1.5)
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The energy of the solution to (1.5) is defined by

E(u, t) :=

∫
T

(
||D|

1
2u(t, x)|2 + |∂tu(t, x)|2

)
dx. (1.6)

For a localized damping function χ (meaning that suppχ ̸= T), the geometric control
condition fails, because the speed of propagation goes to 0 as the frequency goes to
infinity. In this case, we show that for any (u0, u1) ∈ H1(T)×H 1

2 (T), the energy of the
solution decays as 1/t2. By constructing quasi-modes, we show that this polynomial
rate is sharp for localized damping.

In order to explore the possibility of larger decay rates, we now consider damping
with finitely many zeros. In this case, the energy decay rates depend on the “switching
on” behavior of the damping function χ near zeros of χ. To quantify this connection, we
introduce the following definition. Given β ∈ (0, 1], we denote by C0,β(T) the Hölder
space of those continuous periodic functions u : T → R such that

∥u∥C0,β = sup
x∈T

|u(x)|+ sup
x ̸=y

|u(x)− u(y)|
|x− y|β

< +∞.

Definition 1.1. We say χ ≥ 0 has finite degeneracy, if there exists γ > 0 and β > γ
2γ+1

such that χ ∈ C0,β(T) and χ has finitely many zeros xk, 1 ≤ k ≤ n, and there exist
C > 0, δ > 0 such that

χ(x) ≥ C−1|x− xk|2γ, for all x ∈ [xk − δ, xk + δ], 1 ≤ k ≤ n. (1.7)

We are now ready to state the main results on the energy decay rates.

Theorem 1. Suppose χ ∈ C0,β(T) with β > 1
2
, χ ≥ 0, χ ̸= 0. Then there exists C > 0

such that for any (u0, u1) ∈ H1(T)×H
1
2 (T), if u solves (1.5), then

E(u, t) ≤ C

t2

(
∥u0∥2H1 + ∥u1∥2

H
1
2

)
, t > 0. (1.8)

Moreover, if γ > 0, β > γ
2γ+1

, and χ ∈ C0,β(T) has finite degeneracy as in Definition
1.1, then there exists C > 0 such that for any (u0, u1) ∈ H1(T)×H

1
2 (T), we have

E(u, t) ≤ C

t2+
1
γ

(
∥u0∥2H1 + ∥u1∥2

H
1
2

)
, t > 0. (1.9)

Remarks. 1. The 1/t2 energy decay rate for localized damping (see (1.8)) is sharp.
This follows from the sharpness of the resolvent bound (1.12) (see Remark after The-
orem 2) and the equivalence between resolvent bounds and polynomial decay rates
proved by Anantharaman–Léautaud (see [AL14, Proposition 2.4], which is also stated
in §5 in the current paper).

2. Suppose χ ∈ C
k
2 (T) for k ≥ 2. If (u0, u1) ∈ H

k+1
2 ×H

k
2 , then the polynomial rates

in (1.8), (1.9) can be improved to Ck

t2k
and Ck

t
(2+ 1

γ )k
, respectively. See Remark in §5.
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3. For comparison, we recall the usual damped wave equation on Tn

(∂2t + χ∂t −∆)u = 0. (1.10)

It is known that under the geometric control condition (see for instance [Zwo12,
(5.3.8)]), the energy of the solution to (1.10) decays exponentially (see for instance
[Zwo12, Theorem 5.10]). A result [Phu07] for a damped wave equation on bounded do-
main results in polynomial rates for damped wave equations without geometric control
conditions provided an observability estimate holds and with very minimal regularity
requirements on the damping function. For damping functions with prescribed vanish-
ing order, there are similar decay rate improvements shown in Léautaud–Lerner [LL17,
Theorem 1.7]

4. The main tool that we use in this paper is the semiclassical propagation estimate
(see the proof of Proposition 3.1). Alternatively, as pointed out by the referee, one can
write the proof in terms of semiclassical defect measures, though to do so one needs to
prove very similar estimates to what we have below. See [Zwo12, Theorem 5.9] for a
textbook style presentation for damped wave equations.

The energy decay rates for the damped equation (1.5) are closely related to the
resolvent estimates (via semi-group theory or Fourier transform, see for instance [AL14,
Zwo12]) of the stationary operator

P (τ) := |D| − iτχ− τ 2, τ ∈ C. (1.11)

Theorem 1 follows from the following resolvent bounds.

Theorem 2. Suppose χ ∈ C0,β(T) with β > 1
2
, χ ≥ 0, χ ̸= 0. Let P (τ) be as in (1.11).

Then there exists C > 0, such that τ ∈ R, |τ | > C implies

∥P (τ)−1∥L2→L2 ≤ C. (1.12)

Moreover, if γ > 0, β > γ
2γ+1

, and χ ∈ C0,β(T) has finite degeneracy as in Definition
1.1, then there exists C > 0 such that τ ∈ R, |τ | > C implies

∥P (τ)−1∥L2→L2 ≤ C|τ |−
1

2γ+1 . (1.13)

Remark. Let us prove that (1.12) is optimal for cut-off function χ which does not
have full support on T, that is, χ is a localized damping function. To see this, let
a ∈ C∞(T) be such that a ̸= 0 and supp a ∩ suppχ = ∅. For all integers k > 0, define
uk(x) := a(x)eikx ∈ C∞(T). Since supp a ∩ suppχ = ∅, we have

P (
√
k)uk(x) = [|D|, a]eikx.

We will establish in §2.1 that the commutator [|D|, a] ∈ Ψ0(T). This means that
[|D|, a] : L2(T) → L2(T) is a bounded operator and hence there is C > 0 such that

∥P (
√
k)uk∥L2 ≤ C∥eik•∥L2 = (C/∥a∥L2)∥uk∥L2 .
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Therefore, there is no such δ > 0 and C(δ) > 0, such that τ ∈ R, |τ | > C(δ) implies

∥P (τ)−1∥L2→L2 ≤ C(δ)|τ |−δ.

This shows that (1.12) is optimal for localized damping functions.

As we show in Lemma 5.2,

P (τ)−1 : L2(T) → H1(T), τ ∈ C

is a meromorphic family of operators with finite rank poles. The poles of P (τ)−1 are
called resonances for P (τ). We denote the set of resonances by R. Using Theorem 2 and
Grushin problems, we give the following description of the distribution of resonances:

Theorem 3. Suppose χ ∈ C0,β(T) with β > 1
2
, χ ≥ 0, χ ̸= 0. Then

1. There exists C > 0, such that

R ∩ {|Re z| > C} ⊂
{
τ ∈ C | Im z > −C−1|Re τ |−1

}
. (1.14)

Moreover, if γ > 0, β > γ
2γ+1

, and χ ∈ C0,β(T) has finite degeneracy as in Definition
1.1, then there exists C > 0, such that

R ∩ {|Re z| > C} ⊂ {τ ∈ C | Im z > −C−1|Re τ |−
2γ

2γ+1}. (1.15)

2. For ν > 0, we denote P (ν, τ) := |D| − iντχ− τ 2 and R(ν) the set of resonances of
P (ν, τ)−1. Then for each k ∈ Z, k > 0, there exists νk > 0, an open neighborhood
Uk of

√
k ∈ C, and τk,± ∈ C∞((0, νk);Uk), such that

R(ν) ∩ Uk = {τk,+(ν), τk,−(ν)}, τk,±(ν) =
√
k − χ̂(0)± |χ̂(2k)|

2
iν + o(ν). (1.16)

Remarks. 1. Despite the asymptotic expansion of the resonances in (1.16), Theorem
3 does not imply the existence of a resonance-free strip with constant width for P (τ)−1,
because the expansions are not uniform in k.

2. For the damped wave equation framed on a compact manifold,

∂2t u+ χ∂tu−∆gu = 0,

where ∆g is the usual Laplace–Beltrami operator, the distribution of resonances and
corresponding energy decay rates have been studied in the works [MM82], [Sjö00]
and [Ana10]. In [MM82], Markus–Matsaev established a Weyl law for the resonances
in terms of counting how many resonances can exist at a given energy. In [Sjö00],
Sjöstrand further proved that the imaginary parts of the resonances “concentrate” (in
a suitable sense) on the half average (with respect to the Liouville measure on the
cosphere bundle of the manifold) of the damping function. In [Ana10], Anantharaman
proved a fractal Weyl law for the resonances and studied several inverse problems. It is
an important topic of future work to see if analogous results hold for damped fractional
wave equations of the form studied here.
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1.2. Outline of Paper. In §2, we recall some properties of the semiclassical calculus
for operators on the torus that we will require for our analysis. The propagation es-
timates required to prove the resolvent estimate and the resulting resolvent mapping
properties are proven in §3. We prove a stronger resolvent estimate for damping func-
tions that vanish to a given order at a finite number of points on T in §4. In §5, we give
an overview of the proof from [AL14] (simplified in our particular setting) that the re-
solvent bounds proved are equivalent to energy decay bounds for the damped fractional
wave equation. To give insight into the properties of the resolvent, in §6 we prove that
the low energy resonances can be approximated well by a finite approximation that
can be constructed explicitly using a Grushin problem. Finally, in §7 we provide some
numerical simulations demonstrating various aspects of our theorems in practice, both
for the exact linear fractional wave model, as well as for water wave models with Cla-
mond Damping. This includes a means of approximating the low-energy resonances
and comparing to the asymptotics in the previous section.

Acknowledgements. We would like to thank Jared Wunsch for many helpful dis-
cussions, and Ruoyu P. T. Wang for showing us useful references. We thank the
anonymous referees for their careful reading and for their comments, which led to an
improvement in energy decay rates when the damping functions have finitely many
zeros and prescribed vanishing rates. J.L.M was supported in part by NSF Applied
Math Grant DMS-1909035 and NSF Applied Math Grant DMS-2307384. T.A. was
supported by the BOURGEONS project, grant ANR-23-CE40-0014-01 of the French
National Research Agency (ANR).

2. Semiclassical analysis on the circle

2.1. Semiclassical pseudodifferential operators. We consider the following sym-
bol class Sk(T ∗T)

Sk(T ∗T) :=
{
a ∈ C∞(T ∗T) | |∂αx∂

β
ξ a(x, ξ)| ≤ Cαβ⟨ξ⟩k−|β|, Cαβ > 0, ∀α, β

}
,

here T ∗T is the cotangent bundle of T, T ∗T ≃ Tx × Rξ, and ⟨ξ⟩ =
√

1 + ξ2. With the
best constants Cαβ as semi-norms, the class Sk is a Fréchet space. For a ∈ Sk(T ∗T),
which could depend on h with semi-norms uniform in h, we define its semiclassical
quantization by

Oph(a)u(x) :=

∫ ∞

−∞

∫ ∞

−∞
e

i
h
(x−y)ξa(h, x, ξ)u(y)dydξ. (2.1)

Let â(k, ξ), û(k) be the Fourier coefficients of a(•, ξ), u as in (1.4). Then we have

Oph(a)u(x) =
∑
n∈Z

∑
ℓ∈Z

â(h, n− ℓ, hℓ)û(ℓ)einx. (2.2)
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Similarly, we define its microlocal quantization by

Op(a)u(x) :=

∫ ∞

−∞

∫ ∞

−∞
ei(x−y)ξa(h, x, ξ)u(y)dydξ =

∑
n∈Z

∑
ℓ∈Z

â(h, n− ℓ, ℓ)û(ℓ)einx.

We also use the notations a(x,D), a(x, hD) for the microlocal or semiclassical quan-
tization of a. Let Ψk

h(T) be the set of pseudodifferential operators that consists of
semiclassical quantizations of all symbols in Sk(T ∗T). We define the semiclassical
symbol map

σh : Ψ
k
h(T) → Sk(T ∗T)/Sk−1(T ∗T), A 7→ [a].

Later we will identify [a] with a if no ambiguity.

Remark. |D| is a microlocal operator with symbol a(ξ) ∈ S1(T ∗T) such that a(k) =
|k|, k ∈ Z. However, h|D| is not a semiclassical operator, as its “semiclassical symbol”
|ξ| is not a smooth function.

Consider a family of symbols a = {a(h, x, ξ) | 0 < h < h0} which is bounded in Sk and
is C∞ in h. Let A be the semiclassical quantization of a. The semiclassical wavefront
set WFh(A) of A is defined to be the essential support of a, that is, (x0, ξ0) /∈ WFh(A) if
and only if there exists a neighborhood U of (x0, ξ0) in T ∗R, such that for any α, β ∈ N,

∂αx∂
β
ξ a(h, x, ξ) = O(hN⟨ξ⟩−N), for all (x, ξ) ∈ U, N ∈ N.

We also define the semiclassical elliptic set of A by

ellh(A) := {(x, ξ) | ⟨ξ⟩−kσh(A)(x, ξ) ̸= 0}.

We record the following formula for the symbol calculus of operator compositions:
if a ∈ Sk(T ∗T), b ∈ Sℓ(T ∗T), then

Oph(a)Oph(b) = Oph(a#b), a#b ∈ Sk+ℓ(T ∗T),

a#b =
N∑
k=0

(−ih)j

j!
∂jξa(x, ξ)∂

j
xb(x, ξ) +OSk+ℓ−j(T ∗T)(h

N+1), for all N ∈ N.

In particular, we can compute the commutator of two pseudodifferential operators

[Oph(a),Oph(b)] ∈ hΨk+ℓ−1
h (T), σh(h−1[Oph(a),Oph(b)]) = −i{a, b} (2.3)

where {a, b} := ∂ξa∂xb− ∂xa∂ξb.

2.2. Semiclassical Fourier multipliers. When the symbol a in (2.2) does not de-
pend on x, we say Oph(a) is a semiclassical Fourier multiplier. In this section, we
generalize the definition of semiclassical Fourier multipliers to bounded symbols and
prove a commutator estimate for semiclassical Fourier multipliers and functions with
Hölder continuity.
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Given a bounded function a : R → R, we define the semiclassical Fourier multiplier
a(hD) by

̂a(hD)u(k) = a(hk)û(k)

for u ∈ L2(T). We call a the symbol of the semi-classical Fourier multiplier a(hD).

Proposition 2.1. Let a ∈ C∞
b (R) be a smooth function, bounded together with all

its derivatives, which in addition vanishes on a neighborhood of the origin. Consider
two real numbers 0 < α < β ≤ 1. There exists a constant C > 0 such that, for all
f ∈ C0,β(T) and for all u ∈ L2(T),

∥fa(hD)u− a(hD)(fu)∥L2 ≤ Chα ∥f∥C0,β ∥u∥L2 . (2.4)

Proof. We introduce the symbols ah defined by ah(ξ) = a(hξ). The key point is to ob-
serve that {h−αah | 0 < h ≤ 1 } is a bounded family in Sα. The wanted estimate (2.4)
will then be a direct consequence of the following lemma.

Lemma 2.2. Consider two real numbers m and α such that 0 < α < β ≤ 1. For any
bounded subset B of Sα, there exists a constant K such that for all symbol q ∈ B, all
f ∈ C0,β(T), and all u ∈ L2(T),

∥Q(fu)− fQu∥L2 ≤ K ∥f∥C0,β(T) ∥u∥L2 , (2.5)

where Q is the Fourier multiplier with symbol q.

Proof. To prove this result, it is convenient to use the paradifferential calculus of
Bony [Bon81] and the Littlewood–Paley decomposition. We start by introducing
some notations. Fix a function Φ ∈ C∞

0 (R) with support in the interval [−1, 1] and
equal to 1 when |ξ| ≤ 1/2. Then set ϕ(ξ) = Φ(ξ/2) − Φ(ξ) which is supported in
{ξ ∈ R | 1/2 ≤ |ξ| ≤ 2}. Then, for all ξ ∈ R, one has Φ(ξ) +

∑
j∈N ϕ(2

−jξ) = 1, which
one can use to decompose tempered distribution (this setting includes in particular
periodic function u ∈ L2(T)). For u ∈ S ′(R), we set

∆−1u = F−1(Φ(ξ)û), ∆ju = F−1(ϕ(2−jξ)û) for j ∈ N.

We also use the notation Sju =
∑

−1≤p≤j−1∆pu for j ≥ 0 (so that S0u = ∆−1u =

Φ(D)u).

Given a function f , denote by f ♭ denotes the multiplication operator u 7→ fu and
denote by Tf the operator of paramultiplication by f , defined by

Tfu =
∑
j≥1

Sj−1(f)∆ju.

Now rewrite the commutator
[
Q, f ♭

]
as

[Q, Tf ] +Q(f ♭ − Tf )− (f ♭ − Tf )Q.
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The claim then follows from the bounds

∀σ ∈ R, ∥[Q, Tf ]∥Hσ→Hσ−α+β ≤ c1(q, σ) ∥f∥C0,β , (2.6)

∀σ ∈ [−α, 0],
∥∥f ♭ − Tf

∥∥
Hσ→Hσ+α ≤ c2(σ) ∥f∥C0,β , (2.7)

∀σ ∈ R, ∥Q∥Hσ→Hσ−α ≲ supξ
∣∣⟨ξ⟩−αq(ξ)∣∣ , (2.8)

where c1(·, σ) : Sα → R+ maps bounded sets to bounded sets. The estimate (2.8) is a
direct result of Plancherel Theorem. We refer the reader to [Hör97, Proposition 10.2.2]
and [Hör97, Theorem 9.6.4′] for the proof of (2.6). Let us now prove (2.7). To do so,
observe that

fg − Tfg =
∑
j,p≥−1

(∆jf)(∆pg)−
∑

−1≤j≤p−2

(∆jf)(∆pg) =
∑
j≥−1

(Sj+2g)∆jf.

We then use the Bernstein’s inequality and the characterization of Sobolev and Hölder
spaces in terms of Littlewood-Paley decomposition, to write

∥fg − Tfg∥Hσ+α ≤
∑

∥(Sj+2g)(∆jf)∥Hσ+α

≲
∑

2j(σ+α) ∥(Sj+2g)(∆jf)∥L2 (since σ + α ≥ 0)

≤
∑

2j(σ+α) ∥Sj+2g∥L2 ∥∆jf∥L∞

≲
∑

2jα ∥g∥Hσ 2
−jα ∥f∥C0,β (since σ ≤ 0)

≲ ∥g∥Hσ ∥f∥C0,β ,

where we used the assumption α < β to insure that the series
∑

2j(α−β) converges. □

This concludes the proof of Proposition 2.1. □

3. Resolvent estimates for localized damping

This section is devoted to proving the resolvent bound for localized damping, that is,
the first part of Theorem 2. This resolvent bound gives 1/t2 energy decay for solutions
to (1.5) when (u0, u1) ∈ H1 × H

1
2 using [AL14], and the proof of the energy decay is

streamlined in §5.

To take advantage of semiclassical analysis, we introduce the semiclassical rescaling

τ =
z√
h
, h > 0, z ∈ C, (3.1)

and define
P(h, z) := h|D| − i

√
hzχ− z2. (3.2)

We notice that
P (τ) = h−1P(h, z).
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We start by stating an equivalent version of the first part of Theorem 2 in the semi-
classical scale.

Proposition 3.1. Suppose χ ∈ C0,β(T) with β > 1
2
. Let P(h, z) be as in (3.2). Then

there exist h0 > 0, δ > 0 and C > 0 such that, for all 0 < h < h0, all complex number
z ∈ Sδ = {x+ iy | x ∈ (1− δ, 1+ δ), y ∈ (−δh, δh)} and for all u ∈ C∞(T), there holds

∥u∥L2 ≤ Ch−1 ∥P(h, z)u∥L2 . (3.3)

Proof of Proposition 3.1. We denote by C various constants independent of h and
whose value may change from line to line. We write A ≲ B to say that A ≤ CB

for such a constant C.

We first assume that z is a real number with z ∈ (1 − δ, 1 + δ) for some δ > 0

sufficiently small.

1. Estimate of χu.

We claim that
∥χu∥2L2 ≲ h−

1
2∥P(h, z)u∥L2 ∥u∥L2 . (3.4)

To see this, observe that, by definition of P(h, z) we have

χu = −iz−1h−
1
2

(
h |D|u− P(h, z)u− z2u

)
.

Consequently, by taking the L2(T)-scalar product with u, we get

⟨χu, u⟩ = Re⟨χu, u⟩ = −z−1h−
1
2 Im⟨P(h, z)u, u⟩.

Therefore, it follows from the Cauchy–Schwarz inequality that

0 ≤ ⟨χu, u⟩ ≤ 1

1− δ
h−

1
2 ∥P(h, z)u∥L2 ∥u∥L2 .

Since ∥χu∥2L2 ≤ ∥χ∥L∞ ⟨χu, u⟩, this immediately implies the wanted estimate (3.4).

2. Propagation estimates.

The estimate of the remaining component (1 − χ)u is divided into two steps. We
begin with the most delicate part, which consists in estimate the microlocal component
of (1− χ)u where the operator P(h, z) is not elliptic. The analysis will therefore rely
on a propagation argument.

More precisely, consider a cut-off function g ∈ C∞(R; [0, 1]) satisfying

g(ξ) =

{
0 for |ξ| ≤ 1

5
or |ξ| ≥ 5,

1 for 1
4
≤ |ξ| ≤ 4.

We want to estimate the L2-norm of g(hD)((1−χ)u). We claim that, for some exponent
ν > 0,∥∥g(hD)

(
(1− χ)u

)∥∥2
L2 ≲ ∥χu∥2L2 + h−1∥P(h, z)u∥L2 ∥u∥L2 + hν ∥u∥2L2 . (3.5)
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To prove this claim we use two different kinds of localization.

Localization in frequency. We further decompose the problem into waves traveling
to the left and waves traveling to the right. To do so, consider two cut-off functions
g± ∈ C∞

c (R; [0, 1]) with g−(ξ) = g+(−ξ) and such that

g+(ξ) =

{
0 for ξ ∈ (−∞, 1

5
) ∪ (5,∞),

1 for ξ ∈ [1
4
, 4].

To obtain the wanted estimate (3.5), it is sufficient to prove that
∥∥g+(hD)

(
(1− χ)u

)∥∥
L2

and
∥∥g−(hD)

(
(1− χ)u

)∥∥
L2 are bounded by the right-hand side of (3.5).

These two terms will be treated similarly (see the explanations at the end of this
step) and for notational simplicity we focus on the estimate of g+(hD)((1−χ)u). Our
aim is thus to prove that, for some exponent ν > 0, we have∥∥g+(hD)

(
(1− χ)u

)∥∥2
L2 ≲ ∥χu∥2L2 + h−1 ∥P(h, z)u∥L2 ∥u∥L2 + hν ∥u∥2L2 . (3.6)

Localization in space. In addition to the previous localization in frequency, we see
that to prove (3.6), by using a suitable partition of unity, it is sufficient to prove that,
for any point x0 ∈ supp(1−χ), there exist ν > 0 and a function b ∈ C∞(T; [0, 1]) with
b(x0) > 0 such that

∥g+(hD)(bu)∥L2 ≲ ∥χu∥2L2 + h−1 ∥P(h, z)u∥L2 ∥u∥L2 + hν ∥u∥2L2 . (3.7)

We will use suitable cut-off functions b, as given by the following

Lemma 3.2. Assume that χ(x0) = 0. Then there exist two functions φ, b ∈ C∞(T)
such that

1 ≤ φ ≤ 3, 0 ≤ b ≤ 1, b(x0) > 0,

and moreover φ is such that its derivative satisfies φ′ = ψ+ − ψ− for some functions
ψ± ∈ C∞(T) satisfying ψ± ≥ 0 and

suppψ+ ∩ suppψ− = ∅, χ|suppψ+ > 0, ψ−|supp b > 0.

Proof of Lemma 3.2. Introduce a 2π-periodic function κ ∈ C∞(T; [0, 1]) which is even
and such that

κ(x) =

{
1 for |x| ≤ 1

4
,

0 for 1
2
≤ |x| ≤ π.

Given three parameters α, α′ and r to be determined, define

ψ−(x) = ακ

(
x− x0
2r

)
, b(x) = α′κ

(
x− x0
r

)
.

Now pick x1 such that χ(x) > 0 for all x ∈ [x1 − 2r, x1 + 2r] and set

ψ+(x) = ακ

(
x− x1
2r

)
.



DAMPED FRACTIONAL WAVE 13

x0

χ

ψ+

ψ
−

ϕ

b

Hp

Figure 1. Auxiliary functions φ, b constructed in Lemma 3.2 with fre-
quencies localized near ξ = 1. The arrow indicates the direction of the
Hamiltonian flow for p = |ξ| near ξ = 1.

Now let θ be the unique function θ ∈ C∞(T) with mean value 0 and such that θ′ =
ψ+ − ψ−. We then set φ(x) = 2 + θ(x) and choose α, α′ and r small enough. □

Commutator argument. Given the functions φ = φ(x) and g+ = g+(ξ) as introduced
above, we consider the operator G+ defined by

G+u = φg+(hD)u. (3.8)

The idea is to exploit the fact that G∗
+G+ is self-adjoint to write Im⟨P(h, z)u,G∗

+G+u⟩
under the form of a commutator:

Im⟨P(h, z)u,G∗
+G+u⟩ =

1

2i

(
⟨P(h, z)u,G∗

+G+u⟩ − ⟨G∗
+G+u,P(h, z)u⟩

)
=

1

2i

(
⟨G∗

+G+P(h, z)u, u⟩ − ⟨P(h, z)∗G∗
+G+u, u⟩

)
=
〈
− 1

2i
[h|D|, G∗

+G+]u, u
〉
− z

√
hRe⟨χu,G∗

+G+u⟩. (3.9)

We then notice that by the assumption on the support of g+, we have |hD| g+(hD) =

hDg+(hD) which in turn implies that

|D|G∗
+ = DG∗

+ and G+ |D| = G+D with D =
1

i
∂x.

We thus end up with

− 1

2i
[h|D|, G∗

+G+] = − 1

2i
[hD,G∗

+G+].

Once this formula is established, one can compute this commutator using only the
Leibniz formula. Indeed, directly from the definitions of D = ∂x/i and G+ (see (3.8)),
we have (noticing that g+(hD)∗ = g+(hD))

− 1

2i
[hD,G∗

+G+]u = − h

2i

1

i

[
∂x, g+(hD)

(
φ2g+(hD) ·

)]
u

= hg+(hD)
(
φφ′g+(hD)u

)
.
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By combining the previous identities and using again the fact that g+(hD)∗ = g+(hD),
we conclude that〈

− 1
2i
[h|D|, G∗

+G+]u, u
〉
= h

〈
φφ′g+(hD)u, g+(hD)u

〉
.

Now we use the special form of the function φ, that is the fact that φ′ = ψ+ − ψ−.
Introduce the semiclassical operators E+ and F+ defined by

E+u := φψ+g+(hD)u , F+u := φψ−g+(hD)u.

Then, we have

⟨− 1
2i
[h|D|, G∗

+G+]u, u⟩ = h⟨E+u, g+(hD)u⟩ − h⟨F+u, g+(hD)u⟩. (3.10)

Having analyzed the first term in the right-side of (3.9), we now estimate the second
one. To do so, we begin by writing the latter under the form

Re⟨χu,G∗
+G+u⟩ = ⟨χG+u,G+u⟩+ ⟨Re(G∗

+[G+, χ])u, u⟩. (3.11)

Since χ ≥ 0, one has the obvious inequality

⟨χG+u,G+u⟩ ≥ 0.

To estimate the commutator [G+, χ]u we shall make use of the assumption that χ
belongs to the Hölder space C0,β(T) for some exponent β ∈ (1/2, 1]. Let 0 < ε <

β − 1/2. It follows from Proposition 2.1 applied with α = 1/2 + ε that

∥[G+, χ]u∥L2 ≤ Ch
1
2
+ε∥u∥L2 . (3.12)

Since ∥G+∥L2→L2 is bounded uniformly in h, it follows that

z
√
hRe⟨χu,G∗

+G+u⟩ ≥ −Ch1+ε ∥u∥2L2 . (3.13)

Now, by combining (3.9) together with (3.10) and (3.13), we find

h⟨F+u, g+(hD)u⟩ ≤ h⟨E+u, g+(hD)u⟩+ |⟨P(h, z)u,G∗
+G+u⟩|+O(h1+ε) ∥u∥2L2 .

By using again the fact that ∥G+∥L2→L2 is bounded uniformly in h, by dividing each
side of the previous inequality by h and using the Cauchy-Schwarz inequality, this
yields

⟨F+u, g+(hD)u⟩ ≤ ⟨E+u, g+(hD)u⟩+ h−1 ∥P(h, z)u∥L2 ∥u∥L2 +O(hε) ∥u∥2L2 .

It remains to bound ⟨F+u, u⟩ (resp. ⟨E+u, u⟩) from below (resp. above). To do so,
set f =

√
ψ−. Since f belongs to C0,1/2(T), it follows from Proposition 2.1 applied

with β = 1/2 and α any arbitrary real number in (0, β), that

⟨F+u, g+(hD)u⟩ = ⟨φg+(hD)(fu), g+(hD)(fu)⟩+O(hα) ∥u∥2L2 .

Since φ ≥ 1, we deduce that

⟨F+u, g+(hD)u⟩ ≥
∥∥∥g+(hD)(

√
ψ−u)

∥∥∥2
L2

+O(hα) ∥u∥2L2 .
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x0

χ
ψ
−

ψ+

ϕ

b

Hp

Figure 2. Auxiliary functions φ, b used in the proof of the propagation
estimates with frequencies localized near ξ = −1. The arrow indicates
the direction of the Hamiltonian flow for p = |ξ| near ξ = −1.

Now consider the function b as given by Lemma 3.2. Since b can be written under the
form

b = f
√
ψ− with f =

b√
ψ−

∈ C∞(T),

we have
g+(hD)(bu) = fg+(hD)(

√
ψ−u) +

[
g+(hD), f

]
u.

Using again Proposition 2.1 to estimate the commutator, we get that

⟨F+u, g+(hD)u⟩ ≥ ∥g+(hD)(bu)∥2L2 +O(hα) ∥u∥2L2 .

On the other hand, by applying Proposition 2.1 with f =
√
φψ+ ∈ C0,1/2(T), we

deduce that

⟨E+u, g+(hD)u⟩ =
∥∥∥g+(hD)(

√
φψ+u)

∥∥∥2
L2

+O(hα) ∥u∥2L2 .

This immediately implies that

⟨E+u, g+(hD)u⟩ ≤
∥∥∥√φψ+u

∥∥∥2
L2

+O(hα) ∥u∥2L2 ≤ C ∥χu∥2L2 + Chα ∥u∥2L2 .

Consequently, we end up with

∥g+(hD)(bu)∥L2 ≲ ∥χu∥2L2 + h−1∥P(h, z)u∥L2 ∥u∥L2 + (hα + hε) ∥u∥2L2 . (3.14)

This completes the proof of (3.7) which in turn completes the proof of (3.16).

Lastly, to prove similar estimates for ∥g−(hD)((1− χ)u)∥L2 , it suffices to construct
auxiliary functions φ, b as in Lemma 3.2 with mere changes (see Figure 2)

φ′ = ψ− − ψ+, χ|suppψ− > 0, ψ+|supp b > 0.

3. Elliptic estimates.

Having estimated the main contribution of the frequencies of size near 1 in the
semiclassical scale, we now turn to the estimation of the low and high frequency com-
ponents. More precisely, we want to estimate the L2-norms of G0u and G∞u where
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G0 = g0(hD) and G∞ = g∞(hD) are semiclassical Fourier multipliers with symbols
g0 = g0(ξ) and g∞ = g∞(ξ) in C∞(R; [0, 1]), such that

g0(ξ) = 1 for |ξ| ≤ 1/5, g0(ξ) = 0 for |ξ| ≥ 1/4;

g∞(ξ) = 0 for |ξ| ≤ 4, g∞(ξ) = 1 for |ξ| ≥ 5.
(3.15)

High frequency estimate. We begin by estimating G∞u. To do so, we write that, by
the definition of P(h, z),

G∞ |hD|u = G∞P(h, z)u+ z2G∞u+ izG∞
√
hχu.

Since ∥G∞∥L2→L2 ≤ 1, we have

∥G∞ |hD|u∥L2 ≤ ∥P(h, z)u∥L2 + (1 + δ)2 ∥G∞u∥L2 + (1 + δ)
√
h ∥χ∥L∞ ∥u∥L2 .

On the other hand, since |ξ| ≥ 4 on the support of g∞(ξ), directly from the Plancherel
theorem, we have

4 ∥G∞u∥L2 ≤ ∥G∞ |hD|u∥L2 .

Therefore, for h and δ small enough, we get

∥G∞u∥2L2 ≤ ∥P(h, z)u∥2L2 + 1
3
∥u∥2L2 .

Low frequency estimates. The low frequency component G0u is estimated in a similar
way. Namely, we write

z2G0u = G0 |hD|u−G0P(h, z)u− izG0

√
hχu,

and then observe that ∥G0∥L2→L2 ≤ 1, to obtain

(1− δ)2 ∥G0u∥L2 ≤ ∥G0 |hD|u∥L2 + ∥P(h, z)u∥L2 + (1 + δ)
√
h ∥χ∥L∞ ∥u∥L2 .

Since |ξ| ≤ 1/4 on the support of g0(ξ), directly from the Plancherel theorem, we have

∥G0 |hD|u∥L2 ≤ 1
4
∥G0u∥L2 .

Therefore, for h, δ small enough, we get

∥G0u∥2L2 ≤ ∥P(h, z)u∥2L2 + 1
3
∥u∥2L2 .

4. End of the proof when z is a real number.

The Plancherel theorem implies that

∥u∥2L2 ≤ ∥g(hD)u∥2L2 + ∥G0u∥2L2 + ∥G∞u∥2L2 .

Therefore, it follows from the previous L2-estimates for G0u and G∞u that

∥u∥2L2 ≤ ∥g(hD)u∥2L2 + 2 ∥P(h, z)u∥2L2 + 2
3
∥u∥2L2 ,

and hence we have

∥u∥2L2 ≤ 3 ∥g(hD)u∥2L2 + 6 ∥P(h, z)u∥2L2 .
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Now, it follows from (3.4) and (3.5) that

∥g(hD)u∥2L2 ≲ h−1∥P(h, z)u∥L2 ∥u∥L2 + hν ∥u∥2L2 . (3.16)

We conclude that

∥u∥2L2 ≲ h−1∥P(h, z)u∥L2 ∥u∥L2 + ∥P(h, z)u∥2L2 + hν ∥u∥2L2 .

Consequently, taking h small enough, we obtain

∥u∥L2 ≲ h−1∥P(h, z)u∥L2 .

This concludes the proof of the desired result (3.3) when z ∈ (1− δ, 1 + δ).

5. End of the proof when z is a complex number. Lastly, if z is a complex
number, we notice that

P(h, z) = P(h,Re z) + (Im z)
(√

hχ+ Im z − 2iRe z
)
.

Thus for any complex number z such that |Re z − 1| ≤ δ and | Im z| ≤ δh, we have

∥P(h, z)u∥L2 ≥∥P(h,Re z)u∥L2 − δh(
√
h∥χ∥L∞ + δh+ 2(1 + δ))∥u∥L2

≥(C−1 − Cδ)h∥u∥L2 .

Consequently, for all δ and h small enough, the estimate (3.3) still holds. □

4. resolvent bounds for finitely degenerate damping

Let P(h, z) be as in (3.2). We also introduce

P±(τ) := ±D − iτχ− τ 2, τ ∈ C,

and the corresponding rescaled operators

P±(h, z) := ±hD − i
√
hzχ− z2. (4.1)

The goal of this section is to prove the second part of Theorem 2. We start by
rewriting the resolvent bounds in the semiclassical scale.

Proposition 4.1. Suppose γ > 0, β > γ
2γ+1

, and χ ∈ C0,β(T) has finite degeneracy as
in Definition 1.1. Then there exists h0 > 0, δ > 0, C > 0, such that for 0 < h < h0,
|Re z − 1| ≤ δ, | Im z| ≤ δh

4γ+1
4γ+2 , such that for any u ∈ C∞(T), we have

∥u∥L2 ≤ Ch−
4γ+1
4γ+2∥P(h, z)∥L2 .

We reduce the proof of the resolvent bound for P to the resolvent bounds for P±.
The basic idea is that near the characteristic set of P , the frequency is comparable to
±1, hence we can “replace” P by P±. Away from the characteristic set of P , we have
the ellipticity of P . P± is easier to analyze as it is an ordinary differential operator
and we can use integrating factors to simplify P±.
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Proposition 4.2. Suppose γ > 0, β > γ
2γ+1

, and χ ∈ C0,β(T) has finite degeneracy as
in Definition 1.1 and P± are as in (4.1). Then

1. For h > 0, all resonances of P±(h, z) lie on the lines

Re z = 0 or Im z = − χ̂(0)
2

√
hi.

2. For any 0 < θ < χ̂(0)
2

, there exists C > 0 such that for any |Re z − 1| ≤ δ,
Im z ≥ −θ

√
h, and any u ∈ C∞(T), we have

∥u∥L2 ≤ Ce
C√
h∥P±(h, z)u∥L2 . (4.2)

3. There exists h0 > 0, δ > 0, such that for 0 < h < h0, |Re z−1| ≤ δ, | Im z| ≤ δh
4γ+1
4γ+2 ,

there exists C > 0 such that for any u ∈ C∞(T), we have

∥u∥L2 ≤ Ch−
4γ+1
4γ+2∥P±(h, z)∥L2 . (4.3)

Proof of Proposition 4.1 using Proposition 4.2. Let G0, G∞, G± be as in the proof of
Proposition 3.1. Then for z ∈ (1− δ, 1 + δ), u ∈ C∞(T), we have

G0(h|D| − z2)u = G0P(h, z)u− iz
√
hG0χu.

Thus for δ > 0 sufficiently small, using Plancherel theorem, we have

∥G0u∥L2 ≲ ∥P(h, z)u∥L2 +
√
h∥u∥L2 . (4.4)

A similar argument shows that

∥G∞u∥L2 ≲ ∥P(h, z)u∥L2 +
√
h∥u∥L2 . (4.5)

Notice that we have the identity

P±(h, z)G± = G±P(h, z)− iz
√
h[χ,G±].

Rez

Imz

11− δ 1 + δ

−
χ̂(0)
2

√

hi

−θ
√

hi

−δh
4γ+1

4γ+2 i

Figure 3. Resonances of P±(h, z), and z-domains of estimations in
Proposition 4.1 (red) and Proposition 4.2 (green).
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Use Proposition 4.2 and we have

∥G±u∥L2 ≲h−
4γ+1
4γ+2∥P±(h, z)G±u∥L2

≲h−
4γ+1
4γ+2∥G±P(h, z)∥L2 + h−

4γ+1
4γ+2

+ 1
2∥[χ,G±]u∥L2 .

By Proposition 2.1, for any α such that 0 < α < β, there exists C > 0 such that

∥[χ,G±]u∥L2 ≤ hα∥u∥L2 .

Therefore
∥G±u∥L2 ≲ h−

4γ+1
4γ+2∥P(h, z)u∥L2 + h−

4γ+1
4γ+2

+ 1
2
+α∥u∥L2 . (4.6)

Gathering estimates (4.4), (4.5), (4.6), we find that

∥u∥L2 ≲ h−
4γ+1
4γ+2∥P(h, z)u∥L2 +max{

√
h, hα−

γ
2γ+1}∥u∥L2 .

Since β > γ
2γ+1

, we can choose α > γ
2γ+1

. Thus when h is sufficiently small, we have

∥u∥L2 ≲ h−
4γ+1
4γ+2∥P(h, z)u∥L2 .

This proves Proposition 4.1 when z ∈ (1 − δ, 1 + δ). The proof of Proposition 4.1 is
completed by applying the same triangle inequality argument as in the last step of the
proof of Proposition 3.1 when z is complex. □

The rest of this section is devoted to proving Proposition 4.2, that is, the spectral
gap and the resolvent bound for P±. For the purpose of proving the resolvent bound
we follow a strategy introduced by Léautaud and Lerner in [LL17, Lemma 2.3], where
the authors proved energy decay for damped wave equations, for which the damping
function has locally a prescribed homogeneity near the undamped set in transversal
directions.

Proof of Proposition 4.2. We only prove for P+, the proof for P− is similar.

1. Resonances of P±.

To study the resonances of P+, we introduce the integrating factor

e
z√
h
ρ(x) ∈ C1(T), ρ(x) :=

∫ x

0

(χ(y)− χ̂(0))dy ∈ C1(T).

One can check that

P+(h, z) = e
− z√

h
ρ
(
hD − iz

√
hχ̂(0)− z2

)
e

z√
h
ρ
. (4.7)

Notice that hD has eigenvalues hk ∈ Z, and −iz
√
hχ̂(0) − z2 is a constant function.

Therefore, for h > 0, the resonances z for P+(h, z) must satisfy

z2 + iz
√
hχ̂(0)− hk = 0, k ∈ Z.
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We can solve

z =

(
− χ̂(0)

2
i±
√
k − χ̂(0)2

4

)
√
h, k ≥ χ̂(0)2

4
;

z =

(
− χ̂(0)

2
±
√
χ̂(0)2

4
− k

)
√
hi, k <

χ̂(0)2

4
.

Thus resonances of P lie in {Re z = 0} ∪ {Im z = − χ̂(0)
2

√
h}. The exponential bound

(4.2) then follows from (4.7).

2. Estimates near zeros of χ.

Let us now prove (4.3). It suffices to prove the resolvent bound for z ∈ (1− δ, 1+ δ).
When z is complex we apply the same triangle inequality argument as in the last step
of the proof of Proposition 3.1.

Let xk, 1 ≤ k ≤ n, be the zeros of χ. Let φ ∈ C∞(T; [0, 1]) be such that

suppφ ⊂ [−2, 2], φ|[−1,1] = 1.

In the following, we also regard φ as a smooth function on R that is supported in
[−2, 2]. For β > 0, we define

ψ(x) :=

∫ x

−∞
φ(y)dy, ψβ(x) :=

∑
k

ψ

(
x− xk
hβ

)
, φβ(x) :=

∑
k

φ

(
x− xk
hβ

)
.

Notice that

ψ′
β(x) = h−β

∑
k

ψ′
(
x− xk
hβ

)
= h−β

∑
k

φ

(
x− xk
hβ

)
= h−βφβ(x).

Now we regard u ∈ C∞(T) as a periodic function on R. Then we compute

Im⟨P+(h, z)u, ψβu⟩ =
h

2
⟨ψ′

βu, u⟩ −
z
√
h

2
⟨ψβχu, u⟩

=
h1−β

2
⟨φβu, u⟩ −

z
√
h

2
∥
√
ψβχu∥2L2 .

(4.8)

This implies that

⟨φβu, u⟩ =zh−
1
2
+β∥
√
ψβχu∥2L2 + 2h−1+β Im⟨P+(h, z)u, ψβu⟩

≤Ch−
1
2
+β∥√χu∥2L2 + Ch−1+β∥P+(h, z)u∥L2∥u∥L2 .

(4.9)

3. Estimates away from zeros of χ.

By Definition 1.1, we know for h > 0 sufficiently small, there exists C > 0 such that

χ(x) ≥ C−1h2γβ(1− φβ(x)) for all x ∈ T. (4.10)
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Indeed, let δ > 0, C > 0 be as in Definition 1.1. Let C0 := minT\∪k(xk−δ,xk+δ) χ, then
C0 > 0. Since χ(xk) = 0, we know there exists δ1 > 0 such that

δ1 < max{δ, (CC0)
1
2γ }, max

∪k[xk−δ1,xk+δ1]
χ ≤ C0

2
.

Then we have

min
T\∪k(xk−δ1,xk+δ1)

χ ≥ min
1≤ℓ≤n

min
T\∪k(xk−δ1,xk+δ1)

{C0, C
−1|x− xℓ|2γ}

=min{C0, C
−1δ2γ1 } = C−1δ2γ1 .

Now for any 0 < h < (δ1/2)
1
β , we have

χ(x) ≥ C−1h2γβ ≥ C−1h2γβ(1− φβ(x)) for x ∈ T \ ∪k(xk − hβ, xk + hβ)

since 1 − φβ(x) ≤ 1 for all x. By the definition of φβ, we know supp(1 − φβ) ⊂
T \ ∪k(xk − hβ, xk + hβ), hence it holds trivially that

χ(x) ≥ 0 = C−1h2γβ(1− φβ(x)) for x ∈ ∪k(xk − hβ, xk + hβ).

Thus we finished the justification of (4.10).

As a result of (4.10), we have

⟨(1− φβ)u, u⟩ ≤ Ch−2γβ⟨χu, u⟩ = Ch−2γβ∥√χu∥2L2 . (4.11)

4. End of the proof. Combining (4.9) and (4.11), we obtain

∥u∥2L2 ≤ Cmax{h−
1
2
+β, h−2γβ}∥√χu∥2L2 + Ch−1+β∥P+(h, z)u∥L2∥u∥L2 . (4.12)

Notice that

Im⟨P+(h, z)u, u⟩ = −z
√
h∥√χu∥2L2 ,

which implies that

∥√χu∥2L2 ≤ Ch−
1
2∥P+(h, z)u∥L2∥u∥L2 . (4.13)

Inserting (4.13) into (4.12), we find

∥u∥L2 ≤ Cmax{h−1+β, h−2γβ− 1
2}∥P+(h, z)u∥L2 .

We conclude the proof of Proposition 4.2 by putting β = 1
2(2γ+1)

. □
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5. Polynomial energy decay

Here, for the benefit of the reader, we give a sketch proof of the equivalence between
the resolvent estimates proved above and the corresponding energy and semigroup
bounds for the damped wave equation. This gives an overview of the works of [AL14,
BD08] taking A = |D| and B =

√
χ, which builds on ideas developed in [Leb94,

LR97]. Since we are working in a very explicit setting with relatively simple operators,
connecting the resolvent estimate to the damped wave decay can be done in a fairly
explicit manner.

To start with, we rewrite the damped fractional wave equation as

∂tU = AU, U(0) = U0, A :=

(
0 I

−|D| −χ

)
, U =

(
u

∂tu

)
, (5.1)

where U0 =

(
u0
u1

)
∈ H

1
2 ×L2, A is an operator on H := H

1
2 ×L2 with domain D(A) =

H1 × H
1
2 . The space H is equipped with a seminorm

∣∣∣∣(w1

w2

)∣∣∣∣
H

:= ∥|D| 12w1∥L2 +

∥w2∥L2 .

The following proposition established by Anantharaman–Léautaud [AL14] connects
the resolvent estimates and energy decay rates of the damped fractional wave equation.

Proposition 5.1 ([AL14, Proposition 2.4]). Suppose χ ∈ L∞(T). Let P (τ) be as in
(1.11). Then for α > 0, the following statements are equivalent

1. There exists C > 0 such that for any (u0, u1) ∈ H1(T)×H
1
2 (T), there holds

E(u, t) ≤ C

t2α

∣∣∣∣A(u0u1
)∣∣∣∣2

H

.

Notice that
∣∣∣∣A(u0u1

)∣∣∣∣2
H

≤ C
(
∥|D|u0∥2L2 + ∥u1∥2

H
1
2

)
≤ C

(
∥u0∥2H1 + ∥u1∥2

H
1
2

)
.

2. There exists C > 0, such that for any τ ∈ R, |τ | > C, there holds

∥P (τ)−1∥L2→L2 ≤ C|τ |
1
α
−1.

One would like to use the semi-group of A to solve the damped wave system (5.1),
hence it is important to understand the spectrum of A. As we see below, the set of
resonances of A is the same set of resonances of P (τ). Hence it suffices to study the
resonances of P (τ).

Lemma 5.2. Suppose χ ∈ L∞(T) and P (τ) is as in (1.11). Then the resolvent

P (τ)−1 : L2(T) → H1(T), τ ∈ C
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is a meromorphic family of operators with finite rank poles. Moreover, P (τ)−1 is holo-
morphic in the region C \ O, where

O := ([−∥χ∥L∞ , 0] i) ∪
(
R \ {0}+

[
−1

2
∥χ∥L∞ , 0

]
i
)
.

Proof. Take τ0 ∈ R, τ0 ̸= 0. We have the following resolvent identity

P (τ) = (I − (iτχ+ τ 2 + τ 20 )(|D|+ τ 20 )
−1)(|D|+ τ 20 ). (5.2)

Notice that |D|+ τ 20 : H1(T) → L2(T) is invertible. Let

Q(τ) := (iτχ+ τ 2 + τ 20 )(|D|+ τ 20 )
−1 : L2(T) → L2(T), τ ∈ C.

Then Q(τ) is a family of compact operators, hence I + Q(τ) is a family of Fredholm
operators. For τ0 ≫ 1, we have

∥Q(iτ0)∥L2(T)→L2(T) ≤ ∥χ∥L∞(T)/|τ0| < 1.

Then for Im τ ≫ 1, I+Q(τ) is a family of invertible Fredholm operators. The analytic
Fredholm theory (see for instance [DZ19, Theorem C.8]) implies that

(I +Q(τ))−1 : L2(T) → L2(T), τ ∈ C

is a meromorphic family of operators with finite rank poles. This and (5.2) show that
P (τ)−1 : L2(T) → H1(T) is a meromorphic family of operators with finite rank poles.

To see that P (τ)−1 is holomorphic in C \ O, we write τ = λ+ iγ, λ, γ ∈ R, then

P (λ+ iγ) = |D| − λ2 + γ(χ+ γ)− iλ(χ+ 2γ).

If λ = 0, γ > 0 or γ < −∥χ∥L∞ , then there exists c = c(γ) > 0 such that for u ∈ H1,
we have

⟨P (iγ)u, u⟩ ≥ ∥|D|
1
2u∥2L2 + c∥u∥2L2 .

Therefore P (iγ)u = 0 implies u = 0. Hence τ = λ+ iγ can not be a resonance in this
case.

If λ ̸= 0, γ > 0 or γ < −1
2
∥χ∥L∞ , then for u ∈ H1, we compute

Im⟨P (λ+ iγ)u, u⟩ = λ⟨(χ+ 2γ)u, u⟩

Since either χ+ 2γ > 0 or χ+ 2γ < 0 for all x ∈ T, we again see that P (λ+ iγ)u = 0

implies that u = 0. □

The same result holds for A. In fact,

Lemma 5.3. Let χ ∈ L∞(T), A be as in (5.1). Then the resolvent

(−iτI −A)−1 : H → D(A), τ ∈ C
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is a meromorphic family of operators with finite rank poles and the poles (resonances)
are exactly the resonances of P (τ). In particular, 0 is a resonance of A and KerH (A) ={(

a

0

) ∣∣∣∣ a ∈ C
}

.

Proof. It suffices to recall the resolvent identity

(−iτI −A)−1 =

(
P (τ)−1(χ− iτI) P (τ)−1

P (τ)−1(−iτχ− τ 2I) −iτP (τ)−1

)
. (5.3)

from [Leb94]. □

We now sketch the proof of Proposition 5.1 below. For further details of the proof,
we refer to [AL14, §4].

Sketch proof of Proposition 5.1. Notice that 0 is the only resonance of A with a non-
negative imaginary part – which correspond to the nondecaying part in the solution.
Hence it is natural to split the eigenspace of τ = 0. For that, we let Π0 : H → H be
the orthogonal projection onto KerH (A). We define

H̊ := (I − Π0)H , ∥U∥H̊ := |U |H , Å := A|H̊ .

Then the solution to the damped wave system (5.1) can be expressed in terms of the
semi-group of Å:

U(t) = etÅ(I − Π0)U0 +Π0U0. (5.4)

Notice now that
E(u, t) = |U(t)|2H = ∥etÅ(I − Π0)U0∥2H̊ ,

Thus the first statement in Proposition 5.1 is equivalent to the following semi-group
bound: there exists C > 0 such that

∥etÅÅ−1∥H̊ →H̊ ≤ C

tα
, t > C. (5.5)

We now recall the result [BT10, Theorem 2.4] by Borichev–Tomilov and realize that
(5.5) is equivalent to the following resolvent estimate for Å: there exists C > 0 such
that

∥(−iτI − Å)−1∥H̊ →H̊ ≤ C|τ |
1
α , |τ | > C. (5.6)

Use the following identity on H for τ ̸= 0

(−iτI − Å)−1(I − Π0) = (−iτI −A)−1(I − Π0) = (−iτI −A)−1 +
Π0

iτ

and we find that∣∣∣∥(−iτI − Å)−1∥H̊ →H̊ − ∥(−iτI −A)−1∥H →H

∣∣∣ ≤ C

|τ |
, |τ | > 1.
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Thus (5.6) is equivalent to the bound for the resolvent of A: there exists C > 0 such
that

∥(−iτI −A)−1∥H →H ≤ C|τ |
1
α , |τ | > C. (5.7)

It remains to use (5.3) again to build the equivalence between (5.7) and the second
statement of Proposition 5.1. □

Remark. Iterating (5.5) (see also [BD08]), we have for k ≥ 1,

∥etÅÅ−k∥H̊ →H̊ =

∥∥∥∥(e t
k
ÅÅ−1

)k∥∥∥∥
H̊ →H̊

≤ ∥e
t
k
ÅÅ−1∥k

H̊ →H̊
≤ Ckkkα

tkα
.

Hence if we further assume χ ∈ C
k
2 (T) and (u0, u1) ∈ H

k+1
2 (T) × H

k
2 (T), then (5.4)

implies that

E(u, t) ≤ Ck
t2kα

∥∥∥∥Åk

(
u0
u1

)∥∥∥∥
H̊

≤ Ck
t2kα

(
∥u0∥2

H
k+1
2

+ ∥u1∥2
H

k
2

)
.

This means that the more regular the initial data is, the faster the energy decays.

6. asymptotics of the resonances for small damping

This section is devoted to proving Theorem 3. Since the first statement is a direct
result of the resolvent bounds in Theorem 2, we focus on the proof of the second
statement. The main tools we use are Grushin problems – we refer to [SZ07] for an
introduction and applications of Grushin problems.

Recall the notation

P (ν, τ) = |D| − iντχ− τ 2 : L2(T) → L2(T), ν > 0.

The operator P (0, τ) has resonances ±
√
k, k ∈ Z, k ≥ 0. Notice that if τ is a resonance

of P (ν, •), then −τ is also a resonance of P (ν, •). Thus we only need to consider the
resonances τ with Re τ ≥ 0.

Proof of the second statement of Theorem 3. For k ∈ Z, k > 0, we propose the follow-
ing Grushin problem for (ν, τ) in a neighborhood of (0,

√
k) ∈ C2:

P(ν, τ) :=

(
P (ν, τ) R−
R+ 0

)
: H1(T)× C2 → L2(T)× C2,

where R± are given by

R− : C2 → L2(T), R−(a1, a1) := a1e
ikx + a2e

−ikx,

R+ : H1(T) → C2, R+(v) := (⟨v, eikx⟩, ⟨v, e−ikx⟩).

Here the inner product on L2(T) is defined by

⟨u, v⟩ := 1

2π

∫
T
u(x)v(x)dx.
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For k > 0, let Mk(τ) be the operator defined by

Mk(τ) := Π⊥P (0, τ)
−1Π⊥ : L2(T) → L2(T), τ ∈ C \ {±

√
ℓ | ℓ ∈ Z, ℓ ≥ 0}.

where Π⊥ : L2(T) → L2(T) is the orthogonal projection onto the orthogonal comple-
ment of KerL2(P (0,

√
k)) = span(eikx, e−ikx). We have the following explicit formula

for Mk(τ):

Mk(τ)u(x) =
∑
n̸=±k

an
|n| − τ 2

einx, when u(x) =
∑
n∈Z

ane
inx. (6.1)

From (6.1) we know Mk(τ) is in fact defined and holomorphic in a neighborhood of
τ =

√
k. Moreover, for τ near

√
k, Mk(τ) : L2(T) → H1(T) is a bounded operator.

Let Πk be the orthogonal projection onto KerL2(P (0,
√
k)), then we have

P (0, τ)−1 =Mk(τ) +
Πk

k − τ 2
.

A direct computation then shows that P(0, τ) has an inverse

E (τ) :=

(
Mk(τ) E+

E− E−+(τ)

)
: L2(T)× C2 → H1(T)× C2,

where E−+(τ) = (k − τ 2)I2 and E± are given by

E+ : C2 → H1(T), E+(a1, a2) := a1e
ikx + a2e

−ikx,

E− : L2(T) → C2, E−(v) := (⟨v, eikx⟩, ⟨v, e−ikx⟩).
Notice that

P (ν, τ)− P (0,
√
k) = −iντχ+ k − τ 2.

Hence for (ν, τ) in an open neighborhood of (0,
√
k) ∈ C2, there holds

max
ν,τ

{
∥Mk(τ)(P (ν, τ)− P (0,

√
k))∥H1→H1

∥(P (ν, τ)− P (0,
√
k))Mk(τ)∥L2→L2

}
<

1

2
.

Now by [DZ19, Lemma C.3], we know P(ν, τ) is invertible for (ν, τ) in a neighborhood
of (0,

√
k) ∈ C2. We denote the inverse of P(ν, τ) by

E (ν, τ) :=

(
E(ν, τ) E+(ν, τ)

E−(ν, τ) E−+(ν, τ)

)
: L2(T)× C2 → H1(T)× C2.

Then E (ν, τ) is holomorphic near (0,
√
k) and E (0, τ) = E (τ). Recall that the invert-

ibility of P (ν, τ) : H1(T) → L2(T) is equivalent to the invertibility of E−+(ν, τ). In
fact, there holds the following Schur complement formula

P−1 = E − E+E
−1
−+E−, E

−1
−+ = −R+P

−1R−.

Since E−+(ν, τ) is a 2× 2 matrix, its invertibility is much easier to characterize. Let
L(ν, τ) := detE−+(ν, τ), then we know L is holomorphic near (0,

√
k) and τ ∈ R(ν) if

and only if L(ν, τ) = 0. Since E−+(0, τ) = (k− τ 2)I1, we know L(0, τ) = (k− τ 2)2. By
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the Weierstrass Preparation Theorem, we know that for (ν, τ) in an open neighborhood
Uk of (0,

√
k) ∈ C2, there exist holomorphic functions g0(ν), g1(ν) and N (ν, τ) such

that
L(ν, τ) = N (ν, τ)((τ −

√
k)2 + g0(ν)(τ −

√
k) + g1(ν)),

g0(0) = g1(0) = 0, N (ν, τ) ̸= 0, (ν, τ) ∈ Uk.

Thus in Uk, the zeros (ν, τ(ν)) of L(ν, τ) are

τk,±(ν) =
√
k −

g0(ν)±
√
g0(ν)2 − 4g1(ν)

2
.

Since g0, g1 are holomorphic functions, we have the Taylor expansion

g0(ν)
2 − 4g1(ν) = νr(a0 + a1ν + · · · ), r ∈ Z, r > 0, a0 ̸= 0. (6.2)

Thus one of the following statement is true:

1. Either both τk,± are holomorphic functions of ν for ν near 0 ∈ C, that is,

τk,±(ν) =
√
k +

∞∑
ℓ=1

aℓ,±ν
ℓ, aℓ,± ∈ C; (6.3)

2. Or both τk,± have power series expansion in terms of
√
ν when ν is near 0 and

ν ̸= 0:

τk,±(ν) =
√
k +

∞∑
ℓ=1

bℓ(±
√
ν)ℓ, bℓ ∈ C. (6.4)

On the other hand, we have the following expansion of E−+ (see for instance [DZ19,
Lemma C.3]):

E−+(ν, τ) = (k − τ 2)I2 −
∞∑
ℓ=1

(iντ)ℓTℓ(τ),

Tℓ(τ) :=

(
⟨χ(Mk(τ)χ)

ℓ−1eikx, eikx⟩ ⟨χ(Mk(τ)χ)
ℓ−1eikx, e−ikx⟩

⟨χ(Mk(τ)χ)
ℓ−1e−ikx, eikx⟩ ⟨χ(Mk(τ)χ)

ℓ−1e−ikx, e−ikx⟩

)
.

(6.5)

In particular, we know ν−1E−+(ν,
√
k) is holomorphic near ν = 0. This indicates that

ν−2L(ν,
√
k) = ν−2N (ν,

√
k)g1(ν) is holomorphic. Therefore ν−2g1(ν) is holomorphic

near ν = 0 and in the expansion (6.2), we must have r ≥ 2. As a result, in either (6.3)
or (6.4), we must have

τk,±(ν) =
√
k + c±ν + o(ν). (6.6)

Inserting (6.6) in (6.5) gives

E−+(ν, τk,±) = (−2
√
kc±ν + o(ν))I2 − (i

√
kν + o(ν))

(
χ̂(0) χ̂(2k)

χ̂(2k) χ̂(0)

)
+ S(ν),
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where S(ν) is a 2 × 2 matrix and each entry of S(ν) is of o(ν). Use the fact that
L(ν, τk,±(ν)) = 0 and we find

det

(
2c±I2 + i

(
χ̂(0) χ̂(2k)

χ̂(2k) χ̂(0)

))
= 0,

from which we solve

c± = − χ̂(0)± |χ̂(2k)|
2

i.

This completes the proof. □

Remarks. 1. The expansion of τk,± as in (6.3), (6.4) are special cases of Puiseux
series expansion. See [Wan22, §2.4] and the references there for a brief introduction to
Puiseux series and their applications to spectral problems.

2. By inserting (6.6) in (6.5), one can actually obtain successively the coefficient for
any order terms in the expansions (6.3) or (6.4).

7. Numerical Simulations

We run our numerical approximations on three models of damping to highlight the
theoretical results above. The three damping functions we consider are:

χ1(x) =
1

4
cos2(x), χ2(x) = e−2(x−π)2 ,

χ3(x) =
1

8

[
tanh

(
20

(
x− π +

1

4

))
− tanh

(
20

(
x− π − 1

4

))]
,

where the function χ1 is a low-frequency damping, χ2 is a Gaussian damping with
exponential decay at high frequency, and χ3 is a compactly supported damping function
with slowly decaying Fourier modes.

The equations to (1.2) are rather straightforward to discretize as ODE systems in
Fourier space, all the time dependent solvers are run by using Fourier pseudospectral
methods in space with 29 spatial grid points and integrating in time using the ode45
package in MATLAB with relative and absolute tolerance levels set at 10−9 to ensure high
accuracy of the solutions.

7.1. Demonstration of Polynomial Decay rates. We can observe that decay rates
for the damped fractional wave dynamics appear to be numerically very close to the
polynomial rates predicted by our estimates for well-chosen initial data. Indeed, in
Figure 4, we observe relative decay properties comparing to the polynomial rate t−2 by
plotting the evolution of t2E(t) for (1.2) using initial conditions that are high frequency
and localized far from the damping. In particular, we take

U(0, x) = χ3(x+ π) cos(10x)
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and observe that the decay rates are quite remarkably close to our predicted polynomial
rates.

To highlight this polynomial behavior, in Figure 5 we plot logE/ log t for both
χ1 damping and χ3 damping with the same initial condition as above. For the low
frequency damping, χ1, we observe similar decay rates to those predicted in Theorem
1, namely close to t−3.
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Figure 4. (Left) A plot of t2E(t) in the setting of χ3 damping and
(Right) a zoom in near the large t asymptotics for U(0, x) = χ3(x +

π) cos(10x).
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Figure 5. (Left) The numerically observed values of log(E(t))/ log(t)
demonstrating that the rate of decay is very close to t−2 for χ3 damping.
(Right) A plot of log(E(t))/ log(t) in the setting of χ1 damping for
demonstrating that the rate of decay is approaching t−3. In both, we
have taken U(0, x) = χ3(x+ π) cos(10x).

7.2. Approximation of the resonances at low frequency. To begin, by imple-
menting a low frequency approximation scheme, we can analyze the behavior of the
resonances at low energy. For that we define

LN := spanC{eikx | |k| ≤ N}, πN : L2(T) → LN is the orthogonal projection.
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We introduce the discretization PN(τ) of P (τ) using Fourier modes:

PN(τ) := |D| − iτπNχ− τ 2 : LN → LN .

Since LN is a linear space of dimension 2N + 1, we know for each τ ∈ C, PN(τ) is a
(2N + 1)× (2N + 1) matrix.

Upon discretizing, we can use a method outlined in [AL14] and [BZ06], we can
reframe the resonances z as z = −iλ, where λ solves a generalized eigenvalue problem
of the form

Ax = λBx

for

A =

[
|D| 0

0 I

]
, B =

[
χ −I
I 0

]
.

We compute the eigenvalues of such a system using the eig command in MATLAB.

We uniformly take N = 29 as an approximation, and observe the following each of
our three experiments. Depending upon the potential, we have a number of resonances
concentrating around Im(z) = χ̂j(0) for j = 1, 2, 3 as predicted by the asymptotics
in §6. The observed resonances are computed using N = 12. The resonance with
smallest imaginary part is Im(z) = −.0312,−.0378,−4.48 × 10−4 for χj with j =

1, 2, 3 respectively. We observed that these resonances were stable under refinement
of the approximation parameter N . Of course, there is 0 resonance for every example
corresponding to the constant solution.

We can compare our asymptotics from §6 to the computed approximate resonances
with N = 12 for a variety of damping functions and parameters ν. We consider again
three experiments again motivated by low frequency damping (χ1), Gaussian damping
(χ2) and compactly supported damping (χ3), but with varying amplitude depending
upon the parameter ν:

χ1,ν(x) = ν cos2(x), χ2,ν(x) = νe−2(x−π)2 ,

χ3,ν(x) =
ν

2

[
tanh

(
20

(
x− π +

1

4

))
− tanh

(
20

(
x− π − 1

4

))]
.

In particular, our experiments above corresponded to ν = .25, 1, .25 for j = 1, 2, 3

respectively. Figures 6-8 demonstrate quite well that our asymptotics remain quite
robust for each of these potentials for small ν and still give a fair amount of insight
especially into the real part of the resonances even for large ν. These resonances
give insight into how states that are low-frequency and overlapping with the damping
function decay in a significant fashion under the evolution of (1.2).
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Figure 6. Clockwise from top left, a plot of the low-frequency approx-
imation of the damping function compared to the original followed by
the computed approximate resonances compared to prediction generated
by χ1,ν for ν = .125, .25, .5, 1 respectively, followed by the approximate
resonances at large frequency showing the vanishing spectral gap at large
energy.
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Figure 7. Clockwise from top left, a plot of the low-frequency approx-
imation of the damping function compared to the original followed by
the computed approximate resonances compared to prediction generated
by χ2,ν for ν = .125, .25, .5, 1 respectively, followed by the approximate
resonances at large frequency showing the vanishing spectral gap at large
energy.
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Figure 8. Clockwise from top left, a plot of the low-frequency approx-
imation of the damping function compared to the original followed by
the computed approximate resonances compared to prediction generated
by χ3,ν for ν = .125, .25, .5, 1 respectively, followed by the approximate
resonances at large frequency showing the vanishing spectral gap at large
energy.

7.3. Improved decay for higher regularity initial data. Given our approximate
resonance values, if we had a resonance free strip otherwise, we should have that
E(t)

1
2 ∼ eIm(z)t where E is defined as in (1.6). We have seen that this is not expected

given our observed polynomial decay rates above. However, given highly regular data,
we can prove that our decay rate will be better than any polynomial as in the Remark at
the end of §5. However, we cannot provide such resonance free strips with our existing
propagation estimates and based upon our estimates believe that no such strip exists
at high energies. Even so, we can test the evolution of (1.2) for χ1,2,3 and compare the
observed rate of convergence for E

1
2 to those suggested by our computed resonances

with very regular initial data. These findings are displayed in Figure 9, where from left
to right we plot the numerically observed decay rates of E(t)

1
2 for each χj, j = 1, 2, 3.

Specifically, we plot − log(E(t))/2t vs. t and compare to the exponential decay rate we
would expect from the low-energy resonances. To ensure we observe slow decay rates
in particular, in each of these simulations, the initial data is taken to be

U(0, x) = sin(x),

which by our approximation theory is the function that dominates the low energy
resonances we can compute that are closest to the real axis. As suggested by our
results, the decay rate does not fit an explicit asymptotic profile related to a specific
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resonance, though it does decay strongly and appears to decay at close to the expected
exponential rate corresponding to the computed resonances at low energy.
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Figure 9. The numerically observed value of − log(E(t))/t for the solu-
tion to (1.2) with U(0, x) = sin(x) (red) compared to the resonance pre-
diction (blue) for (Left) χ1 damping. (Middle) χ2 damping. (Right)
χ3 damping.

7.4. The full water wave problem. To demonstrate how effective the damping we
present here can be in the full model however, we also have included a model wave
train from a forced-damped water wave model solved with very high precision using
the techniques of [ACM+22]. We illustrate this in Figure 10. As can be seen clearly,
the damping appears to have a very strong local effect and allows for nonlinear wave
trains to exist stably far from the damping.
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Figure 10. A time slice of a forced-damped water wave train.
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Appendix A. The damped equations

In this appendix, we explain the considerations behind the derivation of the equa-
tion (1.2).

Consider the incompressible Euler equations for a potential flow in a 2D-domain,
periodic in the horizontal direction and located beneath a free surface given as the
graph of a function η. At time t, the fluid domain is of the form

Ω(t) = {(x, y) ∈ T× R | y < η(t, x)}.

We suppose that the velocity field is the gradient of a harmonic potential function
φ = φ(t, x, y), satisfying the Bernoulli equation:

∆x,yφ = 0 in Ω(t),

∂tφ+
1

2
|∇x,yφ|2 + P + gy = 0 in Ω(t),

(A.1)

where g > 0 is the acceleration due to gravity, and P : Ω → R is the pressure.

The water-wave equations are defined by two boundary conditions on the free surface:
firstly, an equation describing the time evolution of the domain,

∂tη =
√

1 + η2x φn|y=η = φy(t, x, η(t, x))− ηx(t, x)φx(t, x, η(t, x)), (A.2)

and secondly, an equation representing the balance of forces at the free surface. In this
article, we focus on pure gravity waves, so this balance of forces simplifies to

P |y=η = Pext, (A.3)

where Pext is the external pressure. As explained in [ACM+22], by introducing ϕ(t, x) =
φ(t, x, η(t, x)), one gets the equations (1.1) stated in the introduction.

When Pext = 0, it follows that the energy is conserved, namely we have dH/dt = 0,
where H is defined by

H =
g

2

∫
R
η2 dx+

1

2

∫
R

∫ η(t,x)

−h
|∇x,yφ|2 dydx. (A.4)

The mathematical analysis of the stabilization of the water-wave equations is closely
linked to the study of absorbing layers in both experimental and numerical wave tanks.
The core issue is as follows: to simulate open sea wave propagation in a controlled envi-
ronment, wave absorbers are required to minimize reflections at the tank’s boundaries.
A vast body of literature addresses the absorption of water-wave energy at these bound-
aries. For real wave tanks, we refer to the comprehensive review by Ouellet and Datta
[OD86]. For numerical wave tanks, a common approach is to develop numerical ab-
sorbing sponges. One of the simplest methods is to use a pneumatic wave maker, which
absorbs waves by varying the external pressure on the free surface. This technique,
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originally proposed by Larsen and Dancy [LD83], has been widely adopted in various
settings (see [CBS93, Clé96, GH97, Clé99, DCC+01, Bon05, CFGK05, Duc07]).

Let us be more precise. The goal is to determine an expression for Pext in terms of
the system’s unknowns such that:

(1) Pext is zero outside the sponge layer (i.e., the region near the boundary where
wave absorption is desired);

(2) the energy H tends to zero over time.

We can readily compute the work done by Pext and find that

dH
dt

= −
∫
Ssponge

Pext φn dσ,

where Ssponge is the absorbing zone and φn denotes the normal derivative of the velocity
potential φ. As noted by Cao, Beck and Schultz [CBS93] (see [GH97, Bon05, Duc07]),
this suggests to set

Pext = χφn, (A.5)

where χ ≥ 0 is a cut-off function. However, to study the stabilization of the water-
wave equations, the idea of choosing (A.5) is inapplicable for the simple reason that
the Cauchy problem appears to be ill-posed when Pext is given by (A.5). To address
this, another law was proposed in [Ala18], namely:

∂xPext = χ(x)

∫ η(t,x)

−h
φx(t, x, y) dy. (A.6)

By contrast with (A.5), it can be easily shown that the Cauchy problem is well-posed
when Pext satisfies (A.6). Additionally, by exploiting several hidden cancellations, it
is demonstrated in [Ala18] that one can estimate the ratio H(T )/H(0). Assuming
that the solution exists over a large time interval, this implies that the energy decays
exponentially to zero.

Many other choices for Pext have been used (see for instance the papers by Baker,
Meiron and Orszag [BMO89]). The goal of the present paper is to start a rigorous anal-
ysis of the damping proposed by Clamond et al. [CFGK05]. This damping postulates
that

∂xPext = −χωϕx.

There are many numerical and empirical evidence about the efficiency of this law in
[CFGK05]. However, the mathematical study poses some intriguing questions. Indeed,
by contrast with the choices of the previous laws (see (A.5) or (A.6)), it is not clear that
the energy decays. In fact, for the linearized equations, this is not the energy which
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decays, but a higher order quantity. To see this, consider the linearized equations:{
∂tη = |D|ϕ,
∂tϕx + gηx = −χωϕx.

(A.7)

Now, we multiply the second equation by ϕx and the first equation by g|D|η. Since
|D|2 = −∂xx, it follows that

d

dt

∫
T
(gη|D|η + ϕ2

x) dx = −
∫
T
χϕ2

x dx ≤ 0.

Now, we observe that ∫
T
(gη|D|η + ϕ2

x) dx = g∥η∥2
Ḣ1/2 + ∥ϕ∥2

Ḣ1 ,

corresponds to an energy lying 1/2-derivative above the classical Hamiltonian energy,
which, for the linearized water-waves system, reads g∥η∥2L2 + ∥ϕ∥2

Ḣ1/2 . In addition, the
function u = ϕx is solution to the equation (1.2), namely

∂2t u+ |D|u+ χ∂tu = 0.
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